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Two-photon coupling via Josephson element: Breaking the symmetry with magnetic fields
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We consider a coupling element based on a symmetric superconducting quantum interference device (SQUID)
and show that it mediates a two-photon interaction. This and other inductive interactions due to the SQUID can
be switched off in situ. We derive the system Hamiltonian for a coupled resonator and rf SQUID. The rf SQUID
dwells in the vicinity of its metastable well holding a number of energy states and acts as an artificial atom.
We discuss how the Josephson symmetry breaks owing to magnetic fields in the superconducting loops—both

directly and via a nonzero superconducting phase difference over the rf SQUID. We assess that the two-photon
coupling strength reaches 18 MHz which can exceed the single-photon capacitive interaction in the coupler.
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I. INTRODUCTION

A nonlinearity cubic in the system variables is the first one
that can appear in the coupling energy. In the equations of
motion, it spawns a quadratic interaction term; typically, only
the linear interaction exceeds this coupling strength. Natu-
rally, this nonlinearity is widely used in applications such as
lasing [1], radio-frequency homo- and heterodyne detection
[2], optomechanical cooling and amplification [3], parametric
amplification [1,4,5] and frequency conversion [1,6-9], to
name a few.

For interacting radiation mode and matter particle, this
nonlinearity can give rise to two-photon processes—when the
coupling energy is quadratic in the mode variables. In that
case, two photons excite the particle one step up in its energy
levels, while a step down releases two photons back into the
radiation mode. Normally, this nonlinearity is small compared
to the linear coupling and such processes only become visible
for higher field strengths [10-12]. Perturbative two-photon
coupling can be arranged via nonresonant single-photon pro-
cesses, as in Refs. [13-16].

We focus on nonperturbative two-photon interaction via
the Josephson nonlinearity. We assume that a coupling linear
in a given system variable induces a single transition, while
a quadratic one induces two transitions [17]. However, in
the absence of magnetic fluxes, Josephson coupling energy is
symmetric in the superconducting phase difference, ¢; — ¢,.
It is normally [18-20] expressed as [21-23]

UP=" o« cos(¢) — ). (1)
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This symmetry prevents cubic contributions with ¢?¢p, and
¢1¢§ in the energy and hence two-photon processes are absent
[24]. Mathematically, an additional static phase should enter
the cosine argument to break the Josephson symmetry and
allow the cubic terms in the expansion. Then the two-photon
processes may be observed: Supposing that one system holds
photonic excitations, their frequency should be roughly twice
as large as in the other, matterlike system.

In one possibility, Josephson symmetry is broken by pump-
ing one of the system parts. A steady state can be then
created, such as the quartic energy terms become cubic in
small departures from it [25,26]. In the other approach, the
symmetry is broken with a magnetic field as explained in
Fig. 1. This approach is often used to achieve three-wave
mixing in Josephson parametric amplifiers [27-30] and in
related proposals [30-32] for two-photon interaction in super-
conducting circuits.

In our work, we explore the symmetry breaking directly
induced by the external magnetic field, as well as a related
mechanism. The latter relies on the equilibrium phase differ-
ences at the coupled elements, qb‘lni“ and qbg‘i“, being nonzero in
a metastable state. Then, if " # @, the Josephson sym-
metry breaks in the coupling energy in Eq. (1). A cubic energy
term may arise in the small departures ¢; » — ¢{“i2“ from the
equilibrium. Similarly to Ref. [15], we are interested in such
contribution that is quadratic in one of the phases—the phase
of aresonator. Another coupled system, an rf superconducting
quantum interference device (SQUID) (see Fig. 2) with an
asymmetry in its ground state, then provides the required
equilibrium phase shift. The systems interact via a separate
Josephson coupling element.

Indeed, another difference with Refs. [15,31-33] is that we
separate the coupling nonlinearity. That is similar to Ref. [34],
published recently, and Ref. [30], although these works do
not consider symmetry breaking due to nonzero equilibrium
phases. Separate coupling may ease connecting other types
of superconducting circuits or even systems of a different
nature [7,8]. Moreover, with a coupling dc SQUID as in
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FIG. 1. Exchanging the elements 1 and 2 in the superconducting
loop makes the circuit different if a magnetic field B is present. That
is, inversion x <> —x (or 180° rotation around the y axis) does not
bring the circuit into the configuration before the exchange of the
elements. In other words, the system is potentially not invariant with
respect to the exchange of the elements. Hence a term can be present
in the Josephson energy that is odd in the drops ¢; and ¢, of the
superconducting condensate phase.

Fig. 2, one can switch off all inductive interactions by bias-
ing it appropriately with external magnetic field. This very
bias can yield an additional symmetry-breaking shift in the
phases, due to a mechanism similar to that in Fig. 1 and in
Refs. [27-29,31,32,34]. We estimate the two-photon coupling
while taking into account both of the shifts.

The paper is organized as follows. We focus on the rf
SQUID circuit acting as an artificial atom and provide the full
circuit Hamiltonian in Sec. II. First we write out the system
classical Hamiltonian in Sec. II A and discuss our use of the
flux quantization rule in Sec. II B. The classical Hamiltonian
allows us to observe in Sec. IIC that the coupler magnetic
bias can be seen as shifting the equilibrium phases of the
coupled systems. We further develop some intuition about
the system dynamics, identify the suitable regime, and find the
equilibrium phases in Sec. IID. We then quantize the system
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FIG. 2. A resonator connects to an artificial atom via the SQUID
coupling. An rf SQUID can act as an artificial atom. The coupling
SQUID may be shunted with a capacitance. External fluxes in the
circuit allow for engineering of the two-photon interaction. The big
loop (thick) contains the atom junction, the coupler bottom junction,
and the resonator inductance. As discussed in Secs. II B and IV, we
assume that there is a path with negligible current and resistance
inside the superconducting loop.

in Sec. IIE around its equilibrium point. In Sec. III, we esti-
mate the two-photon coupling strength; then, in Sec. IV, we
discuss approximations, assumptions, and limitations in our
treatment. We provide some possible applications in Sec. V
and conclude in Sec. VI. Detailed derivation of the circuit
Hamiltonian is given in the Appendix.

II. MODEL

We consider a microwave resonator that is nonlinearly
coupled to an artificial atom. To be concrete, we consider a
capacitively shunted rf SQUID acting as an artificial atom.
The schematics of the setup is illustrated in Fig. 2.

To simplify the theory, we consider a single-mode res-
onator implemented by a lumped-element LC oscillator
[35-37], with inductance L, and capacitance C;. The rf
SQUID is a superconducting loop of inductance L, that is
interrupted by a Josephson junction with a critical current
I§ and a self-capacitance C}. In addition to the junction
self-capacitance, we consider a shunting capacitance C, in
parallel [38,39] with it. An external magnetic flux &, threads
through the loop. Such a configuration is similar to the
phase qubit in Ref. [40] or Josephson photomultipliers in
Refs. [38,39,41-43].

The resonator and the atom interact through a non-
linear coupler—a dc SQUID [36,44]. It consists of two
identical Josephson junctions, with critical currents I5 and
self-capacitances Cy;. It may be shunted with an additional
capacitance C.. Each junction energy is Ef; = I5®o/2m, with
®y = h/2e the flux quantum. The coupling SQUID is biased
by the external flux .. A related scheme with a coupling
SQUID was theoretically studied [45] and used [46] for
arranging a tunable single-excitation coupling between trans-
mons.

A. Classical Hamiltonian

The Hamiltonian of the setup in Fig. 2 consists of the
resonator, atom, and the coupling parts,

H:Hr+Ha+Hc- (2)

We provide its detailed derivation in the Appendix. Here we
provide the expressions required for the further treatment and
highlight the physics that is important for us.

The first term in Eq. (2) describes a single-mode resonator
and reads as

T

H, = 4En> + U, U, = %qﬁf. (3)
Here, U; denotes the resonator potential energy, while Ef =
¢*/2C; and E] = ®(/47°L, are its charging and the inductive
energies. Tilded capacitances, such as C;, denote their val-
ues as renormalized by the capacitive coupling. We provide
precise expressions for them in the Appendix; under most cir-
cumstances, the capacitive coupling is small and C; ~ C, etc.
In the lumped-element resonator that we have, n; is the charge
at the capacitor, measured in the units of the Cooper-pair
charge and ¢ is the drop of the superconducting condensate

phase across the capacitor.
As we only have regular junctions [47] in the circuit,
junction phase differences are zero in equilibrium with
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no magnetic fields {B;} applied. Moreover, we do not re-
strict [23,48] the phase to the region from O to 2w, unlike
Refs. [21,22]. Then, ¢, can be expressed in terms of the
respective voltage drop V;,

2 (! ,
b= [ drv. @
{Bi=0}

which is equal, up to the choice of flux units, to the definition
of the node flux as in Refs. [21-23]. In our case, equilibrium
phase differences with magnetic fields are of interest. Then,
the fields are adiabatically turned on [21,22] with ¢’ in Eq. (4),
yielding the equilibrium ¢™" of interest. The system further
evolves around such equilibrium phase differences.

The second term in Eq. (2) represents the Hamiltonian of
the artificial atom, which reads as

Hq = 4EEN, + U,, Q)
where U, is the atom potential energy,
2
U, = E_f ¢ — 27 O — E} cos ¢,. (6)
2 Dy

In the Hamiltonian in Eq. (5), n, and ¢, are the Cooper-pair
number and the phase variables of the atom, E2 = ¢?/2C, and
E} = @% /47> L, stand for the atom charging and the inductive
energies, and E}' denotes the Josephson energy of the atom. In
the case of a single junction in the artificial atom, shown in
Fig. 2, the Josephson energy is E}' = E¥;, = I{®o/2m. In the
Appendix, we also consider the double-junction atom whose
Josephson energy can be tuned by an additional flux bias.

The last term in Eq. (2) is the coupling energy between the
resonator and the atom; it reads

He = Eingny + Ue. @)

The first term here describes the capacitive coupling with
energy

c 2 CC
Ei =4e"——, ®)
C G
where C, = C, + C} denotes the full capacitance of the atom.
The second term in Eq. (7) is the coupler potential energy of

Josephson origin,

U. = —Ej cos <¢r — P — nCD(Dc)' ©)
0

Here, we call
Ef = 2E;; cos(r @ /Do) (10)

the Josephson energy of the coupler, assuming that the cou-
pling SQUID is biased so that Ef > 0.

The argument in the Josephson energy term given by
Eq. (9) is the phase drop across the coupler. Its form is crucial
for the two-photon interaction to arise. It follows from the
flux quantization rule [48,49]. The rule states that the sum
of the phase drops across the elements in the loop equals its
external magnetic flux in the relevant units. That can be shown
[48,50,51] by integrating the condensate phase by a path deep
inside the superconducting leads, where the supercurrent den-
sity vanishes. At the same time, we neglect the contribution in

small junction gaps as in Refs. [50,51]; alternatively, one can
use the gauge-invariant phase differences [48,52].

B. Existence of current-free path

Strictly speaking, our model is always valid only when
a supercurrent-free path exists in the loop, which may not
be the case for type-II superconductors. For superconducting
quantum circuits, aluminum or niobium thin films are typi-
cally used [53]. Although aluminum is of type I in the bulk
limit, aluminum films exhibit type-II superconductivity when
sufficiently thin [54,55]. As for niobium, it is of type II in
thin films given its large penetration depth [56], although it is
claimed [57] to be of type I in the bulk clean limit.

Above a certain threshold, a magnetic field enters a type-II
superconductor forming normal-metal spots with vortices of
screening currents around them [52]. Then, if there is no
current-free path due to the vortex currents, the fluxoid quan-
tization rule is to be used [48,52,58], which takes into account
the currents. Current distribution then depends on both the
sample form and the field magnitude. Hence, dependence on
the external flux @, in Eq. (9) can be different in that case. It
can be precisely determined with calculations as in Ref. [59].

However, we expect the flux quantization rule to yield
satisfactory results in a practically relevant case. Far away
from a vortex, the field [52] and hence the screening currents
decay exponentially on distances of the order of the penetra-
tion depth A. When the system sizes and distances between
vortices exceed several A, a nearly current-free path should
exist in the superconductor. Far below the critical tempera-
ture, A is of several-hundred nanometers for the aluminum
and niobium films as thin as tens of nanometers [55,56] and
decreases for thicker films. The diameters and widths of the
superconducting loops can easily be much larger than that
[40,49,60].

Moreover, for aluminum, the vortex-induced effects are
minimized if the film is at least 155 nm thick, which makes
it mostly [60] a type-I superconductor [55]. It is also known
that vortices can be expelled by narrowing the superconductor
width [60,61].

C. Coupler bias and equilibrium phases

The coupler bias ®. appears directly in its Josephson en-
ergy in Eq. (9). Essentially, the dc screening current invokes
this phase according to the first Josephson relation—as written
out in what follows. This symmetry-breaking mechanism is
related to some types of the superconducting diode effect [62].

In other choices of the phase variables, ®. may be absent in
the coupler Josephson energy, at least explicitly. For example,
the phase variables may be chosen so that the phase drop is
¢y — o + T D /2P across the top junction in the coupling
SQUID (see Fig. 2) and ¢, — ¢ — 7 P./2P across the bot-
tom one. According to the reasoning as in the Appendix, the
argument in the Josephson energy in Eq. (9) is simply ¢, — ¢,.
The phase drop across the atom junction is ¢, + 7 P /2P
owing to the flux quantization condition. In that case, the
coupler bias shifts the atom equilibrium phase; it appears in
the coupling Josephson energy indirectly.
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Both choices of the phase variables are equivalent. The
bias can break the Josephson symmetry and facilitate its cubic
nonlinearity—in the small deviations from the equilibrium.

D. Point of equilibrium

For the further analysis, we use that the system operates in
the regime of dominating inductive and Josephson energies,

Ef s> EL, E'>>EL (11)

From the mechanical standpoint, this resembles the motion of
a heavy particle in the vicinity of its equilibrium. Thus, we
can expand the coupler potential energy in Eq. (9) near the
points ¢™" and ¢™" of the local minimum. These points are
determined by two transcendental equations,

Ej¢"™" + Ef sin§ =0, (12a)

- 2D, . . i
E; (rb?‘“ -2 ) +Efsing,™ — Ef sind =0, (12b)
0
where the equilibrium phase difference at the coupler is
. ‘ .
6= g — g - T2 (13)
@y

Up to a factor, Eq. (12a) expresses the conservation of charge
that flows in and out of the resonator node with the static
currents. Equation (12b) expresses the same for the atom
node.

The second term in Eq. (12a) is proportional to the dc
screening current in the big loop in Fig. 2. In fact, Eq. (12a)
accepts another interpretation. It follows from the flux quanti-
zation rule that the full flux threading the loop in the direction
to the reader (see Fig. 2) equals &y = ¢, Py/2m. As there is
no external flux in this loop, the flux is generated entirely
by the screening current I, = I sin§ that flows clockwise.
That is,

CDE = _Lr]scr' (14)

Up to a factor, we have recovered Eq. (12a). Note that we
neglect the loop inductive energy other than that stored in
the resonator inductance. We discuss the effect of possible
additional inductance in Sec. IV.

In what follows, ¢, and ¢, denote the departures from the
equilibrium in the resonator and atom phases, i.e.,

¢ ="+ Ga= 00" + . (15)
In terms of them, the Josephson coupling energy reads
U. = _EJC cos(¢r — @a +8). (16)

According to Eq. (13), the phase ¢ includes the equilibrium
phases of each coupled system as well as the coupler bias.
This phase determines the order of the dominant inductive
interaction, as we discuss later in this paper.

E. Quantum Hamiltonian

We seek the quantum Hamiltonian that governs the circuit
dynamics near its equilibrium at ™" and ¢™". That is, depar-
tures ¢, and ¢, from the equilibrium are small in the resonator
and atom phases as given by Eqgs. (15). We expand the cosine
term in Eq. (9) in ¢; and ¢,, while accounting for Egs. (12).

Then, we promote the classical variables of the resonator
and the artificial atom to the operators with the commutation
relations [@;, ;] = [@a, f1a] = 1.

To arrive at the second-quantized Hamiltonian, we express
these operators in terms of the bosonic ladder operators. For
the resonator variables, one has 7, = —inr,zpf(aJr —a) and
Or = Prppt (a" + a). Here, a and a' are the photon annihilation
and creation operators, while

neat = (EL/32EE)", g = (2EL/E7)
are the magnitudes of the resonator charge and phase zero-
point fluctuations. Analogously, the atom operators 7, and @,
are expressed as 71, = —ina,zpf(bJf —b) and @, = (pa,zpf(lfr +
b), where

a7

1/4

Mot = (Ef/32E8)". gur = (REE/EY) (18)

are the magnitudes of the atom zero-point fluctuations. Opera-
tors b and b' annihilate and create an excitation in the artificial
atom.

Above, we introduce the renormalized inductivelike ener-
gies of the resonator and the atom,

E] = E] + Ef cos$,
E} = E} + Ef cos ™" + Ef cos .

(19a)
(19b)

The last term in the equations allows for a circuit inter-
pretation. It describes how the atom and resonator induc-
tances change when loaded with the Josephson inductance
3 /472 Ef of the coupler.

What is more important for us, the SQUID coupler—as
a nonlinear inductive element—gives rise to the dipolar and
various nondipolar interactions. In the next section, we focus
on the resonant two-photon interaction. We leave detailed
study of other interactions for future work.

III. TWO-PHOTON COUPLING RATE

In this contribution, we only take into account the two-
photon interaction that comes directly from the third-order
coupling term o ¢2¢,. Depending on the working point,
second-order terms in the expansion may also be nonzero,
providing the linear coupling. First, we illustrate how the
two-photon coupling arises in the simplest case of negligible
linear coupling. Then, we investigate the case when the linear
coupling is highly nonresonant. Finally, we mention how the
linear coupling can be suppressed.

Vanishing linear coupling. Assume for a moment that the
capacitive coupling is negligible. Consider the equilibrium
phase difference over the coupling SQUID, § &~ —m /2. This
can be accomplished by tuning the coupler external flux @, as
discussed in what follows. Then, according to the definition
(13) of §, leading terms in the coupling potential energy (16)
are quadratic in either of the system variables,

U = —hga(a" + a)*(b" + b), (20)

and a similar one o (a' + a)(b" + b)?. For the two-photon
resonance, the first contribution, as in Eq. (20), predicts con-
version of two photons in the resonator into a single excitation
in the artificial atom, and vice versa. In Eq. (20), we denote the
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two-photon coupling rate by
C
8 = g et @n
2pTEIETR
where the right-hand side is according to the expansion of
Eq. (16).

Note that the two-photon resonance occurs [64] when the
detuning |@, — 2@x| is either within the system linewidths or
the two-photon coupling g,. Here, &, and &, stand for the
observable (renormalized) frequencies of the resonator and
the artificial atom.

Also note that the two-photon coupling dominates over the
capacitive single-photon one when

2Eg‘nr,zpfna,zpf < Ef@izpfwa,zpf’v Nc ) (22)

according to the Hamiltonian (7) and expansion of the Hamil-
tonian (16). Here, Ny, is the characteristic number of photons
in the resonator. That is, we compare the transition matrix el-
ements (Neh—1|Egnan:Nen) and (Nep—2|Uc[Nen), where | Nep)
is the highest resonator number state whose population is not
negligible.

We assume that the rf SQUID is prepared in its metastable
state (see Fig. 3), providing the majority of the required shift
3 in the equilibrium phases. For simplicity, we assume that the
coupler Josephson energy is small,

Ef < Ef, Ej. (23)

In that case, it does not influence the equilibrium phases of
both systems. Right away, we determine ¢™" & () according
to Egs. (12a) and (23).

To determine the atom equilibrium and the two-photon
coupling strength, we need to solve Eq. (12b) numerically. For
the rf SQUID bias at &, = 0.7d and its inverse screening pa-
rameter f; ' = E} /E} = 0.3, the rf SQUID equilibrium phase
is d)é‘“i“ ~ 0.396x. To arrive at phase difference & at the cou-
pler as required above, one biases it with &, ~ 0.1®. For the
coupler Josephson energy 2E7,/h = 10 GHz and magnitudes
of zero-point fluctuations @, ,pr = @4 ,pf ~ 0.156, we estimate
the two-photon coupling strength as g, &~ 27 x 18 MHz.

Our choice of the magnitude of zero-point fluctuations
corresponds to the 50 Ohm impedance of the resonator. The
frequencies of the resonator and atom and hence the concrete
circuit parameters are left almost arbitrary. To clearly observe
the two-photon coupling, it is only required that the resonator
is in the two-photon resonance with the artificial atom.

According to Eq. (21), the two-photon coupling strength
is proportional to the coupler Josephson energy 2E7;. For a
fixed distance between the contacts in the coupler Josephson
junctions, an increase of Ef; proportionally increases each
junction internal capacitance and hence the coupler capacitive
energy ES according to Eq. (8). As 2Ef;/Ef then stays the
same, so does g»/g., the ratio of the two-photon coupling
rate and the capacitive single-photon coupling rate. Moreover,
when the phases are well-defined variables according to the
condition (11), zero-point fluctuations in the charge variables
N opf and 1, ,pr can exceed unity, according to Eqgs. (17) and
(18). That can make the condition (22) of negligible capacitive
coupling harder to hold, especially if the distance between
the junction contacts is technologically fixed. Therefore, we
expect that the capacitive coupling often cannot be neglected.

\/

0 w2 «w 37/2 2m
) / /
P, = 0.3
0 w2 7 3m2 27 -
(©)
P, = 0.7 -
0 o1
—— >
0 =n/2 wm 3m2 27

FIG. 3. Preparation of the rf SQUID metastable state using its
magnetic bias (see, e.g., Ref. [63]). (a) With a zero bias, the rf
SQUID phase particle (filled circle) resides at ¢™" = 0 in equilib-
rium. (b) Gradual sweep of the magnetic bias shifts the equilibrium.
(c) If needed, the system can be swept into a metastable position. This
configuration can be used for photodetection [15,38,39,41-43]. As in
the text, ¢, is the rf SQUID (atom) phase and & is its biasing flux.
The rf SQUID inverse screening parameter is ;' = Ef/E} = 0.3.

Nonresonant linear coupling. However, for a single-mode
resonator—such as an LC tank—the single-photon coupling
of any origin is highly off resonant. Moreover, in this contri-
bution, we assume that it does not substantially renormalize
the two-photon coupling strength. For that case, we plot the
dominating two-photon coupling strength,

Ey

— 55 PeaptPami S0, (24)

& =
in Fig. 4 as a function of the coupler bias. Equation (24)
provides the general expression for the coupling rate.

While Egs. (20) and (24) can be deduced from the expres-
sions in Ref. [45] for a similar setup, two-photon coupling
was not studied there. Two-photon processes according to
Eqg. (20) between lumped-element circuits were speculated
about in Ref. [30] for a coupling rf SQUID. This reference
also provides (see Appendix B therein) an analog of Eq. (21)
for the interaction between resonator modes. Equation (21) is
a partial case of Eq. (24) with § = 0.

Note that for . &~ ®(/2 and its multiples, the two-photon
coupling switches off, according to Eq. (24). In fact, according
to Egs. (9) and (10), all interactions of inductive type vanish.
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Equilibrium coupler phase ¢

0 —7/4 —7/2 —3n/4
—~ 20 1 N 1 N
= - 0.5
= ] 3
é 15 1 -04
o0 [ %:
£ ] 03 §
A~
g 107 5
3 02 oF
= ] =
Q F N
3 97 =
S 1 L0.1 X
& S
£ o 0.0
0_ I~ .
E T T T T T T T T T
—0.5 0.0 0.5

Coupler external flux ®./Pg

FIG. 4. Estimate for the two-photon coupling rate as a function
of the coupler external flux (bottom axis) and the equilibrium phase
difference at the coupler (top axis). We do not take into account
renormalization due to nonresonant interactions. In the dimension-
less axis, we use 2E7}; the Josephson energy of the coupler and
@rspt and @, 4ot the magnitudes of the zero-point fluctuations in the
resonator and the artificial atom. For the dimensionful axis, their
values are as given in the text.

The charging interactions persist, owing to the internal and
possible shunting capacitances in the coupler.

Suppression of the linear coupling. We also mention that
the linear coupling can be suppressed by choosing the proper
working point of the coupler. In that point, its capacitive and
inductive components cancel each other [44,65]. We leave the
detailed discussion of this regime for future work.

IV. DISCUSSION

Bosonic approximation. We have expressed the atom vari-
ables in terms of bosonic ladder operators in Sec. ILE. On the
other hand, we assume the artificial to reside in its metastable
state [see Fig. 3(c)]. Hence, formally, the use of bosonic
operators implies that the atom can be excited to the arbi-
trarily high-energy states without leaving the metastable well.
Moreover, the lowest-energy state of the well is considered
as the ground state of the atom. Practically, using bosonic
operators is an approximation that is only valid if we are not
interested in the processes further away from the bottom of
the metastable well. It clearly breaks if the phase particle is
excited high enough [15,38,39,41-43,63] to enter the main
well containing the true ground state of the atom. However,
our main analytical result for the two-photon coupling rate
can be easily generalized beyond the bosonic approximation
as in Sec. V. In fact, in this contribution, we have used that ap-
proximation mainly for brevity of presentation and to connect
to future work.

Validity of the cosine expansion. To expand the coupler
Josephson energy in Eq. (9), we have assumed that departures
from the equilibrium phases are small. We now provide con-
crete criteria for that. One can require that ¢, ,prNep < 1 and
@a,zpf <K 1, where we assume that the artificial atom cannot
be excited beyond its first excited state. When these crite-
ria hold, we expect that all higher expansion terms in the

Josephson energy are negligible. However, the two-photon
coupling rate also becomes small, compared to the possible
inductive coupling strength.

In fact, for our estimates in the previous section, the crite-
rion above does not hold when there is more than one photon
in the resonator. However, we claim that it is enough to satisfy
a weaker condition,

Pt K1 @p e < 1, (25)

for Eq. (24) for the two-photon rate to be approximately cor-
rect. For example, consider a term with <pr2Ypr<pinfa2bT2b in
the expansion of the coupler Josephson energy. This and other
similar terms give rise to two-photon processes as well. How-
ever, under the condition above, such processes rarely occur
compared to the processes with the rate as in Eq. (24). To ne-
glect the processes of higher order in the resonator operators,
one also needs to make sure that the photon number is small
enough. Note that the conditions in Egs. (25) follow from the
definitions in Egs. (17) and (18) and the condition (11).

Capacitive coupling. While we have assumed that the
linear coupling is nonresonant in Sec. III, it is still worth
comparing the two-photon coupling to the capacitive coupling
that arises due to the junction charging energy. To achieve
the coupler Josephson energy as in the previous section, each
of its junctions should have the critical current of Ij ~ 10.1
nA. Assuming the critical current density in a Josephson junc-
tion of 1.7 uA/um? and its capacitance density of 50 fF/um?
[11,66], we estimate the coupler self-capacitance to be about
2CY; =~ 0.6 fF for the above critical current. Note that the
coupler comprises two junctions in parallel.

According to Eqgs. (7) and (8), the capacitive coupling rate
for C, <« C;, C, reads

4¢*C!
8 ™~ Wnr.zpfna,zpf- (26)
rta

We estimate g. solely due to the internal capacitances, i.e.,
when the coupler shunting capacitance C. =0 and C, =
2CYy. In line with the previous estimates, Ny pr = Ma zpf =
1/2¢r 20t = 1/2¢4 4ot ~ 3.205. We assume that 10E}] = E]
accordingly with the criterion in Egs. (23). Hence the
resonator plasma frequency wf = \/8ELE]/h = 2¢§prE£ /h
should be at least about 2w x 4.9 GHz for our choice of
¢r,pf and EY < 2E7;. From above, we bound of to be up to
271 x 10 GHz, so that it is much smaller than the gap [67,68]
A ~ 100 GHz of superconducting aluminum. For this fre-
quency range and ¢ ,f, the resonator capacitance C; should
be approximately from 320 to 650 fF. To approximately match
the two-photon resonance, we assume that the atom plasma
frequency wh = V8EZE?} /I ~ 2w!. This yields C, ~ C,/2 as
we Set @r zpf = @azpf and Ef/Eé = Ej /E. With the above
assumptions, one obtains the capacitive coupling rate g./27w
from 4.5 to 20 MHz.

Limits on the two-photon coupling strength. In our esti-
mates, the magnitude of the two-photon coupling g; is limited
by our assumption in Egs. (23) that the coupler does not in-
fluence the equilibria of the coupled system. This requirement
can be lifted for a weaker one: that the coupler energy does not
yield ultrastrong [69,70] coupling. In that case, we also expect
that the capacitive coupling can be of lower rate in the above
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estimate; accordingly, the two-photon coupling with the rate
of tens of megahertz can dominate even if the single-photon
coupling is not off resonant.

Effect of inductance of the big loop. In the big loop in Fig. 2,
we only take into account the resonator inductance. However,
other wires in the loop may provide significant geometrical
and kinetic inductance. Additional inductance L’ is taken into
account in Eq. (14) by changing L, — L, + L’. Consequently,
the phase drop across the resonator capacitance becomes only
a part of the full flux @y in the respective units, i.e., ¢, — A,
with A = L;/(L; + L'). In the resonator Lagrangian (see the
Appendix), that is equivalent to reduction of the resonator
capacitance C; — A’C;. Subsequently, that increases in the
resonator frequency and vacuum fluctuations of its phase.
Moreover, we need to replace ¢, with the reduced one in the
coupler Josephson energy in Eq. (10). The net effect is the re-
duction in the inductive couplings, g; — ~/Ag; and g» — Ag>.
Here we have introduced the single-photon inductive coupling
rate g; = (E5/h)@r zpf@a,zpf €Os 6 according to expansion of
Eq. (16). Kinetic inductance can be taken into account in the
same way.

Vortex-induced resistivity. Possible fluctuations of su-
perconducting condensate phases average the two-photon
coupling. According to Fig. 4, that reduces the coupling mag-
nitude when close to its highest value. We expect that the
resistive conduction of Cooper pairs may give rise to such
fluctuations. It is known that the movement of vortices results
in such resistivity [52,71]. We have discussed how they can be
avoided in Sec. II B.

V. POSSIBLE APPLICATIONS

Photodetection. We have shown a sizable two-photon cou-
pling of a resonator to an rf SQUID. First of all, it is tempting
to study its use for detection of microwave photon pairs. In
other words, the rf SQUID may act as a Josephson photomul-
tiplier [38,39,41-43] with a partial photon-number resolution
[15] and enhanced detection speed owing to nonperturbative
two-photon coupling.

Other systems to couple. The theory in the present paper
can be used to engineer two-photon coupling between a res-
onator and some other types of artificial atoms. Transmon
[2,72] states center at the zero phase difference across its
junction, i.e., ¢;“i“ = 0 for it. Thus, a transmon cannot break
the Josephson coupling symmetry when no coupler bias is
applied. With proper equilibrium phases, Eqgs. (24) and (13)
can be used to determine the transmon coupling rate. How-
ever, Josephson coupling energy Ey in Eq. (10) vanishes at
nd. /Py = /2 where the rest of the expression in Eq. (24)
reaches its maximal absolute value. A simple calculation
shows that the coupling highest magnitude is approximately
half as small as for the phase qubit in Sec. III. Asymmetrical
coupling SQUID as in Ref. [34] allows for better figures;
alternatively, one can bias the big loop in Fig. 2 instead of
the coupling SQUID, similarly to Fig. 1.

In the flux qubit [49,73], energy eigenstates are shifted
in the phase difference on the qubit junctions. However, a
correcting coupler bias may still be required. Moreover, the
flux qubit energy states are highly anharmonic. Hence the
expression given by Eq. (24) of two-photon coupling strength

modifies to

B v
82 =~ (11al0)@] 1y sin . @7
where |0) and |1) are the first two energy states.

Direct waveguide coupling. A dc SQUID coupled to a
waveguide [74,75] may be used to achieve two-photon cou-
pling between the waveguide modes, similarly to coupling
of two separate circuits as we have discussed. However, di-
rectly attaching a waveguide breaks the superconducting loop
that ties the system static phases. Recall that this tie is what
allows for breaking the Josephson symmetry and makes the
two-photon interaction possible. To overcome this problem,
the waveguide can be shunted with a large inductance. While
the signal currents will avoid flowing through it, such an
inductance allows the dc screening currents to pass.

Second harmonic generation. A dc SQUID at the end of a
waveguide may be used for second harmonic generation, pro-
viding a two-photon coupling between its modes. This scheme
looks especially appealing, as it does not use capture cavities
or artificial atoms to mediate the excitations. That avoids
nonradiative processes in them, as well as the scattering losses
due to the limited bandwidth of these systems. Hence, it may
be possible to manipulate the carrier frequency of extremely
short pulses of arbitrary shape arriving at arbitrary times.

One possible limit for the scheme bandwidth is the onset
of linear interaction. When coupling to the continuum of
modes, linear interaction with some of them is always reso-
nant. Hence it must be suppressed as outlined above and in
Refs. [44,65]. However, capacitive and inductive waveguide
couplings depend differently on the frequency [76]. With con-
siderable detuning, they will cease to cancel each other.

Second harmonic generation in a related scheme was ob-
served in Ref. [30] using an rf SQUID in the resonator.
Note that second harmonic generation works without a pump
tone. That is unlike frequency conversion with a pumped dc
SQUID in a superconducting resonator in Refs. [6,9] or with
a two-photon process that again involves a pump to interface
superconducting qubit with Rydberg atoms, as mentioned in
Refs. [7,8].

VI. CONCLUSIONS

To conclude, we have shown that a two-photon interaction
can be mediated by a symmetric dc SQUID. We estimate the
coupling magnitude and study its dependence on the coupler
magnetic field. In addition to coupling of the resonator and
phase qubit, we have outlined several other schemes relevant
for applications.

Two-photon interaction arises owing to two related mech-
anisms. In one of them, the external magnetic field in the
coupling SQUID breaks the Josephson symmetry. In the other,
one of the interacting parties provides an additional asymme-
try through the equilibrium drop of the condensate phase on it.
The latter is the case for the metastable state of the rf SQUID
that we consider. We have shown that the magnetic field sym-
metry breaking can be reformulated as the mechanism due to
nonzero equilibrium phases. On the other hand, an rf SQUID
state with a nonzero equilibrium phase is typically prepared
using its magnetic field bias.
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We have estimated the rate of two-photon coupling that
arises due to both mechanisms. We expect that the rate up to
18 MHz is attainable, which is comparable to our estimate of
the capacitive coupling strength in the circuit. We have argued
that the coupling rate can be even higher and outlined some
possible uses of the predicted interaction. We have shown that
the two-photon interaction can be switched off gradually by
changing the coupler bias.

Symmetry breaking due to the nonzero equilibrium phase
allows one to maximize the two-photon coupling via the sym-
metrical coupling SQUID. Apart from the phase qubit case
that we consider, we expect this symmetry-breaking mecha-
nism to contribute to the flux qubit coupling. On the contrary,
that is not the case for the transmon qubit, for which we have
outlined other approaches.
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APPENDIX: DERIVATION OF THE CIRCUIT
HAMILTONIAN

Here we derive the Hamiltonian of the circuit in Fig. 5.
Instead of a single Josephson junction in the rf SQUID loop

!
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I
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FIG. 5. Circuit diagram of an rf SQUID with variable Josephson
energy, coupled to the resonator. Their interaction is via the coupling
dc SQUID and a capacitance. Arrows indicate the direction from
higher to lower node flux.

in Fig. 2, we consider a dc SQUID there. It can be useful
for the applications where the rf SQUID resonance should
be changed in situ. The case of the circuit with a dc SQUID
contains the single-junction one as a partial case.
The Lagrangian of the circuit is

L=T-U. (A1)
Its kinetic energy consists of the charging energies of the
circuit parts,

T

G2 CUD, — D,  Cd?

= + + .
2 2 2
By C. = C. + 2Cy;, we denote the total capacitance of the
coupler. Note that since we consider a dc SQUID instead of
a single junction, the total capacitance of the rf SQUID is now
C, = C, + 2C}y. Each total capacitance consists of the shunt
capacitance and two capacitances of the respective Josephson
junctions. ®, and ®, are the voltages at the resonator and
the rf SQUID. We have used the Kirchhoff’s contour rule for
the voltages to express the voltage drop on the coupler. The
potential energy of the full circuit reads

U=U+U,+U..

(A2)

(A3)

Consider now the potential energies of each circuit part.
For the resonator, it is solely of inductive origin,

q)Z
2L

(A4)

T

where &, is the resonator node flux [21]. On the other hand,
the rf SQUID potential energy

d, — O, — O;/2)2 , d, + &;/2
Ua=( a e J/) —El‘lJCOS 27 a+ J/
2L, o)
o, — D;/2
— EY cos <2n “‘—J/> (A5)
N

has an inductive and a Josephson part.

First consider the Josephson part in the last two terms. In
the rf SQUID, &, + &;/2 is the drop of the node flux on
the left junction in its SQUID, as shown in Fig. 5. In other
words, it is the difference in the superconducting condensate
phase over the left junction, up to a constant factor. With the
drop of ®, — ®;/2 over the right junction, the total flux in the
SQUID loop is @y [50]. That is a result of the flux quantization
rule [22,48,49]. Its origin and applicability are discussed in
Sec. ITA.

The first term in Eq. (AS) is the rf SQUID energy due to
the self-inductance of its loop. The loop current induces a flux
which is a difference between the full flux and the externally
imposed flux ®.. The full flux in the rf-SQUID loop is equal
to the node flux drop over the right junction in its dc SQUID,
according to the contour rule mentioned above. Hence the
argument in the inductive energy in Eq. (AS).

The coupler potential energy is of Josephson origin,

O, — b, — Dy/2 — @c)

ol

D, — P, — Py/2
— Ejj cos <2n—1/>.
)

U. = —Ej;cos <27r

(A6)
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Cosine arguments in the equation are the junction phase differ-
ences in the top and the bottom junctions, as shown in Fig. 5.
Such phases compensate the external flux over the loop. One
can also check that then no flux threads the “inner” loop in
the figure—formed by the resonator inductance, the lower
junction of the coupler SQUID, and the left junction of the
dc SQUID inside the rf SQUID.
The generalized momenta Q, and Q, are given by

oL : :
Qr = T = _C(,:de + (Cr + C(/,)CDIW
oD,
oL A0
0u = oo = (C + COP — Oy,
a

i.e., they are the charges accumulated on the capacitances of
the resonator and the rf SQUID. The Hamiltonian is obtained
via the Legendre transform,

H=0rd + 0P~ L (A8)
o . 0 G
==+ =+ O + U, A9
TR TR XS (A9)
where the capacitances C;, C,, and C, are given by
~ C.C, ~ CC
G=CG+-—"—", (¢, =C e A10
tave G=Grgie A0
c=(Leltity (ALD)
‘T \c a o c)

To avoid lengthy algebra in obtaining Hamiltonian (A9), one
can use the trick from Appendix A of Ref. [15].

The renormalized capacitances in Egs. (A10) and (All)
can be easily interpreted. C. is the coupling capacitance
loaded by the series connection with the resonator capacitance
C; and the total capacitance C, of the atom. C. is the resonator
capacitance loaded by the parallel connection with the full
atom capacitance C, that is connected in series with the full
coupling capacitance C.. The expression for C, is interpreted
analogously.

We express each sum of cosines as a product in Egs. (AS)
and (A6). The rewritten potentials of the rf SQUID and the
coupler are

(P, — P — y/2)° 7 Py

a 2m ®
— 2E}; cos — cos

U, =
: 2L, @, by

’

(A12)

c 7 d¢ D — P, — D /2 — Dy/2
U, = —2E}jcos — cos | 2 .
CD() qDO

(A13)

That is, the SQUID potential energy is similar to the energy of
a single junction with a Josephson energy set by the external
flux.

We recover the case of a single-junction rf SQUID in
Fig. 2. For that, we set ®; =0 in the potential energies
above. We use that two junctions in parallel are equivalent
to a single one with twice the capacitance, Cj = 2C}y, and
twice the critical current and Josephson energy, E = 2E7},.
We also define the Cooper-pair numbers n, = Q,/2e and n, =
0. /2e and the phases ¢, = 27D,/ Py and ¢, = 27 P,/ Py in
Egs. (A9), (A12), and (A13). With that, we arrive at the circuit
Hamiltonian in Egs. (2)-(9).
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