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Thermal Hall effect and gauge-field picture of magnons in antiferromagnetic skyrmion crystals

Masataka Kawano
Technical University of Munich, TUM School of Natural Sciences, Physics Department, 85748 Garching, Germany

(Received 28 March 2024; revised 19 June 2025; accepted 23 July 2025; published 6 August 2025)

Quasiparticle excitations in material solids often experience a fictitious gauge field, which can be a potential
source of intriguing transport phenomena. Here, we show that low-energy excitations in insulating antiferromag-
netic skyrmion crystals on the triangular lattice are effectively described by magnons with an SU(3) gauge field.
The three-sublattice structure in the antiferromagnetic skyrmion crystals is inherited as three internal degrees of
freedom for the magnons, which are coupled to their kinetic motion via the SU(3) gauge field that arises from
the topologically nontrivial spin texture in real space. We show that the noncommutativity of the SU(3) gauge
field breaks an effective time-reversal symmetry and contributes to a magnon thermal Hall effect. We further
demonstrate the emergence of the finite thermal Hall conductivity in the antiferromagnetic skyrmion crystals by
the linear spin-wave theory. The possible impact of different gauge structures on a thermal Hall conductivity is
also discussed.
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Introduction. Quasiparticles and gauge fields are funda-
mental concepts for describing low-energy excitations in
material solids. In certain materials, quasiparticles are not
simple free particles but those with a fictitious gauge field,
leading to anomalous transport phenomena. For example,
electrons moving through crystals with noncoplanar spin
textures experience a U(1) gauge field, namely, a fictitious
magnetic field, manifesting as a complex hopping [1–10]. The
U(1) gauge field in real space generates a Berry curvature,
fictitious magnetic field in momentum space, and contributes
to the anomalous Hall effect [4–10]. Magnons, bosonic quasi-
particles in magnetic insulators, can also experience a U(1)
gauge field that arises from a Dzyaloshinskii-Moriya (DM)
interaction or noncoplanar spin textures [11–15]. Although
magnons are charge-neutral and do not feel the Lorentz force,
the U(1) gauge field can bend their propagation, leading to the
magnon thermal Hall effect [11–19].

The DM interactions or noncoplanar spin textures typically
yield a staggered flux pattern with zero net flux. In this case,
the magnon systems adhere to the no-go condition that pre-
cludes the magnon thermal Hall effect in edge-shared lattice
geometries such as the square and triangular lattices [12,18].
There, due to the geometrically equivalent cells with opposite
fluxes in nearest neighbors, the systems have the effective
time-reversal symmetry that leaves the flux pattern unchanged
while converting the sign of the thermal Hall conductivity
[12,18]. In contrast, lattices that feature corner sharing, such
as the kagome and pyrochlore lattices, escape this scenario;
their geometrically inequivalent neighboring cells allow for
the finite thermal Hall conductivity [12,18].
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Ferromagnetic skyrmion crystals (FM-SkXs), character-
ized by their topologically nontrivial swirling spin textures,
yield a finite net flux, thereby contributing to the anoma-
lous transports even in the edge-shared lattices [20–29]. The
magnon thermal Hall effect is observed in the FM-SkX
phase of GaV4Se8 [29], where (V4Se4)5+ clusters form the
triangular-lattice FM-SkX in the [111] plane [30–33]. Re-
cently, the magnon thermal Hall effect has also been observed
in the antiferromagnetic skyrmion crystal (AFM-SkX) phase
of MnSc2S4 [34], with Mn2+ ions forming the triangular-
lattice AFM-SkX in the [111] plane [35–38]. The AFM-SkXs
on the triangular lattice consist of three intertwined FM-SkXs
that are antiferromagnetically coupled, leading to a three-
sublattice structure [39–43]. The net flux in the AFM-SkXs,
however, is naively expected to be zero because of their anti-
ferromagnetic coupling. To explain the origin of the magnon
thermal Hall effect in the AFM-SkXs, the authors in Ref. [34]
introduce the concept of an SU(3) gauge field of magnons.
However, how the spin textures in the AFM-SkXs are trans-
lated into the SU(3) gauge field has not yet been clarified well.

In this Letter, we bridge this gap by constructing the ef-
fective field theory of magnons in the AFM-SkXs from a
spin model on the triangular lattice. We show that the three
sublattices in the AFM-SkXs introduce the three internal de-
grees of freedom for the magnons, which are coupled to their
kinetic motion via the SU(3) gauge field originating from
the combined effect of the spin textures of three FM-SkXs
and the local antiferromagnetic coupling between them. We
find that the commutation relation of the SU(3) gauge field
generates a uniformly distributed flux, which is responsible
for the magnon thermal Hall effect. Using the linear spin-wave
theory, we also demonstrate that the thermal Hall conductivity
remains very small in the helical phase but becomes substan-
tially large in the AFM-SkX phase. The possible impact of the
different gauge structures in FM-SkXs and AFM-SkXs on the
thermal Hall conductivity is also discussed.
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FIG. 1. Model and orthogonal basis. (a) Schematic illustration
of the spin model on the triangular lattice. The DM vectors Di, j are
marked by blue arrows and the corresponding bond directions ei, j

are marked by black arrows. (b) Three local orthonormal bases in the
AFM-SkXs. The three unit vectors m�(r) (� = 1, 2, 3) are approxi-
mately on the same plane. We take the unit vector n(r) = ex

�(r) to be
orthogonal to this plane.

Effective field theory of magnons in FM-SkXs. Before we
explore the effective field theory of magnons in the AFM-
SkXs, it is instructive first to briefly review that in the
FM-SkXs [20–29]. We start from a spin Hamiltonian on the
triangular lattice,

Ĥ =
∑
〈i, j〉

[JŜi · Ŝ j + Di, j · (Ŝi × Ŝ j )] − gμBB
∑

i

Ŝz
i , (1)

where 〈i, j〉 denotes the pair of nearest-neighbor i and j
sites, Ŝi = (Ŝx

i , Ŝy
i , Ŝz

i ) is the spin-S operator at site i, J is the
Heisenberg exchange coupling constant, Di, j = DeZ × ei, j is
the DM vector, eZ is the unit vector pointing in the z direction
in spin space, ei, j is the unit vector pointing from site i to site
j, and B is the magnetic field in the z direction with the g factor
and the Bohr magneton μB. Various spin configurations can be
realized in noncentrosymmetric magnets by the competition
between exchange parameters, anisotropy, and the magnetic
field [44,45]. For sufficiently large D/|J| and gμBB/|J|, the
FM-SkX (AFM-SkX) phase is realized in the ground state of
Eq. (1) for J < 0 (J > 0) [39,40,46]. The schematic illustra-
tions of the FM-SkX and AFM-SkX are shown in Figs. 2(a)
and 2(b).

Given the slow spatial variation of spin orientations in the
FM-SkXs [see Fig. 2(a)], the low-energy theory is expected to
be described by a continuously varying spin-density operator
ŝ(r). Adopting this assumption, the effective field theory is
derived by substituting Ŝi with vŝ(r) and

∑
i with (1/v)

∫
d2r,

where v = √
3a2/2 is the volume per site with the lattice

constant a. Applying these substitutions to Eq. (1) leads to
the effective Hamiltonian

ĤFM
eff =

∫
d2r[ŝT (r)K (r)ŝ(r) − gμBBŝz(r)], (2)

where K (r) is the 3 × 3 matrix defined as

K (r) = 3Jv

(
1 + a2

4
∇2

)
I + 3

2
Dva

⎛
⎜⎝

0 0 −∂x

0 0 −∂y

∂x ∂y 0

⎞
⎟⎠, (3)

with the 3 × 3 identity matrix I . Here, we drop higher-order
derivative terms, which are irrelevant at low energies. To
describe the magnon excitations, we employ the Holstein-

FIG. 2. Skyrmion crystals and gauge fields of magnons. (a), (b)
Schematic illustration of the real-space spin configuration of the
(a) FM-SkXs and (b) AFM-SkXs on the triangular lattice. The AFM-
SkXs consist of three intertwined FM-SkXs as shown in different
colors, giving rise to the three-sublattice structure. (c), (d) Schematic
illustration of the uniform flux in the low-energy magnon systems
for the (c) FM-SkXs and (d) AFM-SkXs. The clockwise (counter-
clockwise) arrows indicate the negative (positive) direction of the
flux. The three different colors on each site in panel (d) represent
the three internal degrees of freedom for the magnons. The uniform
flux � originates from the commutation relation of an SU(3) gauge
field. (e) Schematic illustration of the triangular-lattice ferromagnet
with the DM interaction Di, j ‖ eZ . Gray arrows indicate the order of
spins in the DM term. (f) Staggered flux pattern generated by the
DM interaction. The system has the π -rotation symmetry along any
straight line in the triangular lattice, which prohibits the finite thermal
Hall conductivity.

Primakoff transformation [47]

ŝ(r) �
√

S

v
[b̂(r)e−(r) + H.c.] +

[
S

v
− b̂†(r)b̂(r)

]
m(r), (4)

where b̂(r) [b̂†(r)] is the magnon annihilation (creation) op-
erator at r, m(r) = [mx(r), my(r), mz(r)] is the unit vector
pointing in the direction of the spin in the classical ground
state, and e±(r) = [ex(r) ± iey(r)]/

√
2 with the unit vectors

ex(r) and ey(r) satisfying ex(r) × ey(r) = m(r). The three unit
vectors ex(r), ey(r), and m(r) form a local orthonormal basis.
We neglect constant terms, terms quadratic in the derivative of
e±(r), and magnon-magnon interaction terms, which are only
relevant at high energies [48,49]. From Eqs. (2) and (4), we
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obtain the effective magnon Hamiltonian as

ĤFM
eff �

∫
d2rb̂†(r)

[
3

2
JSa2[∇ − iA(r)]2 − h̄A0(r)

]
b̂(r),

(5)

with U(1) gauge fields A0(r) = −gμBBmz(r)/h̄,
Ax(r) = ie+(r) · ∂xe−(r) + (D/Ja)my(r), and Ay(r) =
ie+(r) · ∂ye−(r) − (D/Ja)mx(r). The Mermin-Ho relation
[50] expresses the associated fictitious magnetic field,
B(r) = ∂xAy(r) − ∂yAx(r), in terms of m(r) as

B(r) = m(r) · [∂xm(r) × ∂ym(r)] − D

Ja

∑
μ=x,y

∂μmμ(r), (6)

which is the gauge-invariant, physical field coupled to the
magnons [20–29]. Its uniform component is proportional
to the skyrmion density ρFM−SkX = (1/4πV )

∫
d2r m(r) ·

[∂xm(r) × ∂ym(r)] and takes finite value in the FM-SkX,
where V is the system’s volume. In terms of the original
lattice, the uniform component gives rise to the uniformly
distributed flux φ = 2πvρFM−SkX as illustrated in Fig. 2(c).
Therefore, the situation is analogous to that of charged par-
ticles moving in a uniform magnetic field, and the magnon
thermal Hall effect emerges in a manner similar to the well-
known electronic Hall effect [20–29].

The emergence of the uniform flux is particularly impor-
tant since otherwise the no-go condition precludes a finite
thermal Hall conductivity [12,18]. We briefly review this fact
by considering the triangular-lattice ferromagnet with the DM
interaction shown in Fig. 2(e). The DM interaction leads to
the complex hopping of magnons eiφD/3b̂†

i b̂ j , with φD/3 =
− arctan(D/J ), resulting in the staggered flux pattern shown
in Fig. 2(f). The flux pattern is preserved under a π rotation
along any straight line in the triangular lattice. This rotation,
however, converts the sign of the thermal Hall conductivity,
indicating that the DM-induced flux does not contribute to the
magnon thermal Hall effect.

Effective field theory of magnons in AFM-SkXs. We turn
to the effective field theory of magnons in the AFM-SkXs. A
key observation is that, since the AFM-SkXs consist of three
intertwined FM-SkXs, we need to introduce three continu-
ously varying spin-density operators ŝ�(r) with the sublattice
index � = 1, 2, and 3 to describe the low-energy excitations
[34]. The spin operator Ŝi is substituted with v′ŝ�(r) when
site i belongs to the sublattice �, and

∑
i is substituted with

(1/v′)
∫

d2r
∑

�, where v′ = 3v. By these substitutions, we
obtain the effective Hamiltonian from Eq. (1) as

ĤAFM
eff =

∫
d2r

∑
�

⎡
⎣3Jv′

2

∑
�′( 	=�)

ŝT
� (r)K (r)ŝ�′ (r)−gμBBŝz

�(r)

⎤
⎦.

(7)

As in the case of the FM-SkXs, we define a local orthonor-
mal basis, ex

�(r), ey
�(r), and m�(r), with the sublattice index

� as shown in Fig. 1(b). The unit vector m�(r) denotes
the direction of the spin at r with the index �. To incor-
porate the local 120◦ order in the AFM-SkXs, we impose
the local constraint

∑
� m�(r) � 3mz

ueZ with a small uniform
magnetization mz

u � 1, indicating that the three unit vectors
m�(r) are approximately on the same plane. We introduce

the unit vector n(r) that is orthogonal to this plane as n(r) =
(2/

√
3)m1(r) × m2(r), and take ex

�(r) = n(r) for all � = 1, 2,
and 3, which simplifies the following calculations. Applying
the Holstein-Primaloff transformation (4) with the index � and
the unit volume v′ to Eq. (7) leads to the effective magnon
Hamiltonian

ĤAFM
eff � 1

2

∫
d2r

∑
�,�′

(b̂†
�(r) b̂�(r))H̃�,�′ (r)

(
b̂�′ (r)

b̂†
�′ (r)

)
, (8)

where b̂�(r) [b̂†
�(r)] is the magnon annihilation (creation) oper-

ator with the sublattice index � and H̃�,�′ (r) is the 2 × 2 matrix
defined as H̃�,�(r) = [3JS + gμBBmz

�(r)]τ 0 for � = �′ and

H̃�,�′ (r) = 3JS

4

(
1 + a2

4
∇2

)
(τ 0 + 3τ x )

+ 3JSa2

8
[A�(r)(τ y − iτ z ) − A�′ (r)(τ y + iτ z )] · ∇

+ 3JSa2

8

(∑
�′′

ε��′�′′

)
ξ(r)(τ 0 − τ x ) · ∇ (9)

for � 	= �′, with unit and Pauli matrices τ ν (ν = 0, x, y, and
z) and the Levi-Civita symbol ε��′�′′ . Here, we introduce four
vector fields as A�,x(r) = ie+

� (r) · ∂xe−
� (r) + (2D/Ja)my

�(r),
A�,y(r) = ie+

� (r) · ∂ye−
� (r) − (2D/Ja)mx

�(r), and ξμ(r) =
(1/3)[m1(r) · ∂μm2(r) + m2(r) · ∂μm3(r) + m3(r) · ∂μm1(r)]
(μ = x and y). In particular, A�(r) can be interpreted as the
U(1) gauge field on the sublattice �.

The effective magnon Hamiltonian (8) is complicated and
conceals its gauge structure. To elucidate the hidden gauge
structure, we introduce new bosonic operators γ̂m(r) (m = 1,
2, and 3) as the linear combination of b̂�(r) and b̂†

�(r) such
that the resulting effective Hamiltonian has the following two
properties: (i) the conventional 120◦ order, namely, spatially
uniform m�(r), gives rise to three decoupled magnons with
well-known linear dispersions, and (ii) the equation of motion
for γ̂m(r) is relativistic, which is expected in antiferromagnets.
We find the Bogoliubov transformation that satisfies these
properties as follows:

γ̂1(r) = 1√
3

∑
�

[cosh χ b̂�(r) + sinh χ b̂†
�(r)], (10)

γ̂2(r) = i

√
2

3

∑
�

cos θ�[cosh χ b̂�(r) + sinh χ b̂†
�(r)], (11)

γ̂3(r) = i

√
2

3

∑
�

sin θ�[cosh χ b̂�(r) + sinh χ b̂†
�(r)], (12)

with θ� = 2π (� − 1)/3 and χ = (1/2)arctanh(1/3). The ef-
fective Hamiltonian (8) is transformed as

ĤAFM
eff � 1

2

∫
d2r�̂†(r)H (r)�̂(r), (13)

where �̂(r) = [γ̂1(r), γ̂ †
1 (r), γ̂2(r), γ̂ †

2 (r), γ̂3(r), γ̂ †
3 (r)]T and

H (r) = 3
√

2

8
JSa2[Ĩ ⊗ τ x∇2 − iG(r) · ∇]

+ 9
√

2

4
JSI ⊗ (τ 0 + τ x ) + gμBBM, (14)
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with Ĩ = diag(2, 1, 1). The 6 × 6 matrices G(r) =
[Gx(r), Gy(r)] and M are defined as

G(r) = Ac(r)

[
λ2 ⊗ (τ 0 + 3τ x ) + 1√

2
(λ3 −

√
3λ8) ⊗ τ z

]

+ As(r)[λ5 ⊗ (τ 0 + 3τ x ) +
√

2λ6 ⊗ τ z]

−
√

3ξ(r)λ7 ⊗ (τ 0 + τ x ), (15)

M =
√

2

12
mz

u[I ⊗ (9τ 0 + τ x ) −
√

3(
√

3λ3 + λ8) ⊗ τ x], (16)

where Ac(r) = (1/3)
∑

� A�(r) cos θ�, As(r) =
(1/3)

∑
� A�(r) sin θ�, and λα (α = 1, 2, . . . , 8) are the

Gell-Mann matrices. Here, we ignore terms proportional
to

∑
� A�(r) � 0, mz

c(r) = (1/3)
∑

� mz
�(r) cos θ�, and

mz
s (r) = (1/3)

∑
� mz

�(r) sin θ�. The latter two values
vanish upon spatial averaging and only give higher-order
contributions to the equation of motion for γ̂m(r).

The gauge structure becomes more apparent upon deriv-
ing the equation of motion for γ̂ (r) = [γ̂1(r), γ̂2(r), γ̂3(r)]T .
From the effective Hamiltonian (13), we obtain the
equation of motion for �̂(r, t ) as ih̄∂t �̂(r, t ) = (I ⊗
τ z )H (r)�̂(r, t ). Then the equation of motion for γ̂ (r, t ) is
derived as [51]

h̄2 ∂2

∂t2
γ̂ (r, t ) =

[
27

8
(JSa)2 Ĩ[∇I − iT (r)]2 + �

]
γ̂ (r, t ),

(17)

where the 3 × 3 matrices T (r) = [Tx(r), Ty(r)] and � are de-
fined as

ĨT (r) = Ac(r)

[
λ2−

√
2

4
(λ3 −

√
3λ8)

]
+ As(r)

(
λ5− λ6√

2

)
,

(18)

� = 3

4
JSgμBBmz

u[8I +
√

3(
√

3λ3 + λ8)]. (19)

Since Tμ(r) is Hermitian and traceless, it belongs to the Lie
algebra of the SU(3) group and can be interpreted as the
SU(3) gauge field. The diagonal matrix � describes the po-
tential term from the coupling between the magnetic field
and uniform magnetization. For the conventional 120◦ or-
der, namely, for spatially independent m�(r) with mz

u = 0,
we have T (r) = 0 and � = 0, reproducing three independent
magnons with linear dispersions ε1(k) � √

2(3/2)3/2JSa|k|
and ε2(k) = ε3(k) � (3/2)3/2JSa|k| [52].

The SU(3) gauge field T (r) generates a physical field,
called the field strength, defined as Fxy(r) = ∂xTy(r) −
∂yTx(r) − i[Tx(r), Ty(r)], which is the counterpart of the fic-
titious magnetic field in the U(1) gauge field. Since ĨFxy(r)
belongs to the Lie algebra of the SU(3) group, it can be
expanded as ĨFxy(r) = ∑8

α=1 F̃ (α)
xy (r)λα . The field strength is

characterized by the eight real values F̃ (α)
xy (r), whose nonzero

elements are calculated from Eq. (18) as

F̃ (2)
xy (r) = Bc(r), F̃ (3)

xy (r) = −
√

2

4
Bc(r),

F̃ (8)
xy (r) =

√
6

4
Bc(r), (20)

F̃ (5)
xy (r) = Bs(r), F̃ (6)

xy (r) = −Bs(r)√
2

, (21)

F̃ (7)
xy (r) = −1

8
n(r) · [∂xn(r) × ∂yn(r)]

− 1

3

D

Ja
{[n(r) × ∂xn(r)]x + [n(r) × ∂yn(r)]y}

−
√

3

12

(
2D

Ja

)2

nz(r), (22)

where Bc(r) = (1/3)
∑

� B�(r) cos θ�, Bs(r) = (1/3)
∑

� B�

(r) sin θ�, and B�(r) = m�(r) · [∂xm�(r) × ∂ym�(r)] −
(2D/Ja)

∑
μ=x,y ∂μmμ

� (r) is the fictitious magnetic field
on the sublattice �. In particular, F̃ (7)

xy (r) comes from
the commutation relation [Tx(r), Ty(r)] and is determined
by the scalar chirality of the vector field n(r) and DM
interaction.

In analogy to the case of the FM-SkXs, we focus on the
uniform elements of the field strength by replacing F̃ (α)

xy (r)
with F̄ (α)

xy = (1/V )
∫

d2r F̃ (α)
xy (r). We assume B̄1 = B̄2 = B̄3

since three FM-SkXs in the AFM-SkXs typically have the
same skyrmion density [39–42]. Within this approximation,
the terms proportional to Bc(r) and Bs(r) are reduced to zero,
whereas F̄ (7)

xy takes the finite value. The first term in F̄ (7)
xy

is proportional to the skyrmion density of the vector field
n(r) defined as ρAFM−SkX = (1/4πV )

∫
d2r n(r) · [∂xn(r) ×

∂yn(r)], and the other two terms are from the coupling be-
tween the DM interaction and the vector field n(r). Returning
to the original lattice, finite Fxy(r) generates a uniformly dis-
tributed flux � = F̄ (7)

xy λ7v
′/2 as shown in Fig. 2(d), which

breaks the effective time-reversal symmetry and contributes
to the magnon thermal Hall effect.

We finally comment on SU(3) gauge redundancy. The
SU(3) gauge transformation is given by the local rotation of
the internal degrees of freedom, namely, γ̂ (r) → W (r)γ̂ (r)
and T (r) → W (r)T (r)W †(r) − i[∇W (r)]W †(r), with W ∈
SU(3). The latter transformation corresponds to the rotation
of the vector field F (α)

xy (r) in the eight-dimensional space, in-

dicating that the length of the vector field
√∑8

α=1[F (α)
xy (r)]2 is

gauge invariant. Therefore, the emergence of the finite Fxy(r)
is not an artifact of the gauge choice and characterizes the
effect of the spin texture in the AFM-SkXs.

Thermal Hall conductivity. To demonstrate that the finite
field strength from the AFM-SkX spin texture is responsi-
ble for the magnon thermal Hall effect, we calculate the
thermal Hall conductivity by the linear spin-wave theory.
We first determine the spin configurations in the classi-
cal ground state by the mean-field approximation. Applying
the Holstein-Primakoff transformation, the spin model (1)
is reduced to the quadratic magnon Hamiltonian Ĥmag =
(1/2)

∑
k �̂

†
kHBdG(k)�̂k up to the constant term, where �̂k =

(b̂k,1, . . . , b̂k,Nm , b̂†
−k,1, . . . , b̂†

−k,Nm
)T , b̂k,s (b̂k,s) is the magnon

annihilation (creation) operator with the wave vector k and
the magnetic sublattice index s, Nm is the number of sites
in a magnetic unit cell, and HBdG(k) is the 2Nm × 2Nm Her-
mitian matrix containing systems’ details. The Bogoliubov
transformation, which preserves the bosonic commutation
relations, introduces new bosonic operators �̂k = P(k)�̂k,
where �̂k = (β̂k,1, . . . , β̂k,Nm , β̂

†
−k,1, . . . , β̂

†
−k,Nm

)T and P(k) is
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FIG. 3. Magnon bands and thermal Hall conductivity. (a), (b)
Magnetic-field dependence of the thermal Hall conductivity at
kBT = 0.1, 0.2, and 0.3 for (a) J < 0 and (b) J > 0. (c), (d) Magnon
bands along the symmetric line in the Brillouin zone for (c) the
FM-SkX phase with gμBB = 0.3 and (d) the AFM-SkX phase with
gμBB = 3.0. The color density represents the Berry curvature. We
set |J|S = 1.0 and D/|J| = 1.0 (0.5) for J < 0 (J > 0).

the paraunitary matrix that diagonalizes HBdG(k) [53]. The
magnon Hamiltonian then takes the diagonal form Ĥmag. =∑

k

∑Nm
n=1 εn(k)(β̂†

k,nβ̂k,n + 1/2) with the nth magnon band
εn(k). See Supplemental Material for more details [51].

The thermal Hall conductivity in the linear response regime
is given by [16,17,54]

κxy = −k2
BT

h̄

∫
BZ

d2k
(2π )2

Nm∑
n=1

c2{ f [εn(k)]}�(n)
xy (k), (23)

where c2[x] = ∫ x
0 dt[ln(1 + t−1)]2, f (ε) = 1/[exp(ε/kBT ) −

1] is the Bose distribution function, and �(n)
xy (k) = −2

Im{[∂kx T
†(k)]�z[∂ky T (k)]}n,n is the Berry curvature of nth

magnon bands, and �z = τ z ⊗ INm×Nm with Nm × Nm unit
matrix INm×Nm . Figures 3(a) and 3(b) show the magnetic field
dependence of the thermal Hall conductivity with (a) JS =
−1.0 and D/|J| = 1.0 and (b) JS = 1.0 and D/|J| = 0.5 [55].
In both the FM and AFM cases, κxy remains very small in
the helical phases and becomes very large upon entering the
skyrmion phases. This indicates that the FM-SkX (AFM-SkX)
spin texture is the primary origin of the magnon thermal Hall
effect, supporting our field-theoretical results.

Finally, we discuss how the distinct gauge structures of
the FM-SkXs and AFM-SkXs possibly influence the thermal
Hall conductivity. While field-theoretical approaches often
lack quantitative precision, they may still capture the overall
tendency in the thermal Hall conductivity. In the FM-SkXs,
the finite skyrmion density produces the uniform component
of the effective magnetic field and leads to magnon Landau
levels, whose spacing is proportional to the field [20,28]. A
large skyrmion density then pushes most Landau levels out of

the low-energy region. Since magnons obey Bose statistics,
the thermal Hall conductivity decreases with increasing the
skyrmion density, in contrast to electronic systems [26]. In
the AFM-SkXs, the amplitude of the field strength from the
spin texture is also proportional to the skyrmion density of the
vector field n(r), whose amplitude is identical to the skyrmion
density of the FM-SkX on each sublattice. However, the pref-
actor 1/8 and additional terms from the DM interaction in
Eq. (22) imply that the effective magnetic field in the AFM-
SkXs tends to be smaller than that in the FM-SkXs. Therefore,
we roughly expect that the thermal Hall conductivity of the
AFM-SkXs will be larger than that of the FM-SkXs.

Figures 3(c) and 3(d) show the magnon bands and Berry
curvatures in the FM-SkX phase with JS = −1.0, D/|J| =
1.0, and gμBB = 0.3 and in the AFM-SkX phase with
JS = 1.0, D/|J| = 0.5, and gμBB = 3.0 along the symmet-
ric line in the Brillouin zone. Here, �, K , and M points in
Figs. 3(c) and 3(d) correspond to k = (0.0), (4π/3Lm, 0),
and (2π/3Lm, π/

√
3Lm ), where Lm = 9 (7) for the FM-SkX

(AFM-SkX) and Nm = L2
m. The amplitude of the skyrmion

density is numerically estimated as |ρFM−SkX| � 8.9 × 10−3

for the FM-SkX phase with gμBB = 0.3 and ρAFM−SkX �
1.2 × 10−2 for the AFM-SkX phase with gμB = 3.0 [51].
Despite |ρAFM−SkX| > |ρFM−SkX|, the magnon bands in the
AFM-SkX are narrower and more densely spaced than those
in the FM-SkX, suggesting a larger thermal Hall conductiv-
ity in the AFM-SkX. The thermal Hall conductivity in the
AFM-SkX phase [Fig. 3(b)] is indeed larger than that in the
FM-SkX phase [Fig. 3(a)], supporting our conjecture. A
more quantitative understanding of the relationship between
the field strength and the thermal Hall conductivity in AFM-
SkXs phase remains for future work.

Conclusions and outlook. We have shown that low-energy
excitations in the AFM-SkXs on the triangular lattice are ef-
fectively governed by the magnons with the SU(3) gauge field.
We have also demonstrated that the finite commutation rela-
tion of the SU(3) gauge field breaks the effective time-reversal
symmetry and underpins a measurable magnon thermal Hall
effect. The emergence of the thermal Hall conductivity in the
AFM-SkX phase has also been demonstrated by the linear
spin-wave theory. The relation between the gauge structures
and magnitude of the thermal Hall conductivity has also been
discussed. In contrast to earlier field-theoretical approaches
that rely on the Lagrangian formalism and involve integrating
out uniform magnetization components [56,57], our formu-
lation is simpler and proceeds in a straightforward manner,
analogous to the standard Holstein-Primakoff transformation.
We have explicitly derived the connection between the AFM-
SkX spin texture and the SU(3) gauge field, and we have
further clarified how its noncommutative nature leads to the
effective time-reversal symmetry breaking.

There are several promising directions for future work.
For example, it would be interesting to explore fictitious
gauge fields in different classes of skyrmions [58], including
two-sublattice AFM-SkXs [59–61]. Our framework is readily
applicable to these systems. The detailed analysis of the rela-
tion between gauge structures and thermal Hall conductivity is
left for future research. Elucidating how an underlying gauge
structure qualitatively changes other physical quantities would
also offer an interesting research direction.
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