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In equilibrium, confined films of superfluid *He-A have the chiral axis £ locked normal to the surface of

the film. There are two degenerate ground states, £ || £ 2. However, for a temperature quench, i.e., cool down
through the phase transition at a finite rate, causally disconnected regions of order parameter fluctuations develop
and evolve into an inhomogeneous ordered phase that hosts both domain walls between time-reversed chiral
phases as well as vortices with winding numbers p € Z. We present simulations based on a time-dependent

generalization of Ginzburg-Landau theory for strong-coupling *He that reveal both types of topological defects
to be present following the temperature quench. Results for the dynamics of vortices interacting with antivortices
as well as domain walls are presented. The vortex number density as a function of quench rate agrees well with
the scaling predicted by Kibble and Zurek. We also present results for the number distribution and compare with
other theoretical models for full-counting statistics of the topological defect density. Finally, we present results
for an asymmetry in the post-freeze-out populations of inequivalent vortex core structures that are characteristic

of a chiral superfluid.

DOI: 10.1103/tlv7-bvkh

I. INTRODUCTION

Superfluid *He is a paradigm for field theories describ-
ing spontaneous symmetry breaking and phase transitions
in systems ranging from topological superconductors [1,2]
and mass generation in particle physics [3-5], to cosmolog-
ical phase transitions based on physics beyond the standard
model [6,7]. The breadth of impact of the superfluid phases
of *He originates from symmetry breaking at a second-
order phase transition to superfluid phases that are BCS
condensates belonging to a high-dimensional representation
of the maximal symmetry group, G = SO(8)s x SO(3). x
U(1)y x P x T x C. The symmetry of the normal Fermi
liquid phase of *He includes continuous symmetries under
rotations [SO(3)s] of the spin degrees of freedom of the
Cooper-pair condensate, rotations [SO(3).] of the orbital de-
grees of freedom, and global gauge transformations [U(1)x]
corresponding to a uniform change in phase of the pair con-
densate. In addition, normal *He has discrete symmetries
under parity (P), time reversal (T), and fermion charge conju-
gation parity (C). The latter is emergent as a symmetry of the
low-energy effective field theory of the normal Fermi liquid
under particle <> hole conversion. The field theory describing
the broken symmetry phases of *He, as well as the space-time
dynamics of the bosonic fields describing them, is constrained
by the symmetry group G and has been extended to incorpo-
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rate strong-coupling corrections to weak-coupling BCS theory
[5,8—10]. A review of the time-dependent Ginzburg-Landau
(TDGL) field theory for dynamics and phase transitions in
superfluid *He is provided in Ref. [7].

The breaking of one or more continuous symmetries has
consequences for the vacuum state, the generation of low-
energy bosonic excitations as Nambu-Goldstone modes, and
the emergence of topologically stable defects that can become
embedded in the otherwise homogeneous vacuum. In the case
of superfluid *He, global U(1)y symmetry is broken by the
macroscopic wave function of the scalar Bose-Einstein con-
densate. The resulting vacuum state is degenerate, defined by
the possible phases of the order parameter, i.e., the manifold
M = S'. The latter determines the fundamental homotopy
group defining the classes of topologically stable line defects,
m1(S') = Z, identified with the discrete winding numbers of
quantized phase vortices, Ny = % 9&5 Vo(r)-dl e Z.

1. Kibble-Zurek mechanism

In symmetry-breaking phase transitions, topological de-
fects can form in the symmetry-broken phase as residuals
of the high-symmetry phase. The number of such defects is
controlled, in part, by the rate at which the phase transition
takes place, i.e., the “quench rate”, 1/7¢. In the cosmological
scenario considered by Kibble, continuous symmetries of a
quantum field theory are assumed to be broken in the early
universe during rapid cooling through a second-order phase
transition. Near the transition, long-lived fluctuations of the
order parameter just above the transition cannot equilibrate
to the changing temperature, leading to causally disconnected
regions of the broken-symmetry phase that grow in size. At
later times, these distinct regions, or “superfluid patches,’
each belonging to an element of the degeneracy manifold .#,
connect to form a macroscopic inhomogeneous ordered phase
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with topologically stable defects—monopoles (point defects),
cosmic strings and vortices (line defects), and domain walls—
embedded in one or more broken-symmetry states [11,12].

Motivated by Kibble’s analysis for cosmological phase
transitions, Zurek considered defect formation in condensed
matter systems undergoing a second-order phase transition,
particularly the helium liquids [13,14]. He also formulated
a scaling relation relating the number of topological line
defects to the quench rate and critical exponents that de-
fine the correlation length and order parameter relaxation
time for temperatures close to the transition. Since then,
topological defect creation has been observed in a variety
of condensed matter systems via a temperature or pressure
quench through a second-order phase transition, ranging from
superfluid 3He [15-18], superconductors [19], nematic liquid
crystals [20-22], and 3He confined in nematic aerogel [23,24],
to cold atomic gases [25-27].

2. Scaling relation for the defect density

For a system in thermodynamic equilibrium near a second-
order phase transition to a broken-symmetry state, fluctuations
of the ordered phase with characteristic size £(T'), the corre-
lation length, persist with a lifetime t(7T"), both diverging as
T —T,

&

AT

ey
where & is the zero-temperature correlation length and v is
the corresponding critical exponent. Similarly,

70
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where z is the dynamical exponent. Note that & is the heal-
ing length of the fully developed order parameter due to a
perturbation that locally destroys long-range order, e.g., the
singularity at the core of a quantized vortex line in superfluid
3He, and 1y is the characteristic time for the order parameter
to recover from an impulse that destroys the order parameter,
e.g., the pair-formation timescale in superfluid *He. When the
temperature is driven through the transition at a finite rate,

1 1 dT
— - 3)
1£0) T. dt T,

there is a temperature window near 7, where the lifetime of the
fluctuations of the ordered phase is comparable to or longer
than the time to cross the temperature window near 7. This
is critical slowing down near a phase transition. As a result,
causally disconnected regions of the ordered phase form and
grow in size and amplitude just below 7,. These “patches”
of the ordered phase, each belonging to a distinct element
of the degeneracy manifold, merge at the freeze-out time,

f=1(T(f))[13,28],
F= 1 (;_;) 4)

Topologically stable defects form when local currents cannot
anneal the ordered phase to a uniform condensate in any
finite region of space. The typical size of the patches of the

correlated order parameter at freeze-out is then given by
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Thus, the density of topological defects scales inversely with
a power of &. For line defects in d = 3 space dimensions or
point defects in d = 2, the mean areal density of the topolog-
ical line or point defects is

B
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where 8 =2v/(1 +zv) and f is the fraction of freeze-out
regions that hosts an embedded topological defect, and L is
the linear dimension of the system. This scaling relation for
the mean number, (n), of defects is a key prediction of the
Kibble-Zurek mechanism (KZM). Note that parameter f de-
pends on the specifics of the dynamics of the nonequilibrium
order parameter fluctuations under the temperature quench.
Large-scale numerical simulations of vortex string gener-
ation in d = 3 space dimensions were reported by Antunes
et al. [29] for the second-order phase transition of a U(1)y
scalar field with Langevin noise and damping. Their results
confirmed KZM scaling, albeit with an exponent § that varied
between 0.43 to 0.57, depending on the numerical criterion for
identifying the freeze-out time. Also notable is the deviation
of the exponent from the mean-field prediction of By = 0.5.

3. Counting statistics

Equation (6) corresponds to the first moment of the prob-
ability distribution, &(n), for the generation of n topological
defects after a quench. A recent interpretation of the KZM
provides additional insight into the statistics of topological
defect generation by a quench [30,31]. These authors argue
that the merging of causally disconnected regions at freeze-out
generates a topological defect with probability p that is inde-
pendent of other defects as a result of spatial separation at the
freeze-out time. Thus, for a lattice model of a field theory with
N possible sites for a defect, the number of defects formed
during a quench is expected to follow a binomial distribution,

N!
Pn(n) = AT = pra—ph. (7

A key feature of the distribution is that all cumulants, «;
for i € {1,2,3,...} [32], scale with the quench rate with
the same exponent, i.e., k; & (1/ ‘L'Q)ﬂ. Such an uncorrelated
probability distribution for the formation of n defects was
confirmed by numerical simulations of defects (“kinks”) in a
d =1 chain of atoms with nearest-neighbor interactions that
exhibit a structural phase transition from a linear chain at
high temperature to a doubly degenerate zigzag phase below
T.. In higher spatial dimensions, counting defects is more
complicated and the probability distribution becomes a Pois-
son binomial. Nevertheless, if this distribution describes the
freeze-out of topological defects by the KZM, it too predicts
that all cumulants obey Kibble-Zurek scaling with the same
exponent [31].
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4. KZM in chiral superfluid *He films

Here we report theoretical predictions for the dynamics and
statistics of topological defects in films of the chiral phase
of superfluid *He following a temperature quench through 7.
The chiral phase is the ground state of liquid *He at all pres-
sures for films with thicknesses D < D, = 9§ ~ 0.69 um
at O bar (0.14 um at p = 34 bar). The stability of the chiral
A-phase for all pressures below solidification and tempera-
tures below the bulk superfluid transition in films of thickness
D = 80 nm is reported in Ref. [33]. The authors also control
surface boundary scattering and surface pair breaking. The
authors show that surface pair breaking is almost completely
suppressed by plating cavity surfaces with a few atomic layers
of “*He. These are the confinement and boundary conditions
we assume in our simulations. We also assume the spin quan-
tization axis is fixed normal to the film, d = +2, in zero
magnetic field (see Sec. II2). The chiral phase is then de-
scribed by a two-dimensional complex vector order parameter
A(r, t), confined to the plane of the film. The ground state
breaks spin- and orbital-rotation symmetries in conjunction
with global U(1)y symmetry, as well as discrete symmetries
of parity (P) and time reversal (T). The residual symmetry
group of the chiral phase includes spin rotations about the nor-
mal to the plane of the film, U(1), _y gauge-orbit symmetry
[34], and the discrete Z, symmetry corresponding to the prod-
uct of time-reversal and mirror reflection in a plane containing
the z axis. In addition to the degeneracy manifold defined
by the global phase, .# = S', the breaking of time-reversal
and mirror symmetries implies that the ground state is doubly
degenerate with AL = Ag ¢’ (] £ i§)/+/2. These two distinct
chiral phases correspond to condensates of Cooper pairs with
ground-state angular momentum (L;) = £=(N/2)A for a film
with N 3He atoms [35]. Thus, in addition to phase vortices
classified by 7;(S') = Z, the *He films support topologically
stable domain walls separating the two distinct chiral ground
states. Furthermore, broken time-reversal symmetry implies
that vortices and antivortices in a fixed chiral ground state
are nondegenerate defects with inequivalent internal structure
[36,37]. It is a priori unknown how domain walls and their
dynamics impacts the generation and dynamics of vortices
and antivortices. Thus, it is an open question whether or not
KZM scaling differs from that of U(1)n scalar field theory,
and furthermore whether the statistics of defect generation dif-
fers for vortices and antivortices, or if the statistics is Poisson
binomial.

II. TDGL THEORY FOR *He

Time-dependent generalizations of Ginzburg-Landau (GL)
theory were developed by a number of authors to describe the
dynamics of superconductors [38,39], quench dynamics, and
normal-superfluid boundary propagation in U(1) superfluids
[40,41], as well as order parameter dynamics of superfluid
SHe [5,42]. In what follows, we use the strong-coupling
GL theory [5,8] developed for superfluid *He to study the
nonequilibrium dynamics of the order parameter, including
the generation and dynamics of topological defects in thin
films of chiral superfluid *He following a temperature quench
through the phase transition temperature 7.. We start from

the formulation of TDGL field theory in Ref. [7] for the
dynamics of the order parameter in *He, including its coupling
to thermal noise from the underlying fermionic environment
described by a stochastic Langevin source term and its asso-
ciated damping.

1. Ginzburg-Landau functional

The superfluid phases of *He belong to the spin-triplet (S =
1), p-wave (L = 1) manifold of pairing states defined by the
pair condensate amplitude {Yp o\/_p »), Where p is the relative
momentum of a pair of orbiting fermions and a, b € {1, |} are
the spin projections of the pair of fermions. The correspond-
ing mean-field pairing energies are Aq,(p) = & (¥p.aV—p.b)>
where g is the attractive pairing interaction in the triplet, p-
wave channel. These amplitudes are the elements of a 2 x 2
matrix, Z(p) =iGoy - d (p), where iG o, are the three symmet-
ric 2 x 2 Pauli matrices and d () =2, du(p)é€, is a vector
under spin rotations. The components d,(p) are functions
of the p-wave basis functions for momenta restricted to the
Fermi surface. Thus, the general form for the manifold of
p-wave, spin-triplet order parameters, d, (p) = Zi Ay Pi, can
be expressed in terms of nine complex amplitudes A,; that
form the elements of a 3 x 3 matrix that transform as the
vector representations of SO(3) separately under spin and or-
bital rotations [43]. These transformations, and the symmetry
constraints imposed by the maximal symmetry group,

G=S0B)s xSOB)L xUMnxPxTxC, (8

define the effective field theory governing the superfluid
phases of *He, which is the basis for our study of the dynamics
of quasi-two-dimensional films of *He.

The space-time evolution of the order parameter describing
Cooper pairs in bulk *He, A;(r, 1), is governed by field equa-
tions obtained from the Lagrangian, L = f dv Z[A, A, 0A],
where the Lagrangian density is

% = uTr{AA"} —a Tr{A A"}

5 3
=Y Bpup(A) = Y Ky un(94), ©

p=1 m=1

where A = 9,A and Tr{A A"} is the second-order bulk invari-
ant that controls the phase transition to the broken-symmetry
phases; for « > 0, the equilibrium state is the unbroken
normal state, while for o < 0, the equilibrium state sponta-
neously breaks one or more symmetries of G and develops a
macroscopic Cooper-pair amplitude, A. The broken-symmetry
equilibrium state is determined by the five linearly indepen-
dent fourth-order invariants,

uy = [Tr{AAT}?,
us = Tr{AATAATY,

wr, = Tr{AA™Y?,  u3 = Tr{AATA*AT},
us = Tr{AATA*AT}, (10)
where AT (AY) is the transpose (adjoint) of A. The space-time

dynamics of the order parameter is generated in part by the
spatial and temporal invariants [44],

vy = 0;Agi QA

o’

Uy = ajAajakA;k»

V) = akAaj BkA*

oj?

Vs = OpAg;0;A%,. (11)
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The coefficients, o, B,, i, and K, that weight the contribu-
tions to the effective Lagrangian have been calculated from
the microscopic theory of superfluid *He. In particular, the
bulk parameters are

1 T
o= gN(O)(T/Tc -, Bp= ﬂo(b‘,’fc + fbjf) (12)

for p e {1,...,5}. Note that N(0) = m*kf/(27t2h2) is the
normal-state density of states at the Fermi surface, k, is the
Fermi wave vector, m* is the quasiparticle effective mass,
and T, is the bulk superfluid transition temperature. All are
known functions of pressure. In the weak-coupling limit, the
B, parameters are determined by pressure-independent ratios
and a pressure-dependent scale factor,

7¢(3) N(0)
8072 3(kpT,)?

[Bre} = (=1,2,2,2,-2), o= a3

The strong-coupling corrections to the B, parameters, b7,
were calculated based on the leading-order corrections to
weak-coupling BCS theory starting from the formalism of
Rainer and Serene [45-48]. The more recent development
of the strong-coupling free-energy functional is now able
to predict the stability of the A-phase above the polycriti-
cal pressure, as well as the temperature dependence of the
excitation gap, thermodynamic potential, and heat capacity
of the B-phase down to low temperatures. The theoretically
predicted AB transition line based on the Luttinger-Ward
functional is in excellent agreement with the experimental AB
transition as a function of pressure [48]. Another key devel-
opment of the strong-coupling GL functional was inclusion of
the temperature-dependent scaling of the strong-coupling 8,
parameters in Eq. (12). The reduction in the strong-coupling
contribution follows from microscopic strong-coupling theory
and was introduced in Ref. [8], where it was shown that the
temperature and pressure dependence of the strong-coupling
B, parameters predicts the AB transition transition line to high
accuracy. This is equally true for the most recent set of strong-
coupling B, parameters based on leading-order corrections to
weak-coupling theory [48]. This temperature scaling extends
the predictive capabilities of the GL theory to temperatures
below Txg for pressures above the polycritical pressure [10],
and is essential for developing TDGL theory to study order
parameter dynamics in strong-coupling superfluid *He [7].
In this report, the set of strong-coupling b}’ parameters are
computed from fourth-order polynomial fits to the computed
values reported in Ref. [48].

The coefficients of the kinetic and gradient terms are given
to high accuracy by their weak-coupling values,

73)
=280,

7¢(3
K=K =K = 23 voye,

60
(14)

where 19 = #/2xks7. is the zero-temperature Cooper-pair
formation timescale and &, = vy79 is the corresponding
Cooper-pair coherence length. These coefficients define the
temperature-dependent GL pair-formation time and coherence

length [49],

M= — = [ s
(1-T/T.): 12

7£(3)
20

EaL -

fo(T) = ——, SoL=
(1-T7T/T;):

. (16

2. TDGL field theory for *He films

Bulk *He-A is the equilibrium phase at pressures above
pecp = 21 bar and temperatures Tap < T < T, (cf. Fig. 1
in Ref. [10]). Its stability results from corrections to weak-
coupling BCS theory that favor equal-spin pairing (ESP)
states and becomes sufficiently large at high pressures to
stabilize an ESP state that spontaneously breaks time-reversal
symmetry with an order parameter of the form

A = Apdy (i £i0)/V2, (17)

where A, is the equilibrium amplitude of the bulk A-phase
order parameter, and d is a real unit vector in spin space along
which the A-phase Cooper pairs have zero spin projection.
Alternatively, the pairs are in an equal-spin pairing (ESP) state
with equal amplitudes for pairs in the states |1 1) and || | )
confined in the plane perpendicular to d. Orthonormal unit
vectors, m and fi, combined with a relative phase of +m /2,
define the orbital motion of the A-phase Cooper pairs with
angular momentum =+#/ per Cooper pair along the axis {=
m x fi. This pseudovector highlights broken mirror and time-
reversal symmetry by the A-phase.

In films or slabs of confined *He with specularly re-
flecting surfaces and thickness D < 9 &, boundary scattering
completely suppresses out-of-plane orbital states o p,, while
strong-coupling effects favor the ESP A-phase with £=+3
over the planar phase. As a result, the A-phase is stabilized
for all pressures below melting pressure, and temperatures
below the bulk transition temperature. The spin and orbital
broken-symmetry directions, d and 2, are coupled by the
nuclear dipole-dipole interaction, up = —gp Ai (& -f)z, with
gp > 0, which locks d|| + £. Thus, for *He films in the zero
field, we restrict our analysis to the dipole-locked case with
d | Z [50]. The general form of the order parameter then
reduces to a two-dimensional complex vector for the in-plane
orbital order parameter, A,; — Z, A;, with

A(r, 1) =A(r,t)e, + Ay (r, t)e,, (18)

where the Cartesian basis vectors, e, and e,, are real and
orthonormal, and A, and A, are complex functions of space-
time. The corresponding Lagrangian density for dipole-locked
3He films reduces to

L = pAiAf — a A A} — Bia(AiA)(ATAS) — Bus(AiAT)

— K1 (3Aj)(9:A7) — K> (0:A:)(9;A7) — K3 (3;A)(9;A7),

(19)

where 813 = B1 + B3 and Brys = B2 + B4 + Bs determine the
possible ground states of the 3He film for T < T, (a < 0)

[51]. If B13 < 0 and B3 + Boras > 0, the ground state is an in-
plane polar phase with AP = Ap (cos xe, + sin xe,), where
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FIG. 1. Left panel: Spatially averaged order parameter [Eq. (24), in units kz7,] as a function of time (in units Zg. ) after crossing 7, for
quench times: 7y /7aL = 20, 150, 250, 500, 1000, 2000, 5000. Center panel: The freeze-out time is identified with the maximum of 9, (A).
Right panel: The resulting freeze-out time 7 as a function of quench time. Kibble-Zurek scaling: 7 ~ rgKZM is obeyed over two orders of
magnitude in 7y with exponent dxzv = 0.436. Unfilled data points exhibit saturation and are not included in the fit.

x € {0, 2rr} defines the orientation and continuous degener-
acy of the in-plane polar state. However, for ;3 > 0 and
Bass > 0, the ground state is the doubly degenerate chiral state

with A2 = A, (e, + ie,)/v/2, and Ax = /[a(T)]/2Bms-

3. Langevin noise and dissipation

The Euler-Lagrange equations for the complex vector field
lead to the equations for the space-time dynamics of the order
parameter. In addition to the conservative dynamics of the
bosonic field theory, we follow Refs. [7,29] and include the
coupling of the bosonic excitations to the underlying thermal
bath via a stochastic Langevin noise source, &;(r, t), with time
average (¢;(r, t)) = 0 and Gaussian correlator

(Gi(r, 057 1) = 2ykpT8;;8(r —x)3(t —1').  (20)

The parameter y plays an important role as it leads to damp-
ing of space-time fluctuations of the bosonic field via an
additional dissipative time-derivative term yA; that is charac-
teristic of Langevin dynamics; y is constant in the “gapless”
regime near T, |A| < wkpT,, given by
_ hN(0)
YT AsksT,
Thus, the set of dynamical equations including the damping
and Langevin noise source terms is

pA; + yA; + a(T)A; — K1 9%A; — K239:(3,A;)

+2B13(AjA) AT + 2Baus(AjAT) Ai = Gir, 1), i € {x, y},
(22)

2y

where K3 = K, + K3. Strong-coupling calculations of the
free energies of the bulk superfluid phases, including the B,
parameters [48], predict the bulk AB-transition line [8,48],
as well as the metastability of A-core vortices at high pres-
sures for rotating *He-B [10,52]. The theory also predicts
that 813 > O for all pressures, implying that the dipole-locked
A-phase is the ground state for specular *He films of thickness
D < 9% over the entire pressure range below the bulk T..
Nuclear magnetic resonance (NMR) and torsional oscillator
measurements confirm that the A-phase is the ground state
of *He confined in slabs of thickness D < D.,(T) at low
pressures and temperatures [53,54].

Thus, in the dynamical simulations of nonequilibrium
phase transitions via a temperature quench, we expect topo-
logical defects to form and evolve within the chiral A-phase.
Thus, for analysis and visualization, it is convenient to express
the space-time evolution in terms of the chiral basis,

A, 1) =A (r,t)e. +A_(r,t)e_, 23)

where e, = (e, - iey)/ /2, which satisfy the orthonormality
conditions e,, - €; = §,,, for m, n € {+, —}. The transforma-
tion for the order parameter components from the Cartesian to
chiral basis is Ay = (A, FiA,)/v/2.

III. NUMERICAL METHODS AND RESULTS

To study the dynamics of the order parameter for *He films
subject to a temperature quench, the formation of topological
defects, and their later stage dynamics, we solve Egs. (22)
with the material parameters described in Sec. II 1. Simula-
tions are performed on a computational domain of size L, =
150 g1, x Ly, = 150 &gy, with periodic boundary conditions
enforced on the order parameter. The equations of motion
are solved with a finite-difference explicit-time method, with
grid spacings 8x = 8y = 0.5, and 8t = 0.025%gy. [55]. For
finer-scale “snapshots” of the order parameter configuration
showcasing vortex structure and mass current density, we use
8x = 8y = 0.25EgL. At each time step, the Gaussian noise
with random phase is implemented at every grid point, where
the Gaussian noise is generated by the Box-Muller transform
and multiplying by a random number on the unit circle in the
complex plane [56].

To test the Kibble-Zurek (KZ) scaling for the number of
topological defects that form, we identify the KZ “freeze-out
time” from the onset of rapid growth of the spatially averaged
order parameter,

(A= |7

d*r
VA, 1) - A(r, t)*, 24)
xLy

as T(t) drops below T.. Figure 1 shows the evolution of
the spatially averaged order parameter as a function of
time after the temperature drops below 7. for quench times
ranging from 7y = 20 7, to 79 = 5000 TG, averaged over
N = 20000 random noise realizations for 7y < 1000 T, and
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N = 375 for 1y/TgL = 2000, 5000. In contrast to adiabatic
growth under quasiequilibrium conditions, which follows
a square-root trajectory until the final temperature, for a
finite quench rate there are two regimes of order parameter
growth: impulse response, followed by quasiadiabatic growth.
In the impulse region near T, the order parameter growth
timescale is relatively long and the order parameter is not
able to respond to changes in temperature. At later times, the
order parameter responds quickly to changes in temperature
and achieves a near-equilibrium value, reduced slightly by
the number of topological defects that remain. The boundary
between these two regimes is identified as the freeze-out
time, similar to that in Ref. [29]. Operationally, the freeze-out
time { is identified as the point of maximum slope of (A);,
shown as the peak time in the center panel of Fig. 1. With this
definition, we find that 7 scales with the quench time with KZ
exponent dgzm = 0.436 £ 0.003, an exponent close to that
reported in Ref. [29] for vortex string formation following
a quench for the three-dimensional (3D) U(1) theory. Note
also that the KZ scaling exponent is below the GL mean-field
prediction of gL = 1/2. The timescale for order parameter
growth is also relevant to the nucleation of the B-phase from
the metastable A-phase following local energy deposition that
locally destroys superfluidity. Subsequent evolution of the
order parameter can evolve into either the B- or A-phase [7].

To identify and measure the number of phase vortices at
freeze-out, the winding number of the phase of the order
parameter is computed around plaquettes of four spatial grid
points throughout the computational domain. We count the
number of 27 phase windings of the component A,. At
freeze-out, domain-wall structures are not well developed or
identifiable; cf. Appendix A. In Fig. 2, we show results for
the dependence of the mean (k), variance (x3), and skewness
(k3) of the distribution of 2w phase vortices as a function
of the quench rate 1/7p, along with power-law fits (solid
lines) that demonstrate KZ scaling over an order of magnitude
or more in quench rate. Deviations from KZ scaling appear
for the most rapid quenches; the number of defects saturates
for sufficiently fast quenches, 1/79 > 1072 x 1"51}, when the
mean number of defects is determined by the coherence length
at the final temperature. The KZ scaling is found to be in-
dependent of pressure, encoded in the strong-coupling b}
parameters.

Histograms, each based on 20 000 quenches, of the num-
ber of phase vortices are shown for quench times 7y /%7g, =
100, 250, 500 with fits to Gaussian distributions. For each
of the moments of the distribution, k;, the scaling exponents
B; deviate from the mean-field prediction of § = 1/2. We
also find small, albeit measurable, deviations between the g;,
lending qualified support to the extended KZ full-counting
statistics models [30,31].

In the later stage evolution, post-freeze-out, well-defined
domains of the two degenerate chiral phases emerge, sepa-
rated by domain walls, with &2 phase vortices embedded in
each domain. Vortices are also embedded on domain walls,
leading to a complex structure to domain walls (cf. video
animation in the Supplemental Material [57]) with key time
frames described in Appendix A. This entire structure is
shown in Fig. 3 for a late-stage (f = 399.57gL) snapshot of
the order parameter configuration. In the first two columns,

2000

Counts

0

W
1.0
s

o 2000
=z

100F

1 ) 1 1
103 102 1071 o

1/7q

FIG. 2. Counting statistics and moments of the probability dis-
tribution for 27 phase vortices in component A,. Left panel: KZ
scaling of the first three cumulants of the probability distribution for
the number of phase vortices: mean number (k ), variance («, ), and
skewness (k3), as a function of 1/7,. Note the deviation of the scal-
ing exponents from one another and the mean-field value g = 1/2.
For each quench rate, we carried out N = 20000 quenches with
random noise realizations, sufficient to capture the scaling of these
cumulants. The dependence of scaling exponent 853 on the number
of random noise realizations, N, approaches a stable mean value for
N > 10000, with fractional error of §8;/8; ~ 10% for N = 20 000.
For slow quenches, 1/79 < 1073 fng, full-counting statistics were
not computationally accessible. Right panel: The number distribution
of vortices for quench rates 7gr. /79 = 500, 250, 100, with Gaussian
approximates (dashed lines). For faster quenches, the mean number
of defects increases and the distribution spreads. The quench rate
(time) is in units of 1/{'(}]_ (TaL)-

we show the spatial map of the amplitude (first row) and phase
(second row) of the Cartesian components, A, , = A y|e'®>.

The largest scale defect structures are domain walls at the
boundary of A, and A_ chiral domains. The domain walls can
be traced by regions of suppressed or enhanced amplitude in
the Cartesian basis, and by suppressed amplitudes in the chiral
basis. Chiral domains correspond to a fixed relative phase,
¢y — ¢ = £ /2, which switches sign at a domain wall. As
a result, chiral domains, domain walls, and their evolution are
most clearly tracked by monitoring the amplitude and phase
of the chiral components, AL(r, ¢), as shown in the right two
columns of Fig. 3. In a given chiral domain, e.g., A, the time-
reversed order parameter A_ is suppressed, and as a result
shows a noisy phase profile. At a domain wall (DW) between
time-reversed chiral domains, the relative phase ¢, — ¢, can
change by either 7, such that there are two types of domain
walls. At the interface of two distinct domain walls, there is a
+27 phase winding in either A, or A,, related to vortices on
the DW in the chiral basis (see Appendix B). These embedded
phase vortices are clearly shown in the plots of the phases ¢, ,.
In this late stage, very few phase vortices remain embedded in
the regions of chiral domains. An isolated +27 phase vortex
is shown embedded at position x = 92.25&g;, y = 194.50 &g,
in the A, chiral domain. A novel feature of this vortex appears
in the phase of the time-reversed order parameter, i.e., ¢_, at
the same position, i.e., a phase vortex with a winding number
m = +3. This structure is a feature of phase vortices in a
chiral ground state, which we discuss in more detail in the
next section.
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FIG. 3. Late-stage development of order parameter for t = 399.5 75, at the temperature 7 = 0.57,. The first two columns show the
amplitude and phase of the Cartesian components of the order parameter. Amplitudes are in units of k7. The right two columns show the same
order parameter resolved in the chiral basis A, and A_. Domain-wall and vortex structures are visible and described in the text. Coordinates x
and y are in units of £, . In order to show large-scale domain features, the computational domain was enlarged to 250€¢; x 250&g, .

1. Structure and statistics of vortices and antivortices

The nonequilibrium dynamics of the order parameter dur-
ing and after a temperature quench, which starts above T
then proceeds at a fixed quench rate through the transition
to a final temperature below T, separates into three periods:
an “inertial period” which is fluctuation dominated with an
average order parameter that is nearly zero; followed by a
narrow time window of a rapid growth of order parameter
field which we identify with the time frame of KZ freeze-out;
then the post-freeze-out evolution dominated by the dynamics
of topological defect structures—vortices and domain walls.
Video animation of the time evolution of the order parameter
starting from thermal fluctuations of the order parameter at an
initial temperature 7' = 1.5 T, followed by the dynamics dur-
ing and after the quench, and, finally, the late-stage dynamics
of topological defects, described in Appendix A and shown in
the video in the Supplemental Material [57].

Vortex structures and precursor domains emerge soon after
freeze-out. Vortices form in regions that evolve into chiral
domains, but often vortices form on emerging domain walls.
The post-freeze-out dynamics is complex, with domain walls
capturing vortices, vortices and antivortices annihilating, and
chiral domains undergoing expansion or collapse. Isolated
vortices emerge from the collapse of a chiral domain with de-
fects on the domain wall (cf. Appendix A). There are distinct
vortex structures that emerge in the chiral domains. These
structures have been identified and discussed as possible vor-
tex states in chiral superconductors [36,37,58].

For an isolated vortex with global phase winding p, em-
bedded in a chiral domain with A ~ e, the order parameter
takes the form

A(r) = Alay(r) e e, +a_(r)e™e_], (25)

with a(r) ~ Pl and a_(r) ~ r" for r <« &g;, assuming ax-
ial symmetry is locally preserved. Far from the core, we have
ar(r) = 1 —arr?anda_(r) = a_r— withs > 2 forr >
&L Most importantly, the phase winding of the time-reversed
vortex core amplitude is constrained by axial symmetry in the
far field: p 4+ 1 = m — 1 [58]. This implies the inequivalence
of vortices and antivortices in a fixed chiral phase, i.e., a vortex
with p = +1 in the e, phase has a core structure with winding
number m = +3. However, the antivortex with p = —1 in the
same e, phase has a core structure with winding number
m = +1. These two vortex states are nondegenerate as the
core energies of the two structures are necessarily different. In
fact, the gradient and condensation energies favor the breaking
of axial rotation symmetry for both singly quantized vortices.
As shown in the left two panels of Fig. 4, for the p = +1
vortex, the time-reversed core amplitude dissociates into three
singly quantized vortices bound to the core in a triangular
structure. This structure is energetically more favorable than
the axial m = +3 vortex as the former allows for the recovery
of suppressed condensation energy. Similar energetics leads to
broken axial symmetry of the p = —1 vortex. In this case, the
node of the time-reversed amplitude, A_, is displaced relative
to the node of the bulk chiral amplitude, A, leading to the
crescent vortex structure shown in the right two panels of
Fig. 4. The complete list of singly quantized vortices is given
in Table I.

In contrast to a single-component superfluid, doubly
quantized (p = £2) vortices in a twofold degenerate chiral
condensate are topologically stable. The winding numbers for
the global phase and core amplitude (p, m) are (42, +4) and
(—2,0). Thus, dissociation of a (+2, +4) vortex into a pair
of (+1, +3) vortices is topologically prevented within a bulk,
single-domain chiral phase. The antivortex with p = —2 is
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FIG. 4. Structure of singly quantized vortices with global winding numbers p = +1 embedded in a chiral domain with A ~ e, . For
p = +1, the amplitude |A, | has a topologically enforced node near the center of the cell, and the phase ¢, winds counterclockwise from —m
to +m (column 1). The subdominant time-reversed order parameter has total winding number m = +3 represented by three satellite phase
vortices, each with winding number +1 forming the triangular core structure (column 2). For p = —1, the amplitude |A | has a node near the
center of the cell, and the phase ¢, winds clockwise by 27 (column 3). However, the time-reversed order parameter A_ has winding number
m = +1, and the singularity is offset from that of A, leading to the crescent core structure (column 4). Spatial coordinates are in units of &L,

and the amplitudes |A| are in units kg7, at T /T, = 1/2.

novel in that it allows the time-reversed phase to fill the vortex
core without suppression since there is no phase winding for
the core amplitude. This can lead to energetic stability of an
array of doubly quantized vortices in a chiral ground state
[59]. However, in our simulations, we have observed only
singly quantized vortices and antivortices.

Another novel vortex structure is created near an impurity,
or a mesoscopic structure, embedded within a chiral domain,
e.g., an electron bubble. In this situation, suppression of the
bulk chiral order parameter near the impurity is accompanied
by nucleation of the time-reversed chiral order parameter in
order to generate a nonchiral order parameter at the surface
of the impurity. The time-reversed order parameter carries a
phase winding corresponding to a defect with winding num-
bers (0, 42), i.e., the defect acquires a phase winding and
thus supports an edge current [37,60]. The edge current also

TABLE I. Types of bulk vortices and associated winding num-
bers. The “dominant” label is for the bulk chiral domain that the
vortex is embedded in, and the “subdominant” component only ob-
tains nonzero amplitude near the core. The labels p and m refer to
the winding numbers of A, and A_, respectively. Vortex structures
for the first two rows are shown in Fig. 4, and the remaining two
structures are time-reversed partners of the first two.

Ay A_ p m Label

dominant subdominant +1 +3 triangle
dominant subdominant —1 +1 crescent
subdominant dominant -3 -1 triangle
subdominant dominant —1 +1 crescent

reflects the discontinuous change in topology from the bulk
chiral phase with Chern number N = +1 to the topologically
trivial (N = 0) embedded mesoscopic impurity. Similarly,
domain walls separating time-reversed chiral phases with dif-
ferent Chern numbers, N = +1 and N = —1, also require one
of the order parameter components to vanish on the domain
wall, and as a result currents are expected to flow along the
domain wall [61].

2. Mass currents and topological defects

For an inhomogeneous phase generated by a nonequilib-
rium quench transition, the phase generally hosts multiple
chiral domains. The domain walls support topological edge
currents which we can calculate from the mass current density
obtained from the TDGL Lagrangian,

,_4mK1
Ok

where m is the mass of the *He atom. Figure 5 shows the
circulating currents of a vortex and an antivortex in two dis-
tinct chiral domains which are time-reversed partners of one
another. The chiral edge currents confined on the domain wall
separating the time-reversed chiral domains are also clearly
visible.

3. Statistics of vortices and antivortices

The inequivalence of the core structure and excitation
energy of vortices and antivortices in a chiral domain is
distinct from that of scalar U(1) theory. In the U(1) case,
one expects—and finds—the same KZ scaling relation and
probability distribution for the generation of vortices as that
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FIG. 5. Mass currents associated with vortices and domain walls
between distinct chiral domains from late-stage evolution post
freeze-out. The arrows denote the direction of the current, while the
color bar indicates the magnitude of the current density. The p = +1
vortex at position (68.5, 87.0)ég, is embedded ina A ~ e, chiral do-
main, while the p = —1 vortex at (36.75, 152.0)&g,. is embedded in a
time-reversed A ~ e_ domain. The triangular core structures of these
two vortices are unresolved in this image. Spatial coordinates are in
units of &g, and the current density is in units of 4mK (kzT.)*/héqL.

for antivortices following a thermal quench. Does this sym-
metry between vortex and antivortex distributions hold for a
nonequilibrium transition to a chiral phase?

To address this question, we need a large enough compu-
tational domain to generate a sizable population of vortices
for each trial quench. For these calculations, we carried out
dynamical simulations on a 1000&g. x 1000, domain.
Vortex and antivortex populations are counted after freeze-out
when chiral domains are sufficiently well defined. We aver-
aged the vortex populations over 100 quenches, i.e., different
random noise realizations.

Identification of vortex cores is based on detecting local-
ized regions of strongly suppressed order parameter amplitude
using the difference of Gaussian (DoG) image-processing al-
gorithm [62]. Once these sites are located, the identity of the
chiral domain is then found by measuring the amplitudes |A |
for a large region surrounding the vortex core. Finally, the
phase winding is computed on a small plaquette surrounding
the core. This three-step process provides a unique identi-
fication of triangular and crescent vortices for either chiral
domain, which are counted via the classification in Table I.
This approach with image processing is efficient for finding
bulk vortex cores that are near other defects (domain walls or
other vortex cores), while excluding domain-wall defects.

Figure 6 shows the results for triangular (solid splines)
and antivortex (dashed splines) populations as a function
of time after freeze-out, ¢ — 7, for quench times 7o/TgL =
100, 250, 500. There is a significant asymmetry favoring tri-
angular vortex structures over crescent vortex structures. Note
that both vortex structures are present in both chiral domains
as time-reversed partners, i.e., the time-reversed partner to the
triangular p = 41 vortex in a A ~ e, chiral domain is the

—— 7o = 100, Triangle
30k === 7q =100, Crescent

q = 250,

ngle
— == 7 = 250, Crescent
g = 500, Triangle

g = 500, Crescent

20r

151

101

———
sae e

Triangle/Crescent Population

n n n
0 50 100 150 200 250 300 350 400

FIG. 6. Asymmetry in the number of singly quantized vortex
structures for the inhomogeneous chiral phase of *He post freeze-out
at p = 5.0 bar. Results based on dynamical simulations are shown
for a 1000 &g, x 1000 €. computational domain averaged over 100
quenches. Solid and dashed lines are spline fits to triangle and cres-
cent vortex data, respectively. Time is in units Tgp .

p = —1 antivortex in a A ~ e_ chiral domain, and similarly
for crescent vortices. Thus, statistically, the number of vor-
tices and antivortices will, on average, be equal provided the
mean areal densities of the two chiral domains are equal.

However, the following question remains: Why is there a
significant asymmetry in the number of triangular vortices
compared to crescent vortices? To put this question in context,
first consider times just prior to freeze-out in which according
to the KZM patches of the order parameter, fluctuations with
random phases are causally disconnected. At freeze-out, if
there is net a winding number connecting a group of patches,
a precursor vortex can form; however, at this early stage of
vortex formation, there is no time for the formation of a core
structure nor a background chiral domain, At freeze-out, there
is no bias in the sign of the phase winding connecting patches
of the order parameter, nor an a priori bias for vortices to
evolve into triangular or crescent structures.

Figure 6 shows the asymmetry in the number of triangu-
lar versus crescent vortices, which appears to grow rapidly
from freeze-out. While we are unable to differentiate these
two classes of vortices for early post-freeze-out times, we do
observe a significant increase in the number of the triangu-
lar vortices for t — f 2 50 TgL.. One possibility suggested by
the numerical data is that the asymmetry rapidly onsets post
freeze-out from an asymmetry in the interaction of the two
classes of vortices with domain walls and/or the preferential
capture of crescent vortices. This conjecture needs further
study using larger-scale simulations and refined visualization
algorithms.

IV. SUMMARY AND OUTLOOK

We carried out studies of order parameter dynamics and
the generation of topological defects in thin films of superfluid
3He undergoing a temperature quench through the superfluid
transition. Our results are based on a time-dependent gen-
eralization of Ginzburg-Landau theory for strong-coupling
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He that includes the dissipative dynamics resulting from the
coupling of the order parameter to thermal noise.

The ground state for thin 3He films is the A-phase, which
is doubly degenerate with the chiral axis parallel or an-
tiparallel to the normal to the film surface, i.e., ) || £2. As
a result, superfluid 3He-A films host both quantized vor-
tices and domain walls separating degenerate chiral domains.
Numerical simulations of the nonequilibrium phase transi-
tion support the KZM for topological defect generation. The
freeze-out time and mean number of vortices obey the KZ
scaling relations, as do higher-order moments of the vortex
number distribution. Our results for full-counting statistics
of vortices show small, but measurable, differences in the
scaling exponents for the first three moments of the vortex
number distribution. Simulations of post-freeze-out dynamics
show interactions between vortices and domain walls; vor-
tices bound to domain walls, vortex/antivortex annihilation
on domain walls, and collapse and growth of domain walls,
including shrinking of domain walls to vortices. Vortices and
antivortices in a chiral domain are described by a pair of
winding numbers, (p, m), for the phase of the far-field am-
plitude (p) and the near-field (core) amplitude (m) that are
related by p+ [ = m — [, where [ = +1 is the Chern number
of the chiral ground state. Thus, vortices and antivortices are
inequivalent, differentiated by the structure of their vortex
cores, i.e., either “triangular” or “crescent.” Our large-scale
quench simulations show a large asymmetry in the number
of triangular versus crescent vortices post freeze-out, which
we argue reflects complex interactions and dynamics between
vortices and domain walls. Lastly, the simulations we report
are based on a tested strong-coupling GL functional. Thus,
we hope our predictions for topological defect generation,
KZ scaling, and statistics can be tested experimentally under
conditions of fast cooling of *He confined in slabs or thin
films.
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APPENDIX A: TEMPERATURE QUENCH
FOR A *He-A FILM

Figure 7 shows an early time frame of the simula-
tion of a thermal quench. The mp4 video animation of
the dynamics is provided in the Supplemental Material
[57]. The temperature quench starts at 7 = 1.57, (time

t = —50%gL), crosses T, at t = 0, cooling at a rate rQ’I =

IO‘ZTELI, down to a final temperature of 7T =0.57; at t =
507TgL. After the temperature drops below T, increased
structure in the phases of the order parameter develops with
the amplitude remaining very small during an “inertial pe-
riod” from t = 0 to t = 47.5 TgL. Growth of the amplitude
starts near the end of the quench at r = 50.0 7gL, followed
by rapid growth which we identify with KZ freeze-out near
t = 60.0 TgL. Att = 63.5 TgL, the chiral amplitudes |A| and
|A_| show the early development of chiral domains.

Later-stage evolution at ¢ = 119.5 75, shows coarsening
with well-defined chiral domains. The domain walls (DWs)
show regions of strong curvature. The internal structure of
a DW changes along the wall; phase vortices of the A, and
A, components are trapped on the DW, as shown in both the
amplitude and phase plots of the Cartesian amplitudes.

The dynamics of chiral domains, DWs, and phase vortices
is rich. For example, consider the two A_ chiral domains
at positions (50, 220)€g;. (small domain) and (100, 200)&g;.

FIG. 7. An early time frame of an animation of order parameter dynamics for a thin film of *He-A undergoing a temperature quench with
7o/Tcr. = 100, and evolving under the dynamics of the TDGL equations coupled to a thermal bath described by Langevin noise and dissipation.
Please refer to the Supplemental Material [57] for the related mp4 video. Key time frames (in 7. ) are (a) t = 0, passage through 7;; (b)
t = 47.5 7., end of “inertial period” with small amplitude; (c) ¢ = 50.0, final temperature of the quench at 0.5 7;; (d) r = 60.0, KZ freeze-out
time; (e) ¢ = 63.5, well-defined chiral domains form; (f) # = 119.5, coarsening of domains and phase structures; (g) t = 107.5-151.5, collapse
of an A_ chiral domain; (h) + = 163.5-303.5, shrinkage of an A_ chiral domain to a 27 vortex; and (i) t = 235.5 — 303.5, annihilation of a

vortex in A_ on a DW.
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FIG. 8. Structure of topological defects trapped by a domain wall. Left panel: The four plots are the amplitude and phase of the order
parameter components A, and A_. The color scale for the amplitude plots has been modified for clarity: solid red corresponds to amplitudes
|Ax| 2 0.20 kgT.. In the A_ region, there are two vortices on the domain wall shown in the A, component at locations indicated by the black
arrows in the upper-left plot. The A, defects on the domain wall have —27 phase windings. Right panel: The mass current density in the
vicinity of the two topological defects. The DW edge currents are disturbed near near DW vortices. Current flows around a sharp corner and
there is suppressed current density near the vortex core. The spatial scale is shown in units of £, and the mass current density is shown in

units of 4mK, (kg T.)? /hqL.

(large domain), and watch their evolution. The small domain
collapses and vanishes, while the larger domain collapses
and forms a 27 phase vortex embedded in a large A chiral
domain, visible in both amplitude and phase at t = 267.5 TgL..
The A_ core of this embedded vortex has the 6 phase wind-
ing of the triangular vortex structure.

Note the embedded vortex in the A_ domain near a DW
at position (140, 140)&g. . This vortex is attracted to the DW,
annihilates with a vortex bound to the DW at t = 303.5 75,
and, in the process, alleviates the sharp curvature of the DW
at that location. The final frame at t = 399.5 T is shown in
Fig. 3 and is described in the text and caption.

APPENDIX B: STRUCTURE OF DEFECTS ON DW

The structure of the vortices trapped on the domain walls
between chiral domains, hereafter “DW vortices,” is distinct

from vortices embedded in either chiral domain. The structure
of two DW vortices in the A, order parameter component is
shown in Fig. 8, as well as the influence of the DW vortices on
the DW edge current. The DW vortices in the A, component
exhibit —27 phase windings and are pinned at the edge of
the A_ domain, as shown by the black arrows in Fig. 8. DW
vortices in the A_ component, while not shown in Fig. 8, are
time-reversed partners of the A, DW vortices, i.e., +2m phase
windings of the A_ amplitude pinned just at the edge of the A,
domain.

DW vortices have amplitude profiles with two general fea-
tures: (i) they exist on corners, or sharp edges, of the DW wall
and (ii) they modify the DW edge current, such that there is
continuity of current flow around the corner of the DW, and
there is a suppressed current density at the core of the DW
vortex.
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