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Local exchange-correlation potentials by density inversion in solids
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Following Hollins et al. [J. Phys.: Condens. Matter 29, 04LTO01 (2017)], we invert the electronic ground-state
densities for various semiconducting and insulating solids calculated using several density functional approx-
imations within the generalized Kohn-Sham (GKS) scheme, which includes Hartree-Fock (HF) theory, hybrid
schemes, and the LDA+U method. To appraise the role of locality versus nonlocality in the effective KS/GKS
potential, the band structures from the resulting local exchange-correlation (LXC) Kohn-Sham potential are
then compared with the band structures of the original GKS method. We find the LXC potential obtained from
the HF density systematically predicts band gaps in good agreement with experiment, including for strongly
correlated transition metal monoxides. Furthermore, we find that the HSE06 and PBEO hybrid functionals yield
similar densities and LXC potentials to each other. In weakly correlated systems, these potentials are also similar
to PBE. For LDA+U densities, the LXC potential partly reverses the excessive flattening of bands caused by
too-large Hubbard U values. For meta-GGAs, we find only small differences between the GKS and LXC results,
demonstrating that the nonlocality of meta-GGAs is weak.
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I. INTRODUCTION

Density functional theory (DFT) has enjoyed considerable
success as a framework for modeling and obtaining theoretical
insight into the behavior of materials at a relatively low
computational cost. Within the Kohn-Sham (KS) [1]
formulation, this is realized through a fictitious auxiliary
noninteracting system of electrons constructed to yield an
identical ground-state density po(r) to the interacting system.
Although DFT is a formally exact theory in principle, in
practice the exchange-correlation (XC) Ex.[p] contribution to
the total energy density functional needs to be approximated.
Consequently, the resulting XC potential of any density
functional approximation (DFA),

SEDFA[p]

DFA XC

= —x P 1
Vye  LPI(r) 3p(r) (D
will differ from the corresponding vx.[p](r) of the exact

theory.

The development and refinement of approximations for
Ex.[p] remains challenging, not least because the exact Ex.[p]
or vx[p](r) are not experimentally observable and thus, one
lacks a benchmark to which one can compare.

Although previous work using many-body perturbation
theory [2-6] has been carried out in simple semiconductors
to gain some insight and study the behavior of the exact
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vxc[p](r), an alternative, albeit indirect approach to construct
the exact vx[p](r) is through the inverse KS or density
inversion problem. Because of the one-to-one correspondence
between the KS potential vg(r) and po(r) established by
the first Hohenberg-Kohn theorem [7,8], one can seek the
local exchange-correlation (LXC) potential vpxc(r), that
will adopt a target density p;(r) as its ground state. If, for a
given number of electrons N, the target density is obtained
by sufficiently accurate means, for instance from quantum
Monte Carlo (QMC) calculations [9] such that it may be
regarded as “exact,” then the technique can be used to study
the corresponding “exact” KS potential, which is determined
up to a constant, for fixed N.

Moreover, density inversion can also be used to study and
analyze the quality of approximate densities and their corre-
sponding local XC potentials. Considerable work has been
carried out in recent years in understanding errors within DFT
calculations [10-25].

According to an insightful analysis by Burke and cowork-
ers, the error in the approximate total energy of a DFT calcu-
lation may be partitioned into the so-called “functional error”
and the “density-driven error” [26—30]. The former is the most
common and refers to the quality of the approximation for
the XC energy density functional Ey.[p] for the exact density.
The significance of the latter can be investigated using density
inversion [31]. It arises in “abnormal” systems [26], where the
density is particularly sensitive to changes in vy (r), giving
rise to large errors in the density, which are further exacer-
bated by the self-consistent cycle. In such instances, evaluat-
ing the total energy in a DFA such as PBE using the Hartree-
Fock (HF) density in a non-self-consistent manner can give
improved total energies, such as in water clusters [32-36].

Despite the appeal of density inversion as a benchmark-
ing and functional development tool for the aforementioned

Published by the American Physical Society


https://orcid.org/0009-0007-8786-5507
https://orcid.org/0000-0002-0084-3548
https://orcid.org/0000-0003-4792-7738
https://ror.org/01v29qb04
https://crossmark.crossref.org/dialog/?doi=10.1103/vsdq-1l48&domain=pdf&date_stamp=2025-08-21
https://doi.org/10.1088/1361-648X/29/4/04LT01
https://doi.org/10.1103/vsdq-1l48
https://creativecommons.org/licenses/by/4.0/

RAVINDRAN, GIDOPOULOS, AND CLARK

PHYSICAL REVIEW B 112, 085208 (2025)

reasons, the inversion of the density remains a somewhat
formidable task due to the sensitivity of the potential to small
changes in the density [37,38] and thus the problem remains
an active area of research with various inversion schemes
proposed [39-57]. In this work, we use the scheme developed
by Hollins et al. [58] to compare the LXC potential obtained
via inversion of densities produced by approximations with
increasing degree of nonlocality in their single-particle Hamil-
tonians. We then compare the shape of the calculated band
structures (not just the band gaps) from the LXC potential and
from the self-consistent nonlocal potential. We also compare
the total energy differences, when the total energy functional
is evaluated using the self-consistent orbitals and using the
orbitals obtained via the LXC potential.

This paper is structured as follows. In Sec. II, we overview
our method used to invert densities to find the LXC poten-
tial and its implementation in a plane-wave pseudopotential
code. We discuss he exchange-correlation derivative discon-
tinuity for the optimized effective potential (OEP) and LXC
potentials in Sec. II B. Section III describes the various com-
putational parameters we have used and also introduces the
systems used in this study. In Sec. IV, we present computed
band structures from the LXC potentials and from self-
consistent KS and generalized Kohn-Sham (GKS) schemes.
Section IV A presents the inversion of local/semilocal LDA
and PBE densities to quantify the degree of numerical error
in the inversion algorithm. We then discuss the inversion of
HF densities and hybrid functionals in Secs. IVB and IVC,
where we also discuss the difference in total energy when a
given DFA is evaluated using self-consistent GKS orbitals and
the LXC orbitals as a quantitative indicator of the nonlocality.
Results from the inversion of LDA+U densities in transition
metal monoxides (TMOs) are presented in Sec. IV D. We then
discuss the inversion of densities from a meta-GGA functional
(rSCAN) when treated in a GKS scheme. Finally, we draw
conclusions and discuss plans for future work in Sec. V.

II. THEORY

We follow the density inversion method of
Refs. [50,51,58]. We consider a noninteracting system of
particles moving within a local effective potential v(r) with
a ground-state density p,(r). The many-body Hamiltonian
of this noninteracting system can be expressed as a sum of
single-particle Hamiltonians A(r;, p;) with single-particle
energies &y ;,

N N Vz
H, =) hri,p)= <——f + v(ri)). 2
Ziem=2"3

The goal is to invert a “target” density, p(r), obtained from
some electronic structure or quantum chemical method, to
find the local effective potential v(r) with ground-state density
equal to the target density, p,(r) = p(r).

Consider the Coulomb energy U, [v] associated with the
difference between the target density and the ground-state
density of the local potential v(r), pi(r) — p,(r):

U, vl = % / / drdr’ [o (1) — P ()] (X") — pu(x')] S0

r —r'|
3

When the two densities are equal, p¢(r) = p,(r), the Coulomb
energy vanishes, U,[v] =0, and thus the KS potential is
found and the density inversion problem solved. The KS
potential is customarily partitioned into an external vex(r),
Hartree vy (r), and exchange-correlation v (r) potentials:

Us(I) = Vext (1) 4 VH(T) + vy (T). “

In this work, we will refer to the exchange-correlation contri-
bution to the KS potential obtained via density inversion of a
target density p;(r) as the LXC potential v xc(r) (emphasiz-
ing that it is a local multiplicative potential).

Since U, [v] = 0, it is possible to invert a given target
density p((r) through the minimization of U, [v]. A change
in the potential, v(r) — v(r) 4+ € dv(r) with € > 0 causes a
change in U, :

U, [v]
su(r)

We apply the chain rule, noting the change in the density
8py(r) is related to the density-density response function,

U,lv+edv]l—-U,[v] = e/dr Sv(r) 5)

8pu(r) = /dl‘/ Xo(r, T)80(r"). (6)

Thus, we express the change in the Hartree energy U, given
in Eq. (5) by
U,lv+e€dv]—U,lv]

:e/dr (Sv(r)/dr/apv(r)[r/] OUn,
du(r) Spy(r)[r]

= —e/dr 8v(r)/dr/xu(l‘/, r)

y / dr” pe(0)[r"] — pv(r)[r”]‘ @
|I'/ _ I'”|
We now choose for Eq. (7)
Su(r) = — / dr/Pt(r)[r] - ,Ou(r)[r]‘ )
Ir —r'|

This choice of dv(r) ensures that the value of U, is re-
duced, Uy, [v + € dv] < U, [v], for sufficiently small € > 0
since the response function y,(r, r’) is a negative semidefinite
operator. Moreover, the choice of §v(r) in Eq. (8) leads to
faster convergence compared to simply using the density dif-
ference, p,(r) — p¢(r), particularly in regions of low density
[58]. For these reasons, §v(r) can be regarded as an effective
gradient of U,,,.

In a steepest descent algorithm as outlined in Fig. 1, the
potential is thus updated by taking a step in the direction of
the effective gradient

v(r) — v(r) + € dv(r), O]

where € is the step size calculated using a line search, as
discussed further in Sec. III. The density p,(r) is then updated
by solving the KS equations

2
<_V7 + v(r)>¢;LXC(r) = i (1), (10)

to find the orbitals ¢}‘Xc(r) of the updated local effective
potential v(r). We then calculate the Hartree energy U, [v],
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Calculate the target density p¢(r)
(in this work self-consistently via KS/GKS equations)

Initialise LXC potential to LDA potential of p¢(r)
0" (r) = viie [pe)(r) + vexe (r).

Calculate initial KS orbitals {¢I'Txc(r)}

and density p?="(r) for v"=!(r).

Calculate effective gradient of potential for n-th iteration

(S’U"(r) = _/dr/M' L

v —r/|

Determine optimal value of € via
parabolic line search in U} [v; €].

Update total potential using optimised e
V") = 0" (r) 4 edv" (r)

no

Find o+ (r) and {6]7%c(r)} for v (r)

Does U, [v] satisfy
convergence criterion?

Compute band structure using
vLxc(r) corresponding to pq(r).

FIG. 1. Steepest descent algorithm to calculate the local
exchange-correlation (LXC) potential v xc(r). The total poten-
tial v(r) is the sum of v xc(r), Hartree vy(r), and external
(electron-nuclear) ve(r) potentials such that in the nth iteration
Uxe () = V(1) — 0[P}1(E) — Vexe ().

see Eq. (3) of the density difference p(r) — p,(r). This iter-
ative procedure is repeated until the target density p¢(r) and
the density of the local effective potential, p,(r), are equal
within a small tolerance such that U, [v] is effectively zero.

In practice, we use a more efficient conjugate gradient [59]
algorithm.

As an aside, we note the inverse KS problem is strictly
defined for densities which are ground-state v-representable,
that is to say, ground-state densities of local multiplicative
potentials v(r).

A. KS {¢"XC(r)} and GKS {¢F¥S} orbitals
and their total energies

Following Kohn [60], the orbitals that yield the density
py(1) of the noninteracting system bound by a local potential
v(r) can be regarded as density optimal in the sense that
they yield an identical density to the target density p(r).
In standard KS theory, these are the KS orbitals, which are
functionals of p,(r) and v(r) is the KS potential of p,(r).

Suppose now that the target density p((r) is obtained via
a DFA whose total energy has an explicit dependence on
the single-particle orbitals ¢;(r) but not on the density p(r).
The total energy of this DFA is still an implicit functional
of the density, since the KS orbitals are determined by the
KS potential which in turn depends on the density. Such
DFAs can be treated within the standard KS scheme, using
single-particle equations that contain a local, multiplicative
potential v(r) via the OEP method [61,62]. Alternatively, one
can instead consider them in a GKS scheme with nonlocal
single-particle equations, obtaining a lower (in general) total
energy minimum.

The KS orbitals ¢-XC(r) obtained from the inversion of
the GKS density, which we refer to hereafter as the LXC
orbitals, are not energy optimal as they do not fully minimize
the total energy functional of the DFA, E DFAT{#,}1, since in the
case of such DFAs, the GKS scheme yields a lower energy
in general. Equivalently, the effective potential v(r) with an
LXC contribution potential vPE2(r) obtained by inverting this
GKS DFA density pP™ (r) is not the minimizing potentials of
EPFA; instead the minimizing (GKS) potential has a nonlocal
XC 9PFA| where in general, vPEa(r) # OPFA. Therefore, if
one evaluates EPFA in a non-self-consistent manner using the
orbitals ¢XC(r) from the inversion, then

EDFA[{(plLXC}] —EDFA[{(ISI»GKS}] 2 0’ (11)
where ¢PXS(r) are the self-consistent set of GKS orbitals
associated with the minimizing nonlocal GKS potential. The
magnitude of the energy difference in Eq. (11) will depend on
the degree of nonlocality in the Hamiltonian H554.

In the case of HF densities, the potential obtained via
inversion of the HF density is the local Fock exchange (LFX)
potential [50-54,57,58,63], vLH§c(r) = v px(r). The inver-
sion of HF densities yields a local potential similar to the
exact-exchange-only (EXX) potential, or exchange-only OEP
(xOEP) (without correlation). The similarity is particularly
evident in weakly correlated systems [48,53-56,58,64—69].
This is because the XOEP potential and the LFX potential
minimize physically equivalent energy differences [8,58].

B. Exchange-correlation derivative discontinuity and band gap

In exact KS theory, the KS band gap,
E,s(N) =eny1(N) —ey(N), of an N-electron system
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between the lowest unoccupied orbital, ey (N) [conduction
band minimum (CBM)] and the highest occupied orbital,
en(N) [valence band maximum (VBM)] is not equal to the
fundamental gap,

E,(N) = I(N) — A(N), (12)

where E,(N) is equal to the difference between the ionization
potential /(N) = E(N — 1) — E(N) and the electron affinity
A(N)=E(N)— E(N + 1). [Here, E (M) denotes the ground-
state energy of the M-electron system, M = N, N & 1.] This
is because the KS potential is a nonanalytic function of elec-
tron number. When the number of electrons increases by an
infinitesimal fraction through the integer value N, the exact
KS potential changes by a constant known as the exchange
and correlation discontinuity, Ax.(N) > 0.

The discontinuity of the exact KS potential is not captured
in local (LDA) and semilocal (GGAs) XC DFAs. We remark
that using an ensemble formulation, it is possible to recover a
nonzero approximation to the exact Ax.(N) even for local and
semilocal approximations, but nevertheless the approximate
LDA /GGA discontinuity vanishes in the thermodynamic limit
[70-72]. Hence, in these approximations, the prediction for
the fundamental gap of solids, as given by the approximate KS
gap alone, systematically underestimates the value of E,(N).

More advanced XC approximations such as meta-GGAs,
DFT+U, and hybrid functionals yield a nonlocal XC potential
when incorporated in a GKS calculation. The approximate
nonlocal GKS potential is continuous as a function of electron
number and the prediction for E,(N) is given by the GKS gap
without any correction,

E, = I(N) — A(N) = eS8 (V) — eS8 ().

The GKS gap value for these approximations tends to predict
the fundamental gap more accurately than LDA and GGAs.
The same XC approximations can also yield a local multi-
plicative potential when the DFA total energy is minimized
with the OEP method. In that case, the approximate OEP
potential has a finite XC discontinuity APEP(N) which ap-
proximates the discontinuity A.(N) of the exact KS scheme.
APEP(N) is given by the difference between the GKS and OEP
gaps,
AR = (51N = ey S (V) — (51 (V) — ey (V).
(13)

In this work, together with standard hybrid functionals we
have also employed ad-hoc generalizations of these func-
tionals [Eq. (19), for instance], by introducing a weight o
in front of the nonlocal Fock exchange energy and potential
terms and scanned over «, 0 < o < 1 in our calculations to
assess the effect of nonlocality. Obviously, the GKS gaps of
these ad-hoc hybrid schemes do not provide predictions for
the fundamental gap for any random value of «, but only
for the optimal value of «, which is about o ~ 0.25 (see
Refs. [73-75] and references therein). The same is true for
our scans of DFT+U calculations using a range of Hubbard-U
values. The prediction of the fundamental gap is only given by
an optimal value for the Hubbard-U, which can be obtained
independently with linear response [76,77].

Our inversions of the GKS target density for the various
XC approximations yield local KS potentials (dubbed LXC

potentials) that are very close to the corresponding OEP XC
potentials, with the important difference that the inverted LXC
potentials do not strictly have an XC discontinuity, because
they are not functional derivatives of an XC energy functional.
We note it is possible to incorporate in the inversion algorithm
a constraint for the so-called screening charge, which changes
discontinuously from Qu;(N") =N —1 to Que(NT) =N,
when the number of electrons increases infinitesimally past
the integer value N with N~ =N — §, N* =N +8and§ > 0
as § — 0[22,23,25,50]. However, the extra screening charge
AQqr = 1 delocalizes in a solid and this discontinuity van-
ishes in the thermodynamic limit.

Despite the lack of XC discontinuity in a strict sense, due to
the similarity between the inverted LXC potentials for hybrid
(including HF), DFT4U and meta-GGA densities with the
corresponding OEP potentials, we still loosely refer to the XC
discontinuity of the LXC potentials, having in mind that the
discontinuity actually refers to the OEP potential which LXC
approximates.

Finally, we address the question in the literature whether
it is justified or misleading to report uncorrected OEP-KS
band-gaps (and by extension here LXC-KS bandgaps) for ma-
terials without including A%, In our work, there is no reason
to omit the discontinuity in the case of LXC potentials for
densities obtained by meta-GGAs and hybrid schemes, since
we can obtain an estimate of AP from Eq. (13). In a future
publication we will obtain an estimate of AQEP for DFT+U
calculations, once the linear response method of Ref. [76] is
implemented in our code. For our work, the question refers
to the exchange-only OEP potential and the LFX potential
obtained from the inversion of HF densities.

The exchange and correlation discontinuity Ay, of the
exact KS potential is the sum of two large contributions,
Ay > 0and A, < 0. The order of magnitude for each of these
energies is several electronvolts but when added together,
the two discontinuities almost cancel each other out giving
a net correction Ay, = Ay 4+ A, which is typically positive,
Ay > 0, with an order of magnitude for weakly correlated
systems of a few tenths of an electronvolt.

One could argue that since both xOEP and LFX methods
omit electronic correlation, one should omit the correlation
contribution to the discontinuity, A, altogether from the band
gap prediction. However, by Brillouin’s theorem, in Mgller—
Plesset (MP) perturbation theory, the first-order corrected
state (MP1) has the same density as HF. Hence, the HF
density is also the density of a weakly interacting system,
and it makes sense to consider the correlation contribution to
the total energy (post-SCF) at the second order level (MP2),
corresponding to the MP1 weakly interacting state. The same
situation holds for the xOEP density (see Ref. [58] for a
discussion). Hence, it is meaningful to consider together A,
and A, even in a HF/LFX or xOEP calculation that omits
correlation in the self-consistent cycle. To conclude, we argue
that the inclusion of Ay without A, to an XOEP band-gap
result (or to an LFX band-gap result, based on the similarity
between xOEP-LFX) introduces a large systematic error of
several eV to the XOEP/LFX prediction. Obviously, the ac-
curate prediction for the band gap would be to include the
whole of A,., but it is difficult to obtain an accurate estimate
of A.. A small number of post-SCF calculations for A, in
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FIG. 2. Convergence of the Coulomb energy difference U, [v]
[refer to Eq. (3)], for inversion of the Hartree-Fock (HF) density of
silicon using steepest descent (dotted red line) and Fletcher-Reeves-
based [59] conjugate gradient (solid blue line) algorithms.

the literature overestimate the magnitude of A, predicting
falsely insulators to be metallic as shown in Refs. [78-80]. In
this work, on balance, between including A, without A, and
omitting Ay, altogether, we chose the latter since the latter
error is about an order of magnitude smaller than the former
erTor.

With regard to strongly correlated systems, namely Mott
insulators, the hallmark of a Mott insulator is a large Ay
correction relative to the KS band gap, or equivalently that the
majority of the contribution to the fundamental gap is from
Axc. In cases where the LFX gap greatly underestimates the
experimental fundamental gap, we believe this to be confir-
mation of strong Mott physics at play in FeO and that the
correlation energy not taken into account by both HF and LFX
is significant.

III. COMPUTATIONAL DETAILS

The algorithm to carry out the inversion of the density to
find the LXC potential has been implemented in the plane-
wave DFT code CASTEP [81]. As is usual with plane-wave
implementations, the density, orbitals and potentials are repre-
sented on rectilinear grids [82]. The KS orbitals are described
within a spherical region of reciprocal space with a radius
equal to the cutoff wave vector Gy, while the density and
potential are nonzero in a region of 2G.,. The density is
inverted through minimization of the Coloumb energy dif-
ference U, [v], see Eq. (3), and is performed in real space to
enable direct variation of the potential, see Eq. (8).

A Fletcher-Reeves-based conjugate gradient algorithm
[59] is the algorithm of choice for the minimization and is
used to compute the search direction [in steepest descent
this is simply Eq. (8)]. The potential is then corrected along
this search direction multiplied by a prefactor €, whose op-
timal value is determined via a line search that minimizes
U, [v] using a parabolic three-step fit. Figure 2 compares the
convergence of U, [v] for the inversion of the HF density
of silicon for steepest descent and conjugate gradient algo-

rithms with the initial LXC potential set to the local density
approximation (LDA) potential generated by the HF density.
Although the steepest descent algorithm exhibits a similarly
shaped decrease in U, [v] to conjugate gradient, the rate of
convergence starts to fall off rapidly after around 20 itera-
tions only reaching a value of 4x10™* eV after around 100
iterations, whereas the conjugate gradient algorithm reaches
a value of 2x 1073 eV. In both cases, the effective gradient
term, see Eq. (8), tends to zero as expected from a variational
method.

For our actual calculations, the differences in U, [v] were
monitored over a window of K iterations (we find K =3
works well), denoted {U,, x[v]}. The minimization procedure
was repeated until the difference between the largest and
smallest values of U, within the window is smaller than the
threshold value of &, that is to say,

AU, =max{U, g} —min{U, x} < &. (14)

We find that £ = 1075 eV/atom was sufficiently small to en-
sure that the calculation was well converged. This ensured that
the algorithm did not terminate prematurely due to a plateau
in the energy landscape.

For all calculations presented here, the plane-wave cut-
off energy E.y = Ggut /2 and Monkhorst-Pack [83] grid for
Brillouin zone sampling were selected such that the self-
consistent total energy was converged to less than 1 meV.
The inversion algorithm was considered converged when the
difference of the Hartree energy within a window of three
iterations was less than 107> eV/atom.

With regard to the choice of pseudopotentials, we used
norm-conserving pseudopotentials (NCPs) from CASTEP’s
NCP19 [84] on-the-fly pseudopotential library at the same
level of theory as the self-consistent calculation used to
generate the target density. The exception to this was HF
and B3LYP [73,85,86] hybrid functionals where LDA [1,10]
NCPs were used, while in the case of PBEO [74] and HSE06
[75,87] functionals, PBE [88] NCPs were used since these
functionals contain predominantly PBE exchange and entirely
PBE correlation.

For each solid, the experimental lattice parameters were
taken from Ref. [89] unless stated otherwise. The diamond
cubic structure (space group: Fd3m) was used for silicon, di-
amond and germanium; the zincblende structure (space group:
F43m) for BAs, BP, CdS (for which the wurtzite structure
[space group: P63mc] was also computed), CdSe, GaAs, GaP,
InP, SiC and ZnS; the rocksalt or halite structure (space group:
Fm3m) for CaO, LiF, MgO and NaCl. For the perovskites
materials BaTiOs3, StTiO3, BaHfO3, BaZrOs; and KMgF;, the
ideal cubic phase (space group: Pm3m) was used. For the
TMOs, the rocksalt structure was used with a primitive rhom-
bohedral computational cell of the AFM II magnetic structure
commensurate with the antiferromagnetic ordering between
alternating cubic (111) planes.

IV. RESULTS AND DISCUSSION
A. LDA and GGA Densities

We begin with the inversion of target densities, p(r), gen-
erated by the self-consistent solution of the KS equations for
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FIG. 3. Computed band structures of GaAs using PBE (solid
blue) and LXC-PBE (dotted red), the latter obtained via inversion
of the PBE density. The Fermi energy has been set to 0 eV. Note that
the two band structures are indistinguishable.

the two lowest rungs of Jacob’s ladder [90], namely the LDA
[1,10] and generalized gradient approximations (GGAs). For a
purely local DFA like the LDA, the potential within the single-
particle KS Hamiltonian is a local, multiplicative potential. By
construction, the LXC potential obtained by inversion of the
LDA target density, vLR2(r) is expected to be identical (up to
a constant) to the LDA potentlal for that system vEPA(r),

vime(r) = vEPA(r), (15)

by the Hohenberg-Kohn theorems.

In the case of a GGA such as the PBE [88] functional,
although the XC energy functional Ex.[p, Vp] is semilocal
as a result of the use of gradient expansions of the density,
the potential vS9A(r) is a local, multiplicative potential and
can still be treated within the KS scheme without the use of
the OEP method. For the same reason as target densities from
LDA, we expect

v (r) = vaSA (). (16)

Despite the statements contained within Egs. (15) and (16)
being obviously true, the inversion of the target densities from
LDA and GGAs remains nonetheless insightful as a bench-
mark to quantify the numerical error from the minimization
algorithm outlined in Sec. IV, since the LXC potential from
the DFA (or DFA-LXC potential for short), vPre(r) is known
a priori to the inversion. We first performed a self-consistent
calculation of the target density p (r) and KS potential v,(r)
[see Eq. (4)] by self-consistently solving the KS equations for
the LDA and PBE functionals and obtained the band structure
for these functionals [using vy(r)]. The LDA and PBE band
gaps are given in Table I. We found that the LXC-LDA [91]
and LXC-PBE band structures were indistinguishable from
the LDA and PBE band structures for all systems considered,
with the mean pairwise absolute difference (MAD) between
the LXC-DFA and DFA band gap being around 3 meV for
both LDA and PBE. An example of this is shown in Fig. 3 for
GaAs using the PBE target density where the LXC-PBE band
structure is indistinguishable from the PBE band structure. An

example of the inversion of the LDA density in diamond is
given in the supplemental material [92].

B. Local Fock exchange

Per the discussion in Sec. IT A, the KS orbitals are density
optimal [60] in contrast to the HF orbitals, which are energy
optimal giving the minimizing Slater determinant ®yg of the
HF energy functional. The (unconstrained) minimization of
the HF functional yields single-particle equations which con-
tain a nonlocal potential in the form of the Fock exchange
operator

067 (r) =

/ Z¢ (r) [#; (1’) oI, (17)

In a wider sense HF together with hybrid DFAs can be con-
sidered within a GKS scheme wherein the GKS equations are
single-particle equations with a nonlocal exchange potential
as part of the full XC potential 9SKS. Alternatively, these
DFAs can be considered within a KS scheme with a local XC
potential v, .(r) but due to the orbital dependence, one cannot
evaluate Eq. (1) directly and instead the OEP method must be
used. A similar LXC (more accurately, local exchange-only)
potential can be obtained by inversion of the HF density,
which, following the terminology of Hollins et al., we will
refer to as the LFX [58] potential v px (r) = vjko(r).

Table I gives the HF and LFX band gaps for various sys-
tems. As expected, the HF band gap is typically a massive
overestimate of the experimental band gaps. In the literature,
this effect is often attributed to the lack of correlation [109].
However, see the discussion in Ref. [110] that suggests this
is instead an artefact of the nonlocality in the Fock exchange
operator. As a result of the strongly nonlocal nature of the
HF exchange potential d!'F, the band structures obtained from
vLpx (r) will naturally be quite different from the original
HF band structure obtained via dF, unlike the LXC-LDA
and LXC-PBE band structures where the potentials obtained
by inversion, vLDA(r) = vLDA(r) and vfgg(r) = vffE(r). In
contrast to HF, the LFX band gaps are generally a system-
atic improvement over the unphysically large HF band gaps,
when compared to experiment. As discussed in Refs. [58,63],
the LFX potential v gx(r) is expected to be similar to the
xOEP potential vxopp(r) in weakly interacting systems whose
exchange energy is much larger than the correlation energy.
Therefore, the LFX band structures and band gaps obtained
here and in Refs. [58,63] will be similar to those calculated
using xOEP [64-68].

In particular for Si, shown in Fig. 4, the LFX band
gap happens to be equal to the experimental band gap of
1.17 eV while the HF band gap is 6.12 eV. In the case of
Ge, local and semilocal DFAs [111,112] like LDA and PBE
incorrectly predict it to be metallic rather than insulating.
However, the LFX potential correctly describes Ge qualita-
tively, with a gap 0.46 eV, suggesting that the failure of the
LDA and PBE potentials is probably due to an inaccurate
description of exchange. Alternatively, these results can be
improved by resorting to many-body perturbation theory tech-
niques such as the GW method [113-115]. We note that large
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TABLE I. Computed band gaps (in eV) for various semiconductors and insulators. Experimental (expt.) band gaps and lattice parameters
are from Ref. [89] unless indicated otherwise. Zero-point renormalization (ZPR) values to experimental gaps are obtained from Ref. [93] and
references therein unless stated otherwise. The LXC band gaps via density inversion are given in brackets next to the corresponding DFA band
gaps except for LDA and PBE which differed by around 3 meV or less from the self-consistent gap. Mean absolute errors (MAE) and mean
absolute relative error (MARE) for each DFA and LXC (in brackets) are quoted with respect to the experimental gaps, accounting for ZPR,
where available. MAD and MARD refer to the mean pairwise absolute difference and mean pairwise absolute relative difference between pairs

of LXC and GKS band gaps.

LDA PBE rSCAN B3LYP PBEO HSEO06 HF ZPR expt.
BAs 1.17 1.24 143 (1.37) 251  (1.54) 253 (135 197 (1.36) 775 (1.97) - 1.82%
BP 1.19 1.26 143 (1.38) 257  (1.59) 253  (1.36) 194 (1.36) 740  (1.79) - 2.1
ct 4.12 4.18 439 437 597 (459 606 (436) 542 (437) 1221 (475 0370 55
CaO 3.51 3.67 418 (4.01) 564 (419 600 (418) 529 (4.20) 1381 (5.63) -0.357% 6.93
Cds¢ 0.92 1.20 1.62  (144) 243 (142) 283 (1.549) 223 (1.53) 8.67  (2.39) - 2.48
Cds¢? 0.87 1.16 1.57 (139 239 (1.36) 278 (1.49) 219 (1.48) 858 (2.34) —-0.062 25
CdSe 0.34 0.61 1.07 (075 172 (0.83) 2.11 (0.94) 157 (0.92) 797 (1.85) —0.034 1.9
GaAs 0.20 0.44 089 (0.43) 123 (047 170 (0.68) 127  (0.66) 6.78  (0.93) —0.045 1.52
GaP 1.44 1.60 1.85 (1700 270 (1.77)  2.81 (1.67) 223 (1.67) 7.33 (195 -—-0.086 235
Ge 0.00 0.00 031 (0.00) 054 (0000 1.09 (0.20) 0.72 (0.18) 591 (0.46) -—-0.052 0.79
InP 0.38 0.61 1.01  (0.58) 138 (065 L75 (079 127 (0.77) 636  (1.08) —0.048 1.42
LiF 8.78 9.01 995 (9.60) 11.76 (9.75) 1218 (9.69) 1143 (9.71) 21.80 (10.91) —1.231% 13.6
MgO 4.57 4.64 550  (525) 7.02 (546) 725 (531) 657 (533) 1575 (6.87) —0.533% 79
NaCl 4.66 5.07 579  (5.34) 697 (535 721 (543) 650 (5.43) 1381  (6.20) - 8.97
Si 0.48 0.58 077 (0.71) 170 (0.87) 1.69 (0.69) 1.14 (0.69) 6.12 (1.17) —0.062 1.17
SiC 1.31 1.36 .73 (1.69) 290 (1.85) 2.85 (1.59) 223 (1.60) 827  (230) —0.175% 242
ZnS 1.80 2.04 257 (233) 332 (2.16) 3.67 (222) 3.06 (2.21) 9.03 (2.19) -0.105 3.78
BaHfO;® 3.46 3.63 4.14 (398 527 (418 562 (421) 511 (419 12,66 (5.78) - 6.1
BaTiO;' 175 1.83 218  (2.09) 330 (2.26) 3.69 (232) 298 (231) 11.67 (4.07) - 32
BaZrOs;¢  3.09 3.20 378 (3.68) 481 (3.85) 512 (385 462 (3.83) 1213 (5.40) - 53
KMgF,"  6.88 7.24 814 (7.81) 9.88 (8.00) 1038 (8.03) 9.63 (8.02) 1986 (9.72) - 124
SrTiO;! 1.78 1.88 233 (222) 339 (242) 380 (248 3.08 (247) 1190 (4.25) —0.44 3.25
MAE 1.87 1.70 124 (1.44) 061 (1.33) 057 (1.34) 058  (1.34) 6.45  (0.69)
MARE 51.1% 454% 30.4% (39.0%) 163% (353%) 192% (34.6%) 10.7% (35.0%) 241.0% (16.8%)
MAD 1073 1073 0.20 1.12 1.42 0.83 6.90
MARD 0.18% 0.15% 14.6% 36.9% 40.7% 28.9% 68.6%

4See Ref. [94].

"Diamond.

“Wurtzite structure.

dZincblende structure.

Lattice parameters from Ref. [95], expt. band gap from Ref. [96].
MLattice parameters from Refs. [97,98], expt. band gap from Ref. [99].

¢Lattice parameters from Refs. [100,101], expt. band gap from Ref. [102].
hLattice parameters from Refs. [103,104], expt. band gap from Ref. [103].

iLattice parameters from Ref. [105], expt. band gap from Ref. [106].
iSee Ref. [107].
kSee Ref. [108].

relative errors were obtained for LFX in GaAs (39%) and
ZnS (42%).

In the case of the cubic perovskites BaTiOs, SrTiO3, and
BaZrO3, we found that the computed LFX band gap was an
overestimate in contrast to the other semiconductors and insu-
lators in Table I, although the same qualitative improvement
over HF was observed. Comparable overestimates in these
cubic perovskites were obtained in the XOEP calculations by
Betzinger et al. [116] and Trushin et al. [69]. As discussed
in the latter, the error is not necessarily due to an inherent
shortcoming of the xOEP/LFX potentials but rather to addi-
tional physical effects not considered here such as zero-point
motion of the lattice that leads to band gap renormalization.

In transition metal perovskites such as SrTiOs, this can be
as large as ~0.4eV as calculated in Ref. [107], although
the effect is largely insignificant in other semiconductors and
insulators (see Ref. [117]).

Finally, as shown in Fig. 5, the degree to which the LFX
band gap underestimates the fundamental band gap increases
in systems with large fundamental gaps.

C. Reducing nonlocality: Hybrid functionals

We have seen in Sec. IV A that the LXC potential obtained
from the inversion of LDA and PBE densities is identi-
cal to the original potential LDA and PBE KS potentials,
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FIG. 4. Computed band structures of Si for (a) HF and (b) LFX
obtained by inversion of the HF density. The Fermi energy has
been arbitrarily set to 0 eV in both band structures. Occupied bands
are in blue, valence band in orange, conduction band in green and
unoccupied bands in red.

v RA(r) = viPA(r) and vfBE(r) = vEPE(r). At the other end
of the nonlocality spectrum, in the previous section, we have
shown that a target density generated by the nonlocal HF
(exchange-only) potential results in a LFX potential vy px(r)
with improved band structures and particularly band gaps
compared to the HF results. The natural question is what
happens when the two are combined.

In hybrid functionals, the exchange energy EP™[p, ¢;] is
a mixture of nonlocal Fock exchange and local or semilocal
DFA exchange energy. Considered in a GKS scheme, this
gives rise to a nonlocal exchange potential that is not as
strongly nonlocal as the full HF exchange potential due to a
smaller weighting on the Fock exchange energy EMF[¢] in
the total energy functional. We considered target densities
from three hybrid functionals: B3LYP [73,85,86], PBEO
[74], and HSE [75] (we specifically used the HSE06 [87]
parametrization).

In all hybrid functionals considered, the LXC band gap ob-
tained by the inversion of the respective hybrid target densities
was lower than the calculated GKS band gap. This behavior
of the LXC potential vPEA(r) is analogous to the behavior
of the LFX potential vy gx(r), although the effect is reduced
due to the smaller weighting of HF exchange EI'f in the full
exchange energy EPTA.

o 5O &7
& TS 4 F X 2 g3
225 T T T 1 T T T T T T T
ool o DA e B3LYP s HF
: PBE x LFX ——= ideal| *
S 1750 | ¢ 1SCAN :
2.15.0¢ . 1
r‘ac A A -
< 12.5F oa an o
g A e X
= 100 JPtied O
£ 750 " s
250 3T :
g = ,»‘, ¥ ¢ &
2.5F - ” ¢ ]
P 1
00? \’ j 1 '\ 1 1 1 1 \A
0 2 4 6 3 10 12 14

experimental band gap (eV)

FIG. 5. Comparison of calculated band gaps with experimen-
tal band gaps. Local Fock exchange (LFX) denotes the band gap
calculated using the LXC potential obtained from the inversion of
the Hartree-Fock (HF) density. The straight line indicates perfect
agreement between theory and experiment; points above the line
indicate that the band gap is overestimated while points below the
line indicate the band gap is underestimated.

The B3LYP functional mixes several exchange and corre-
lation functionals with HF exchange E!F,

EXYPL0, Y, i = B[] + (1 — a)ERPM o]
+ BAEP®[p, Vol + yEXP[p, Vol
+ (1= p)E pl. (18)

AEB is the Becke-88 [118] (B88) gradient-correction (to
the LSDA) and EMY? is the correlation functional of Lee,
Yang, and Parr [85] (LYP) with [73] « = 0.2, 8 = 0.72 and
y = 0.81. The only term in Eq. (18) that gives rise to a
nonlocal potential in a GKS scheme is the HF exchange en-
ergy EMF[¢;] while all other terms are all explicitly local or
semilocal density functionals which yield a local, multiplica-
tive potential. The LXC-B3LYP gaps had a smaller deviation
from GKS-B3LYP than LFX and HF, highlighting the weaker
nonlocality in B3LYP compared to HF. Nevertheless, we note
that the LXC-B3LYP band gaps are still typically larger than
the LDA and PBE band gaps. The reason for this is two-fold;
the first is the aforementioned analogous behavior of vBZé (r)
to v px(r). The second is the semilocal B88 functional Efgs
constructed as a correction to the L(S)DA which, as noted by
Becke [118], obtains a greater portion of the full exchange
energy due to recovering the correct asymptotic behavior of
the exchange energy density.

We stress that the nonlinearity of the inversion process
means that the LXC potential does not simply subtract off
the nonlocal HF potential and replace it with the LFX po-
tential. Notably, in the case of Ge, the LXC-B3LYP potential
vEIYP(r) gives a metallic band structure whereas the GKS-
B3LYP band gap is 0.54 eV; the latter is also closer to the
experimental value of 0.785 eV than the LFX band gap of
0.46 eV. We also found that the LXC-B3LYP band gaps were
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FIG. 6. Computed DFA (solid) and LXC (dotted) band structures
of diamond. In panels (a), (b), the dotted red lines are LXC-PBEQ
while in panels (c), (d), the dotted green lines are LXC-HSEQ06. The
solid lines are in (a) GKS-PBEQ, (c) GKS-HSEOQ6, and (b), (d) PBE.
The energy scale has been chosen such that the valence band maxima
coincide and the Fermi energy is 0 eV.

similar to the GKS-rSCAN band gaps which we will explore
further in Sec. IVE.

In the case of PBEO, which contains 25% nonlocal HF
exchange with the remainder of the XC energy EF2E? coming
from semilocal PBE, one might expect the LXC band gap to
be similar to the PBE band gap with the LXC potential similar
to the PBE potential. Indeed, this is the case as shown in
Fig. 6(a) for diamond where the LXC band structure obtained
by inversion of the PBEO target density is virtually identical
to the PBE band structure. Likewise, the remainder of Table |
shows that the LXC-PBEOQ band gap is close (but not neces-
sarily identical) to the PBE gap. Notably in Ge, LXC-PBEO
gave a small band gap of 0.20 eV in contrast to PBE and
LXC-B3LYP, which predicted it to be metallic.

Turning our attention to a range-separated hybrid such as
HSEOQ6, the short-range exchange (a mixture of HF nonlocal
exchange and PBE semilocal exchange) is screened by PBE
exchange at long-range. Since we have a different DFA from
PBEQ, it is not clear in advance how the densities and thus the
LXC potentials from HSE06 and PBEO will differ, in particu-
lar the degree to which screening in the former will affect the
density and potential. Indeed, the MAD between HSE06 and
PBEO GKS gaps is 0.60 eV, while the mean absolute pairwise
relative difference MARD is 18.32% for the semiconductors
and insulators in Table I, which is unsurprising due to the

screened Fock operator in the former that can potentially lead
to large differences in GKS eigenvalues.

However, it turns out that for the systems we considered,
there is only a small difference between LXC-PBEOQ and LXC-
HSEOQ6 band gaps with a MAD of 0.012 eV (and a MARD
1.2%). The similarity of the two LXC potentials from PBEO
and HSEO06, vf2E9(r) and vfiE%(r), as can be seen in the band
structures in Fig. 6, suggests that both DFAs yield similar
densities. Furthermore, given the similarity of LXC-PBEO to
PBE, by extension, both PBEO and HSE06 have similar den-
sities to PBE and their respective LXC potentials are similar
to the PBE potential v PE(r). In particular, it appears that
screening within the HSEO6 DFA has a minimal effect on
the density compared to unscreened PBEQ. Together with the
fact that both HSEO06 and PBEO have the same weighting
of Fock exchange (25%), it is not too surprising that LXC-
HSEOQ6 is similar to LXC-PBEO. The similarity of the LXC
band structures suggests that the PBEO and HSE06 density
in diamond are similar. The difference in band gaps obtained
when these two DFAs are considered in a GKS scheme is thus
due to the screening of HF exchange in HSEQ6 that is absent
in PBEOQ. Therefore, despite having similar densities, the two
DFAs yield different GKS band gaps.

1. Total energy differences and band gaps

The inversion of a DFA’s density finds the local Kohn-
Sham potential v(r) that reproduces that density. As discussed
in Sec. I1A, the orbitals ¢-XC(r) obtained by solving the
Kohn-Sham equations with vyc(r) = vPka(r) do not fully
minimize the total energy EP™ for a nonlocal DFA due to
the additional constraint that the potential obtained from the
inversion must be local. Therefore, the total energy differ-
ence between EPFA[{AIXC}] and EPTA[{¢PKS}], defined in
Eq. (11), can thus be used as a metric to gauge the degree
of nonlocality in a particular GKS scheme. Table II gives
total energy differences for HF and B3LYP when evaluated
using the GKS ¢S%5(r) orbitals and LXC orbitals ¢-*C(r)
obtained via the KS equations with the XC potential equal
to the LXC potential v252(r). As one might expect, the total
energy difference between LFX and HF is the largest since HF
contains a strongly nonlocal exchange-only potential. More-
over, these energy differences are similar but not identical to
those between XOEP and HF [58]. We note that the XOEP
potential satisfies the virial relation for exchange [119] while
LFX satisfies the virial relation only approximately to second
order [58]. Turning now to B3LYP which contains only 20%
HF exchange, the constraint of a local potential is less “se-
vere” and thus the orbitals ¢XC(r) generated by vEyYP(r)
are closer to the energy optimal GKS orbitals ¢iGKS (r) gen-
erated by the nonlocal GKS potential 9xcB3LYP. This can
also be inferred from the smaller changes in the band struc-
ture between LXC-B3LYP and GKS-B3LYP compared to
LFX and HFE.

To better investigate the effects of nonlocality on both the
band structure and total energy difference, we considered a
PBEO-like hybrid functional with parameter o

Exlp, Vp, ¢l =aEX (g1 + (1 — a)EPE[p, Vo]
+ EFlp, Vpl, 19)
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TABLE II. Total energy differences (in meV) between the evalu-
ation of the total energy functional using the LFX/LXC orbitals and
self-consistent HF/GKS orbitals as defined by Eq. (11).

HF (LFX) B3LYP
BAs 390 16
BP 179 5
C-diamond 152 6
CaO 255 14
CdS (zincblende) 347 16
CdSe 644 23
GaAs 536 23
GaP 348 11
Ge 519 20
InP 449 12
LiF 093 5
MgO 112 5
NaCl 109 7
Si 228 9
SiC 140 5
ZnS 371 13
BaHfO; 664 23
BaTiO; 840 44
BaZrO; 664 38
KMgF, 290 16
SrTiO; 777 44

where o = 25% gives the standard PBEO functional. For var-
ious values of «, the DFA defined by Eq. (19) was treated in a
GKS scheme from which the GKS band gap and target density
were obtained before inversion to obtain the LXC potential
and band gap.

The results are shown in Fig. 7 for diamond and BaTiO3
with and without the inclusion of semilocal PBE correlation
EPBE. At low «, the total energy difference is small (zero at
a = 0) but increases rapidly in a nonlinear fashion as ¢ — 1,
i.e., full HF exchange. The GKS band gap increases faster than
the LXC band gap with «, where at @ = 1 in the absence of
correlation, one obtains the LFX gap. We note that the inclu-
sion of semilocal PBE correlation EPBE does not significantly
change the difference in total energies although it does result
in a reduction of both the GKS and LXC band gaps.

The difference in exchange-only band gaps and those with
semilocal PBE correlation exhibits a weak dependence on «
with the difference between the two for a given « remaining
nearly constant; in diamond the difference in LXC band gaps
between exchange-only results varied between 0.29-0.31 eV
and 0.08-0.12 eV in BaTiOs. The connection between the
band gap and total energy is not fully clear; in particular, a
larger difference in total energies does not necessarily directly
translate to a larger difference between GKS and LXC band
gaps. For BaTiO; (see Fig. 7 and Tables I and II) the HF gap
is 11.67 eV and the LFX gap is 4.07 eV while the total energy
difference of the HF functional when evaluated using the
LFX and HF orbitals is 0.840 eV. By contrast, for diamond,
the HF gap is 12.21 eV and the LFX gap is 4.75 eV yet the
total energy difference is only 0.152 eV, more than a factor
of 5 smaller than the energy difference for BaTiO3 despite
both systems having similar band gap differences between
HF and LFX.

At high o, one might expect that the inclusion of cor-
relation would give a calculated LXC band gap closer to
the experimental value. However, we note that while LFX
(and xOEP) treat exchange exactly, DFAs can still remain
accurate in spite of the inexact treatment of exchange due
to a cancellation of errors when the corresponding exchange
and correlation DFAs are used in tandem, in this case, PBE
exchange with PBE correlation.

2. Transition metal monoxides

TMOs (Co,Fe,Mn,Ni)O, which adopt an AFM-II ([111])
insulating ground state present challenges for simple local
and semilocal density functionals due to strong interelectron
interactions, particularly for d electrons. These interactions
lead to strong localization that is often underestimated by
these functionals as a result of their tendency to overly
delocalize electrons due to the presence of self-interaction
error (SIE) [10-13,126] leading to the prediction of both
quantitatively as well as qualitatively incorrect material
properties. HF, however, does not have SIE and by extension,
hybrid functionals which include a portion of HF exchange
are able to partly correct the SIE [123,127]. These errors
can also be corrected through DFT4U (discussed in the next
section), XOEP [68,128] as well as many-body perturbation
theory methods such as the GW approximation [129] and
dynamical mean-field theory [130-133] (DMFT).

The band gaps for various DFAs and the corresponding
LXC gaps are given in Table III for these TMOs in the
rocksalt structure. For MnO and NiO, the LSDA underes-
timates the band gap when compared to experiment with a
small improvement at the GGA level of theory using PBE.
However, in the case of CoO and FeO, the inaccuracy of the
LSDA and PBE is more severe with both systems predicted
to be falsely metallic rather than insulating. In the case of
a metageneralized gradient approximation (meta-GGA) such
as the regularized variant of the SCAN [134] (rSCAN), all
four TMOs were correctly predicted to be insulating which is
somewhat unsurprising given that SCAN is expected to have
a smaller SIE than GGAs [135-137].

The LFX potential, by virtue of being obtained by inver-
sion of the HF density, does not contain a SIE. However, the
LFX potential contains a small systematic error due to over-
localization of the density from the omission of correlation in
the self-consistent HF cycle that generates the density. This er-
ror tends to increase the value of the LFX band gap, typically
for most materials by a few tenths of an eV. In addition, by
omitting the exchange and correlation discontinuity correction
Ayc (see Sec. II B for a discussion), the LFX result includes
a small compensating systematic error of a similar order of
magnitude as overlocalization, which tends to underestimate
the value of the band gap.

As a result, the computed KS band gap using LFX had
the lowest MAE of 0.43 eV and MARE of 17.6% for these
systems compared to experiment, with accuracy comparable
to hybrid functionals treated in a GKS scheme, in particular
B3LYP and HSEO06.

We note that a larger deviation between LFX and the exper-
imental band gap was found in FeO, shown in Fig. 8, where
LFX gave a 0.81 eV gap while the experimental gap is 2.4 eV.
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FIG. 7. Calculated band gap using a PBEO-like hybrid functional [see Eq. (19)] with varying « fraction of HF exchange for (a) diamond
and (b) BaTiO;. Solid orange and green lines are obtained in GKS with and without PBE correlation, respectively, while the dashed red and
blue are the LXC gaps obtained from inversion of the corresponding GKS density. Experimental (expt.) gaps are from Refs. [89] and [99],
respectively. Panels (c) and (d) show the difference in the total energy between evaluation using LXC and GKS orbitals according to Eq. (11)

for diamond and BaTiOj, respectively.

As discussed in Sec. I B, we believe this is due to strong Mott
physics. We point out that the qualitative picture is correct and
in particular, we are not aware of another /ocal XC potential
(besides LFX/xOEP) which predicts a finite band gap for FeO.

For FeO specifically, as the value of the predicted LFX
band gap is small, we explored whether the systematic over-
localization error from the omission of correlation in the
self-consistent HF cycle could change qualitatively the result.
Hence, we carried out a HF + (PBE correlation) calculation.
We found the LXC potential from the inverted density still
predicts FeO to be insulating with a slightly smaller gap of
0.66 eV. This result is qualitatively correct, although quan-
titatively underestimates the true band gap of FeO by the
omission of A which in this case is larger because of strong
correlations in FeO.

In the other TMOs studied, the similarity of the LFX
band gaps and experimental band gaps suggests weaker Mott
physics and that the failure of local and semilocal DFAs is at
least partially due to an inaccurate or incomplete description
of exchange.

The inversion of PBEO and HSEQ6 target densities in these
TMOs, however, yields an LXC potential that is quite different
from the PBE potential. Notably, in the case of CoO, both
the LXC-PBEO and LXC-HSEO06 band structures (shown in
Fig. 9) are insulating with a band gap of 1.45 eV and 1.44 eV,
respectively, while PBE predicts it to be metallic. Likewise,
the LXC-B3LYP potential vP3=YP(r) gives a band gap of
1.30 eV which is perhaps not surprising since the weighting
for HF exchange in the B3LYP, PBEO, and HSEO06 functionals
is similar with 20% in B3LYP and 25% in PBEO and HSE06
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TABLEIII. Same as Table I for transition metal monoxide band gaps (in eV). Calculations done with rock-salt structure using experimental

lattice parameters from Ref. [120].

LDA PBE rSCAN B3LYP PBEO HSEO06 HF expt.
CoO 0.00 0.00 0.87 (0.77) 3.53 (1.30) 4.24 (1.45) 3.76 (1.44) 13.17 (2.55) 2.5%
FeO 0.00 0.00 0.45 (0.46) - - - 7.96 (0.81) 2.4°
MnO 0.81 0.96 1.85 (1.81) 3.50 (2.02) 3.70 (2.02) 3.18 (2.01) 12.30 (3.94) 3.9¢
NiO 0.66 1.23 2.84 (2.61) 4.44 (2.52) 5.41 (2.72) 4.67 (2.71) 13.93 (4.03) 4.0°
MAE 2.83 2.65 1.70 (1.79) 0.62 (1.52) 1.12 (1.41) 0.88 (1.41) 8.64 (0.43)
MARE 90.7% 86.1% 57.1% (59.6%) 20.8% (44.4%) 36.7% (40.8%) 28.6% (41.0%) 280.6% (17.6%)
MAD - - 0.10 1.88 2.39 1.82 9.01
MARD - - 6.2% 49.6% 53.7% 46.8% 774

2Value from Ref. [121].
®Value from Refs. [122,123].
“Value from Ref. [124].
dValue from Ref. [125].

(the nonlocality is weaker in HSE06 since the HF exchange
is screened by PBE exchange at long range). Similar albeit
less drastic differences were observed for MnO and NiO; in
these systems, PBE gives the right qualitative behavior but
underestimates the band gaps giving 0.96 eV and 1.23 eV,
respectively. However, we note that in these systems, the
LXC-PBEO and LXC-HSEO06 gaps, 2.02 eV and 2.01 eV in
MnO, and 2.72 eV and 2.71 eV in NiO, respectively, are much
larger than the PBE gap. The behavior of the LXC potential
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FIG. 8. Computed band structure of FeO using (a) HF and
(b) LFX. The Fermi energy has been arbitrarily set to O eV for both
band structures. Color scheme same as in Fig. 4.

for PBEO and HSEO6 densities for (Co,Ni,Mn)O is nonethe-
less consistent with the behavior in the previously discussed
systems in Table I insofar that PBEO and HSEO6 appear to
give similar densities and therefore similar LXC potentials.
However, the large difference between these LXC potentials
and the PBE potential suggests that the PBEO and HSE06
densities differ greatly from the PBE density, especially in
CoO where the SIE is large. Table IV gives the differences in
total energies as defined in Eq. (11) for HF and B3LYP when
the respective total energy functional is evaluated using the
LFX/LXC orbitals and HF/GKS orbitals. In the TMOs stud-
ied in this work, we found that the total energies differences
were typically larger than the other systems studied for both
B3LYP and HF, cf. Table II. We found that the energy differ-
ences in TMOs were on average larger than the other systems
studied in Table II suggesting that the degree of nonlocality for
HF and B3LYP is stronger in the TMOs. For instance, SrTiO3
had the largest energy difference of 0.777 eV and 0.044 eV
for LFX and B3LYP, respectively, while the smallest for LEX
in TMOs was FeO with 0.496 eV and MnO with 0.740 eV.

e (eV)

LXC-HSE06

r X

-10

W K L

FIG. 9. Computed LXC band structures for CoO using HSEQ6.
Dotted red: LXC-HSEOQ6, solid blue : HSE06 The energy scale has
been chosen such that the valence band maxima coincide and the
Fermi energy is 0 eV.
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TABLE IV. Total energy differences (in eV) between the eval-
uation of the total energy functional using the LFX/LXC orbitals
and self-consistent HF/GKS orbitals as defined in Eq. (11) for the
transition metal monoxides. Rock-salt structure with experimental
lattice parameters from Ref. [120] are used.

Structure HF (LFX) B3LYP
CoO 1.522 0.126
FeO 0.496 -
MnO 0.740 0.047
NiO 1.516 0.104

D. Reduced nonlocality: LDA+U

The Hubbard model [138-140] is the simplest model
Hamiltonian capable of capturing a Mott transition. In the
so-called DFT+U method, the “Hubbard-U” term gives an
energy contribution to a subset of orbitals penalizing dou-
ble occupancy and thus results in greater localization of the
electrons occupying these orbitals. This partially corrects
the delocalization error and SIE, particularly in local and
semilocal DFAs, with the role of the Hubbard-U term in the
total energy expression analogous to that of HF in hybrid
functionals. More recently, Koopmans-compliant [141-144]
functionals have been developed to tackle the issue of SIE
within standard DFAs through a restoration of the piecewise-
linearity condition known from exact DFT as obtained by
Perdew, Parr, Levy, and Balduz [145]. Since the Hubbard-U
correction in DFT4U is applied to a subset of all orbitals
(typically strongly correlated d and f electrons in most cal-
culations), it is by definition a nonlocal potential and thus
the LXC potential vE%*’U(r) derived from a DFT+U tar-
get density p>FT+Y (r) will naturally differ from the original,
self-consistent nonlocal potential f)gﬁg’LU for DFT+U or GKS
potential §SKS.

We performed LDA+U band structure calculations for
(Co,Mn,Ni,Fe)O in the rocksalt structure (with the same
lattice parameters as in the previous calculations) with a
Hubbard-U applied to the d-orbitals of the respective metal
cation across a range of U from 0-7 eV. We then in-
verted the resulting LDA+U densities ,otLDA+U(r) to find the
LXC-LDA-+U potential viye Y (r). In Fig. 10, we show the
calculated LDA+U and LXC-LDA+U band gap as a func-
tion of the Hubbard-U parameter all TMOs considered in
this work. In MnO and NiO, we were unable to obtain the
experimental band gap with LDA+U (treated in GKS). As
a recurring theme throughout this work, the LXC band gap
is always lower than the LDA+U band gap with the LXC-
LDA+U gap for U > 2.5 eV being about 75%—-80% of the
LDA+U gap for MnO while it was 65%—73% of the LDA+U
gap in NiO. We note that for MnO, the rate of change in the
band gap as a function of U starts to decrease at high U as
there is a limit to the localization that can be achieved in the
d electrons. We would expect similar behavior in even higher
U in NiO as well. For completeness, we point out that there
is an ‘optimal’ or appropriate value for Hubbard-U for each
TMO although the determination of this value lies beyond the
scope of this work and we instead draw attention to methods
developed for this purpose elsewhere based on linear response

e e e
2.8 H—# Nio (GKS)
-l - NiO (LXC)
MnO (GKS)
MnO (LXC)
—@— (o0 (GKS)
-@- CoO (LXC)
—— FeO (GKS)
—%- FeO (LXC)

)

o
oo
[T T T T T T T[T T T TTT]

FIG. 10. Computed band gap as a function of Hubbard-U applied
to d orbitals for XO where X is Co,Fe,Ni,Mn (rocksalt structures).
GKS refers to the LDA+U gap calculated using GKS while LXC
is obtained via inversion of the LDA+U density. The experimental
gaps are 2.5eV,2.4eV,4.0eV, and 3.9 eV for CoO [121], FeO [122],
NiO [125], and MnO [124], respectively.

(see Refs. [76,77]). More recently, these methods have been
reformulated using the machinery of density functional per-
turbation theory (DFPT) [146,147].

Both FeO and CoO are falsely predicted to be metallic
by the LDA. When LDA+U is used, there exists a “critical”
value of U, denoted Uy, at which both systems exhibit a
metal-insulator transition. The variation of the band gap as a
function of Hubbard-U is shown in Fig. 10 for CoO and FeO.
The value of Uy = 1 eV resulting in a nonzero gap is the same
for both the LXC-LDA+U and LDA+U calculations in CoO.
However, in FeO, the value of U, for LXC-LDA+U lagged
behind the LDA+U value with Uy = 1 eV and Uy = 1.5 eV
for LDA+4U and LXC-LDA+U, respectively. This behavior,
particularly in CoO, shows that Uj, causes a change in the
density from the usual LDA density. Consequently, the LXC
potential obtained by the inversion of the LDA+U target
density necessarily differs from the nonlocal self-consistent
LDA+U potential. We also note that while the gap opens
up in the standard LDA+U calculation at the same U, i.e.,
U =1¢V, for both FeO and CoO, the rate at which the gap
increases is faster in CoO than FeO. Moreover, it is possible
to obtain the experimental band gap of 2.5 eV of CoO by
using U = 4 eV with LDA+U but this is not possible with
LXC-LDA+U; as a whole, we found that for LXC-LDA+U
band gap with U > 1 eV was around 40% to 50% of the
LDA+U band gap in CoO. In contrast to the other TMOs,
the LXC-LDA+U band gap for FeO does not change signifi-
cantly from U = 0 eV and 7 eV, changing only by 0.46 eV in
FeO compared to 0.92 eV in CoO. In particular, we found that
the LXC band gap for FeO was less than 25% of the LDA+U
band gap.

In a similar fashion to the HF and B3LYP functionals,
total energy differences can be used to quantify the degree
of nonlocality of the LDA+U potential. We calculate the total
energy difference according to Eq. (11) when the LDA+U
functional is evaluated using the self-consistent orbitals and
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FIG. 11. Variation of the total energy difference of FeO with
Hubbard-U for the LDA+-U energy functional when evaluated using
the LXC orbitals and self-consistent orbitals.

the orbitals that are eigenstates of the single-particle KS
Hamiltonian with the LXC potential. In both instances, the
same value of Hubbard-U is utilized when evaluating the total
energy functional.

Figure 11 shows the results of this procedure for FeO
where the total energy difference, even at high U ~ 7 eV is
smaller than the difference between LFX and HF suggesting
LDA+U has weaker nonlocality. This is not surprising as
the nonlocal HF exchange operator V; acts on all occupied
orbitals that comprise the HF determinant ®yp while the

(a) MnO LDA

(b) MnO LDA+U

Hubbard-U is only applied to a subset of the orbitals, namely
those with d character, that comprise the KS determinant ®y.

Moreover, we now draw attention to the more noteworthy
differences in the dispersion of the energy bands between
LXC-LDA+U and LDA+U band structures. In LDA+U, a
sufficiently large U leads to the excessive flattening of bands
due to overlocalization of electrons to which the U is applied
(in this case the d electrons). This is shown in Fig. 12 for MnO
where the LDA, LDA+U and LXC-LDA+U band structures
are plotted at U = 5 eV. Intriguingly, the inversion restores
some of the original energy dispersion of the LDA band
structure for the occupied states although the LXC-LDA+U
gap is higher than the original LDA gap. However, for un-
occupied states, both the LXC and LDA+U band structures
have a similar conduction band width of ~3.00 eV while
the LDA band structure has a conduction band width of
~1.24 eV in addition to all three having different band gaps
as previously stated. Examining the LDA+U band structure
of CoO shown in Fig. 12 for U =5 eV, one can similarly
find flat bands due to overlocalization. However, the inversion
does not nearly restore the energy dispersion of the occupied
states in CoO compared to MnO. In yet another contrast to
MnO, the conduction band width of CoO was found to be
similar across all three methods where the LDA band width
was 0.68 eV, LDA+U 0.66 eV, and LXC-LDA+U 0.62 eV
for U = 5 eV. However, the valence band width between the
LXC-LDA+U and LDA+U band structures were similar,
0.90 eV and 1.00 eV, respectively, but LDA had a valence
band width of 0.65 eV.

Investigating how the total occupied d band width varies
across these methods is nontrivial due to the difference in
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FIG. 12. Computed band structure of MnO and CoO LDA, LDA+U, and LXC-LDA+U with U = 5 eV applied to d orbitals. The Fermi
energy has been set to 0 eV for all band structures. Color scheme same as in Fig. 4.
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FIG. 13. Total band width [see Eq. (20) of main text] of bands
with predominantly d character. Compared to LDA+4-U, the LXC-
LDA+U is largely insensitive to U and also does not significantly
change from the LDA (U = 0) value.

how the potentials act on the orbital. As previously stated, the
LXC potential acts on all orbitals in an identical manner but
the LDA+U potential in general does not. We calculated the
projected density of states (PDOS) using OPTADOS [148,149]
using the population analysis methodology of Segall er al.
[150] for both the LDA+4U and LXC-LDA+U (PDOS cal-
culations presented in supplemental material [92]) and found
that the LXC potential largely preserves the character of each
band, while LDA+U does not, particularly where the valence
band starts to acquire oxygen p character in addition to that
of the transition metal cation d character due to hybridization.
The number of bands that contribute to the total d character
is thus in general not the same between the LDA+U and
LXC-LDA+-U results. For these reasons, in Fig. 13, we plot
the total band width AE' of n; bands below and including the
valence band with (predominantly) d character at the LDA
level of theory, denoted {&},

E= Z max{Eac} — min{Ea). (20)

In both the LDA and LXC-LDA+U cases, n; corresponds to
the number of d electrons in the respective transition metal
cation (although a notable exception is in FeO [92]). We
emphasise that unlike LDA+U, the total band width AE of
the same set of bands is insensitive to the value of Hubbard-U
which can be attributed to the local nature of the LXC po-
tential which acts on all orbitals in the same way. Moreover,
we also point out that the AE does not change significantly
from the LDA, i.e., U = 0 value with changing U in contrast
to LDA+U, reflecting our previous observations for the band
structures of CoO and MnO, cf. Fig. 12.

E. Weak nonlocality: Meta-GGA densities

The final class of densities we consider in this work are
those generated via GKS calculations with metageneralized
gradient approximations (meta-GGAs), particularly using the
rSCAN functional. Like other orbital functionals which are
implicit functionals of the density, meta-GGAs can also be
treated via the OEP method similar to xOEP in which case the
resulting KS potential is local vMG%4(r). Here, we consider
a GKS treatment of MGGAs and investigate the degree of
nonlocality in the potential pMGGA,

In general, we found that the LXC-rSCAN band structures
were similar to the GKS-rSCAN band structures (see
Tables I and III). Indeed, we found that the MAD between
the GKS-rSCAN and LXC-rSCAN band gaps was about
0.17 eV, suggesting that the nonlocality of the GKS rSCAN
potential D5CAN is weak. As a recurring theme, Ge once again
was noteworthy with LXC-rSCAN giving a metallic band
structure while GKS-rSCAN gave it to be insulating with a
band gap of 0.31 eV.

Interestingly, we also find that the LXC-rSCAN band gaps
and band structures are similar to the LXC results for hybrid
functionals in weakly correlated systems, see Table I. We
found that the MAD between LXC-rSCAN and LXC-B3LYP
was around 0.13 eV while the MARD between them was
7.18%. A similar result was found between LXC-PBEO and
LXC-HSEQ06, and LXC-rSCAN. For comparison, the MAD
between B3LYP and LXC-B3LYP was 1.15 eV with the
MARD being 33.7% while the MAD between LXC-PBEO and
LXC-HSEO06 with PBE was around 0.36 eV with a MARD of
around 20%. This suggests that the densities of hybrid func-
tionals are similar given that they yield similar LXC potentials
and band structures. The differences thus obtained in a GKS
scheme are due to exchange, more precisely the degree of
nonlocality in the exchange potential 9SXS. In the strongly
correlated TMOs, the differences are larger and the LXC band
gap for a hybrid functional is not close to the LXC-rSCAN
band gap with the former typically being higher (apart from
NiO). Moreover, we also find a larger difference between the
GKS-rSCAN and LXC-rSCAN band gaps and band structures
in these systems.

V. CONCLUSIONS

We have presented a thorough study across a range of
solids of the KS potential with a LXC potential term ob-
tained via the inversion of target densities from various DFAs
employing a nonlocal potential in a GKS scheme. Our cal-
culations provide a means of quantifying the strength of the
nonlocality in various GKS schemes, which we achieved by
comparing the computed KS band structures with GKS band
structures using HF, hybrid functionals, LDA+U functionals
and meta-GGAs.

In general, we found that the exchange-only LFX poten-
tial, obtained from the inversion of the HF density gives KS
band gaps that have the best agreement with experimental
fundamental gaps out of any LXC potential (omitting the XC
derivative discontinuity). Strictly, the LFX potential together
with any other inverted LXC potential has zero XC discon-
tinuity, since it is not the functional derivative of an energy
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density functional. Nevertheless, because of the close similar-
ity (at least in weakly correlated systems) between the LFX
and OEP potentials [58,64—69,128], we consider that LFX
and LXC share the XC discontinuity of the OEP potential.
In this sense, the good agreement between the LFX bandgaps
and experiment should be taken with caution as it is the result
of a cancellation of two (small) systematic errors. One error
is the overlocalization of the density from the omission of
correlation in the self-consistent cycle, which tends to increase
the value of the band gap. The other error is the omission of
ASEP which tends to underestimate the bandgap. Specifically
for FeO, we accounted for the overlocalization error by run-
ning a HF+(PBE correlation) calculation and then inverting
the density. The result of the inversion gave the correct quali-
tative picture, predicting insulating behavior with a small gap,
despite the uncompensated systematic underestimation of the
bandgap from the remaining omission of A..

The LFX (KS) band gaps are also comparable in accuracy
to those of hybrid DFAs when treated in GKS, with slightly
reduced computational cost for the LFX band structure and
associated spectroscopic calculations due to the use of a local
potential. We also note that to the best of our knowledge,
the LFX potential and the xOEP are the only local potentials
which qualitatively predict FeO to be insulating rather than
metallic, highlighting that the failure of potentials from local
and semilocal DFAs in strongly correlated systems is at least
partially due to failure to correct for SIE.

In hybrid schemes, the reduced contribution from the Fock
exchange term VXHF results in GKS potential with weaker
nonlocality. Consequently, although the LXC band gap is still
lower than the corresponding GKS band gap for a given DFA,
we find that the difference between the two is smaller. In
meta-GGAs, there is an even smaller difference between the
LXC and GKS results highlighting that the nonlocality for
meta-GGAs is even weaker.

We also presented an alternative means of quantifying this
nonlocality by evaluating the total energy functional for a
given DFA using the GKS and LXC orbitals and obtaining the
energy difference between the two. We found that the energy
differences were typically an order of magnitude smaller for
the B3LYP functional compared to the HF functional; natu-
rally, the GKS orbitals yield a lower total energy minimum
given that the minimization is carried out without the con-
straint of a local potential.

Moreover, our results highlight that different DFAs can
yield similar densities and thus similar LXC/KS potentials,
although they have different GKS potentials. For instance,
in weakly correlated systems, we found that the LXC re-
sults for PBEO and HSEO06 were similar to those of PBE
suggesting that the improved band gap prediction of these
hybrid DFAs is due to the the nonlocality in the GKS

potential contributed by the nonlocal Fock exchange VXHF
term. We observed similar behavior between LXC-rSCAN
and the LXC results for hybrid DFAs, notably LXC-B3LYP,
suggesting that the improvement in the gap within GKS
is a result of the stronger nonlocality in B3LYP compared
to rSCAN.

However, in strongly correlated systems, such as the an-
tiferromagnetic TMOs considered in this work, LXC-PBEQ
and LXC-HSEOQ6 have a greater discrepancy with PBE. This
is reflected in the larger total energy differences when the HF
and B3LYP energy functionals are evaluated using GKS and
LXC orbitals. Taken as a whole, these results imply that GKS
and KS will yield similar densities where exchange effects
dominate over correlation.

The LXC-LDA+U results for CoO and FeO in particular
highlight the importance of correcting for self-interaction.
At sufficiently large Hubbard-U, the LXC potential obtained
from the inversion of the LDA+U density does not qualita-
tively predict these systems to be falsely metallic, reflecting
the role of the Hubbard-U as a correction for self-interaction
error [76,77]. The weaker nonlocality from the Hubbard-U
can be seen with the smaller total energy difference in FeO for
LDA+U compared to HF across the range of U we considered
when evaluated using GKS and LXC orbitals.

Although we have specifically studied the KS potentials
from various DFAs in this work, our algorithm is general and
robust and can be readily applied to densities from other elec-
tronic structure methods, for example, quantum Monte Carlo
(QMC), such that the local potential obtained via inversion
of an accurate density can give insight into features of the
exact KS potential [9]. Comparing the results of the inversion
of QMC densities with the existing LXC results will enable
the benchmarking of DFAs with regard to the densities they
yield and, by extension, their LXC potentials in keeping with
the original spirit of KS-DFT, namely to provide an accurate
density through a mean-field local effective potential.
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