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Emergence of imaginary time crystals in the non-Hermitian Su-Schrieffer-Heeger model
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Parity-time symmetry constrains the spectrum of non-Hermitian systems to be either real or come in complex
conjugate pairs. The transition between a symmetry-preserving phase with real energies and a symmetry-broken
phase with complex energies is marked by exceptional points, one of the hallmarks of non-Hermitian systems.
Because of these properties, these systems are widely studied, both theoretically and experimentally. In this work,
we investigate the thermodynamic properties of the gain and loss Su-Schrieffer-Heeger model for both bosons
and fermions, and establish the existence of an imaginary time crystal phase, an imaginary time analog of a
time crystal. This phase occurs when there is a resonance condition between the Matsubara frequencies and the
spectrum of the system, making the Green’s function of the system oscillate in imaginary time with the Matsubara
frequency. We show that this phase appears in the symmetry-broken region. In particular, the topological edge
states of this system exhibit oscillations that are present for fermions. Finally, we discuss the applicability of our
results for experiments. We examine signatures of these phases in terms of correlation functions in real time and
oscillations in thermodynamic potential in inverse temperature 8, and explore possible experimental platforms

to realize this system.

DOI: 10.1103/ttny-t2gs

I. INTRODUCTION

The description of quantum systems in equilibrium
by the evolution in imaginary time is an established
and powerful formulation of thermodynamics. Remarkably,
in this formulation, bosonic/fermionic field operators are
symmetric/antisymmetric with a period determined by the in-
verse temperature 8. Consequently, their propagators present
an infinite number of poles in the imaginary frequency domain
given by the Matsubara frequencies. While these poles are
essential to obtain all the thermodynamic properties, Green’s
functions usually are not dominated by one of them. In fact,
since poles of the Green functions are associated with the
real part of the (single-particle) energies and the imaginary
part is related to the inverse of a lifetime, the real part of the
energy is usually much larger than the imaginary part. This
implies that the poles in Matsubara frequency are just on the
imaginary axis, and there is no resonance between Matsubara
frequencies and energy levels. The absence of one prevalent
Matsubara frequency means that correlation functions are
typically monotonic in imaginary time. This is not the case,
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though, for non-Hermitian Hamiltonians, which normally ex-
hibit a sizable imaginary part in their spectra.

Non-Hermitian systems have their time evolution de-
scribed by an effective non-Hermitian operator. They appear
naturally in electronic transport [1,2], in the propagation of
light on lossy systems in photonics [3-9], and as an effective
description of quantum open systems [10,11]. In the last few
years, there has been a great interest in non-Hermitian sys-
tems in condensed-matter physics because the classification
of topological states for non-Hermitian Hamiltonians is much
richer [12] than for Hermitian models. This occurs because
they extend the possible Altland-Zirnbauer classes [13—15]
and present topological features associated with their eigen-
values [16-19].

Although non-Hermitian systems are a fruitful research
field, a relatively unexplored area is the thermodynamics of
non-Hermitian systems. While the concept of doing thermo-
dynamics of an intrinsically open system seems contradictory,
for systems with spectra coming in complex conjugated
pairs, the thermodynamic potentials are real [20]. Moreover,
non-Hermitian systems exhibit remarkable critical properties
[21-26] and can even be used as quantum batteries [27].
Since PT-symmetric systems present complex energies in
the P -broken phase, one expects that the correlation func-
tions of these systems carry signatures of the poles in the
Matsubara frequencies. In fact, for a generic noninteracting
non-Hermitian system, the Green’s function shows oscilla-
tions in imaginary time for completely imaginary energy
modes [28]. Moreover, since the partition function of a nonin-
teracting system is determined solely by its Green’s functions,
the thermodynamic potentials also show oscillations in 8 [28].
The oscillations in both imaginary time and 8 characterize the

Published by the American Physical Society
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FIG. 1. (a) nH-SSH lattice with alternating gain and loss. Green (red) circles represent sites on sublattices A (B). (b) Spectrum of the SSH
model with alternating gain and loss in the PBC regime, with t,/t;, = 2, for different values of y /t,. Solid line designates the real part of the

energy, and the dashed line the imaginary part.

imaginary time crystal (iTC) phase, which was first conjec-
tured by Wilczek in his seminal work on time crystals [29] and
further characterized in Refs. [28,30]. The iTC phase is also
connected to the theory of Yang-Lee of phase transitions and
a special kind of critical phase called disorder points [31-34].
In Ref. [28], the existence of this phase in non-Hermitian
quantum gases was shown for the Hatano-Nelson model [35].
However, the characterization of this phase in more general
topological systems is still an open problem.

In this work, we explore the existence of iTC in one of the
paradigmatic parity-time(P7)-symmetric models, the gain
and loss Su-Schrieffer-Heeger (SSH) model [3-7,9,36,37],
which is a dimerized chain with an alternating pattern of
loss and gain, see Fig. 1(a). Due to its simplicity, the gain
and loss SSH has been realized in a variety of experimental
platforms [3,4,9]. Moreover, this model presents a topological
phase similar to the regular SSH model, but with complex
energies when P7T symmetry is spontaneously broken.
In particular, the edge states have completely imaginary
dispersion and have opposite signs. Therefore just one
of the modes survives for a long time. By analyzing the
spectrum and Green’s function of this model, we determine
the existence of the iTC phase in this system. Moreover,
we expand on the experimental signature of this phase and
possible experimental platforms.

The outline of this paper is as follows. In Sec. II, we briefly
review why non-Hermitian systems present poles in their
Green’s functions, leading to oscillations in imaginary time.
Afterwards, in Sec. III, we investigate the spectrum and pole
structure of the gain and loss SSH model, showing how both
properties determine the behavior in real space and imaginary
time of the Green’s function. We find that for a high value of
loss compared to the hopping parameter, one obtains poles
in finite Matsubara modes for both bosonic and fermionic
systems, which lead to oscillations in both real space and
imaginary time. In particular, since the topological edge states
are purely imaginary, they exhibit oscillations in imaginary
time for fermionic systems. The experimental signatures of

this phase, both in terms of correlation functions in time and
thermodynamic potentials, and an experimental realization are
discussed in Sec. IV. Finally, we present the conclusions of the
work in Sec. V.

II. IMAGINARY TIME CRYSTALS
IN NON-HERMITIAN SYSTEMS

Here, we revise the thermodynamic description of non-
Hermitian quantum gases and show that they can present
oscillations in imaginary time [28]. To investigate the thermo-
dynamic behavior of this model in imaginary time, we write
the partition function of a generic quantum gas [38]

Z= /D\pTDw—S[“"»“, (1)
with S[¥T, W] the action, described by

hB
S[w', v = / At (t)(hd, — pu + H)¥(1)
0

hp
= / dt¥v ()G ()W (7). 2)
0

The fields W(7) parametrize the coherent states of the sys-
tem, u is the chemical potential, and H is the Hamiltonian
governing the system.! The imaginary time 7 is obtained by
performing an analytical continuation from real to imaginary
time, by substituting + = —it. For noninteracting quantum
gases, the action is quadratic, and therefore, the path integral
can be performed exactly, yielding

Zpr = det(hd, — p + H)T' = det(G)*'. (3)

'"We distinguish between the Hamiltonian in second quantization
‘H, which is an operator in the Fock space (that can be written as 7:[),
and the Hamiltonian operator H that acts in the position/inner degree
of freedom space.
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We denote the partition function for bosons and fermions with
subscripts B and F, respectively. All relevant thermodynamic
properties of the model may be extracted from Zp/r. By per-
forming a Fourier transformation in imaginary time, we obtain
~ 1
Gy=———, “
—ihw, — nw+H
where w, are the discrete Matsubara frequencies, which arise
due to the periodicity of imaginary time in 78. They are
defined as

for bosons,
for fermions,

T T {Zn 5)

thZEnM:EX 1
where n € Z and ny are called Matsubara modes. In the
remainder of this work, we will focus on systems described
by non-Hermitian Hamiltonians, i.e., H # H T Consequently,
we will make use of the biorthogonal formalism. In this case,
the resolution of identity is given by

Y gRek =1, ©)

where @R corresponds to right (left) eigenvectors. By
inserting the biorthogonal resolution of identity into Eq. (4),
we obtain

~ 1
G, = RpLt = 7
Zn:¢m¢m —ihw, — L + €y @
The poles of this Green’s function are given by
€n = ihw, + 1. (8)

For Hermitian systems, €, € R such that Eq. (8) has
no solutions, except when ifiw, = 0. Nevertheless, for
a non-Hermitian Hamiltonian the spectrum is generally
complex, €,, € C, such that Eq. (8) has solutions for nontrivial
Matsubara frequencies. Furthermore, close to the pole, the
Green function can be approximated by

—iw,T

GOy~ B Rkl — ©)

" Re(€n — @)
Therefore one can conclude that the system’s Green’s function
oscillates in imaginary time with frequencies equal to the
Matsubara frequencies.

III. THE NON-HERMITIAN SSH MODEL
WITH ONSITE GAIN/LOSS

We consider a P7T-symmetric version of the non-
Hermitian SSH (nH-SSH) model [3-7,9,37], where we
introduce non-Hermiticity through an alternating gain and
loss term =iy on the different sublattices. The Hamiltonian
of this system is given by

N
H=— Z[(tlajbi + tzbjaiﬂ + H.c.) + i)/ajai — iybjbi],
i=1

(10)

where N is the number of unit cells, #; and #, denote the
intra- and inter-cell hopping, respectively, and y denotes the
strength of on-site gain/loss. Furthermore, we assume ¢, f,
and y to be real and positive. The operators a; and b; (aj'

and bj) annihilate (create) a particle at site i on sublattice
A and B, respectively. A schematic representation of the
lattice corresponding to Eq. (10) is depicted in Fig. 1(a). The
dispersion relation for this Hamiltonian for periodic boundary
conditions (PBC) is

(k) = i\/_)ﬂ + 12 + 15 + 2111, cos(ka), (11

where a denotes the lattice spacing. When t; # 1, the
Hermitian SSH model (i.e., y =0) exhibits a gapped
spectrum. Upon introducing gain and loss (y # 0), the system
becomes non-Hermitian and this gap turns into a line gap.
Since there is only a line gap and no point gap, the system does
not display the non-Hermitian skin effect. As a consequence,
the model under PBC presents the same properties as under
open boundary conditions (OBC), except for the topological
edge modes. In the regime where 0 < y /) < tp/t; — 1, the
PBC spectrum is fully real and the system has a real line
gap. At y/t; =/t — 1, the line gap is closed and when
y /t; is increased beyond this point, the spectrum becomes
imaginary, and eventually an imaginary line gap opens up
when y /t; > t,/t; + 1. This is illustrated in Fig. 1(b).

A. Green’s function for the nH-SSH model: PBC

We now investigate the behavior of the Green’s function
of the nH-SSH model for PBC. Identifying the label m of
the energy levels in Eq. (8) with & and k, we can insert the
dispersion relation given by Eq. (11) into Eq. (8) and use
Eq. (5) to obtain the resonance condition for the nH-SSH
model

ny = iélm[\/—)ﬂ + 1} 4 13 4 2111 cos(ka)],
d (12)

W= :i:Re[\/—)/2 + 13 4 13 4 2111, cos(ka)].

When we consider a bosonic (fermionic) gas, the chemical
potential is effectively equal to p© = ming{N[e_(k)]} (0 =0
for fermions).? This distinction between bosons and fermions
is made because the Bose-Einstein distribution is not defined
for N(e — n) < 0 [39], while the Fermi-Dirac distribution is.
Since the spectrum of the nH-SSH model is only composed of
either real or imaginary energies, see Fig. 1(b), for bosons the
resonance condition can only be satisfied if the total spectrum
is completely imaginary. This may be understood by consider-
ing the case where there are some states with negative energy:
only the lowest real energy state will satisfy the condition for
the chemical potential u in Eq. (12). Since this state has no
imaginary energy, it will resonate with ny; = 0, and it will not
show oscillations. For fermions this problem does not occur,
as we take u = 0.

Since the unit cell of the nH-SSH model is composed
of two sites, the Green function admits a matrix structure:
G (r, 1) with i, j € {1,2}. The G%(r, t) for bosons and
fermions are shown in Figs. 2(a) and 2(c), respectively, as a

2To avoid divergences in the numerical calculations, we will shift
the chemical potential by an additional factor of —10~> for both
bosons and fermions.
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FIG. 2. Green’s function for the parameters y /t; = 3, t,/t; = 2, and 8 = 2z for bosons [(a) and (b)] and fermions [(c) and (d)]. (a) and
(c) depict the Green'’s function in real space and imaginary time; (b) and (d) depict it as a function of momentum and Matsubara modes.

function of real space r and imaginary time 7 for y /f; = 3,
t/ty = 2, and B = 2x. For all entries of the imaginary time
Green’s function, a periodic pattern can be observed in the
T /hB-direction; this signals that for these parameters, there is
an iTC. The different frequencies that compose this periodic
pattern can be understood by considering the resonance con-
dition given by Eq. (12). The imaginary eigenvalues are the
largest at the edges of the Brillouin zone, and therefore they
resonate with the largest Matsubara modes. For the chosen
parameter values, we obtain —25 < ny < 24/5, i.e., only
Matsubara modes ny; = +4, 2, 0 can be resonant for bosons
(ny = £3, £1 for fermions). This is confirmed by Figs. 2(b)
and 2(d), which show the Green’s function in momentum
space and as a function of Matsubara modes, i.e., upon
performing a Fourier transformation in both the spatial and
(imaginary) temporal directions. For the bosonic (fermionic)
Green’s function, the Matsubara modes can only take on
even (odd) integer values (hence the black vertical lines in
Figs. 2(b) and 2(d) at odd (even) modes. The Green’s func-
tion shows clear divergences only for the resonant Matsubara
modes. These modes give rise to the periodic behavior of the
Green’s function in imaginary time. Furthermore, since the
lossy sites are located on the first sublattice (sublattice 1), the
GV (k) Green’s function will resonate with a negative Mat-
subara mode. Meanwhile, the gain is located on the second
sublattice (sublattice 2), and therefore G'>? (k) will resonate
more strongly with positive Matsubara modes. The other two,
G"D(k) and GV (k) propagate over both sublattices and
thus have a symmetric pole structure. Upon increasing S,

more Matsubara modes will start to contribute, and higher fre-
quencies will show up in the imaginary time Green’s function.

The value of y is of utmost importance to the oscillatory
behavior of G/ in imaginary time. This is exemplified in
Fig. 3. Here, Figs. 3(a) and 3(c) depict the real space and
imaginary time Green’s function for bosons and fermions,
respectively. Similary, Figs. 3(b) and 3(d) show the momen-
tum space and Matsubara mode, i.e., the Fourier transformed
Green’s function. For y/f; < 1, P7 symmetry is unbroken
throughout the whole Brillouin zone and, consequently, the
spectrum is fully real. In this case, the only Matsubara mode
that can resonate is ny; = 0, which does not lead to oscil-
lations in t. For y/t; > 1, part of the spectrum becomes
imaginary, which allows for more Matsubara modes to satisfy
the resonance condition for fermions. For bosons, oscillations
are only possible for a fully imaginary spectrum, whereas for
fermions, they may arise when the spectrum still has a real
component. This is depicted in the second row of Fig. 3(d),
where oscillations occur for fermions, but not yet for bosons.
If ¥/t increases further, the spectrum becomes fully imagi-
nary, and divergences occur for higher n),. As a consequence,
imaginary time oscillations also arise for bosons. For large
y, the spectrum only contains large imaginary energies, such
that only large Matsubara modes resonate. This implies high-
frequency imaginary time oscillations, as depicted in the last
row of Fig. 3 in real space.

Therefore we establish that in the gain and loss SSH model,
for parameters where P7 symmetry is spontaneously bro-
ken, the correlation functions display oscillations in imaginary
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FIG. 3. (1,1) component of the Green’s function for #,/t; = 2, and y /t, increasing from 1 to 4 at a temperature of 8 = 4x for bosons
[(a) and (b)] and fermions [(c) and (d)]. For all figures, the frequency of the oscillation increases as the magnitude y of the gain and loss is
increased. However, there are no oscillations for the bosonic system, as long as it still has a partially real spectrum.

time t, which mark the iTC phase. The fact that the system
exhibits sizable imaginary parts leads to resonances in the
Green’s function in Matsubara frequency, creating oscillations
in imaginary time. As long as the system stays in the phase
with broken P7 symmetry, changing the values of y and
inverse temperature 8 do not qualitatively change the discus-
sion, just change the conditions for resonance, and consequent
observation of the iTC phase.

B. Green’s function for the nH-SSH model: OBC

We now briefly shift our attention to the model with OBC,
using a termination that preserves full unit cells. In this case,
the nH-SSH model hosts topological edge modes. While for
PBC the nH-SSH Hamiltonian has a P7 -symmetric phase,
when considering OBC, the presence of edge modes breaks
PT symmetry [9]. Since the topological edge states sit at
MNE = 0, we focus on the fermionic case, as this allows for
u = 0. Figures 4(a) and 4(b) show the Green’s functions for
OBC in the trivial phase (t,/t; = 1/2), while Figs. 4(c) and
4(d) depict the same Green’s functions for the topological
phase (&, /t; = 2).

In the trivial phase, the model does not host topological
edge modes; therefore no oscillations occur for this parameter
choice, see Figs. 4(a) and 4(b). In the topological phase, there
are edge modes with e, = 0, satisfying the real part of
Eq. (8). Therefore oscillations are present in Fig. 4(c) because
the imaginary part of the edge state resonates with the third
Matsubara mode, at the chosen temperature (8 = 37).

We observe that since the edge states of this model are
purely dissipative, in the sense that they have completely
imaginary energies, for all values of loss and gain there will
be a temperature at which one can observe oscillations in

(a) ReG(r,7) (b)
——
—-500 0 500
50

40

0.5 1.0
7/Bh oY,

-8 0 8

FIG. 4. Green’s function for OBC for fermions and the param-
eters B =3m, y/ty = 1,and 1, /t; = 1/2 [(a) and (b)] and 1, /t; = 2
[(c) and (d)]. (a) and (b) show the trivial phase of the nH-SSH model
and (c) and (d) show the topological phase.
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FIG. 5. (a) Bose-Einstein distribution in the complex plane. The function becomes periodic for imaginary energy. (b) Absolute value of
the Bose-Einstein distribution for the imaginary part of the spectrum for the model with parameters #,/t; = 2, u = 1075, and y /t; = 3.028.
The distribution diverges near Im{e/#;} ~ /2. (c) The resulting real-time behavior of the corresponding bosonic Green’s function at a fixed

position in space (r = 20).

imaginary time, and therefore an iTC, at the edge of the
system in the topological phase.

IV. EXPERIMENTAL SIGNATURES
OF AN IMAGINARY TIME CRYSTAL

Let us now comment on the signatures of a potential iTC
in an experimental setting.

A. Real-time behavior of Green’s functions

Up to this point, we have mostly considered the Green’s
functions in imaginary time. It would also be useful to con-
sider a description of the model in real time. Upon Wick
rotating, the Green’s function in real time and close to its poles
can be approximated by [40]

G(t) =) ¢noh Faemp(em — 1, B)exp(—ient).  (13)

Here, Fggep(€m — 14, B) = {exp[Blen — W) F 1}7" is the
Bose-Einstein/Fermi-Dirac distribution.> As opposed to the
imaginary time case, the Green’s function exponentially
decays/increases with the energies in real time. These de-
caying energies are multiplied by the distribution function.
For now, let us consider the Bose-Einstein distribution. The
shape of the Bose-Einstein distribution for complex energies
is given in Fig. 5(a). As expected, it decays as a function of
real energy. Contrarily, on the imaginary axis it oscillates.
Indeed, the imaginary energies at which the Bose-Einstein
distribution diverges correspond to Matsubara modes given by

Ben =2mi for N(e, — ) =0. (14)

Correspondingly, when the magnitude of the Bose-Einstein
distribution is plotted as a function of the imaginary part

3Here, we introduced ¢,,, which is defined to be an element of the
spectrum given by Eq.(11), i.e., €, € {e+(k)|k € [0, 2m)}.

of the spectrum {¢,}, see Fig. 5(b), the modes ¢, satisfy-
ing Eq. (14)* are clearly visible. For B = 4, these occur at
€ = *im /2. When considering the real time behavior of the
Green’s function, the short-time regime is dominated by these
modes. This can be observed in Fig. 5(c), which shows the
real-time Green’s function at a fixed position in real space on
a logarithmic scale. Initially, the Green’s function increases
at a slope corresponding to the largest resonating Matsubara
frequency: w/2 ~ 1.57. However, after a certain time, the
exponential in Eq. (13) starts to outweigh the Bose-Einstein
distribution. Thereafter, the Green’s function has a slope cor-
responding to the largest imaginary eigenvalue.

We remark that although we are showing Green’s func-
tions, in a noninteracting system, all observables are readily
obtained by knowing them. To understand why this is the
case, we define the response of a change of a thermodynamic
parameter x, given by the derivative of the free energy F with
respect to x. From the definition of F', we see that the response

oF 0 1
—=—(—-——=InZ
ox 8x< B >

i { —% In Tr[e PPL—1N) }

0x
B
Z
0H 9(uN
_ (O 3wN) (15)
0x ox

is a correlation function, since the Hamiltonian H and num-
ber operator N, are operators in second quantization. As we
are considering a system of noninteracting particles, one can
readily use Wick’s theorem to express this correlation function
in terms of G. Therefore the characteristic increase in real

“We note that since the number of k-points is finite in our simula-
tions, we do not see a singularity for all values of y. Therefore we
choose this value with y /f; & 3, where the peak is visible.
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FIG. 6. Free energy (top row), internal energy (middle row), and entropy (bottom row) for the model for three values of y /#; for bosons
(blue) and fermions (red). For the calculation of the thermodynamic quantities, we have taken the offset in 1 to be 1073,

time as a function of temperature should also be manifest in
observables.

B. Thermodynamic signatures

The most prominent signatures of an iTC phase can be
observed in thermodynamic quantities, such as the free energy
F and entropy S. By evaluating Eq. (3), we obtain

Zyp = [ JUuF Lm0 (16)

Due to the P7 symmetry of the Hamiltonian, the energies
€, come in complex-conjugated pairs. Consequently, Zg/r
is real® but shows oscillations in temperature, owing to the
imaginary argument of the exponential. These features are
inherited by the thermodynamic quantities that get derived
from the partition function. For example, the internal energy
U, free energy F, and entropy S, respectively:

. dln ZB/F
Ubr=—""5 = Xm:EmFBE/FD(Gm - . B),
1 1
Fp/F = 3 In Zp)r = iE Zln[]l T ¢ By,
S dF
BE — g2 B BTk + BUs r. (17
kg ap

The behavior of these quantities (normalized by the system
size) is plotted in Fig. 6 for bosons and fermions. Here, the
free energy, the internal energy, and the entropy are given as a
function of energy for three values of y /¢,. In the case where
there is no loss or gain (left column), these quantities behave

SThis fact can be directly observed from the definition of
the partition function Z =), exp—pBE;. If E; is allowed to be
complex, but comes in complex-conjugated pairs, one has Z =
Zi 2 exp —PBRe[E;] cos(BIm[E;]), which is fully real and oscillatory
in B.

as expected. For finite y /1), the thermodynamic quantities
start to exhibit oscillatory behavior in 8. For small y, the real
part of the spectrum damps the oscillations. However, when
the imaginary component of the spectrum becomes larger, the
oscillations become more apparent and start to dominate (right
column).

C. Possible experimental platforms

While in condensed-matter systems it is difficult to en-
gineer non-Hermitian terms to obtain an effective nH-SSH
model, one could, in principle, use metamaterials to obtain
this phase. In photonic waveguides, the evolution opera-
tor in the presence of losses is described by an effective
non-Hermitian Hamiltonian. Further, changing the distance
between the waveguides, different hopping terms can be en-
gineered, allowing for the realization of this model [4,9]. In a
similar way, different hoppings inside and between unit cells
can be achieved by modulation of lasers in ultracold atoms
[41,42], while loss can be engineered by using intense pulses
to remove electrons from the system [43]. In addition, in cold
atoms, the temperature of the system can be well adjusted, and
there is a possibility of realizing both bosonic and fermionic
versions of this model. A challenge is the introduction of
gain with the same level of loss, but in principle, one can
obtain a passive PT -symmetric version of this model, see, for
instance, Ref. [9]. However, measuring the thermodynamic
potentials with precision in temperature to see the oscillations
can be challenging. An alternative would be to measure the
response of a system to a quench, which depends on the
integrated Green’s function in imaginary time [44], and could
provide an indirect signature of this phase.

V. CONCLUSION

In this work, we establish the existence of an imaginary
time crystal phase in the gain and loss SSH model. We show
how the change in the dispersion relation for different values
of the gain/loss parameter y reflects the change of the pole
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structure of the Green’s function in momentum and Matsubara
modes. When the system is in the P7-broken phase, we
obtain oscillations in real space and imaginary time for both
fermionic and bosonic systems. Furthermore, we observe that
there is a clear oscillation in imaginary time of the edge states.
We show how the short-time behavior of the Green’s function
can be directly associated with these modes and that oscilla-
tions in the thermodynamic potentials with inverse of temper-
ature provide a way to experimentally characterize this phase.

For open quantum systems, there are usually quantum ef-
fects beyond a non-Hermitian description. For instance, the
Liouvillian operator is, in general, a non-Hermitian operator,
but also contains a part that cannot be encoded in a Hamil-
tonian evolution. Moreover, the thermodynamic description
of non-Hermitian systems is based on the spectrum coming
in complex conjugated pairs [20], which is usually not the
situation seen in experimental platforms, where loss is more
prevalent. Because of these points, a very interesting outlook
is understanding how this effect is manifest for more complete
approaches to open systems, like the Lindbladian or Keldysh
formalism.
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