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A two-dimensional second-order topological insulator exhibits topologically protected zero-energy states at
its corners. In the literature, the breathing kagome lattice with nearest-neighbor hopping is often mentioned as
an example of a two-dimensional second-order topological insulator. Here, we show by explicit construction
that the corner states of the breathing kagome lattice can be removed by a continuous change of the hopping
parameters, without breaking any of the model’s symmetries, without closing bulk and boundary gaps, and
without introducing hopping terms not present in the original model. Furthermore, we topologically classify all
three-band lattice models with the same crystalline symmetries as the breathing kagome lattice and show that
though none of the phases have protected zero-energy corner states, some of the phases are obstructed atomic
limits which exhibit a filling anomaly.
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I. INTRODUCTION

A two-dimensional insulator or superconductor is said
to possess second-order topology if it has anomalous zero-
energy states localized at its corners, which cannot be
removed without closing the bulk gap [1–13]. Such anoma-
lous corner states are a manifestation of crystalline topology,
i.e., topology that is protected by crystalline symmetries, such
as rotation or mirror symmetries [13–22]. These corner states
are pinned to zero energy by an antisymmetry of the Bloch
Hamiltonian, such as a particle-hole or sublattice symmetry
[23–25].

Soon after the publication of the first articles on second-
order topological insulators, Ezawa [26] proposed the nearest-
neighbor tight-binding model on the breathing kagome lattice
[27]—a two-dimensional lattice of corner-sharing triangles
with different inter- and intraunit cell hoppings—as a re-
alization of a second-order topological phase. While this
system indeed hosts zero-energy modes localized at the
corners, their interpretation as a signature of second-order
topology is at odds with the observation that the bulk spec-
trum of the breathing kagome is not symmetric around
zero energy, precluding a particle-hole or sublattice symme-
try required for second-order topology in two dimensions.
Moreover, the understanding of anomalous corner modes as
a domain wall between boundary masses of opposite sign
[6–9] is inconsistent with second-order topology protected
by C3 rotation symmetry. Nonetheless, the claim that the
breathing kagome lattice realizes a second-order topolog-
ical phase has been widely quoted in the literature, see,
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e.g., Refs. [28–36], with Ezawa’s first paper [26] cited over
700 times.

That the zero-energy corner states of the breathing kagome
lack topological protection has been previously pointed out
in two theoretical studies [37,38], which constructed ex-
plicit perturbations to the model that move the corner states
away from zero energy while respecting all relevant symme-
tries and without closing the bulk gap. These constructions,
however, require symmetry-allowed hoppings beyond the
nearest-neighbor ones. In this article, we demonstrate that the
corner states of the breathing kagome lattice can be removed
using symmetry-allowed changes of nearest-neighbor hop-
pings only, without the addition of hopping elements that are
not contained in the original model. Our conclusion, therefore,
reinforces that of Refs. [37,38] that the zero-energy corner
modes of breathing kagome are accidental and not a signature
of second-order topology.

While the breathing kagome lattice does not possess
second-order topology, it nevertheless exhibits topologically
nontrivial obstructed atomic limits [39–41]—topological crys-
talline phases which are continuously deformable to a model
with strictly localized eigenstates, but where the crystalline
symmetry prohibits deformations to a trivial reference phase
[38]. Such phases may exhibit a filling anomaly [16,41–46]—
the existence of a net charge in a lattice that obeys the crys-
talline symmetries for a completely filled valence band. These
filling anomalies manifest as fractional corner charges in the
ground state [41–46]. We further perform an exhaustive classi-
fication of three-band lattice models on the breathing kagome,
which respect the relevant crystalline symmetries and show
which of the topological phases exhibit a filling anomaly.
(We also verify that none of the phases exhibit second-order
topology, as was to be expected given the absence of a spectral
antisymmetry.) We derive these results both in the presence
and absence of a “tripartite symmetry” [30,31,47,48], which
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FIG. 1. (a) Illustration of the breathing kagome lattice. The vec-
tors R1,2 denote the unit vectors of the underlying triangular Bravais
lattice, whose Wigner-Seitz unit cell is the gray hexagon. The three
unit-multiplicity Wyckoff positions “a,” “b,” and “c” are depicted
by blue triangles, while the multiplicity-three Wyckoff position “d”
is denoted by red circles. Note that the Wyckoff positions “a” and
“c” lie at the centroids of the up- and down-pointing triangles, re-
spectively, while the Wyckoff position “b” lies at the centroid of a
D3-symmetric hexagon. (b) The Brillouin zone with the fundamental
domain shaded red. Knowledge of the Hamiltonian on the fundamen-
tal domain is sufficient to reconstruct it everywhere on the Brillouin
zone.

forbids matrix elements between sites belonging to the same
sublattice.

II. THE LATTICE MODEL

The breathing kagome lattice is formed by corner-sharing
triangles, whereby the up- and down-pointing triangles are
inequivalent, as depicted in Fig. 2. It is obtained from a
triangular lattice with the point group p3m1 consisting of
threefold rotation and reflections, which together constitute
the group C3v . The breathing kagome lattice is obtained by
only occupying the Wyckoff position “d” with multiplicity
three, as shown in Fig. 1(a). The corresponding Brillouin zone
is a hexagon with opposite sides identified. The threefold
rotation symmetry maps the three distinct M points onto one
another, while the mirror symmetry maps K → K′.

The lattice model that purportedly realizes a second-order
topological phase is a nearest-neighbor hopping model on the
breathing kagome lattice, with further imposition of time-
reversal symmetry. In the literature, an additional “tripartite
symmetry” is sometimes imposed [30,31,47,48], whereby
there only exist hoppings between the three different sub-
lattices. With the tripartite symmetry, the Bloch Hamiltonian
then takes the general form

H (k) =
⎛
⎝ 0 c(k) b∗(k)

c∗(k) 0 a(k)
b(k) a∗(k) 0

⎞
⎠, (1)

where the lattice symmetries impose further constraints

a(k) = a∗(M1k) = b(C3k) = c
(
C2

3k
)
, (2)

where C3 and M1 refer to the threefold rotation and mirror
operations, respectively. Time-reversal symmetry gives the
additional constraint

a(k) = a∗(−k). (3)

FIG. 2. (a) The breathing kagome lattice in a triangular geometry
in the limiting case where intra-unit-cell bonds are set to t = 0. The
appearance of zero-energy corner states is manifest in this limit. The
inset is an example of a triangular unit cell with a single-zero energy
state, showing that a single zero-energy state is not anomalous for
a tripartite lattice. (b) Same as (a), but for the limiting case where
the inter-unit-cell bonds are set to t ′ = 0. (c) Spectrum of a large
triangular lattice with termination similar to (a) and (b) as a function
of t/t ′ with bulk bands (blue), edge bands (grey), and zero-energy
corner states (red).

The explicit form of various symmetry operators in this ba-
sis are described in Appendix B. Using these relations, the
knowledge of either a(k) over half the Brillouin zone or that
of the trio a(k), b(k), and c(k) over the fundamental domain
MK [which is 1/12 of the full Brillouin zone, see Fig. 1(b)] is
sufficient to specify the Hamiltonian completely.

For the nearest neighbor hopping model with intra- and
inter-unit-cell hopping amplitudes t and t ′, respectively, we
have

a(k) = −t − t ′e−ik1 , (4)

with b(k) and c(k) determined by Eq. (2). Here, ki = k · Ri for
i = 1, 2, where R1,2 are the two lattice vectors that generate
the triangular lattice, see Fig. 1(a). The bulk spectrum of
this system is gapped with a single band below the gap for
|t/t ′| < 1. On a finite triangular flake, one additionally gets
an edge band and three zero-energy states localized at the
corners, which appear for −1 < t/t ′ < 1/2, see Fig. 2(c) [26].
The origin of these corner states can be most easily understood
from the two extreme limits t = 0 and t ′ = 0 depicted in
Figs. 2(a) and 2(b). For the former, we note that while all the
bulk and edge sites are coupled to another site, the corner sites
are completely decoupled from the bulk and the edge, leading
to a zero-energy mode localized at the corner.
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FIG. 3. (a) Zoom-in of a corner of the breathing kagome lattice
of Fig. 2(a). (b) Rearrangement of the hopping strengths within a
distance of two unit cells from the corner, so that the zero-energy
eigenstate is removed. Bonds in the bulk or at sample edges farther
thn two unit cells from the corner are the same as in (a). The bond
pattern of (b) obeys the mirror symmetry with reflection to the angle
bisector of the corner (shown dashed). (c) Spectrum with t = 0.1
and t ′ = 1 for bulk bands (blue), edge bands (grey), and zero-energy
corner states (red) as a function of the interpolation parameter λ.

However, the presence of a single zero-energy state in
a system with tripartite symmetry is not anomalous. A
counterexample is provided by the inset of Fig. 2(a). The
absence of a spectral symmetry around ε = 0 [see Fig. 2(c)]—
implying an absence of an antisymmetry of H—further speaks
against the identification of the corner modes as topologi-
cal. We now show by explicit construction that a change of
nearest-neighbor hopping amplitudes in the vicinity of the
corner can fully remove the zero-energy corner states without
violating the crystalline symmetries.

III. REMOVING THE CORNER STATES

We start from the limiting case of t = 0, for which the cor-
ner site is decoupled from the bulk, see Fig. 3(a). Figure 3(b)
shows a changed pattern of nonzero hopping amplitudes,
which differs from that of Fig. 3(a) only within a distance
of two unit cells from the corner, while respecting the mirror
symmetry with respect to the angle bisector of the corner and
the tripartite lattice condition. The threefold rotation symme-
try and the two remaining mirror symmetries are not relevant
in the vicinity of a corner, because these are already broken by
the sample geometry; we can, however, ensure that the overall
system respects all lattice symmetries by performing an iden-
tical deformation at each corner. The model of Fig. 3(b) has

no zero-energy state, since it has no isolated lattice sites. It
also does not have other localized states with energy outside
the (flat) bulk and surface bands.

To show that we can continuously deform the system of
Fig. 3(a) into 3(b), we consider a linear interpolation

Hλ = (1 − λ)H + λH ′ (5)

between the models H and H ′ of Figs. 3(a) and 3(b), such that
H0 = H and H1 = H ′. For t = 0, only the energies of 12 states
near the corner change with the interpolation parameter λ,
while the flat bands of edge and bulk states farther away from
the corner are unaffected. Moving away from the special point
t = 0, in Fig. 3(c), we show the spectrum of Hλ for hopping
amplitudes t = 0.1 and t ′ = 1. In this case, the bulk and edge
bands have a finite width and feature extended eigenstates.
Upon increasing λ, the corner mode moves away from zero
and merges with the edge band. The edge bands can be further
moved out of the bulk gap by way of a perturbation along the
entire edge, as we show in Appendix A. We therefore confirm
the conclusion of Refs. [37,38] that the breathing kagome
does not have second-order topology, but without the need
of invoking hopping amplitudes beyond the nearest-neighbor
ones present in the original model.

IV. OBSTRUCTED ATOMIC LIMITS

Though the breathing kagome lattice with nearest-neighbor
hoppings does not have topologically protected anomalous
corner states, the models with |t/t ′| < 1 and |t/t ′| > 1 are in
distinct topological phases with different topological invari-
ants [26,38]. These can be distinguished by a filling anomaly
[38], which is the property that, despite having a charge-
neutral unit cell, a finite, symmetry-respecting lattice is unable
to be charge neutral. For the breathing kagome lattice, the
filling anomaly can be characterized by

ν = Q mod 3, (6)

where Q is the total charge in the ground state (including the
positive ions). The trivial phase corresponds to ν = 0, while
ν = ±1 correspond to (topologically nontrivial) obstructed
atomic limits.

The filling anomaly can be readily read off from the lo-
cation of the Wannier centers of the single occupied band,
which must be at one of the three highest-symmetry Wyckoff
positions. There are three such Wyckoff positions [labelled
“a,” “b,” and “c” in Fig. 1(a)], located at the center or at the
corners of the unit cell (see Appendix B for details). These
three Wyckoff positions have different behavior under a three-
fold rotation around the center of the unit cell: they come with
different C3 eigenvalues e2π iν/3 at the C3-symmetric K point
in reciprocal space. This gives ν = 0 for |t/t ′| > 1 and ν = 1
for |t/t ′| < 1. (The case ν = −1 is not realized in models with
only nearest-neighbor hopping [38], but does occur in models
with longer-range hopping, as we discuss below.)

Alternatively, the Wannier centers can be immediately read
off in the limiting cases t/t ′ = 0 and t ′/t = 0, for which the
lattice model splits into a set of isolated triangles, bonds at
the edge, and sites at the corners. Considering these limits as
representatives of their topological phase, one again finds that
the two gapped phases with |t/t ′| < 1 and |t/t ′| > 1 exhibit
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a filling anomaly with ν = 1 and ν = 0, respectively. In the
latter case, all Wannier centers are at the center of the unit
cell, so that they are canceled by the charge of the positive
ion. In the former case, the Wannier functions are centered at
the edges of the unit cell, giving a charge surplus/deficit from
unit cells that are cut off at the edge, if the termination is such
that the entire system has C3v symmetry.

V. DELICATE CLASSIFICATION

We finally report an exhaustive classification of all band
structures realized by lattice models on the kagome lattice
with a single orbital per site and a single occupied band,
constrained by threefold rotation, mirror, and time-reversal
symmetries but without the restriction to nearest-neighbor
hopping. In Appendixes B 1 and B 2, we derive these clas-
sifications with and without an additional tripartite symmetry
constraint, where for the former, we additionally fix the Fermi
level at ε = 0. In the literature, topology of this type, in which
the number of occupied and unoccupied bands is kept fixed, is
referred to as delicate [49–51]. (For comparison, a classifica-
tion in which only the number of occupied bands is kept fixed
is referred to as fragile [52–55], whereas a classification in
which one is free to add unoccupied or occupied trivial bands
when determining topological equivalence is called stable.)
From the perspective of classification of topological phases,
the tripartite symmetry represents an interesting case, since
the bands cannot be flattened without violating the symmetry,
so that the relevant target spaces for the Bloch Hamiltonians
are not symmetric spaces.

With tripartite symmetry, we find that there is a single
integer-valued topological invariant nK ∈ Z; without tripartite
symmetry, there is a Z3 × Z2 classification, with a Z3 invari-
ant νK and a Z2 invariant ν�K. (Note, however, that, since the
number of bands is kept fixed, the classification does not have
a group structure.) In both cases, the topological invariants
are defined in terms of the Bloch Hamiltonian on and between
the high-symmetry momenta � and K. The topological invari-
ants are related to the filling-anomaly index ν as

ν = nK = νK mod 3. (7)

The topological invariants of the two nearest-neighbor hop-
ping models on the kagome lattice are nK = νK = 0, 1 and
νK = 0. These models realize filling anomalies ν = 0 and
ν = 1 only. An example of a model with tripartite symmetry
and arbitrary topological invariant nK is found by setting

a(k) = −t ′′e−inKk1 (8)

in Eq. (1), with the remaining coefficients b(k) and c(k)
determined by Eq. (2). Setting nK = −1 results in a model
with filling anomaly ν = −1. Note, however, that, despite the
simplicity of Eq. (8), this not a model with nearest-neighbor
hopping.

Fragile and stable topology are known to provide an ob-
struction to a Wannier representation, a representation of the
eigenstates in terms of exponentially localized wavefunctions
that satisfy the constraints imposed by the crystalline symme-
try [56]. (For fragile topology, the obstruction may be lifted
after the addition of trivial bands [53].) Delicate topology
alone signals multicellularity, an obstruction to localizing the

Wannier functions entirely within a single unit cell [49]. Since
the filling anomaly ν is well known to be a stable invariant
[41,42], a nontrivial Z3 invariant νK = ν in the classification
without the tripartite constraint signals a strong obstruction
to a Wannier representation of the eigenstates. Whether the
Z2 invariant ν�K from that classification also signals an ob-
struction to a Wannier representation or merely an obstruction
to monocellularity depends on whether this invariant remains
stable after the addition of trivial unoccupied bands. This is
a question that requires the analysis of models without the
limitation of the total number of bands to three and with
the possbility of Wyckoff positions beyond the d positions
considered here.

Unlike the mirror, rotation, and time-reversal symme-
tries, which constrain eigenstates separately from energy
eigenvalues, the tripartite constraint, which limits the Bloch
Hamiltonian H (k) to the form (1), couples energy levels and
eigenstates. Hence, the question of Wannier representability
of eigenstates in the presence of the tripartite constraint neces-
sarily requires simultaneous deformations of eigenstates and
eigenvalues. From the explicit construction of representatives
of the topological phases, see Eq. (8), we immediately con-
clude that with the tripartite constraint, each topological phase
is Wannier representable, whereby only the case ν = 0 is
monocellular. Although the example of the breathing kagome
lattice thus follows the established paradigm, we note that a
multipartite constraint on the Hamiltonian H (k) lies outside
the framework, in which the general relations between topol-
ogy and the obstruction to Wannier localizability have been
derived. An example is the “sublattice symmetry” in a bi-
partite lattice, which admits exponentially localized Wannier
functions even for stable topology [57–59].

VI. CONCLUSION

We have shown that the zero-energy corner modes of the
nearest-neighbor hopping model on the breathing kagome
lattice are not topologically protected and that they can be
removed by a local deformation at the corner that only affects
hopping amplitudes on nearest-neighbor bonds. Instead, the
topology of the breathing kagome lattice is that of an ob-
structed atomic limit, which exhibits a filling anomaly and
fractional corner charges. Furthermore, we have comprehen-
sively classified all band structures on the kagome lattice with
one occupied band and two unoccupied bands and identified
which of these have a filling anomaly and fractional corner
charges.

The absence of protected zero-energy corner states in
hopping models on the kagome lattice is in contrast to the
zero-energy corner states of a bona-fide two-dimensional
second-order topological insulator, such as the Benalcazar-
Bernevig-Hughes (BBH) model [1,2]. In the BBH model, the
bipartite lattice structure imposes a sublattice symmetry that
is essential for the protection of the zero-energy corner states
against local perturbations. The zero-energy corner modes are
robust to arbitrary symmetry-preserving changes of hopping
amplitudes in the vicinity of a corner, provided these respect
the sublattice symmetry. This robustness also follows from the
simple observation that an isolated single zero-energy state
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is anomalous: with sublattice symmetry, no lattice built from
whole unit cells can host an odd number of zero-energy states.
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APPENDIX A: DEFORMATION TO A MODEL WITHOUT
EDGE STATES IN THE BULK GAP

In the main text, the deformation from the original breath-
ing kagome lattice H to a model H ′ that differs from H only
within a finite distance from the corners was described. The
model H ′ has no zero-energy corner localized states, but still
has in-gap states localized along the edges. This is no surprise,
since the original model H also has such in-gap edge modes.
Here, we show that a symmetry-preserving deformation along
the crystal edge can be used to completely remove the edge
states from the bulk gap.

We deform H to a model H ′′ which differs from H ′ only
within a finite distance from the edge: It differs by the strength
of hopping amplitudes τ = 2 on bonds that are depicted in
red in Fig. 4(b). [The other bonds in Fig. 4(b) are the same
as for the model H ′: grey bonds have hopping t = 0.1 and
black bonds have hopping t ′ = 1. The value τ = 2 is chosen
to ensure that the edge bands at energy ≈ ±τ are removed
from the bulk gap.] The deformation from H to H ′′ is again
performed by way of a linear interpolation

Hλ = (1 − λ)H + λH ′′. (A1)

Figures 4(a) and 4(b) show the patterns of hopping ampli-
tudes corresponding to H0 = H and H1 = H ′′, respectively.
The spectrum of Hλ is shown in Fig. 4(c). By continuous
deformation, all corner and edge states are removed from
the bulk gap without breaking any symmetries or modifying
model properties in the bulk.

APPENDIX B: CLASSIFICATION OF TIGHT-BINDING
MODELS ON THE BREATHING KAGOME

The breathing kagome lattice is generated from a triangular
Bravais lattice with point group C3v , consisting of threefold
rotation and mirror symmetries. In Fig. 1 of the main text, we
make the choice

R1 =
(

1
0

)
, R2 = 1

2

(−1√
3

)
(B1)

for the two lattice vectors R1 and R2 that generate the tri-
angular lattice. The relevant Wyckoff positions for this point
group are the three special Wyckoff positions “a,” “b,” and “c”
with multiplicity one and a special Wyckoff position “d” with
multiplicity three, which is on the lines connecting “a” and

FIG. 4. (a) Zoom-in of the corner of the breathing kagome lat-
tice at the starting point of the deformation, λ = 0. The gray and
black bonds correspond to t = 0.1 and t ′ = 1 respectively. Hopping
amplitudes at the two remaining corners of the triangular system
follow a similar pattern, so that the Hamiltonian of the full lattice
satisfies the C3 rotation symmetry as well as mirror symmetries with
respect to bisectors of the corners (shown dashed). This system hosts
zero-energy corner states and a band of edge states in the bulk gap.
(b) Same as (a) at λ = 1. The gray, black, and red bonds correspond
to hopping strengths t = 0.1, t ′ = 1 and τ = 2, respectively. Bonds
in the bulk farther than two unit cells from the edge are the same
as in (a). This system has corner and edge modes removed from
the bulk gap. (c) Spectrum of bulk bands (blue), edge bands (grey),
and zero-energy corner states (red) as a function of the interpolation
parameter λ with t = 0.1, t ′ = 1, and τ = 2.

“c”, see Table I and Fig. 1(a). The breathing kagome lattice
arises by occupying only the Wyckoff position “d”. If “d” is
halfway between “a” and “c”, one recovers the kagome lattice,
which has nearest-neighbor bonds of equal length.

To classify tight-binding models on this lattice, we re-
quire that the Bloch Hamiltonian be invariant under threefold
rotation and reflection. Explicitly,

H (k) = CT
3 H (C3k)C3 = MT

1 H (M1k)M1, (B2)

whereby in the site basis of the three “d” positions (labeled d1,
d2, and d3 in Table I and Fig. 1), the symmetry operators are
explicitly given by

C3 =
⎛
⎝0 0 1

1 0 0
0 1 0

⎞
⎠, M1 =

⎛
⎝1 0 0

0 0 1
0 1 0

⎞
⎠. (B3)

We further impose a (spinless) time-reversal symmetry

H (k) = H∗(−k). (B4)

These conditions imply that it is sufficient to consider the
Hamiltonian H (k) on the fundamental domain, the minimal
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TABLE I. The relevant Wyckoff positions α, their position rα

within the unit cell, and the corresponding little groups Gα for a
two-dimensional C3v-symmetric lattice. The coefficient ξ ∈ (0, 1/3)
indicates the position of the Wyckoff positions d along the line ac.
The choice ξ = 1/6 corresponds to the kagome lattice. The breathing
kagome lattice has 0 < ξ < 1/6 or 1/6 < ξ < 1/3.

α Gα position rα

a C3v 0

b (R1 + 2R2)/3

c (2R1 + R2)/3

d1 ξ (2R1 + R2)

d2 Z2 −ξ (R1 + 2R2)

d3 ξ (R1 − R2)

region of the Brillouin zone whose orbit under the reciprocal
point group generates the entire Brillouin zone. In the present
case, the fundamental domain consists of the triangle �KM,
as shown in Fig. 1(b) of the main text. The little groups
for various high-symmetry points and lines constituting the
fundamental domain are summarized in Table II.

1. Classification with tripartite symmetry

The tripartite symmetry implies that the lattice can be di-
vided into three sublattices such that no bonds are between
sites on the same sublattice, or equivalently, that the Bloch
Hamiltonian satisfies [30]

H (k) + 
H (k)
† + 
2H (k)(
2)† = 0, (B5)

whereby 
 = diag (1, e2π i/3, e4π i/3). This condition implies
that the Bloch Hamiltonian H (k) has the form of Eq. (1),
which contains the three complex functions a(k), b(k), and
c(k). We begin by parametrizing these as

a = −|a|ei(ψ/3+θ ),

b = −|b|ei(ψ/3+η),

c = −|c|ei(ψ/3−θ−η), (B6)

where θ , η, ψ ∈ [−π, π ) and we have suppressed their ex-
plicit k dependence to avoid notational clutter. The eigenvalue

problem for H can be solved exactly using its tracelessness as
well as

tr H2 = 2
(
a2 + b2 + c2), det H = 2Re(abc). (B7)

The three eigenvalues of the Hamiltonian are given by

εn = 2

√
a2 + b2 + c2

3
sin

(
φ + 2nπ

3

)
, (B8)

where n = −1, 0, 1 and

φ = 1

3
sin−1

( |abc| cos ψ

(a2 + b2 + c2)3/2

)
. (B9)

We are interested in Bloch Hamiltonians with one negative
eigenvalue and two positive eigenvalues, which is the case if
a, b, c are nonzero and

φ ∈
(

0,
π

6

]
⇒ ψ ∈

(
−π

2
,
π

2

)
. (B10)

For nonzero a(k), b(k), and c(k), the parametrization (B6)
is unique and continuous over the Brillouin zone, provided
θ (k) and η(k) satisfy periodic boundary conditions. At high-
symmetry points and lines, the Hamiltonian must commute
with the generators of the corresponding little group, which
implies further constraints on (a, b, c), as listed in Table II.
We now derive the resulting constraints on ψ , θ , and φ. At the
� point, one must have a(k) = b(k) = c(k) ∈ R (see Table
II). This implies that

ψ (k� ) = θ (k� ) = η(k� ) = 0. (B11)

Here, the vanishing of ψ follows from

eiψ (k� ) = − a(k� )b(k� )c(k� )

|a(k� )b(k� )c(k� )| = −(sgn(a(k� )))3,

where ψ (k� ) ∈ (−π/2, π/2) and the right-hand side equals
±1. This along with the reality of a, b, c further implies that
θ (k� ), η(k� ) ∈ {0, π}, while from their equality, it follows
that

θ (k� ) = η(k� ) = −θ (k� ) − η(k� ) mod 2π, (B12)

which implies the vanishing of θ (k� ) and η(k� ). At the K
point, we require that a(kK ) = b(kK ) = c(kK ). This yields
a condition identical to Eq. (B12), which implies that

TABLE II. Little groups and constraints on the coefficients a, b, and c for high-symmetry points and lines ω in the fundamental domain.
The parameters a, b, c ∈ C unless otherwise specified in individual cases. The operations �1 and �2 indicate translation by a reciprocal-lattice
vector. Note that the constraints on the angles (ψ, θ, η) are defined mod 2π .

ω Little group Gω Generators of Gω Constraints on (a, b, c) Constraints on (ψ, θ, η)

� C3v × Z2 C3, M1, T a = b = c ∈ R ψ = θ = η = 0

K C3 × Z2 �2C3,M1T a = b = c θ = η ∈ {0,±2π/3}
M Z2 × Z2 M3,�1T a = b; a, b, c ∈ R ψ = 0, θ = η ∈ {0, π}
M Z2 M3 a = b∗; c ∈ R ψ = 0, θ = −η

K Z2 M1T b = c θ = −2η

MK Z2 �1M3T a = b θ = η
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3θ (kK ) = 0 mod 2π . Thus

θ (kK ) = η(kK ) ∈
{

0,±2π

3

}
(B13)

with no constraint on ψ (kK ). Finally, at the M point,
a(kM), b(kM), c(kM) ∈ R and a(kM) = b(kM), so that

ψ (kM) = 0, θ (kM) = η(kM) ∈ {0, π}. (B14)

Along the high-symmetry line M, the symmetries require that
a(k) = b∗(k) and c(k) ∈ R, so that

ψ (k) = 0, θ (k) = −η(k) mod 2π, (B15)

where the vanishing of ψ follows from

eiψ (k) = − a(k)b(k)c(k)

|a(k)b(k)c(k)| = −sgn(c(k)) ∈ {±1}.

Along MK, we require a(k) = b(k), so that

θ (k) = η(k) mod 2π, (B16)

while along K, b(k) = c(k), so that

θ (k) = −2η(k) mod 2π. (B17)

There are no symmetry constraints on ψ (k) at K and along K
and MK.

Since the phase angle ψ (k) and the absolute values |a(k)|,
|b(k)|, and |c(k)| take values in sets with trivial topology,
only the phase angles θ (k) and η(k) are of relevance for
the topology of H (k). As the fundamental domain is simply
connected and the parametrization of Eq. (B6) is unique, one
may continuously extend the phase angles θ (k) and η(k) to
the entire fundamental domain as real-valued phase angles
θ (k), η(k) ∈ R. For definiteness, we choose the phase angles
at � as

θ (k� ) = η(k� ) = 0, (B18)

Along �M, we must have θ (k) = −η(k) mod 2π . Combin-
ing this with the constraint at the M point, we must have

θ (kM) = πnM, η(kM) = −πnM, (B19)

with nM ∈ Z. Similarly, combining θ (k) = −2η(k) mod 2π

along K with the constraint on the K point, we get

θ (kK ) = −4π

3
nK, η(kK ) = 2π

3
nK, (B20)

with nK ∈ Z. Finally, the condition θ (k) = η(k) mod 2π

along MK implies that

θ (kM) − θ (kK ) = η(kM) − η(kK ), (B21)

which gives the additional constraint

nM = nK. (B22)

We conclude that Hamiltonians H (k) that obey the C3v point
group symmetry, time-reversal symmetry, and the tripartite
condition, and with one negative eigenvalue and two posi-
tive eigenvalues, have a Z classification, with the topological
invariant nK.

TABLE III. The character table of C3v . The character correspond-
ing to {1} is equal to the dimensionality of the representation.

Irrep label {1} {C3, C2
3 } {M1,M2,M3}

A1 1 1 1
A2 1 1 −1
B 2 −1 0

2. Classification without tripartite symmetry

In the absence of tripartite symmetry, we use the homotopic
classification scheme of Ref. [51]. This approach requires
the interpretation of the d-dimensional fundamental domain
as a CW-complex, which can be decomposed onto a set of
p-cells with 0 � p � d . For each p-cell ω, the little group—a
subset of the point group that leaves ω invariant—imposes
constraints on the Bloch Hamiltonian, and the space of al-
lowed Hamiltonians on ω constitutes the target space Hω. The
classification starts from 0-cells and proceeds up in dimen-
sion. For the classification over p-cells (termed “level-p”),
one first determines the parent classification group πp(Hω ),
which gives the topological equivalence classes on p-cells
with H (k) equal to a fixed reference Hamiltonian compati-
ble with the topology at levels < p at the boundary of the
p-cells. In a second step, topological classes in the parent
classification that can be related to each other by a continuous
deformation at lower levels are identified and classes that
are incompatible with a gapped Hamiltonian at higher levels
are eliminated. The level-0 classification is identical to that
obtained in the framework of topological quantum chemistry
[39]; the higher-level classifications give a further refinement
of the topological classification.

For the breathing kagome lattice, we decompose the funda-
mental domain into three 0-cells (M and K), three 1-cells (M,
MK, and K), and one 2-cell (KM). Below, we first determine
the target space for each cell in the fundamental domain
and then we perform the classification procedure, starting
from the 0-cells and working our way upwards.

Target spaces. At a generic k in the interior of the funda-
mental domain, H (k) is an arbitrary Hermitian matrix with
one occupied and two unoccupied bands, so that the target
space

H = GrC (1, 2). (B23)

We next compute the target space Hω ⊆ H for individual p-
cells ω with p = 0, 1.

At the � point, since the little group is C3v × Z2, with
the Z2 corresponding to time-reversal symmetry, the Hamil-
tonian is block diagonal with individual blocks corresponding
to irreps of C3v , see Table III. Time-reversal symmetry does
not impose any further constraints, since all irreps of C3v are
real. The representation matrices of Eq. (B3) form a reducible
representation of C3v , which can be decomposed into irreps
as A1 ⊕ B, where A1 denotes the trivial irrep and B the two-
dimensional irrep of C3v (see Table III). Since there is only one
occupied band, it must transform under A1, whereas the unoc-
cupied band transforms under B. Furthermore, time-reversal
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symmetry requires that H (k� ) be real-valued. Thus

H� = GrR(1, 0) × GrR(0, 1) = {1}, (B24)

where {1} denotes the set with a single element.
For the high-symmetry line M, the little group Z2 ⊂ C3v

consists only of the mirror symmetry M2. Since the irrep A1

has a positive mirror parity, while B1 consists of a positive and
a negative mirror parity state, we get

HM = GrC (1, 1) × GrC (0, 1) = GrC (1, 1). (B25)

Consequently, at the M point, which is further invariant under
time-reversal, we get

HM = GrR(1, 1), (B26)

where the reality condition follows from time-reversal sym-
metry.

At the K point, the little group C3 × Z2 is generated by
threefold rotation and time-reversal (in combination with a
mirror operation). The latter forces the Hamiltonian to be real,
while the former requires that it be a diagonal matrix, since
the representation matrix C3 of Eq. (B3) is a direct sum of the
three irreps of C3, which are all one-dimensional. The Hamil-
tonian is thus determined completely by the specification of
the C3-eigenvalue of the occupied state, so that

HK
∼= Z3, (B27)

where the three elements of Z3 refer to the three C3 eigenval-
ues. Finally, the little groups of K and MK are generated by
a time-reversal symmetry (again in combination with a mirror
operation), so that

HK = HMK = GrR(1, 2). (B28)

Homotopic classification. The only nontrivial level-0
classification group π0[Hω] is at K, where π0[HK] = Z3. The

corresponding topological invariant νK is the C3-eigenvalue
e2π iνK/3 of the occupied state at the K point.

The parent classification spaces for the three 1-cells are

π1[HM] = 0, π1[HK] = π1[HMK] ∼= Z2, (B29)

where the invariants on K and MK are given by the determi-
nant of the Wilson loop of the occupied band along K and
MK, respectively. There is no compatibility constraint, be-
cause π1[H] = 0. The parent invariant associated with MK is
not robust to boundary deformations at M, since π1[HM] ∼= Z,
whereby odd elements change the sign of the determinant of
the Wilson loop. Hence, at level-1 only the invariant νK ∈ Z2

remains.
There are no topological invariants at level-2. To see this

we note that the level-2 parent classification space is π2[H] ∼=
Z, whereby the invariant is the Chern number. However, the
Chern number is not a robust invariant for this symmetry
class, since π2[HM] ∼= Z, so that deformations along the high-
symmetry line M can change the Chern number defined on the
2-cell KM by an arbitrary integer.

Summarizing, we find a homotopic classification with one
Z3 invariant νK, related to the C3 eigenvalue of the occu-
pied band at K, and one Z2-invariant νK, corresponding to
the determinant of the Wilson loop of the occupied band
along K.

Relation to classification with tripartite symmetry. One may
ask, which of these topological equivalence classes a Bloch
Hamiltonian with tripartite symmetry and Z-valued topolog-
ical invariant nK is in (see the discussion of the previous
section). This question can be easily answered by explicit
calculation for the realizations given in Eq. (8), for which one
finds that

νK = nK mod 3, νK = 0. (B30)
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