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Dynamic scaling near the Kasteleyn transition in spin ice: Critical relaxation
of monopoles and strings following a field quench
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We study dynamics in classical spin ice following a magnetic field quench to close to the Kasteleyn transition,
using Monte Carlo simulations and dynamic scaling theory to characterize the relaxation of the magnetization
and the density of magnetic monopoles. We have previously argued that this dynamics can be described in terms
of seeding and growth of strings of flipped spins, and our results here demonstrate that a solvable stochastic
model based on independent strings correctly describes the relaxation as well as the distribution of string lengths
within the critical scaling regime near the transition. We also show how generalized scaling forms capture the
behavior over a broader range of monopole densities and provide a clear understanding of the breakdown of the
scaling picture further from the critical point.
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I. INTRODUCTION

Condensed matter systems subject to geometrical frus-
tration [1], which can combine local constraints with large
fluctuations, have been of profound theoretical and experi-
mental interest in the last few decades. Foundational examples
include models for geometrically frustrated antiferromagnets
[2], proton disorder in crystalline ice [3], and dimer-tiling
problems [4]. More recently, the notion of geometric frustra-
tion has come to encompass a much broader domain, from
cold atom physics [5–7], liquid crystals [8], and nanopho-
tonics [9–11] to microwave cavity and circuit quantum
electrodynamics [12,13].

Phase transitions in frustrated systems provide a particu-
larly striking example of the novel phenomena that they can
host. While the standard Landau-Ginzburg-Wilson (LGW)
theory [14,15], based on the concepts of symmetry break-
ing and long-range order, provides a powerful description
of universal behavior near critical points, a broad family of
transitions outside the LGW paradigm are now known to exist.
These include so-called deconfined critical points in quantum
magnets [16–19], as well driven dissipative quantum systems
[20] and fractional quantum Hall systems [21]. A variety of
such transitions have been proposed in frustrated and con-
strained classical systems, including geometrically frustrated
magnets [22–24] and dimer models [25–27].

While the concepts of scaling and universality were orig-
inally introduced for equilibrium phase transitions, they can
also be applied to systems out of equilibrium [28–32]. Dy-
namic scaling theory describes dynamics close to a critical

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

point, by incorporating scaling with time. Important examples
of this include the behavior following a quench [33], a sudden
change in one of the system parameters, and the Kibble-Zurek
mechanism [34–37], where a parameter is changed at a con-
stant rate.

In this work, we apply scaling theory to describe the
dynamics following a quench in a model of spin ice, a
geometrically frustrated magnetic pyrochlore oxide. The low-
temperature dynamics of frustrated magnetic systems is
interesting in many ways [38], and this is particularly true
for the spin ice compounds, locally constrained spin sys-
tems [39–42] that host spin liquids [43–45]. In these phases,
characterized by an emergent gauge field and fractionalized
excitations, the system remains disordered at the lowest tem-
peratures while exhibiting strong correlations [3,46].

In the “classical” spin ices Dy2Ti2O7 [47–49] and
Ho2Ti2O7 [50], the spin liquid is a so-called Coulomb phase
[23,41,51,52], with dipolar correlations [41,53] and decon-
fined magnetic monopoles [40], which carry a fraction of the
(dipolar) spin degree of freedom and are topological in charac-
ter. Considerable attention has been paid to spin dynamics in
spin ice [54–59], which can be understood in terms of motion
of these quasiparticles, and is therefore described as magnetic
transport [60].

The quench protocol that we consider involves starting
with a large magnetic field along a 〈100〉 crystal direction
which is suddenly reduced to smaller but nonzero value. A
strong field along this direction brings the system into a fully
magnetized state, which is separated from the Coulomb phase
by a Kasteleyn transition [22,61,62] at a critical ratio of tem-
perature to field. This unconventional phase transition, first
recognized in a 2D classical dimer model [63] and subse-
quently proposed to occur in various other classical [64,65]
and quantum [66,67] systems, is characterized by topological
order and involves no symmetry breaking. It has an asym-
metric character, being apparently first order on one side but

2469-9950/2026/114(2)/024402(22) 024402-1 Published by the American Physical Society

https://orcid.org/0000-0002-8463-2712
https://orcid.org/0000-0002-4515-7859
https://ror.org/01ee9ar58
https://ror.org/02dp3a879
https://ror.org/05trd4x28
https://crossmark.crossref.org/dialog/?doi=10.1103/tzwx-7t5r&domain=pdf&date_stamp=2026-07-06
https://doi.org/10.1103/tzwx-7t5r
https://creativecommons.org/licenses/by/4.0/


SUKLA PAL AND STEPHEN POWELL PHYSICAL REVIEW B 114, 024402 (2026)

C
rit

ic
al

 S
ca

lin
g 

R
eg

im
e 

T > TK

TT = TK

T < TK

hhhh

TT

S
u
d
d
en

 q
u
en

ch

Spin polarized String liquid

T K
= 2h

/ln
2

FIG. 1. Schematic phase diagram describing the Kasteleyn tran-
sition of spin ice in an applied magnetic field h along the [100]
crystal direction. In equilibrium, there is a crossover at temperature
T = TK ∝ h between a spin-polarized regime and a string liquid
(illustrated in top-left and bottom-right insets, respectively). This
becomes a sharp transition (black dotted line) when the energy �

of a magnetic monopole (see main text) is much larger than T . We
consider a sudden field quench (solid orange arrow) from h = +∞
to the critical scaling regime near the transition.

continuous on the other, and displays anisotropic scaling in
real space.

By reducing the applied field, one can drive the system into
the scaling regime near the Kasteleyn transition, as illustrated
in Fig. 1. We have previously argued [68] that the relaxation
of the magnetization and monopole density is driven by the
nucleation and growth of strings of flipped spins [53,69],
which subsequently form a dense network of clusters. Here,
we employ dynamic scaling arguments to describe how this
relaxation occurs for final parameter values that are near criti-
cality. We show that not only physical observables but also the
distribution of string lengths is governed by universal scaling
functions, and calculate explicit forms for these functions
in the limit of low monopole density, based on an effective
stochastic model of a single string. A brief outline of this
theoretical description and some of our numerical results have
been presented previously [70].

The paper is organized as follows. In Sec. II, we introduce
the model that we use to describe classical spin ice and review
the equilibrium Kasteleyn transition. We then turn to the dy-
namics in Sec. III, where we derive dynamic scaling forms
for the magnetization, monopole density, and string length
distribution. In Sec. IV, we present Monte Carlo simulation
results for these quantities and compare them with the theory.
We conclude Sec. V, which includes a discussion of relevance
to experiments. Additional data for other parameter values are
shown in the Appendix.

II. MODEL AND EQUILIBRIUM PROPERTIES

A. Hamiltonian

We use a minimal model of classical spin ice with vector
spins Si on the sites i of a pyrochlore lattice, with ferromag-
netic nearest-neighbor interactions. Crystal-field effects give a
strong easy-axis anisotropy, effectively constraining the spins
to Si = σin̂i, where σi = ±1 is an effective Ising degree of
freedom and the fixed unit vector n̂i points along the local
〈111〉 axis between the centers of the two tetrahedra to which
each site belongs [52].

Within the dumbbell model [40], the energy can be ex-
pressed in terms of the “magnetic charge” on tetrahedron α,

nα = −1

2
ηα

∑
i∈α

σi , (1)

which takes values 0, ±1, and ±2. (Here, ηα = ±1 for
the two tetrahedron orientations in the pyrochlore lattice.)
Including exchange J and dipolar interactions D between
nearest-neighbor spins only, the Hamiltonian can be written as

H = �

2

∑
〈i j〉

σiσ j (2)

= Hgs + �
∑

α

n2
α , (3)

where � = 2
3 J + 8

3 (1 +
√

2
3 )D [40] and Hgs is a constant. In

our numerical results, we set � = 2.8 K, corresponding to
Dy2Ti2O7 [68,71].

The Hamiltonian H is minimized, H = Hgs, in any state
with nα = 0 for all α, which requires that two spins point into
and two spins point out of every tetrahedron. The number of
such configurations, which are said to obey the “ice rules,”
grows exponentially with the number of lattice sites Ns [46].
The minimal excitations are tetrahedra with nα = ±1, which
are referred to as magnetic monopoles [40]. While monopoles
are created in charge-neutral pairs by flipping a spin, they are
deconfined in the Coulomb phase of spin ice [41] and can
be treated as fractionalized quasiparticles with energy �. In
the classical spin ice materials, dipolar interactions between
spins in fact lead to effective magnetic Coulomb interactions
between the monopoles [40]. As we argue in the following,
we expect these to have only quantitative effects, and not to
modify the universal scaling behavior of interest here.

The total magnetization is

M =
∑

i

Si , (4)

in units of the magnetic moment μ ≈ 10μB of each spin.
An external magnetic field h is applied along a 〈100〉 crys-
tal direction, which we take as the +z axis and refer to as
“upwards.” It couples to the spins through a Zeeman term

Hh = −μ
∑

i

h · Si . (5)

B. Equilibrium Kasteleyn transition

We first briefly review the theory of the Kasteleyn transi-
tion in equilibrium in the nearest-neighbor model of spin ice
[22,61,62].
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For h > 0, the full Hamiltonian H + Hh has a unique
ground state, illustrated in the top-left inset of Fig. 1. In
this configuration, all spins have positive projection along
+z (i.e., each points upwards to the extent permitted by the
Ising anisotropy), and so Mz = Ns/

√
3. This minimizes Hh,

while also satisfying the ice rule on every tetrahedron, giving
H = Hgs.

Starting from this state and flipping any spin downwards
reduces Mz by 2/

√
3 and therefore increases Hh by +2h,

where we define1 h = μ|h|/√3. Doing so also breaks the ice
rule on each of the two tetrahedra to which the spin belongs,
producing monopoles with charges nα = ±1, and so increases
H by 2�. The important excitations above the ground state are
in fact strings of such flipped spins oriented along the z direc-
tion, as shown in the bottom-right inset of Fig. 1, for which
the ice rule is obeyed on all tetrahedra except those at its ends.
(These include isolated spin flips, treated as strings of length
� = 1.) Each string contributes entropy due to the number of
possible paths, which is 2� for an isolated string, and hence
free energy F� = 2� + (2h − T ln 2)�. (We set kB = 1 here
and throughout.)

This implies that, for T < TK = 2
ln 2 h, strings of any length

increase the free energy and appear at a density e−F�/T that
vanishes in the limit �/T → ∞. By contrast, for T > TK

and any finite �/T , sufficiently long strings always have
F� < 0 and hence proliferate, giving a “liquid” of strings. (The
string density in equilibrium is set by the effective hard-core
interactions between strings, which reduce the entropic con-
tributions due to the excluded volume [22].) The resulting
crossover of the string density becomes a phase transition, re-
ferred to as a Kasteleyn transition [63], at T = TK in the limit
�/T → ∞.

A quantity that plays the role of the order parameter,
though not associated with any broken symmetry, is the de-
viation from saturation magnetization

σ = 1 −
√

3

Ns
Mz , (6)

which is zero in the ground state with all spins up. Inserting
a string of length � increases σ by 2�/Ns, and so σ can be
viewed as the areal density of strings. It therefore gives a
signature of the Kasteleyn transition, showing a crossover
from a small value for T < TK when strings are suppressed
(strictly zero in the limit �/T → ∞) to a larger value for
T > TK when they proliferate.

At the equilibrium Kasteleyn transition, the relevant scal-
ing variables are reduced temperature θ = (T − TK)/TK and
monopole fugacity z = e−�/T , which both vanish at the crit-
ical point. The monopole density and magnetization are
described by scaling forms [62]

ρ1 ≈ |θ |2	eq
±

(
z|θ |−3/2

)
, (7)

σ ≈ |θ |
eq
±

(
z|θ |−3/2

)
, (8)

up to logarithmic corrections. (The subscript ± indicates that
the functions also depend on the sign of θ . The rational ex-
ponents and logarithmic corrections are due to the fact that

1Note that Refs. [22] and [62] define h as h[22] = √
3h.
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FIG. 2. Monte Carlo results for (a) magnetization and
(b) monopole density at equilibrium as a function of reduced
temperature θ = (T − TK)/TK for several values of the field h after
the quench. The system contains Ns = 128 000 spins and error bars
are smaller than symbol sizes.

the equilibrium transition is at its upper critical dimension
[22].) The scaling functions, calculated using mean-field the-
ory [22,62], are

	
eq
± (v) = 4v4/3ψ

(
±2 ln 2

3
v−2/3

)
, (9)



eq
± (v) = 4v2/3

[
ψ

(
±2 ln 2

3
v−2/3

)]2

, (10)

where ψ (x) is the positive solution of ψ3 − xψ − 1
3 = 0.

As a preliminary check on our simulations of the dynam-
ics, we show long-time results in Figs. 2 and 3, which are
consistent with the established equilibrium behavior near the
transition. In Fig. 2, we show the dimensionless magneti-
zation m = 1 − σ and monopole density ρ1 as a function
of reduced temperature θ , for several values of field h. In
each case m [Fig. 2(a)] saturates at 1 at low temperature and
decreases continuously as θ increases through zero. Because
the Kasteleyn temperature TK is proportional to h, smaller
h values correspond to lower T , and hence smaller z, at
given θ . The transition is therefore sharpest for the smallest
field, h = 0.16 K, and becomes increasingly rounded as h
increases.
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FIG. 3. Monte Carlo results for (a) magnetization and
(b) monopole density at equilibrium as a function of reduced
temperature θ for several system sizes Ns. In each case, the magnetic
field after the quench is h = 0.21 K corresponding to Kasteleyn
temperature TK = 0.606 K. Finite-size effects are prominent only
for the smallest Ns shown. The solid gray lines connecting the points
are guides for the eye. Error bars are smaller than symbol sizes.

The same quantities are plotted in Fig. 3 for four different
system sizes Ns and fixed h = 0.21 K. Finite system size can
also cause rounding of the transition, because of finite-length
strings spanning the system [22], an effect that can be incor-
porated in scaling theory [62]. This rounding is visible for
the smallest Ns = 1024, but is generally quite small for larger
sizes, especially close to the transition. The results for the
dynamics that we present below are mainly for the largest size
shown here, Ns = 128 000.

III. DYNAMICS: THEORY

We use the “standard model” of the dynamics of clas-
sical spin ice [49], which is believed to provide a good
description for the relevant temperatures [54,68,72]. Spin flips
are attempted at randomly chosen sites at a temperature-
independent rate Nsτ

−1, and accepted with a probability given
by the Glauber function [73]

PG(δE ) = 1

eδE/T + 1
(11)

FIG. 4. Illustration of string creation and growth. (a) In the start-
ing configuration, all spins point upwards. (b) Flipping any spin
(circled) creates a pair of monopoles on the adjacent tetrahedra,
which can be interpreted as a string of length � = 1. Flipping this spin
back upward would cause the two monopoles to annihilate and the
string to disappear. (c) The monopoles can be separated by flipping
other spins downwards. In this case, a second spin (circled) has been
flipped, increasing the string length to � = 2. At this point, flipping
any of the four spins labeled with + would extend the string to length
� = 3, while flipping the down spin adjacent to either monopole
would shrink the string to length � = 1.

for a spin flip with energy change δE . This probability satisfies
detailed balance and so gives a Boltzmann distribution at
temperature T in the long-time limit.

Suppose that for time t < 0, a large field h 
 T has been
applied, and so the configuration at t = 0 has all spins point-
ing upwards (but still subject to the local easy-axis constraint),
with magnetization Mz = 1√

3
Ns and hence σ = 0. The field is

subsequently reduced, allowing some spins to flip and σ to
increase.

The relaxation of the magnetization can be understood in
terms of the seeding and growth of strings of flipped spins
[68]. Creating a string requires creating a pair of monopoles
on adjacent tetrahedra, and therefore costs an energy 2�,
whereas growth or contraction of a string occurs by moving
one of the monopoles and hence changes the energy only by
the Zeeman term. Near the critical point at z = 0, there is
a separation of timescales for these two processes, and one
can approximate the behavior in terms of a low density of
independent strings.

A. Single-string model

To describe this regime, and as a first step toward the full
scaling behavior, we therefore define a single-string model,
which is expected to apply only in the limit of vanishing z. We
will show that this model leads to dynamic-scaling forms for
the string-length distribution, magnetization, and monopole
density that are valid for long time and temperature T close
to TK. (This single-string model is explained in more detail in
Ref. [68] for the case h = 0.)

Within the approximation of independent strings, we de-
scribe the configuration at time t after the quench only in
terms of the number of strings N (�, t ) of each length, ne-
glecting all information about the positions and shapes of the
strings. The spin-flip dynamics leads to an effective stochastic
process for N (�, t ), which involves four processes, illustrated
in Fig. 4:
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(1) If a spin is flipped downward in a region containing
only up spins, then a pair of monopoles are created on the
adjacent tetrahedra. In terms of strings, this corresponds to
creation of a string of length � = 1. The energy change for
this process is δE = 2� + 2h, including � for each monopole
plus the Zeeman energy of the flipped spin, and so its accep-
tance probability is r∗ = PG(2� + 2h) = (e2(�+h)/T + 1)−1.
For low string density, the number of spins available to flip
can be approximated by the total number of spins, Ns, and so
the rate of string creation is Nsr∗.

(2) A string grows when one of its terminating monopoles
moves in a way that increases their separation. For an isolated
string, this happens by flipping downward any of four spins
in the planes above and below, as shown in Fig. 4(c). The
number of monopoles is unchanged, and so the associated
energy cost, δE = 2h, is entirely due to the Zeeman energy
of the flipped spin.2 Because we neglect the spatial structure
of the string, all four processes contribute to the effective rate
r+ = 4(e2h/T + 1)−1.

(3) Similarly, a string shrinks if one of two downward-
pointing spins flip up, moving one of the two monopoles
closer to the other. The Zeeman energy in this case is δE =
−2h, and so the rate is r− = 2(e−2h/T + 1)−1.

(4) A string of length � = 1 disappears if the single down
spin is flipped up, causing its two terminating monopoles to
annihilate. This process changes the energy by δE = −2� −
2h, and so occurs with rate r0 = (e−2(�+h)/T + 1)−1.

Taking into account these four processes, the population of
strings evolves according to

∂

∂t
N (�, t ) = δ�,1Nsr∗ +

∞∑
�′=1

W��′N (�′, t ) , (12)

where W��′ = 〈�|W |�′〉 is an element of the rate matrix for the
stochastic process governing a single string,

W = −(r0 − r−)|1〉〈1| +
∞∑

�=1

[−(r− + r+)|�〉〈�|

+ r+|� + 1〉〈�| + r−|�〉〈� + 1|] , (13)

which is illustrated in Fig. 5. (We omit from W the state |0〉,
representing a string that has shrunk to zero length and hence
disappeared. This does not affect the dynamics, but effectively
projects the probability vector into the orthogonal subspace,
1 − |0〉〈0|.) To describe the string population at time t follow-
ing the quench, we solve this model with the initial condition
N (�, 0) = 0 for all � � 1.

In our simulations, we study the distribution of string
lengths as a function of time, which can be compared directly
to N (�, t ). We also measure the density of monopoles ρ1(t )
and the magnetization 1 − σ (t ), and so we would like to
express these observables in terms of N (�, t ). Because each
string is terminated by a pair of monopoles, the total num-
ber n1 of monopoles is simply given by double the number
of strings. The density of monopoles is ρ1 = n1/Nd, where

2As noted in Ref. [68], Coulomb interactions between monopoles,
which we do not include here, would modify the energy cost, reduc-
ing the rate at which short strings grow.

FIG. 5. Graph representing the dynamical model for a single
string with rate matrix W��′ . Vertices (circles) denote strings of length
�, with � = 0 representing a string that has shrunk to zero length and
hence disappeared. Edges (arrows) are transitions with associated
rates for growth r+, contraction r−, and annihilation r0. To describe
the evolution of the string population, we also include string creation,
which occurs with rate r∗.

Nd = 1
2 Ns is the number of tetrahedra, and so we can write

ρ1 = 4r∗M0(t ), where

Mn(t ) = 1

Nsr∗

∞∑
�=1

�nN (�, t ) (14)

is the nth moment of the length distribution, excluding � = 0.
As explained in Sec. II B, a string of length � contains � spins
flipped from up to down, and so σ = 2r∗M1(t ).

Because the equilibrium Kasteleyn transition can be under-
stood on the level of a single string, it must be consistent with
the single-string model of the dynamics. Comparing the rates
of growth r+ and shrinkage r−, we indeed find that strings
tend to grow, r+ > r−, when e2h/T < 2, or T > TK, and to
shrink when T < TK. For the latter, this gives a long-time
steady state with a low density of short strings and σ → 0 as
z → 0, consistent with the equilibrium picture. For T > TK,
strings (and hence σ ) grow without limit and the single-string
picture fails at long times. This is also consistent with the
string liquid, with density determined by interactions, in the
high-temperature phase.

To describe scaling near the transition, we can express
the rates in terms of the scaling variables θ and z. Near
the critical point, i.e., for T 
 TK and small z, we find r∗ =
1
2 z2 + O(z4, θz2) and r0 = 1 + O(z2) for the creation and an-
nihilation rates. For growth and shrinkage,

r+ = 4

3
+ 8

9
θ ln 2 + O(θ2), (15)

r− = 4

3
− 4

9
θ ln 2 + O(θ2) , (16)

which imply

r+
r−

= 1 + θ ln 2 + O(θ2) . (17)

We first solve this model exactly, finding the leading-order
behavior as the critical point and long-time limit are ap-
proached, before showing how the same results can be derived
by using a continuum-� description.

1. Exact asymptotic solution

The solution of the master equation, Eq. (12), for � � 1 can
be written as

N (�, t ) = Nsr∗
∫ t

0
dt ′ 〈�|eW t ′ |1〉 , (18)
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where eW t ′
is an operator exponential. To calculate this, we

use the eigenvectors of W ,

|ψ (q)〉 =
∞∑

�=1

|�〉
[

q� − r+ + (r0 − r−)q

r0 − r− + r−q

(
r+

r−q

)�−1
]
, (19)

with q a complex number, to write

|1〉 = −
∮
C

dq

2π i

1

q

r0 − r− + r−q

r+ + (r0 − r−)q
|ψ (q)〉 , (20)

where the contour C encloses the origin (in a
counterclockwise direction) but not the pole at q =
r+/(r− − r0). The required inner product can then be
simplified to

〈�|eW t |1〉 =
∮
C

dq

2π i
q�−2 r+ − r−q2

r+ + (r0 − r−)q
etλ(q) , (21)

where λ(q) = r+(q−1 − 1) + r−(q − 1) is the eigenvalue
[68].

Performing the integral in Eq. (18) gives

N (�, t ) = Nsr∗
∮
C

dq

2π i
[p�(q) − p�(q)|t=0] , (22)

where

p�(q) = q�−2 r+ − r−q2

r+ + (r0 − r−)q

etλ(q)

λ(q)
. (23)

Each term in the integrand of Eq. (22) has poles where
λ(q) = 0, i.e., at q = 1 and q = r+/r−. If we choose C so
that it does not enclose either, e.g., a counterclockwise circle
of radius < min(1, r+/r−), then the second term is analytic
within the contour (for � � 1), and so Cauchy’s theorem
gives ∮

C

dq

2π i
p�(q)|t=0 = 0 . (24)

The remaining integral can be evaluated for t 
 τ ≡
(r+r−)−1/2 by deforming C to pass through the saddle point,
λ′(q0) = 0, at q0 = √

r+/r−. This involves crossing the pole
at q = r+/r− when θ < 0 (and hence r+ < r−), and the pole at
q = 1 when θ > 0, adding a contribution given by the residue
in either case. One therefore has

N (�, t )

Nsr∗
=

∮
C′

dq

2π i
p�(q)

− �(θ )Res(p�, 1) − �(−θ )Res
(
p�, q2

0

)
, (25)

where C′ is the deformed contour passing through q0, � is the
unit step function, and Res denotes the residue.

We expand near the saddle point by writing q = q0 +
iξ

√
τ/t , in terms of which tλ(q) ≈ −x2 − ξ 2 to leading order

in θ , where

x = ln 2√
3

θt1/2 . (26)

The integral is therefore dominated by ξ = O(1) and can be
extended to −∞ < ξ < ∞. For small θ , the poles q = 1 and
q = r+/r− are at ξ = +ix and ξ = −ix, respectively, to the

2 4 6 8
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0.5

FIG. 6. Scaling function X(s, u), defined by Eq. (31), plotted as
a function of s with each curve labeled by its value of u. Within the
single-string model, the number of strings of length � at time t after
the quench is given by N (�, t ) ≈ Nsz2X(�t−1/2, θt1/2), for large � and
t and small reduced temperature θ = (T − TK)/TK.

same order. We therefore find the asymptotic expression

N (�, t )

Ns
≈ 1

2
z2

[∫ ∞

−∞

dξ

2π
p̃�(ξ ) − iRes( p̃�, i|x|)

]
, (27)

where

p̃�(ξ ) = 2iξe−ξ 2−x2
e2y(x+iξ )

x2 + ξ 2
(28)

is given by expanding p�(q) around q = q0, for large t and �

and small |θ |, with x and

y =
√

3

4
�t−1/2 (29)

both O(1).
The integral over ξ can be evaluated in terms of the com-

plementary error function erfcx = 1 − erfx, where

erfx = 2√
π

∫ x

0
dξ e−ξ 2

. (30)

The result is N (�, t )/Ns ≈ z2X(�t−1/2, θt1/2), where

X

(
4y√

3
,

√
3x

ln 2

)
= 1

4
[erfc(y − x) + e4xyerfc(y + x)] (31)

is plotted in Fig. 6. This gives a dynamic scaling form for the
distribution of string lengths, depending on �, t , and θ only
through the combinations �t−1/2 and θt1/2 for long times close
to the critical point.

To calculate the moments Mn(t ) of the string length
distribution, one can calculate the sum in Eq. (14) us-
ing the exact expression in Eq. (22) and then use the
same saddle-point approximation for the resulting contour
integral [70], or simply replace the sum over � by an inte-
gral over y and use the asymptotic expression for N (�, t ).
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FIG. 7. Scaling functions 	 and 
, defined in Eqs. (32) and
(33), describing the monopole density and deviation from saturation
magnetization, respectively, at long times for temperatures close to
the Kasteleyn transition [see Eq. (34)].

Either gives M0(t ) ≈ 1
2

√
t	(θt1/2) and M1(t ) ≈ t
(θt1/2),

where

	

(√
3x

ln 2

)
= 4√

3

[
x + e−x2

√
π

+
(

x + 1

2x

)
erfx

]
, (32)




(√
3x

ln 2

)
= 4

3

[
1 + x2 + e−x2

√
π

(
x + 1

2x

)

+
(

1 − 1

4x2
+ x2

)
erfx

]
(33)

are defined such that

ρ1 ≈ z2t1/2	
(
θt1/2

)
,

σ ≈ z2t

(
θt1/2

)
. (34)

These expressions are dynamic scaling forms for the
monopole density and magnetization, depending on θ only
through the combination θt1/2 for long times close to the
critical point. The scaling functions 	 and 
 are plotted in
Fig. 7.

2. Continuum string distribution

We now show that identical scaling results can be found
starting from Eq. (12) by using a continuum-� description.
This is justified at long times near the critical point because
the integral giving N (�, t ), Eq. (25), is then dominated by
a small region near q = 1, where the coefficients of |�〉 in
the eigenvector |ψ (q)〉, Eq. (19), are slowly varying functions
of �.

We therefore write N (�, t ) ≈ Nsϕ(�, t ) for � � 1 where ϕ

is, by assumption, a smooth function of � and t . Expanding
Eq. (12) and keeping derivatives up to second order in �

gives

∂

∂t
ϕ(�, t ) =

[
−(r+ − r−)

∂

∂�
+ 1

2
(r+ + r−)

∂2

∂�2

]
ϕ(�, t ) ,

(35)
where the differential operator on the right-hand side is the
continuum version of the rate matrix W��′ . The source term in

FIG. 8. Illustration of excluded-volume effect for strings. (a) A
string of flipped spins in an otherwise fully polarized region is termi-
nated by a monopole on the central tetrahedron. As in Fig. 4, there
are two spins (labeled +) on this tetrahedron that could be flipped to
extend the string and one (labeled −) to shrink it. (b) When a second
string passes through the same tetrahedron (i.e., another two spins
are flipped down on the tetrahedron), only one up spin remains that
can be flipped to extend the string.

Eq. (12) corresponds to the inhomogeneous boundary condi-
tion ϕ(0, t ) = r∗/(r0 + r+ − r−). This equation describes an
advection–diffusion process with a source at � = 0 and a drift
velocity r+ − r− that changes sign at T = TK.

Near the critical point, expanding to leading order in θ and
z gives

∂

∂t
ϕ(�, t ) = −4 ln 2

3
θ

∂

∂�
ϕ(�, t ) + 4

3

∂2

∂�2
ϕ(�, t ), (36)

with boundary condition ϕ(0, t ) = 1
2 z2. The general solution

can be written as

ϕ(�, t ) = z2X
(
�t−1/2, θt1/2

) + ϕc(�, t ) , (37)

with X as in Eq. (31) and the complementary function ϕc

given by any solution of Eq. (36) with homogeneous boundary
condition ϕc(0, t ) = 0. All dependence on initial conditions
is included in the latter, which gives a transient correction
that decays to zero at long times for any initial distribution
with finite width. The solution at long times is therefore
simply ϕ(�, t ) = z2X(�t−1/2, θt1/2). Integrating over � then
reproduces the scaling forms of Eq. (34) for ρ1 and σ with
the same functions 	 and 
.

B. Generalized scaling

The single-string model treats strings as sparse enough that
interactions between them can be neglected. Since new strings
are created with rate ∝ r∗ ∼ z2, this assumption is justified in
the limit of vanishing z, but will clearly fail for larger z, at
least beyond the shortest times. Including z within dynamic
scaling therefore requires going between the single-string
picture.

To do so, we will include the effect of nonzero string
density (i.e., σ > 0) at the mean-field level. Consider the
situation, shown in Fig. 8, where one of the two monopoles
at either end of a string occupies a tetrahedron through which
another string passes. (In other words, another two spins are
flipped downwards on the tetrahedron.) In this case, only one
up spin remains that can be flipped to extend the string, and
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so the rate for this process is decreased from r+. In addi-
tion, there are two down spins, rather than one, that can be
flipped back up, and so the rate of shrinking the string is
greater than r−. This excluded-volume effect is equivalent
to the hard-core repulsion between strings that reduces their
entropy at finite density and allows for a liquid of strings in
equilibrium [22].

To include this effect within a mean-field approxima-
tion, we reduce the drift coefficient r+ − r− in Eq. (35)
by an amount proportional to the areal string density σ .
Equivalently, we modify Eq. (36) to

∂ϕ

∂t
= −4 ln 2

3

[
θ − b

∫ ∞

0
d� �ϕ(�, t )

]
∂ϕ

∂�
+ 4

3

∂2ϕ

∂�2
, (38)

where b is a positive constant, independent of θ and z.
By rescaling the variables t , �, and z, we can

write the solution of this nonlinear integrodifferential
equation as

ϕ(�, t ) = z2X
(
�t−1/2, θt1/2, z|θ |−3/2

)
, (39)

where X(s, u, v) is a function that depends on the phenomeno-
logical parameter b and that we expect to agree with X(s, u)
in the limit v → 0. On physical grounds, we assume the exis-
tence of a unique solution for an initial condition peaked near
� = 0. Integrating over � then gives the generalized scaling
forms

ρ1 ≈ z2t1/2	
(
θt1/2, z|θ |−3/2

)
,

σ ≈ z2t

(
θt1/2, z|θ |−3/2

)
, (40)

which, along with Eq. (39), generalize the single-string scal-
ing behavior to include the full dependence on z. For z → 0,
these relations reduce to Eq. (34), meaning that 	(u, v) →
	(u) and 
(u, v) → 
(u) for v → 0.

In the long-time limit t → ∞, they should instead reduce
to the equilibrium scaling forms in Eq. (7). Our generalized
scaling forms are indeed compatible with these equilibrium
results, despite being derived using mean-field theories that
are formulated quite differently. By matching the functions,
we infer the limits 	(u, v) → |u|−1v−2	

eq
± (v) and 
(u, v) →

u−2v−2

eq
± (v) for u → ±∞.

Note that 
(u) → (u ln 2)−2 as u → −∞ and 

eq
− (v) →

(v/ ln 2)2 as v → 0. The two limits t → ∞ and z → 0 there-
fore commute when θ < 0, both giving asymptotic behavior
σ ≈ (ln 2)−2z2θ−2. We similarly find the consistent result
ρ1 ≈ (2/ ln 2)z2|θ |−1 for θ < 0, taking the two limits in either
order. By contrast, the dynamic scaling forms, Eq. (34), do
not have finite long-time limits for θ > 0, and so t → ∞
and z → 0 do not commute in this case. We interpret this
as due to the fact that the long-time limit for fixed z and
θ > 0 is dominated by interactions, which set the equilibrium
string density [22], whereas taking z → 0 first and using the
single-string model neglects interactions between strings.

Returning briefly to finite-size scaling, the reciprocal of
the linear system size is also a relevant scaling variable [74].
For the Kasteleyn transition, system sizes parallel, Lz, and
perpendicular, L⊥, to the field in fact have different scaling
dimensions and need to be treated separately [22,62]. This
would further generalize the scaling forms in Eq. (40) to

involve scaling functions of four variables, but we do not
attempt to confirm this behavior quantitatively here.

IV. DYNAMICS: RESULTS

To assess the validity of our predicted dynamic scal-
ing laws near the Kasteleyn transition, we perform Monte
Carlo (MC) simulations on the microscopic model defined in
Sec. II A. As explained in Sec. III, we use dynamics where
independent spin flips are attempted at a fixed rate Nsτ

−1
flip and

accepted with probability PG given in Eq. (11). We use param-
eters for Dy2Ti2O7, for which a MC time step corresponds
to τflip 
 3 ms [75] and the activation energy is � = 2.8 K
[68,71].

For each magnetic field h, our simulations are performed
for a range of T near the transition temperature TK ∝ h, for
which the reduced temperature θ is small. This corresponds
to a range of values for z = e−�/T around e−�/TK . We present
data for fields h = 0.16 K, 0.21 K, and 0.3 K, which therefore
allow us to access the critical behavior at small z. To establish
the significance of finite system size, we use systems with
Ns = 1024, 8192, 27 648, and 128 000 spins and periodic
boundary conditions. Finite-size effects are generally quite
small, as seen at equilibrium in Sec. II B and noted previously
in the dynamics [68].

We first present results for the two thermodynamic quan-
tities, monopole density and magnetization. We then consider
the distribution of string lengths, which is likely to be less
accessible in experiment but provides a more direct test of the
validity of the picture of dynamics based on isolated strings.

A. Dynamic scaling: Monopoles and magnetization density

In this section, we compare MC simulations with our the-
oretical predictions for monopole density and magnetization
following a quench. These include both the predictions of the
single-string model, Eq. (34)—which applies only in the limit
z → 0 but for which the explicit scaling functions are given in
Eqs. (32) and (33)—and the generalized scaling expressions,
Eq. (40).

Results for magnetization and monopole density are given
in Figs. 9 and 10, respectively, for Ns = 128 000, h = 0.16 K,
and a range of temperatures T around TK = 0.462 K.

In each figure, panel (a) shows the observable, σ and ρ1,
respectively, versus time for each temperature, along with
the theoretical result from the single-string model. For these
temperatures, 0.0015 � z � 0.01, and quantitative agreement
is expected as long as corrections due to nonzero z are small.
Based on standard scaling arguments [76], this occurs when
the other relevant variables |θ | and t−1 are large enough to
dominate the effects of z, but still small enough that scaling
applies. The generalized scaling forms of Eq. (40) can be
expressed in terms of the combinations z|θ |−3/2 and zt3/4,
which implies that the small-z forms should apply for re-
duced temperatures above a value |θ | ∼ z2/3 and times up to
t ∼ z−4/3.

The results in Fig. 9(a) show close quantitative agreement
for σ , without any fitting parameters, over many decades of t .
This agreement extends from the earliest times shown, up to at
least t 
 103 for T < TK and up to around 102 for T = 0.55 K
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FIG. 9. Time evolution of σ , the deviation from saturation mag-
netization, for Ns = 128 000. (a) MC data (symbols) for h = 0.16 K
at a set of temperatures close to TK = 0.462 K, compared with the
scaling function (solid lines) in Eq. (33). The inset shows the mag-
netization density 1 − σ . (b) Same data and scaling function plotted
in terms of dynamic scaling variables. (c) Illustration of generalized
scaling behavior given in Eq. (40), which predicts that data for each
value of v = z|θ |−3/2 should collapse onto a single curve. The plot in-
cludes data for h = 0.16 K (blue cross), h = 0.21 K (black triangle),
h = 0.25 K (green filled circle) and h = 0.3 K (coral empty circle),
chosen to give four different values of v = 10.5, 5.8, 3.9, and 1.06.
In all panels, the MC data are averaged over 100 to 200 independent
runs and error bars are smaller than or similar to symbol sizes.
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FIG. 10. Time evolution of the monopole density ρ1 for Ns =
128 000, with panels corresponding to those in Fig. 9. (a) MC data
(symbols) for h = 0.16 K and the corresponding scaling function
(solid lines) from Eq. (32). (b) Same data and scaling function plotted
in terms of dynamic scaling variables. (c) Illustration of generalized
scaling behavior given in Eq. (40). The plot includes data for the
same values of h, and hence v, as in Fig. 9(c). In all panels, the MC
data are averaged over 100 to 200 independent runs and error bars
are smaller than or similar to symbol sizes.
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(θ = 0.19). For ρ1, in Fig. 10(a), agreement is observed over
a narrower time window, though still more than one decade
for temperatures close to and below TK, and also for a more
limited range of T .

At very short times, where scaling is not expected to apply,
both σ and ρ1 increase linearly with time [68]. This (coin-
cidentally) agrees with the scaling form in Eq. (34) for σ ,3

and so Fig. 9(a) shows agreement even at very small t . This
does not apply for ρ1, where the simulation results deviate
significantly from the scaling function for t � 101.

Figures 9(b) and 10(b) show the same data plotted with
u = θt1/2 on the horizontal axis and θ2σ/z2 and |θ |ρ1/z2,
respectively, on the vertical axes. If the small-z scaling forms
in Eq. (34) applied exactly, then all data would collapse onto
the black solid lines, which show u2
(u) and u	(u), where
the one-parameter functions 
 and 	 are defined in Eqs. (33)
and (32). In fact, while the data collapse quite well for small
|u|, they deviate substantially when |u| becomes larger. These
deviations from the small-z scaling forms occur sooner for T
closer to TK, and hence for smaller |θ |, consistent with the
general scaling arguments above.

Finally, Figs. 9(c) and 10(c) show data collapse based on
generalized scaling. In each case, the data are plotted in the
same way as in panel (b), but for data with different h, chosen
to give the same four values of v = z|θ |−3/2. As predicted by
the generalized scaling forms in Eq. (40), data with the same
v collapse onto the same curve.

Additional data for other system sizes and h values are
shown in the Appendix. For increasing h, deviations from
the single-string results become larger, as expected due to
the larger value of z = e−�/T at the transition. We see only
relatively small finite-size effects in the magnetization and
monopole density, indicating that corrections due to the rel-
evant scaling variables L−1

z and L−1
⊥ [62] are less important

than those due to z for these parameters.

B. Strings and clusters

In this section, we describe our simulation results for the
growth of strings near the Kasteleyn transition and the scaling
behavior of their distribution. First, in Fig. 11, we show some
general characteristics of the dynamics. As noted in Ref. [68],
once a significant fraction of the spins have been flipped
downward, i.e., for σ of order 1, strings can no longer be
uniquely identified, and one should instead consider clusters
(defined as contiguous sets) of flipped spins.

The total number N {C} of such clusters is shown in
Fig. 11(a) as a function of time for several values of T near TK.
Its growth displays similar qualitative features to the dynamics
in zero field [68], including nonmonotonic behavior in time,
which is visible in the plot for T � 0.5 K. The increase at
early time is due to the creation of strings, and agrees quite
well with the prediction

∑
� N (�, t ) of the single-string model,

while the subsequent decrease can be understood in terms of
a consolidation process of strings into clusters.

Figure 11(b) shows the volume V {C}
max of (i.e., number of

spins in) the largest cluster. This saturates, at a value of order

3As seen in Fig. 7, both 	(u) and 
(u) have finite limits as u → 0.
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FIG. 11. Cluster dynamics following a field quench near the
Kasteleyn transition. (a) Total number of clusters,N {C}(t ), as a func-
tion of time for various temperatures T . Symbols show MC results
while the solid lines represent the analytical result for the string-
length distribution, N (�, t ), from the single-string model, summed
over all string lengths �. (b) Number of spins in the largest cluster,
V {C}

max, as a fraction of the total number of spins Ns, versus t . At early
times, this can be interpreted as the length of the longest string.
(Inset) Mean cluster size V̄ (t ) (solid lines) compared to maximum
cluster size V {C}

max. At early time, V̄ ≈ V {C}
max indicates a single-string

dominant regime. Subsequently, formation of multiple strings of
varying lengths is captured by the behavior V̄ < V {C}

max. This transition
highlights a generic feature of the dynamics, and is irrespective of
T . The simulation has been performed for a system of Ns = 128 000
and h = 0.16 K (TK = 0.462 K) and averaged over 200 independent
runs.

Ns, at time t ≈ 2 × 103, withN {C} also reaching a steady state,
indicating the approach to equilibrium. The inset shows the
corresponding growth of the mean cluster size

V̄ (t ) =
∑

� �N (�, t )

N {C}(t )
, (41)

on both sides of the transition. It displays the same qual-
itative features as V {C}

max. Although initially both quantities
grow equally, at a later time, V̄ (t ) < V {C}

max(t ), confirming the
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FIG. 12. Time evolution of the string length distribution for T < TK for a system of Ns = 128 000 spins with h = 0.16 K. For this field,
TK = 0.462 K, and so, from left to right, the system is approaching criticality from below. (a) Time evolution of the average number of
strings for six different string lengths, � = 1, 3, 5, 7, 9, 11. Symbols of different colors represent MC data which are averaged over 500
different trajectories. Solid lines are the plot of the analytical expression, N (�, t ) = Nsϕ(�, t ), where ϕ = z2X(�t−1/2, θt1/2), and X is given
by Eq. (31). (b) String length distributions are shown for four different times selected from (a) indicated by the similar colored vertical
dashed lines. The middle column (c) and (d) and the right column (e) and (f) show the same quantities for T = 0.45 K and T = 0.46 K,
respectively.

tendency of the system toward the formation of a single large
cluster.

Next, we turn to the distribution of string lengths, N (�, t )
(which includes clusters of size � as well as strings in the
simulations). The time evolutions of a few individual lengths
from � = 1 to 11 are shown in the top panels [(a), (c), and
(e)] of Fig. 12 (where T < TK) and Fig. 13 (T > TK), along
with the analytical form from Eq. (31), which applies in the
small-z limit. We see reasonable agreement in all cases, with
deviations clearly apparent at very early and late times and
becoming more prominent for T well above TK, as with ther-
modynamic quantities studied in Sec. IV A. The quantitative
agreement indicates that clusters of the sizes shown are pre-
dominantly strings of length �, as expected for small z.

For the largest temperature, T = 0.525 K, shown in
Fig. 13(e), there is a clear qualitative change in the behavior
starting around t 
 102. We understand this change as due to
cluster formation, as discussed above. For this case, data for
� = 59 are also shown, confirming that a significant popula-
tion of large strings and clusters are produced in this regime.

The lower panels [(b), (d), and (f)] of Figs. 12 and
13 show the distribution N (�, t ) versus � at four different
times t , indicated in each case by the vertical dashed lines
in the top panels. While it should be noted that larger �

values include significant contributions from clusters rather
than simple strings, various qualitative features of the single-
string model are visible in these results. First, very short
strings dominate the distribution at the earliest times for all

temperatures. At later times for T < TK, the distribution re-
mains peaked at small � but with a width that increases with t ,
consistent with the scaling function plotted in Fig. 6. (Note
that the latter uses a linear scale for s = �t−1/2, whereas
Fig. 12 uses a logarithmic scale.) Finally, for T > TK, the
distribution is essentially flat for small � before decreasing at
a value of � that increases with t .

Additional data for the string-length distributions are
shown in the Appendix. As with magnetization and
monopole density, deviations from the single-string model
are more significant for large h. For smaller system sizes Ns,
there are significant finite-size effects when � is comparable
to the linear system size.

Finally, in Fig. 14 we compare the string-length distri-
butions from our MC simulations with the scaling relation
ϕ(�, t ) = z2X(�t−1/2, θt1/2) and the function X given in
Eq. (31). To test this scaling form, we show data for different
combinations of T and � such that |θ |� is approximately
equal in each panel, and find reasonable collapse onto the
analytic curve. Deviations from the predicted scaling behavior
are most evident for larger � and hence smaller θ , where the
effects are nonzero z are expected to be most noticeable, as
with the comparable plots in Figs. 9(b) and 10(b).

V. CONCLUSIONS AND OUTLOOK

In this work, we have used Monte Carlo simulations
and dynamic scaling theory to study the out-of-equilibrium
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FIG. 13. Time evolution of the string length distribution, as in Fig. 12 but for T > TK. In this case, the system approaches criticality from
above going from right to left. The left, middle and right columns show the same quantities as in Fig. 12, for T = 0.465 K, 0.475 K, and
T = 0.525 K, respectively. For all the cases each data point is averaged over 400 independent runs.

dynamics of classical spin ice following a sudden quench of
a [100] magnetic field to close to the Kasteleyn transition. As
established previously [68], the early-time dynamics is gov-
erned by the formation and growth of strings of flipped spins,
terminated at each end by magnetic monopoles. Here, we
used a stochastic model for a single string to derive dynamic
scaling relations for magnetization and monopole density and
incorporated the effects of string interactions using a mean-
field approach. We find good agreement between our MC
results for these quantities and for the string-length distribu-
tion with explicit functions valid in the limit of low-string
density as well as with generalized scaling forms that apply
more broadly.

As seen in Figs. 9(a) and 10(a), we find reasonable agree-
ment between our MC simulations, necessarily performed
at nonzero z, and the results of the single-string model for
z → 0. This result may be somewhat surprising, since strings
in reality interact by excluded-volume effects, whereas the
model treats them as independent. Comparing the magneti-
zation density 1 − σ (t ) and monopole density ρ1(t ), one sees
significantly better agreement for the former. To understand
this, note that using the large-t ′ behavior of eW t ′

in Eq. (18)
assumes that the (finite) contribution from small t ′ (i.e., re-
cently created strings) is negligible. This is true as long as
the rest of the integral grows without bound as t gets larger.
The mean string lifetime grows at least as ∼|θ |−1, and so this
assumption is valid for small θ even for n = 0, but for n = 1
the contribution of longer (and hence typically older) strings
has more weight in the sum.

The generalized scaling forms derived in Sec. III B give
significantly better agreement with the simulations, applying

for a broader range of z values. This generalized scaling
picture neglects the spatial structure of the strings and their
relative positions, and so is a mean-field theory. (It can be
considered analogous to the well-mixed approximation for
chemical reactions [77].) The theory nonetheless keeps track
of the full population N (�, t ) of strings of all lengths �. A
simpler model that describes the dynamics only in terms
of the number of strings and their mean length, or equiva-
lently in terms of ρ1 and σ , cannot give the correct scaling
behavior.

Using the dependence of the scaling forms, Eq. (40), on
u = θt1/2 we infer νz = 2, where ν = 1

2 is the correlation-
length exponent [62] and z the dynamic critical exponent [28],
and hence z = 4. This value is implied by the scaling forms in
the single-string limit, Eq. (34), and so does not rely on the
mean-field treatment used for generalized scaling.

Our quantitative results for the distribution of string lengths
also provide a clear understanding of the breakdown of the
scaling picture at T further from TK, particularly on the high-
temperature side. This is most clearly evident in Fig. 13(e),
where a decrease in the population of short strings beyond
t ∼ 102 indicates the merger of strings into larger clusters
of flipped spins. The dynamic scaling forms that we have
proposed here are governed by the Kasteleyn critical point at
z = 0 and θ = 0, and so require that z and θ are sufficiently
small that one is within its scaling regime. They therefore
cannot apply when the system is dominated by large clusters,
in which case the late-time behavior is instead similar to a
quench to zero field [68].

In experiment, the clearest signatures of our predictions
for dynamic scaling are likely to be in the relaxation of the
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FIG. 14. Dynamic scaling for string length distribution ϕ(�, t )
for Ns = 128 000 and h = 0.16 K. In each panel, combinations of T
and � are chosen so that |θ |� takes approximately the same value:
(a) θ� 
 ±0.11, (b) θ� 
 ±0.14, and (c) θ� 
 ±0.19. For each,
the solid line shows the scaling function ϕ(�, t ) = z2X(�t−1/2, θt1/2),
where X is given in Eq. (31). Each data point is averaged over 500
independent runs.

magnetization, which is directly measurable in experiment
[47]. Neutron scattering experiments have shown evidence for
string excitations in spin ice [53] and could in principle give
access to the string-length distributions, though the required
time resolution may be challenging. Further work is needed to
assess potential signatures for local probes such as muon spin
relaxation [78,79]. Quantitative comparison with experiment
is also likely to require treatment of magnetothermal heating
and resulting magnetization avalanches [59], which we have
not attempted to include here.

A similar analysis could be applied to spin ice with
the field along other directions [65], including to the
(two-dimensional) Kasteleyn transition with the field at
a small angle to the [111] direction [80]. It can poten-
tially also be extended to quenches in artificial spin ice
[81], and the same physics may be accessible with analog
simulators [82–84].

An additional consideration for comparison with experi-
ments on classical spin ice materials would be the effect of
dipolar interactions between spins. As noted in Sec. II A, these
lead to magnetic Coulomb interactions between monopoles
[40], which would modify the effective rates for string growth
and shrinkage for short strings [68]. Since the scaling behav-
ior is dominated by long strings and low monopole density,
we do not expect it to be qualitatively changed by these
effects.

On the theoretical side, our results should be compared
with those of Ref. [85], which showed that dynamics of clas-
sical dimers on a square lattice could also be understood in
terms of strings. In contrast to the situation here, the dy-
namics of dimers was treated as driven by plaquette flips,
which correspond to ring exchange in spin ice [86]. Relax-
ation is then governed by the movement of a fixed density of
strings that span the system, rather than by their formation and
growth.

ACKNOWLEDGMENTS

This work was supported by the Engineering and Physical
Sciences Research Council Grant No. EP/T021691/1. The
numerical simulations used resources provided by the Uni-
versity of Nottingham Augusta and Ada HPC services. S. Pal
acknowledges the computational support from the University
of Trento (UniTn) HPC cluster, where the last stage of the cal-
culations was performed, and the hospitality and support from
Lancaster University, where the manuscript was finalized for
submission.

DATA AVAILABILITY

Research data are available from the Nottingham Research
Data Management Repository [87].

APPENDIX: ADDITIONAL SIMULATION RESULTS

1. Dynamic scaling of mz

First, we examine the role of system size on the scaling of
the magnetization at fixed applied magnetic field h = 0.21 K,
in Figs. 15 (number of spins Ns = 8192), 16 (Ns = 27 648),
and 17 (Ns = 128 000). Finite-size effects are small for all
parameter values shown, with deviations somewhat more no-
ticeable close to the transition temperature TK = 0.606 K.
This can be understood by considering the inverse system
size as an additional scaling variable, whose effects are more
important when the other scaling variables (here, t−1, θ , and
z) are smaller [62].
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a. MC results Set I: Ns = 8192, h = 0.21 K,
and TK = 0.606 K
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FIG. 15. Dynamic scaling of magnetization for Ns = 8192 spins.
As in Fig. 9, panel (a) shows MC data at h = 0.21 K for a set of tem-
peratures close to TK = 0.606 K compared with the scaling function
in Eq. (33) and panel (b) shows the same data plotted in terms of the
dynamic scaling variables. Panel (c) shows data collapse using the
generalized scaling behavior given in Eq. (40), for v = 10.5, 5.8, 3.9,
and 1.06, with h = 0.16 K (blue triangle), h = 0.21 K (black cross),
h = 0.25 K (green open circle), and h = 0.3 K (orange dots). Data
are averaged over 50 independent runs.

b. MC results Set II: Ns = 27 648, h = 0.21 K,
and TK = 0.606 K
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FIG. 16. Dynamic scaling of magnetization for Ns = 27 648
spins. As in Fig. 9, panel (a) shows MC data at h = 0.21 K for a
set of temperatures close to TK = 0.606 K compared with the scaling
function in Eq. (33) and panel (b) shows the same data plotted
in terms of the dynamic scaling variables. Panel (c) shows data
collapse using the generalized scaling behavior given in Eq. (40),
with the same parameters as in Fig. 15. Data are averaged over 40
independent runs.
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c. MC results Set III: Ns = 128 000, h = 0.21 K,
and TK = 0.606 K

To clarify the influence of the magnetic field, we investi-
gate its variation within the largest system size (fixed Ns =
128 000). Comparing the results shown previously in Fig. 9
(h = 0.16 K) with Figs. 17 (h = 0.21 K) and 18 (h = 0.3 K),
we note that the scaling relation holds best at the lowest
magnetic field, where the value of z = e−�/T is smallest at
the critical temperature TK. For higher fields, and particularly
for h = 0.3 K, where TK = 0.866 K, the agreement between
simulation results and the single-string scaling functions is
noticeably poorer.
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FIG. 17. Dynamic scaling of magnetization at h = 0.21 K for
Ns = 128 000 spins. As in Fig. 9, panel (a) shows MC data for a
set of temperatures close to TK = 0.606 K compared with the scaling
function in Eq. (33) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Data are averaged over 20
independent runs.

d. MC results Set IV: Ns = 128 000, h = 0.3 K,
and TK = 0.866 K

Corresponding results for scaling of the monopole density
are shown for the same set of system sizes in Figs. 19–21 and
for the same fields in Figs. 10, 21, and 22. As noted in the main
text, agreement with the scaling forms is generally somewhat
poorer for the monopole density than for the magnetization,
and this is equally true at smaller system size and with larger
applied field.
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FIG. 18. Dynamic scaling of magnetization at h = 0.3 K for
Ns = 128 000 spins. As in Fig. 9, panel (a) shows MC data for a
set of temperatures close to TK = 0.866 K compared with the scaling
function in Eq. (33) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Data are averaged over 10
independent runs.
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2. Dynamic scaling of monopole density

a. MC results Set I: Ns = 8192, h = 0.21 K, and TK = 0.606 K

10
-1

10
0

10
1

10
2

10
3

10
-4

10
-3

10
-2

10
-2

10
0

v = 10.5

v = 5.8

v = 3.9

-2 -1 0 1 2

10
-2

10
0

v = 1.06

FIG. 19. Dynamic scaling of monopole density for Ns = 8192
spins. As in Fig. 10, panel (a) shows MC data at h = 0.21 K for a
set of temperatures close to TK = 0.606 K compared with the scaling
function in Eq. (32) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Panel (c) shows data collapse
using the generalized scaling behavior given in Eq. (40), for v =
10.5, 5.8, 3.9 and 1.06, with h = 0.21 K (black cross), h = 0.25 K
(green open circle) and h = 0.3 K (orange dots). Data are averaged
over 50 independent runs.

b. MC results Set II: Ns = 27 648, h = 0.21 K,
and TK = 0.606 K
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FIG. 20. Dynamic scaling of monopole density for Ns = 27 648
spins. As in Fig. 10, panel (a) shows MC data at h = 0.21 K for a
set of temperatures close to TK = 0.606 K compared with the scaling
function in Eq. (32) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Panel (c) shows data collapse
using the generalized scaling behavior given in Eq. (40), with the
same parameters as in Fig. 15. Data are averaged over 40 independent
runs.
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c. MC results Set III: Ns = 128 000, h = 0.21 K,
and TK = 0.606 K
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FIG. 21. Dynamic scaling of monopole density at h = 0.21 K for
Ns = 128 000 spins. As in Fig. 10, panel (a) shows MC data for a set
of temperatures close to TK = 0.606 K compared with the scaling
function in Eq. (33) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Data are averaged over 20
independent runs.

d. MC results Set IV: Ns = 128 000, h = 0.3 K, and TK = 0.866 K
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FIG. 22. Dynamic scaling of monopole density at h = 0.3 K for
Ns = 128 000 spins. As in Fig. 10, panel (a) shows MC data for a
set of temperatures close to TK = 0.866 K compared with the scaling
function in Eq. (33) and panel (b) shows the same data plotted in
terms of the dynamic scaling variables. Data are averaged over 10
independent runs.

3. String-length distributions

In this section, we show string length distributions from simulations with various values of the system size Ns and applied
field h.

In Figs. 23, 24, and 25, we show the distributions at fixed h = 0.21 K for Ns = 8192, 27 468, and 128 000, respectively. These
values of Ns correspond to cubic systems of linear size Lz = 32, 48, and 80, in the same units as the string length. Finite-size
effects are again relatively modest at t � 102, with the simulation results following the single-string predictions quite closely,
even for the smallest size. However, there is significant size dependence once strings comparable to or greater than the linear
dimension begin to appear. (Strings with � > Lz are possible because of the periodic boundary conditions.) As discussed in
Sec. IV B, cluster formation at very late times causes a decrease in the number of short strings. This is clearly visible in Fig. 25
at the latest time, t = 8703, but is much less pronounced at the same t for smaller system sizes. To understand this, note that the
typical transverse size of a system-spanning string is ∼√

Lz and so the probability of two strings meeting and forming a cluster
is lower for small system size.

The effect of the changing the field h on the string distribution can be seen by comparing Figs. 12 and 13 for h = 0.16 K with
Figs. 25 (h = 0.21 K) and 26 (h = 0.3 K), all of which have Ns = 128 000. As with the magnetization and monopole density, the
quality of the match to the single-string model decreases with increasing h. The onset of cluster formation, signaled by a rapid
decrease in the number of short strings, is particularly prominent for h = 0.3 K.
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a. MC results Set I: Ns = 8192, h = 0.21 K, and TK = 0.606 K

(T < TK) (T > TK) (T > TK)

FIG. 23. String length distribution 〈N (�, t )〉 at h = 0.21 K (TK = 0.606 K) for Ns = 8192 spins, plotted versus time t (top row) and length
� (bottom row). Each data point is averaged over 500 independent runs. Symbols and lines have the same meaning as in Fig. 12.

b. MC results Set II: Ns = 27 648, h = 0.21 K, and TK = 0.606 K

(T < TK) (T < TK) (T > TK)

FIG. 24. String length distribution 〈N (�, t )〉 at h = 0.21 K (TK = 0.606 K) for Ns = 27 648 spins, plotted versus time t (top row) and
length � (bottom row), as in Fig. 12. Results are averaged over 300 independent runs.
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c. MC results Set III: Ns = 128 000, h = 0.21 K, and TK = 0.606 K

FIG. 25. String length distribution 〈N (�, t )〉 at h = 0.21 K (TK = 0.606 K) for Ns = 128 000 spins, plotted versus time t (top row) and
length � (bottom row), as in Fig. 12. Results are averaged over 30 independent runs.

d. MC results Set IV: Ns = 128 000, h = 0.3 K, and TK = 0.866 K

FIG. 26. String length distribution 〈N (�, t )〉 at h = 0.3 K (TK = 0.866 K) for Ns = 128 000 spins, plotted versus time t (top row) and
length � (bottom row), as in Fig. 12. Each data point is averaged over 50 independent runs.
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