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Microwave response of superconductors with paramagnetic impurities
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We develop theoretical methods to predict the effects of paramagnetic impurities on the microwave response
of conventional spin-singlet superconductors. Our focus is on superconducting devices and resonators with low
concentrations of impurities and exchange interactions with conduction electrons. We connect the subgap quasi-
particle spectrum generated by pair-breaking to the frequency and temperature dependence of the conductivity
for superconductors operating at microwave frequencies. We report theoretical results for superconducting device
performance—dissipation, quality factor, and frequency-shift anomalies—based on self-consistent calculations
of the current response and penetration of the electromagnetic field at the vacuum-superconducting interface. Key
results include the prediction of a nonmonotonic anomaly in the low-frequency superfluid fraction and penetra-
tion depth at very low temperatures related to the subgap quasiparticle spectrum. Dissipation of microwave power
is predicted from intra- and interimpurity band transitions at GHz frequencies at low temperatures, including a
physical mechanism responsible for residual resistance. We predict anomalies in the resonant frequency, f (T ),
and quality factor, Q(T ), of high-Q SRF cavities operating in the GHz range at low temperatures that are sensitive
to nonmagnetic and paramagnetic impurity disorder.
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I. INTRODUCTION

A known source of decoherence for superconducting
resonators and qubits is dissipation from quasiparticles under
nonequilibrium conditions. Indeed, quasiparticle dissipation
is reported to be as important as all other loss channels in
transmon qubits when coherence times exceed 200 µs [1].
Potential sources of a significant population of quasiparticles
leading to decoherence in superconducting devices range
from high current densities and multiphoton pair breaking
[2,3], energy deposition from background radiation and
cosmic rays [4,5], to subgap Andreev bound states generated
by surface defects [6] or pair-breaking by two-level-system
(TLS) impurities [7].

The effects of impurity disorder on superconductivity were
studied extensively soon after the development of the mi-
croscopic theory of superconductivity [8] by many authors
[9–12]. For recent studies related to microwave resonators
and superconducting radio frequency (SRF) cavities, see
Refs. [13–19]. In this report, we focus on the role and impact
of dilute concentrations of paramagnetic impurities on the mi-
crowave response of superconducting circuits and resonators.

A. Background

The exchange coupling of electrons to paramagnetic im-
purities is well known to break Cooper pairs, leading to
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unpaired quasiparticle states below the continuum thresh-
old (“gap edge”) of quasiparticle excitations. Abrikosov and
Gorkov (AG) [11] were first to study the effects of ran-
domly distributed paramagnetic impurities on the properties
of conventional superconductors. The electron-impurity ex-
change interaction, J �S · �s, was treated perturbatively in the
Born approximation, with �s = (h̄/2)�σ the electron-spin op-
erator, �σ the Pauli matrix, and �S the impurity spin. AG
calculated the suppression of the transition temperature Tc
and the mean-field superconducting order parameter (“gap”
function) �(T ) as a function of the Born scattering rate,
1/τS = πNf J2S(S + 1). They also showed that for increasing
impurity concentration gapless superconductivity is possible,
i.e., a range of impurity concentrations for which there is a
finite density of states down to the Fermi level, yet Tc and �
are finite; see also Ref. [20]. Recent studies connect the ap-
pearance of gapless superconductivity to a topological phase
transition [21,22].

The effects of spin-exchange scattering beyond the Born
approximation were pioneered by Yu [23], Shiba [24], and
Rusinov [25] (YRS). These authors included the exchange
interaction to all orders in the amplitude for quasiparticles,
including those forming Cooper pairs, scattering off the impu-
rity spin, the latter treated as a classical spin. For an isolated
paramagnetic impurity, exchange scattering generates quasi-
particle states with energies below the continuum edge, ±εl =
±� cos(δ+

l − δ−
l ), where δ±

l are the phase shifts for quasipar-
ticles with orbital angular momentum l relative to the impurity
with spin aligned parallel (+) or antiparallel (−) to that of
the impurity spin [25]. Note that there are impurity states
with excitation energy above the Fermi level (particle-like),
0 � + εl < �, and impurity states below the Fermi energy,
−� < − εl � 0. The negative-energy states are occupied for
the T = 0 ground state; thus, hole-like excitations are created
at finite temperature and under the action of electromagnetic
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(EM) fields. For a finite concentration of randomly distributed
impurities, the spectrum broadens into an impurity band, with
bandwidth determined by the impurity concentration, and the
center of the band determined primarily by the strength of the
exchange interaction [24,26].

B. Outline

We begin with theoretical methods in Sec. II based on the
quasiclassical theory of superconductivity [27–29], combined
with configurational-averaged scattering theory of quasipar-
ticles, including bound pairs, by random distributions of
nonmagnetic and paramagnetic impurities [7,11,30]. Our
formalism and notation follow closely that of Ref. [31]. Sec-
tion II C includes the formulation and development of the
T-matrix and self-energies for scattering by both nonmagnetic
and paramagnetic impurities.

These methods are used to calculate the pair-breaking
effects of impurities on both equilibrium and nonequilib-
rium properties of conventional spin-singlet superconductors
reported in Secs. II C 4 and II C 5. Our focus is on supercon-
ducting devices and resonators with low concentrations of
impurities with quasiparticle-impurity exchange interactions.

In Sec. III, we connect the subgap quasiparticle spec-
trum to the frequency and temperature dependencies of
the ac conductivity for superconducting elements operat-
ing at microwave frequencies. Results for superconducting
device performance are based on the causal (retarded) cur-
rent response to a transverse EM field obtained from the
nonequilibrium Keldysh propagator. The signature of para-
magnetic impurities on the penetration of the microwave
field into a superconductor is discussed in Sec. III B. In
particular, a nonmonotonic anomaly in the superfluid frac-
tion at low temperatures is related to the subgap spectrum
of quasiparticles generated by scattering from paramagnetic
impurities.

Section III C includes our results for dissipation at mi-
crowave frequencies obtained from the current response of the
low-energy band of subgap quasiparticles. In particular, we
find that dissipation arises from both intraband transitions at
low temperatures, h̄ω ∈ εimp � �, where εimp is the impurity
band, as well as interband transitions between a nearly occu-
pied negative energy band, −εimp, and a nearly unoccupied
positive energy band, +εimp.

In Sec. III D we report results for the impact of param-
agnetic impurities on the resonance frequency, δ f (T ), and
quality factor, Q(T ), for high-Q superconducting resonators
operating in the GHz range at low temperatures. Quasiparti-
cle scattering by paramagnetic impurities affects the resonant
frequency shift of the cavity for temperatures close to Tc. The
width and depth of the anomalous (negative) frequency shift in
Nb-based SRF cavities [17,18,32] are impacted by exchange
scattering from paramagnetic impurities. We also show that
a low-energy subgap spectrum of quasiparticles leads to a
residual surface resistance Rs(0) and thus a limiting value of
Q, in good agreement with experimental results on Nb SRF
cavities after removal of surface oxides [33].

Readers not interested in theoretical methods can jump to
Sec. II C 4.

II. THEORETICAL METHODS

The quasiclassical theory of superconductivity formu-
lated by Eilenberger [27] and Larkin and Ovchinnikov [28]
is ideally suited for computational studies of nonequilib-
rium response of superconductors to electromagnetic fields.
The central elements of the theory are the propagators and
self-energies obtained by quasiclassical reduction of the field-
theoretical formulation of the theory of superconductivity
[34,35], cf. Ref. [31].

The quasiclassical propagators—Matsubara, retarded, ad-
vanced, and Keldysh (x = {M, R, A, K})—are functions of
the phase-space variables, (r, p f ), where r is the position in
coordinate space and p f is the position on the Fermi surface,
i.e., the Fermi momentum [36],

Ĝx(p, r; ε, t ) ≡ 1

a

∫
dξp τ̂3 Ĝx(p, r; ε, t ), (1)

where 0 < a < 1 is the spectral weight of the normal-state
quasiparticle pole centered at excitation energy ξp = v f (|p| −
p f ) near the Fermi surface, and

τ̂1 =
(

0 1̂
1̂ 0

)
, τ̂2 =

(
0 −i1̂
i1̂ 0

)
, τ̂3 =

(
1̂ 0
0 −1̂

)
,

(2)

are the Pauli matrices in particle-hole “Nambu” space, and 1̂
is the unit matrix in spin space [37].

Equilibrium states are described by the Matsubara propa-
gator, which can be expressed in terms of the quasiparticle and
quasihole propagators, the diagonal elements in Nambu space,
and the off-diagonal quasiclassical Cooper pair propagators,

Ĝ(p, r; εn) =
(

ĝ(p, r; εn) f̂ (p, r; εn)

ˆ̄f (p, r; εn) ˆ̄g(p, r; εn)

)
, (3)

where ĝ ( f̂ ) is the 2 × 2 spin matrix quasiparticle (pair)
propagator for momenta p on the Fermi surface, Matsub-
ara energy, εn = (2n + 1)π/β where β = 1/T and T is the
absolute temperature as a function of position r [38]. The
lower components, ˆ̄g and ˆ̄f , define the propagator for hole-
like quasiparticles and the conjugate pair propagator, which
are related to ĝ and f̂ by fermion exchange symmetry and
particle-hole symmetry [39].

The equal-time propagator defines the one-particle density
matrix in Nambu space,

�̂(p, r) ≡ lim
τ→0+

1

β

∑
n

Ĝ(p, r; εn) e−iεnτ/h̄, (4)

from which all one-body observables can be calculated. For
example, the local electron spin density is given by

�s(r) = Nf

∫
dSp Tr{̂�(p, r) �̂s}, (5)

where �̂s ≡ h̄

2
�̂� = h̄

2

(
�σ 0
0 �σ tr

)
(6)

is the quasiparticle spin operator in Nambu space, with �σ
being the 2 × 2 Pauli spin matrices [40], and the integration is
an average over the Fermi surface.
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Similarly, the local equilibrium Cooper pair amplitude
is defined by the equal-time limit of Gorkov’s anomalous
propagator,

f̂ (p, r) ≡ 1

β
lim

τ→0+

∑
n

f̂ (p, r; εn) e−iεnτ/h̄. (7)

Analytic continuation of the diagonal Matsubara propa-
gator to the real energy axis determines the retarded propa-
gator, ĜR(p, r; ε) = Ĝ(p, r; iεn → ε + i0+), from which the
spectral resolution of one-body observables is defined. In
particular, the spin-averaged, local density of states for quasi-
particles with momenta and excitation energies near the Fermi
surface is

N (p, r; ε) = − Nf

4π
Im Tr{̂τ3Ĝ

R(p, r; ε)}. (8)

A. Eilenberger’s equations

The quasiparticle and anomalous pair propagators, or-
ganized into 4 × 4 Nambu matrices, obey Gorkov’s equa-
tions [41]. Eilenberger transformed Gorkov’s equations [41]
for the quasiparticle and anomalous pair propagators into a
matrix transport-type equation for the quasiclassical Matsub-
ara propagator defined in Eq. (1) [27],

[ iεnτ̂3−�̂(p, r; εn), Ĝ(p, r; εn) ] + ih̄vp · ∇∇∇Ĝ(p, r; εn) = 0.

(9)

In contrast with Gorkov’s equation, which is a second-order
differential equation with a unit source term originating
from the fermion anticommutation relations, Eilenberger’s
equation is a homogeneous, first-order differential equa-
tion describing the evolution of the matrix propagator along
classical trajectories defined by the Fermi velocity, vp =
∇∇∇pξp. The physical solutions to the transport equation satisfy
Eilenberger’s normalization condition [27],

Ĝ(p, r; εn)2 = −π2 1̂, (10)

which enforces conservation of the spectral weight within the
bandwidth of low-energy excitations.

B. Self-energies

The physical properties of a particular super-
conducting material are encoded in the self-energy,
�̂(p, r; εn), that enters Eq. (9). To leading order in the
small expansion parameters of quasiclassical theory,
s = {kBT/E f , h̄/p f ξ0, h̄/τE f , h̄ω/E f ,

e
c v f A(ω)/E f }, the

processes that define the self-energy are represented by
Feynman diagrams for electron-phonon, electron-electron,
and electron-impurity interactions or the coupling to external
fields, as shown in Fig. 1.

1. Pairing self-energy

The electron-phonon self-energy, Fig. 1(a), is central to
the theory of superconductivity in elemental superconductors
such as Al, Nb, Ta. Phonon-mediated electron-electron inter-
actions in the Cooper channel are often sufficiently attractive,
and retarded in time, to overcome the repulsive electron-
electron interaction in the Cooper channel, Fig. 1(b). For

FIG. 1. Leading self-energy diagrams in the quasiclassical the-
ory of superconductivity. (a) electron-phonon self-energy, (b) mean-
field electron-electron self-energy, (c) electron-impurity self-energy
in the T-matrix approximation, and (d) the coupling of charge cur-
rents to an electromagnetic field with q = (q, ωm ).

these superconductors the dominant pairing channel is the
spin-singlet (S = 0), orbital A1g channel, i.e., the identity
representation. In what follows, we consider pairing mediated
by a net attractive interaction in the spin-singlet (S = 0),
isotropic “s wave” (L = 0) channel, g(εn; ε′

n), which gives rise
to a macroscopic pairing amplitude and mean-field pairing
self-energy

�(r; εn) = T
∑

n′
g(εn − εn′ )

∫
dSp′ f (p′, r; εn′ ), (11)

where g(ωm) ≡ λ(ωm) − µ�, with λ(ωm) being the phonon-
mediated electron-electron interaction, and µ� the repulsive
Coulomb pseudopotential [31]. Note that λ(ωm) provides a
natural cutoff at the maximum phonon energy ωD.

For Nb, Ta, and Al, with Tc/ωD � 1, the effects of
retardation are small, which also holds for the electro-
magnetic response of Nb at microwave frequencies, h̄ω �
2�0 [16] [42]. Thus, for our purposes we can approx-
imate g(εn − εn′ ) = g�(ωD − |εn|)�(ωD − |εn′ |), in which
case we obtain the weak-coupling gap equation for the pairing
self-energy,

�(r) = g T
|εn′ |�ωD∑

n′

∫
dSp′ f (p′, r; εn′ ), (12)

where for any self-energy functional, the pair propagator
f (p, r; εn) is obtained from the solution of Eilenberger’s
transport equation (9) and normalization condition (10).

2. Electron-impurity self-energy

The effects of disorder on superconductivity result from
electron scattering off a random distribution of impurities. The
electron-impurity self-energy is determined by the forward-
scattering limit of the electron-impurity T-matrix and the
mean impurity density ns,

�̂imp(p; εn) = nsT̂ (p, p; εn), (13)

where the T-matrix for electron-impurity scattering satisfies
a Bethe-Salpeter (BS) equation, shown diagrammatically in
Fig. 2 and given by

T̂ (p′, p; εn) = Û (p′, p) + Nf

∫
dS′′

pÛ (p′, p′′)Ĝ(p′′, εn)

× T̂ (p′′, p; εn). (14)

This equation encodes the effects of multiple scattering by
a single impurity, with the intermediate states defined by
the self-consistently determined Nambu matrix propagator for
both quasiparticles and pairs.
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FIG. 2. T-matrix for multiple scattering of quasiparticles and
pairs by an impurity with transition matrix Û (p′, p). Intermediate
states are described by the quasiclassical propagator, Ĝ(p, εn).

In what follows, we consider random distributions of
uncorrelated impurities with concentrations of nonmagnetic
and paramagnetic impurities with mean densities cN and
cS, respectively. For isotropic impurity potentials, the non-
magnetic electron-impurity vertex is V (p, p′ )̂1, while that
for spin-exchange scattering is J (p, p′) �S · �̂s. Both matrix
elements are parametrized by scattering amplitudes in or-
bital angular momentum channels, X (p, p′) = ∑

l�0(2l +
1)Xl Pl (p̂ · p̂′), for X = V, J , where {Pl (x)| l = 0, 1, 2, . . .}
are Legendre polynomials. Amplitudes Vl and Jl de-
fine normal-state quasiparticle-impurity scattering phase
shifts δNl = tan−1 v̄Nl where v̄Nl = πNf Vl , δ±

Sl
= ± tan−1 ūSl ,

where ūSl = πNf Jl S h̄
2 and + (−) corresponds to the elec-

tron spin aligned parallel (antiparallel) to the impurity
spin �S.

The number of relevant channels is determined by the ratio
of the atomic radius of the impurity and the Fermi wavelength,
i.e., l � Int [k f R], where k f = p f /h̄ is the Fermi wave vector
[43]. Typical values for impurities in metals are k f R ≈ 1 − 2
[44]. In what follows, we retain only one channel, i.e., the s
wave (l = 0) channel. We also treat paramagnetic impurities
as classical spins. The impurity spins are unordered, in which
case we average over the spin orientations of the ensemble
of paramagnetic impurities. Thus, 〈Si〉 = 0, 〈Si S j〉 = S2 1

3δi j ,
etc.

C. Equilibrium propagator and self-energies

For spatially homogeneous superconducting states, ∇∇∇Ĝ =
0, the propagator satisfies two matrix equations,[

iεnτ̂3 − �̂ − �̂imp, Ĝ
] = 0, and Ĝ2 = −π2 1̂. (15)

Thus, for a spatially homogeneous spin-singlet s-wave
superconductor in the clean limit (�̂imp = 0) the pairing self-
energy is given by �̂ = � τ̂1 iσy, where the U(1)N gauge
freedom allows us to fix the phase of � to be real, in which
case only the τ̂1 matrix appears. The corresponding solution
to Eqs. (15) for the propagator is

Ĝ(εn) = −π
iεnτ̂3 − �̂√

ε2
n + �2

(clean limit), (16)

where � = g
π

β

|εn|�ωD∑
n

�√
ε2

n + �2
, (17)

is the mean-field “gap function” in the weak-coupling approx-
imation, g is the pairing interaction in the spin-singlet, s-wave
channel and ωD is the bandwidth of attraction. Standard regu-
larization of the log-divergent sum for ωD/T → ∞ allows us
to eliminate the coupling constant, g, and the bandwidth ωD in
favor of the measurable clean-limit transition temperature Tc0 .

The Matsubara sum now converges on the low-energy scale
set by Tco, � � ωD,

ln

(
T

Tc0

)
= 2πT

∞∑
n=0

[
1√

ε2
n + �2

− 1

|εn|

]
. (18)

1. Nonmagnetic impurities

For nonmagnetic impurities, configurational averaging is
defined by a joint probability distribution for the random
positions of the impurities. For concentrations of uncorrelated
impurities, the configurational-averaged T-matrix reduces to
the following BS equation for scattering restricted to the s-
wave channel,

T̂N = vN 1̂ + Nf vN 〈Ĝ(p, εn)〉 T̂N, (19)

where vN is the matrix element for electron-impurity scatter-
ing by nonmagnetic impurities in the s-wave channel, and
〈Ĝ(p, εn)〉 is the Fermi surface average of the propagator,
Ĝ(p, εn). In general, the propagator is anisotropic, even for
conventional BCS superconductors such as Nb. Nonmagnetic
impurities are pair-breaking in anisotropic superconductors,
including anisotropic BCS superconductors, as described in
some detail in Ref. [45]. However, for isotropic (s wave),
spin-singlet superconductivity 〈Ĝ〉 = Ĝ(εn), in which case
the T-matrix in Eq. (19) is easily obtained using the normal-
ization condition in Eq. (10),

T̂N = 1

πNf

{
v̄N

1 + v̄2
N

1̂ + v̄2
N

1 + v̄2
N

Ĝ(εn)

}
, (20)

where v̄N ≡ πNf vN. This result is often expressed in terms of
the s-wave scattering phase shift δN = tan−1 v̄N,

T̂N = 1

πNf
{sin δN cos δN1̂ + sin2δN Ĝ(εn)}. (21)

The unit matrix term in T̂N does not contribute to the impurity
self-energy because it drops out of Eilenberger’s Eq. (15).
Thus,

�̂N = 1

2τN
Ĝ, (22)

where the quasiparticle-impurity scattering rate is

1

2τN
= cN

πNf

v̄2
N

1 + v̄2
N

≡ �N sin2 δN, (23)

which in the unitarity limit becomes

1

2τN
−−−−→
|vN|→∞

�N ≡ cN

πNf
. (24)

2. Paramagnetic impurities

For paramagnetic impurities the self-energy is defined by
an additional configurational average of the T-matrix over the
probability distribution of impurity spin directions,

�̂S(εn) = cS

∫
d��S
4π

T̂ (εn; �S) ≡ cS T̂S(εn), (25)

where T̂ (εn; �S) describes multiple scattering of quasiparticles
and Cooper pairs by a single polarized magnetic impurity with
spin �S = S �e where �e · �e = eiei = 1. The ensemble average
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over a uniform probability distribution for the directions of
the impurity spins defines the T-matrix for the unpolarized
distribution of paramagnetic impurites, T̂S(εn).

The symmetry constraints of a homogeneous paramagnetic
impurity distribution imply that T̂S(εn) contains only terms
proportional to τ̂3 and τ̂1 iσy. In particular, (i) there are no
terms proportional to îτ2 iσy, as such a term would break time-
reversal symmetry by the renormalized gap amplitude, and (ii)
there are no spin-triplet terms proportional to τ̂1 i�σσy, which
would break spin-rotation symmetry. Thus, the paramagnetic
impurity self-energy includes only the terms

�̂S(εn) = �S(εn) τ̂3 + �S(εn) τ̂1 iσy. (26)

The quasiclassical propagator then has the same Nambu ma-
trix structure as the clean-limit propagator in Eq. (16),

Ĝ(εn) = −π
iε̃nτ̂3 − �̃τ̂1 iσy√

ε̃2
n + �̃2

, (27)

where the renormalized Matsubara frequency and pairing self-
energy are given by

iε̃n = iεn − �N(εn) − �S(εn), (28)

�̃ = � + �N(εn) + �S(εn). (29)

To compute the impurity self-energy in Eq. (25), we need
to construct a BS equation for the configurational-averaged
T-matrix, T̂S(εn).

3. Bethe-Salpeter equation for ̂TS ≡ 〈̂T (εn;�S)〉
We start from the BS equation for T̂ (εn; �S) in Eq. (14) for

multiple scattering of quasiparticles and Cooper pairs by a
magnetic impurity with spin �S. We expand T̂ as an infinite
series in the spin-exchange interaction matrix element,

T̂ = Û + Û ĝÛ + Û ĝÛ ĝÛ + + Û ĝÛ ĝÛ ĝÛ + · · · , (30)

where

Û = us �e · �̂�, �̂� =
(

�σ 0
0 �σ tr

)
, (31)

with us ≡ J h̄
2 S and ĝ ≡ Nf Ĝ. The equilibrium propagator can

be expressed in terms of the quasiparticle and pair propagators

ĝ = Nf Ĝ = g3τ̂3 + g1τ̂1iσy, (32)

g3 = −π Nf
iε̃n√

ε̃2
n + �̃2

, (33)

g1 = +π Nf
�̃√

ε̃2
n + �̃2

, (34)

which satisfy the normalization condition

ĝ2 = (
g2

3 − g2
1

)̂
1 = −π2 N2

f 1̂. (35)

We carry out the configurational average over the ensemble
of paramagnetic impurities term by term in Eq. (30). The

FIG. 3. Configurational-averaged T-matrix for scattering of
quasiparticles and pairs from an impurity selected from an ensem-
ble of paramagnetic impurities. The leading-order term is defined
by the vertex u2

s ĝ′ and intermediate states are described by the
configurational-averaged quasiclassical propagator, ĝ = Nf Ĝ.

first-order term vanishes by symmetry,

〈Û 〉 =
∫

d��e
4π

us �e · �̂� ≡ 0. (36)

This extends to all terms odd in Û ∼ �e · �̂�. Thus, the leading-
order term for the configurational-averaged T-matrix is second
order in us,

〈Û ĝÛ 〉 = u2
s

∫
d��e
4π

ei e j �̂iĝ�̂ j = u2
s

1

3
�̂i ĝ �̂i ≡ u2

s ĝ′.

(37)
It is straightforward to show that

ĝ′ = Nf Ĝ
′ = g3τ̂3 − g1τ̂1iσy. (38)

Comparing this result with Eq. (32), we see that the second-
order Born scattering term leads to a sign change in the
off-diagonal spin-singlet pairing self-energy and is respon-
sible for pair breaking from this double spin-exchange
process. Note that ĝ′ also satisfies the normalization condition,
(̂g′)2 = −π2N2

f 1̂.
Similarly, the fourth-order contribution to the

configurational-averaged T-matrix reduces to

〈Û ĝÛ ĝÛ ĝÛ 〉 = u2
s ĝ′ × ĝ × u2

s ĝ′, (39)

and similarly for all even powers of Û . The resulting
configurational-averaged T-matrix satisfies the BS equation,

T̂S = u2
s ĝ′ + u2

s ĝ′ × ĝ × T̂S, (40)

shown diagrammatically in Fig. 3. The formal solution for T̂S

is then,

T̂S = (̂
1 − u2

s ĝ′ ĝ
)−1 × u2

s ĝ′. (41)

The matrix inverse (̂1 − u2
s ĝ′ ĝ)−1 is easily obtained by

making use of the normalization conditions, (̂g)2 = (̂g′)2 =
−π2 N2

f 1̂, and the anticommutator

{ ĝ, ĝ′ } = 2
(
g2

3 − g2
1

)
1̂ = 2π2 N2

f

{
1 − 2

ε̃2
n

ε̃2
n + �̃2

}̂
1, (42)

where the second equality follows from Eqs. (33) and (34).
Thus, it is straightforward to construct the inverse,

(̂
1 − u2

s ĝ′ ĝ
)−1 =

(̂
1 − u2

s ĝ ĝ′)
(1 − ū2

s )2 + 4 ū2
s

(
ε̃2

n

ε̃2
n + �̃2

) , (43)
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where ūs ≡ πNf us. We then obtain the configurational-
averaged T-matrix,

T̂S = u2
s

ū2
s(

1 − ū2
s

)2 + 4 ū2
s

(
ε̃2

n

ε̃2
n + �̃2

) ĝ

+ u2
s

1(
1 − ū2

s

)2 + 4 ū2
s

(
ε̃2

n

ε̃2
n + �̃2

) ĝ′. (44)

This result, when multiplied by the paramagnetic impurity
density ns and analytically continued to the real energies,
iεn → ε + i0+, is equivalent to Shiba’s Eq. (3.6) [24] for the
self-energy. The poles and branch cuts of T̂ R

S (ε) = T̂S(εn →
−iε + 0+) reveal the spectrum of both continuum excitations
and subgap bound states. In particular, in the limit cS → 0
(isolated impurities), we can neglect the impurity renormal-
ization of ε and �, in which case the denominator of T̂ R

S (ε)
has branch cuts at continuum edges, ±� and isolated poles at
subgap energies,

ε± = ±�
1 − ū2

s

1 + ū2
s

, (45)

corresponding to quasiparticle states bound to the im-
purity with wave functions of radial extent of order
ξS = ξ0/| sin(δ+ − δ−)|, where ξ0 = h̄v f /π�0 is the zero-
temperature coherence length in the clean limit, and the phase
shifts for pure exchange scattering are defined by tan δ± =
±ūs. Thus, for ūs = ±1 there is a bound state at the Fermi
energy with radial extent ξ0. For 0 < |ūs| < 1, the bound-state
energy lies in the gap, and the wave function spreads radially.
This result is equivalent to that of Rusinov [25] for impurities
with pure exchange interactions with quasiparticles. Our re-
sult for the T-matrix for multiple scattering by a paramagnetic
impurity that includes scattering of conduction electrons in
both spin-flip (exchange) and nonspin-flip (potential) chan-
nels has the same structure as that in Eq. (44), agrees with
Rusinov’s result in the single impurity limit, and is discussed
in the Appendix.

For a finite concentration of paramagnetic impurities, the
bound states hybridize, generating an inhomogeneous band of
quasiparticle states centered near the single-impurity bound-
state energy. The bandwidth and spectral weight of these
subgap states are encoded in the renormalization of ε and �

by the impurity self-energy,

�̂S ≡ cS T̂S(εn) = �Sτ̂3 + �Sτ̂1 iσy. (46)

Note that the first term in Eq. (44), proportional to ĝ, is a cor-
rection to the potential scattering T-matrix from the exchange
interaction. For isotropic, spin-singlet superconductors, this
term is nonpair-breaking and drops out of the equilibrium
Eilenberger equation (9) and thus does not contribute to pair
breaking and the subgap spectrum. However, this exchange
correction, as well as the nonmagnetic impurity scattering
self-energy, does contribute to the nonequilibrium response
functions, and thus to the microwave conductivity as we
discuss in Sec. III. Thus, we retain both sets of terms in

the self-energy obtained from the configurational-averaged
T-matrix,

�imp ≡ �N + �S = − 1

2τ1

iε̃n√
ε̃2

n + �̃2
, (47)

�imp ≡ �N + �S = + 1

2τ2

�̃√
ε̃2

n + �̃2
, (48)

where the scattering rates are given by

1

τ1
= 1

τN
+ 1

τS

1 + ū2
S(

1 + ū2
S

)2 − 4 ū2
S

(
�̃2

ε̃2
n + �̃2

) , (49)

1

τ2
= 1

τN
− 1

τS

1 − ū2
S(

1 + ū2
S

)2 − 4 ū2
S

(
�̃2

ε̃2
n + �̃2

) , (50)

where
1

2τN
= cN

πNf

v̄2
N

1 + v̄2
N

and
1

2τS
= cS

πNf
ū2

S (51)

are the normal-state scattering rate for nonmagnetic impurities
with density cN, and the Born scattering rate for paramagnetic
impurities with density cS. Equations (49) and (50) are not
restricted to the Born approximation. The dimensionless ma-
trix elements, v̄N = πNf vN and ūS = πNf uS are measures of
the strength of the potential and exchange interaction between
quasiparticles and impurities. Equations (47) and (48), when
analytically continued to the real energy axis, iεn → ε + i0+,
agree with Shiba’s Eqs. (3.6) and (3.7) for pure exchange
scattering by a distribution of paramagnetic impurities. And
if we retain only terms of order ū2

s in Eqs. (47) and (48),
we obtain the Born limit studied by Abrikosov and Gorkov
(AG). Thus, the renormalized Matsubara energy and pairing
self-energy become

ε̃n = εn + 1

2τ1

ε̃n√
ε̃2

n + �̃2
, (52)

�̃ = � + 1

2τ2

�̃√
ε̃2

n + �̃2
. (53)

We introduce renormalization factors: ε̃n ≡ Z3(εn) εn and
�̃ ≡ Z1(εn) �, and obtain coupled transcendental equa-
tions for Z1 and Z3 to be solved as functions of εn, �, 1/τN,
and 1/τS. The difference in scattering rates in Eqs. (52) and
(53) implies Z3 �= Z1, and the violation of Anderson’s theo-
rem, the suppression of Tc, pair breaking, and the existence of
quasiparticle states in the gap.

Note that the renormalized scattering rates, 1/τ1 and 1/τ2,
depend only on the ratio Z = Z3/Z1, in which case Eqs. (49)
and (50) become

1

τ1
= 1

τN
+ 1

τS

1 + ū2
S(

1 + ū2
S

)2 − 4 ū2
S

(
�2

ε̄2
n + �2

) , (54)

1

τ2
= 1

τN
− 1

τS

1 − ū2
S(

1 + ū2
S

)2 − 4 ū2
S

(
�2

ε̄2
n + �2

) , (55)
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where

ε̃n

�̃
= Z3

Z1

εn

�
≡ ε̄n

�
. (56)

We obtain ε̄n from the ratio of Eqs. (52) and (53),

ε̄n = εn + 1

2

(
1

τ1
− 1

τ2

)
ε̄n√

ε̄2
n + �2

≡ εn + 1

τ̄S

ε̄n√
ε̄2

n + �2
,

(57)
where

1

τ̄S
≡ 1

τS

1(
1 + ū2

S

)2 − 4 ū2
S

(
�2

ε̄2
n + �2

) . (58)

There are several observations to be made. (i) A key result
is that if 1/τ1 = 1/τ2, impurity scattering drops out of all
equilibrium properties. This is Anderson’s theorem. (ii) The
flip side is that only the difference between the scattering
rates 1/τ1 and 1/τ2, which is proportional to the exchange-
scattering rate 1/τS, contributes to pair breaking, suppression
of Tc, and the generation of a spectrum of subgap quasi-
particles. (iii) Equation (57) reduces two self-consistency
equations for ε̃n and �̃ to one self-consistency equation for
ε̄n. Note also that Eqs. (57) and (51) reduce to

ε̄n = εn + 1

τS

ε̄n

√
ε̄2

n + �2(
1 + ū2

S

)2
ε̄2

n + (
1 − ū2

S

)2
�2

. (59)

Analytic continuation to the real axis, iεn → ε + i0+, high-
lights the presence of the band of subgap states, which in
the limit cS → 0+ correspond to the isolated impurity bound
states above and below the Fermi level, Eq. (45), found by
Rusinov.

4. Suppression of Tc and the order parameter �

The equilibrium solution to the homogeneous Eilenberger
equations including scattering by nonmagnetic and paramag-
netic impurities reduces to

Ĝ(εn) = −π
iε̄nτ̂3 − �τ̂1iσy√

ε̄2
n + �2

, (60)

where � = λ
π

β

|εn|�ωD∑
n

�√
ε̄2

n + �2
. (61)

The gap equation now includes the pair-breaking impurity
self-energy with ε̄n defined by Eq. (59). As was done for the
gap equation in the clean limit, we eliminate the coupling
constant and bandwidth in place of Tc0 ,

ln

(
T

Tc0

)
= 2πT

∞∑
n=0

[
1√

ε̄2
n + �2

− 1

|εn|

]
. (62)

This equation for � and Eq. (59) for ε̄n must be solved to-
gether self-consistently as a function of T/Tc0 , the scattering
rate 1/τS, and the exchange interaction ūS. The gap parameter
� → 0+ as T → Tc from below. In this limit εn = 2πTc(n +
1
2 ) and

ε̄n = sgn(εn)

(
|εn| + 1

τ̄Sn

)
, (63)

where
1

τ̄Sn

= 1

τS

1(
1 + ū2

S

)2 = �S
4ū2

S(
1 + ū2

S

)2 , (64)

is the normal-state quasiparticle-impurity exchange-scattering
rate, where

�S ≡ cS

2πNf
(65)

depends on the concentration of paramagnetic impurities and
normal-state quasiparticle density of states at the Fermi level
and plays the same role as the unitarity limit for s-wave,
nonmagnetic impurity scattering in unconventional supercon-
ductors [46]. In particular, the paramagnetic scattering rate is
maximized with respect to the exchange interaction at ū2

S = 1,
and thus �S is the maximum scattering rate for fixed con-
centration. Note also that the scattering rate for ū2

S > 1 is
equivalent in terms of equilibrium pair-breaking to the scat-
tering rate for an exchange interaction 1/ū2

S < 1.
The physical significance of ū2

S = 1 was pointed out not
long after the works of YRS. For a single paramagnetic
impurity in a spin-singlet, s-wave superconductor ūS = 1
corresponds to level crossing at the Fermi level and was in-
terpreted as a quantum phase transition of the ground state by
Sakurai [47]. Salkola et al. [48] carried out a self-consistent
analysis for a single impurity spin, including gap suppres-
sion near the impurity, and found that the critical point is
suppressed, ūcritical

S � 1. Our self-consistent analysis for dilute
concentrations of paramagnetic impurities also shows sup-
pression of the critical point. In this case, the transition occurs
when the low-energy edge of the positive-energy impurity
band crosses the Fermi level.

The resulting equation for Tc reduces to

ln (Tc0/Tc) = ψ

(
1

2
+ 1

2πτ̄Sn Tc

)
− ψ

(
1

2

)
, (66)

where ψ (z) is the diGamma function [49]. Equation (66)
agrees with the AG result [11] in the Born limit, τ̄Sn → τS. The
result for the suppression of Tc depends only on the ratio of
the exchange-scattering rate, 1/τ̄Sn , to the pair formation rate,
1/τ0 = 2πTc0 . For small scattering rates, 1/2πτ̄Sn Tc0 � 1, the
suppression of Tc is small and reduces to

Tc

Tc0

� 1 − π2

4

1

πτ̄Sn Tc0

= 1 − π2

4

�S

πTc0

4ū2
S(

1 + ū2
S

)2 . (67)

For sufficiently large exchange-scattering rates, superconduc-
tivity is destroyed at a critical value of the scattering rate
1/πτ̄Sn Tc0 |crit = 1

2 e−γE ≈ 0.281. Although Tc/Tc0 is a function
of 1/πτ̄Sn Tc0 , properties of the superconducting state, includ-
ing Tc, the gap amplitude, density of states, conductivity, etc.,
generally depend on both the concentration of impurities, cS,
and the exchange interaction ūS.

The suppression of Tc by quasiparticle scattering from
paramagnetic impurities is shown in Fig. 4 as a function of
�S ∝ cS and the exchange interaction ūS, the latter ranging
from the Born limit to maximal pair-breaking. For fixed impu-
rity concentration, the maximum suppression of Tc occurs for
ū2

S = 1. Similarly, the mean-field order parameter (gap ampli-
tude �) defined by the self-consistent solution of Eqs. (62)
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FIG. 4. Suppression of the transition temperature Tc as a function
of �S (impurity concentration) for a range of ūS spanning the Born
limit, ūS � 1, to maximal pair breaking for ūS = 1.

and (59) is also suppressed relative to the clean limit gap
amplitude at all temperatures, as shown in Fig. 5.

Figure 6 shows the suppression of the transition tem-
perature of niobium for low concentrations of paramagnetic
impurities. The small suppression of Tc, even for ū2

S = 1, is
two orders of magnitude smaller than the suppression of Tc

by nonmagnetic impurity scattering and gap anisotropy in
high-Q superconducting Nb cavities, as shown in Fig. 12 of
Ref. [45]. However, as we discuss in Sec. III C, in contrast
with nonmagnetic impurity scattering, very low concentra-
tions of paramagnetic impurities with intermediate exchange
coupling can have a major impact on the quality factor and
performance of superconducting Nb resonators and devices
operating at GHz frequencies and low temperatures.

FIG. 5. Pair-breaking suppression of the superconducting gap �

by paramagnetic impurities for �S/πTc0 = 0.2 and the same range of
ūS as in Fig. 4.

�

FIG. 6. Weak suppression of Tc for niobium (Tc0 = 9.3 K) for
low concentrations of paramagnetic impurities, �S/πTc0 � 10−3,
and ūS as shown in the legend.

5. Quasiparticle density of states

The suppression of Tc and � is a reflection of the break-
ing of Cooper pairs by the exchange interaction between the
quasiparticle spin and that of the paramagnetic impurities, and
results in the generation of unpaired quasiparticle states with
subgap energies, −� < ε < +�.

The quasiparticle density of states is obtained from the
retarded propagator by analytic continuation of the Matsubara
propagator in Eq. (60) to the real axis,

N (ε) = Nf Im
ε̄R(ε)√

�2 − ε̄R(ε)2
, (68)

ε̄R(ε) = ε + 4�S ūS
2 ε̄R(ε)

√
�2 − ε̄R(ε)2(

1 − ū2
S

)2
�2 − (

1 + ū2
S

)2
ε̄R(ε)2

.

(69)

The exchange interaction, ūS, generates a pair of impurity
bands—one above and one below the Fermi level—centered
about the energy of an isolated impurity level [Eq. (45)]
with bandwidth determined by the impurity density via �S =
cS/2πNf .

In the Born limit, ū2
S � 1, the subgap spectrum builds

from continuum edges at ±� [50]. With increasing |ūS|, the
impurity band separates from the continuum and shifts toward
the Fermi level as shown in Fig. 7. In the limit ū2

S = 1, i.e.,
maximum pair breaking at fixed cS, the two bands merge to
a single band centered at the Fermi energy defined by the
solution of

ε̄R(ε) = ε − �S

√
�2 − ε̄R(ε)2

ε̄R(ε)
. (70)

The result is a spectrum of gapless quasiparticle states cen-
tered at ε = 0 as shown in Fig. 8. The finite density of states
(DOS) at the Fermi level leads to electronic contributions
to the heat capacity [51] and thermal conductivity [52] that
are linear in T at low temperatures, T � γ , where γ is the
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FIG. 7. Density of states for T/Tc = 0.02 and �S/2πTc0 = 3.5 ×
10−3 (solid lines) shows the shift of the subgap band toward the
Fermi energy for ūS increasing from 0.5 → 1.0. The dashed (dotted)
line corresponding to �S/2πTc0 = 3.5 × 10−4 (3.5 × 10−5) shows
the reduction in bandwidth and spectral weight for ūS = 0.5.

half-width of the impurity band. The latter is defined by the
imaginary part of ε̄R(ε) = ε + iγ , which for the band centered
at ε = 0 is

γ �
√

�S � � � for �S � �. (71)

The number of subgap states is obtained by integration over
the subgap energy band,

Nbs(ε) = N (0)
√

1 − (ε/εbs)2 �(εbs − |ε|), (72)

with N (0) = Nf (εbs/�) and εbs = 2γ , in which case∫ εbs

0
dε Nbs(ε) = cS, (73)

yielding a pair of quasiparticle states per impurity.

FIG. 8. Quasiparticle density of states for T/Tc = 0.02 and ex-
change coupling, ū2

S = 1. The half-width of the subgap impurity
band, γ , corresponds to �S/2πTc0 = 3.51 × 10−3.

For relatively low impurity concentrations, a narrow sub-
gap band of states shifts away from the Fermi level as the
exchange interaction is reduced. The shift in the position of
the impurity band is shown in Fig. 7 for ūS = 0.5 to ūS = 1
exchange interactions and fixed concentration, �S/2πTc0 =
3.5 × 10−3. Even for intermediate exchange interactions,
ū2

S ≈ 1, low concentrations of paramagnetic impurities do not
significantly suppress Tc and the gap amplitude �. However,
the low-energy subgap states can have a dramatic effect on
the conductivity at low temperatures and GHz frequencies,
and thus the performance of superconducting devices, as dis-
cussed in Secs. III C and III D.

III. ELECTROMAGNETIC RESPONSE

The quasiclassical transport equations can be extended to
calculate the response functions of a superconductor subject
to an electromagnetic field (EM). Here we restrict the analysis
to transverse EM fields. The interaction potential is then given
by the coupling of the vector potential to the charge current,

�̂EM(r, t ) = −e

c
vp · A(r, t )̂τ3, (74)

where evpτ̂3 is the Nambu charge current operator [53] and
A(r, t ) satisfies the transverse condition, ∇∇∇ · A = 0.

The quasiclassical propagator is extended to a function
of two frequencies, Ĝ(p, r; εn) → Ĝ(p, q; εn, ωm), where ωm

is the bosonic Matsubara frequency associated with Fourier
mode q of the external EM field, A(q, ωm). Analytic con-
tinuation of Ĝ(εn; ωm) to real energies: iεn → ε + i0+ with
iωm → ω + i0+ yields the Keldysh propagator [54],

1

β

∑
εn

Ĝ(εn, ωm) −−−−−−→
iωm→ω+i0+

∫ +∞

−∞

dε

4π i
ĜK (ε; ω). (75)

From ĜK we obtain the retarded (causal) current response
as a function of wave vector q and frequency ω of the EM
field,

JR(q, ω) = 2Nf

∫
dSp

∫
dε

4π i

1

4
Tr{evpτ̂3Ĝ

K (p, q; ε, ω)}.

(76)

The trace is over the charge current operator in Nambu
space, and the integration is over the Fermi surface and all
energies. The Keldysh function encodes both the spectral den-
sity of the charge carriers and the occupation of these states,
in general for nonequilibrium distributions.

The general theory for the response of superconductors
to a transverse EM field in the quasiclassical formalism
was developed in Ref. [31] and applied to superconduc-
tors in strong-coupling limit for electron-phonon mediated
superconductivity with nonmagnetic disorder. The results re-
ported here for the current response of superconductors, with
nonmagnetic and paramagnetic impurities, are based on the
Keldysh propagator calculated in the linear response limit
for an isotropic, spin-singlet (s wave) superconductor using
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Eliashberg’s method [29] of two-frequency analytic continuation [54],

JR(q, ω) = 2Nf

(
e2

c

) ∫
dSpvp(vp · A(q, ω))

∫
dε

4π i

×
{

π2dR
+(ε, ω)

π2dR+(ε, ω)2 + (q · vp)2

(
1 + ε̄R(ε + ω)ε̄R(ε) + �2√

�2 − ε̄R(ε + ω)2
√

�2 − ε̄R(ε)2

)
tanh

( ε

2T

)

− π2dA
+ (ε, ω)

π2dA+ (ε, ω)2 + (q · vp)2

(
1 + ε̄A(ε + ω)ε̄A(ε) + �2√

�2 − ε̄A(ε + ω)2
√

�2 − ε̄A(ε)2

)
tanh

(
ε + ω

2T

)

+ π2da
+(ε, ω)

π2da+(ε, ω)2 + (q · vp)2

(
1 + ε̄R(ε + ω)ε̄A(ε) + �2√

�2 − ε̄R(ε + ω)2
√

�2 − ε̄A(ε)2

)[
tanh

(
ε + ω

2T

)
− tanh

( ε

2T

)]}
, (77)

where

dR
+ = − 1

π

[√
�2 − ε̄R(ε + ω)2 +

√
�2 − ε̄R(ε)2 + 1

τN
− 1

2

(
1

τ̃R
S (ε + ω)

+ 1

τ̃R
S (ε)

)]
, (78)

dA
+ = − 1

π

[√
�2 − ε̄A(ε + ω)2 +

√
�2 − ε̄A(ε)2 + 1

τN
− 1

2

(
1

τ̃A
S (ε + ω)

+ 1

τ̃A
S (ε)

)]
, (79)

da
+ = − 1

π

[√
�2 − ε̄R(ε + ω)2 +

√
�2 − ε̄A(ε)2 + 1

τN
− 1

2

(
1

τ̃R
S (ε + ω)

+ 1

τ̃A
S (ε)

)]
, (80)

where ε̄R is the analytic continuation of the renormalized
Matsubara energy given in Eq. (69), and similarly for ε̄A. 1/τN

is the quasiparticle scattering rate by nonmagnetic impurities
defined in Eq. (51), and

1

τ̃
R,A
S (ε)

= 1

τS

(
1 − ū2

S

) �2 − ε̄R,A(ε)2

�2
(
1 − ū2

S

)2 − (
1 + ū2

S

)2
ε̄R,A(ε)2

(81)

are the retarded and advanced scattering rates contributing to
the renormalized gap, �̃R,A, obtained from analytic continu-
ation of Eq. (50), with 1/τS being the Born-limit scattering
rate.

In the absence of paramagnetic impurities, Eqs. (77)–(80)
reduce to Eqs. (66)–(68) of Ref. [31] for weak-coupling super-
conductors. This was the limit originally studied by Mattis and
Bardeen [55] and Abrikosov, Gorkov, and Khalatnikov [56]
for BCS superconductors with nonmagnetic impurities.

A. Long-wavelength microwave conductivity

To leading order in qv f � �ξ/λ � � we can omit terms
of order (q · vp)2 in the denominators of Eq. (77). The Fermi-
surface integral is then easily carried out, leading to a current
density that is a function of the local electric field, JR(r, ω) =
σ (ω) E(r, ω), with E = iω/c A. The conductivity is then de-
termined by an integral over the spectrum of charge carriers,

σ (ω) = 2

3
Nf

e2v2
f

iω

∫
dε

4π i

{
1

dR+(ε, ω)

(
1 + ε̄R(ε + ω)ε̄R(ε) + �2√

�2 − ε̄R(ε + ω)2
√

�2 − ε̄R(ε)2

)
tanh

( ε

2T

)

− 1

dA+ (ε, ω)

(
1 + ε̄A(ε + ω)ε̄A(ε) + �2√

�2 − ε̄A(ε + ω)2
√

�2 − ε̄A(ε)2

)
tanh

(
ε + ω

2T

)

+ 1

da+(ε, ω)

(
1 + ε̄R(ε + ω)ε̄A(ε) + �2√

�2 − ε̄R(ε + ω)2
√

�2 − ε̄A(ε)2

)[
tanh

(
ε + ω

2T

)
− tanh

( ε

2T

)]}
. (82)

B. Frequency-dependent penetration depth

An EM field incident from the vacuum penetrates a dis-
tance of order the London penetration depth λ into the
superconductor. For type-II superconductors in the limit λ �
ξ , the EM field and screening current penetrate well beyond
the vacuum-superconducting interface, where surface scatter-
ing may modify the bulk excitation spectrum in a region of
thickness of order the coherence length ξ near the interface.

The relevant wave vectors contributing to the current response
are 0 � |q| � π/λ. Thus, to a good approximation, we can
calculate the current response to the penetrating EM field as
the response of the homogeneous, bulk superconductor in the
long-wavelength q → 0 limit. As a result, the zero-frequency
limit of the imaginary part of the conductivity determines the
static London penetration depth, including the effects of disor-
der, 1/λ2 = (4π/c2) limω→0 ω Im σ (ω) ≡ 4πns(T ) e2/m∗c2,
where ns(T ) is the superfluid fraction that defines the
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log log

FIG. 9. The superfluid fraction, ns/n, as a function of T/Tc

for frequency ω = 0.005 Tc0 . Results are shown for low and high
concentrations of nonmagnetic impurities in the unitarity limit
[Eq. (24)] with αN = �N/πTc0 , and a range of low concentrations,
αS = �S/2πTc0 , of paramagnetic impurities in the limit ūS = 1.

magnitude of the static supercurrent, and m∗ is the normal-
state quasiparticle effective mass. The effects of impurity
disorder on the superfluid fraction of conventional supercon-
ductors have been studied in detail [15]. Although Tc, �(T )
and the DOS are unaffected by nonmagnetic impurities for
isotropic superconductors, the presence of condensate flow
relative to the random potential is pair breaking, leading
to suppression of the superfluid fraction at all tempera-
tures. Spin-exchange scattering by paramagnetic impurities
suppresses Tc, �, and generates a spectrum of subgap
quasiparticles even for zero condensate flow. Spin-exchange
scattering also contributes to the suppression of the superfluid
density, as discussed below.

For a microwave EM field, the penetration of the field as a
function of frequency and temperature is given by

1

λ(ω, T )2
= 4π

c2
ω Im σ (ω) ≡ 4π

ns(T, ω) e2

m∗c2
. (83)

In Fig. 9 we show results for ns(T, ω) for ω =
0.005 Tc for low [log(�N/πTc0 ) = −8.29] and moder-
ate [log(�N/πTc0 ) = −0.29] concentrations of nonmag-
netic impurities, and for four concentrations of param-
agnetic impurities in the limit ūS = 1, [log(�S/2πTc0 ) =
−4.45,−3.06,−2.45,−2.05]. The suppression of the su-
perfluid density at T = 0 from ns � 1 to ns ≈ 0.6 reflects
the pair-breaking effect of a significant concentration of
nonmagnetic impurities. Additional pair breaking by dilute
concentrations of paramagnetic impurities for ns, and suppres-
sion of Tc, is also evident.

What is not visible in Fig. 9 are nonmonotonic anomalies
in ns(T, ω) at very low temperature that are sensitive to the
frequency of the microwave field. Figure 10 shows a non-
monotonic variation of the superfluid fraction over a narrow
temperature range of order 0.04 Tc, for three frequencies of the
microwave field and ūS = 0.975. Note that δns/n is also a non-

�

�

FIG. 10. Nonmonotonic temperature and frequency depen-
dence of the superfluid density for 0 < T � 0.04 Tc, ūS = 0.975,
�S/2πTc0 = 8.9 × 10−6 and microwave frequencies covering the po-
sition and bandwidth of the subgap quasiparticle band near the Fermi
level as shown in Fig. 11.

monotonic function of frequency in this temperature range.
The magnitude of the nonmonotonic variation is of order
5 ppm, which implies similar fractional changes in the pene-
tration of the EM field into the surface of the superconductor,
and thus to the resonant frequency of a superconducting res-
onator. These low-temperature, low-frequency anomalies in
field penentration and resonant frequency originate from a
low concentration of subgap quasiparticle bands near, but not
overlapping, the Fermi level, within reach of the microwave

�

�

FIG. 11. The band of subgap quasiparticles near the Fermi level
generated by a very dilute concentration, �S/2πTc = 8.9 × 10−6, of
paramagnetic impurities with exchange interaction ūS = 0.975. Also
shown is the range of microwave frequencies corresponding to the
low-temperature superfluid response plotted in Fig. 10.
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log log

FIG. 12. The dissipative microwave conductivity, σ1(ω, T ), as
a function of temperature for the same values of magnetic and
nonmagnetic impurities as those in Fig. 9, and ω = 0.005 Tc.
The conductivity is normalized by the normal-state conductivity,
σn ≡ σ1(ω, Tc ).

frequency, as show in Fig. 11. The microwave field produces
shifts in the occupation of the subgap quasiparticle bands
above and below the Fermi level that contribute to the conduc-
tivity in Eq. (83). For frequency ω2 shown in Fig. 11 that spans
the positive-energy subgap band the occupancy of the bands
above and below the Fermi level are shifted to effectively
suppress the thermal population of states above the Fermi
level that would otherwise contribute to thermal backflow, and
to increase the occupancy of the negative energy subgap band
below the Fermi level, both leading to an initial increase in the
superfluid fraction for 0 < T � 0.012 Tc, as shown in Fig. 10.
The sensitivity of the superfluid response is also evident for
the frequencies above and below ω2 in Fig. 11.

High-Q superconducting resonators exhibit changes in
their resonant frequency in the 1–10 ppm range [32]. Notable
are Ta-based coplanar waveguide (CPW) resonators operating
at 4.8 GHz exhibits a nonmonotonic resonant frequency shift
of order δ f / f ≈ 0.5 ppm at low temperatures, as shown in
Fig. 2(b) of Ref. [57]. The authors attribute the anomaly to
TLS defects. However, the nonmonotonic anomaly we find
at GHz frequencies results from the subgap quasiparticle re-
sponse to the microwave field. Such states are excluded in the
analysis of Ref. [57] because the authors assume Ta is a fully
gapped superconductor.

C. Dissipative conductivity

In contrast with the nondissipative response of the super-
fluid density, ns(T, ω), the dissipative response, Re σ (ω, T ),
is sensitive to temperature, frequency, nonmagnetic and
paramagnetic impurity disorder, for all temperatures and fre-
quencies, including very low temperatures and microwave
frequencies.

Figure 12 shows the dissipative conductivity as a function
of temperature for the same parameters for nonmagnetic and

log

lo
g

log

FIG. 13. The log of the dissipative conductivity, σ1(ω, T ), as a
function of temperature for the same parameters as Fig. 12, which
highlights the limiting value σ1(ω) below a temperature of order the
bandwidth of the subgap impurity band.

paramagnetic impurities as those in Fig. 9. A key observation
is that a large coherence peak just below Tc results from a sub-
stantial concentration of nonmagnetic impurity disorder, i.e.,
log(�N/2πTc0 ) = −0.29, a value typical of high-Q niobium
SRF cavities [16,17,45]. Another key observation is that for a
fixed concentration of nonmagnetic impurities, an additional
low concentration of paramagnetic impurities suppresses the
coherence peak. Thus, the sensitivity of the coherence peak
could serve as a signature and measure of very dilute con-
centrations of paramagnetic impurities. What is not visible in
Fig. 12 is the low-temperature limit of the conductivity. We
reveal this regime in Fig. 13; the logarithm highlights the satu-
ration of Re σ (ω, T ) below T ≈ 0.2 Tc, for the same impurity
parameters as those of Fig. 12. The limiting value of Re σ

for T = 0, which is determined by the dissipative response
of the small but finite density of subgap quasiparticles at the
Fermi level, provides a physical mechanism for the residual
resistance inferred from experimental measurements of the
limiting Q of superconducting resonators [33]. We highlight
these features of the microwave conductivity in the quality
factor Q and resonance frequency shift δ f of high-Q super-
conducting resonators.

D. Frequency shift δ f and Q of cavity resonators

For transverse fields, the current response expressed in
terms of the conductivity, σ (ω), and electric field, E(ω) =
i ω

c A(ω), is often expressed in terms of the response to the
vector potential,

JR(q, ω) = − c

4π
K (ω) A(q, ω). (84)

The response function K (ω, T ) is related to the real and imag-
inary parts of the complex conductivity,

K (ω, T ) = 1

λ(ω, T )2
− i

4πω

c2
σ1(ω, T ), (85)
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where λ(ω, T ) is the penetration depth of the EM field into
the superconductor [Eq. (83)], and σ1 = Re σ (ω, T ) is the
contribution to the conductivity that is in phase with the
electric field and thus determines the dissipation of the EM
field by Joule losses from unpaired quasiparticles within the
region of penetration of the EM field. For a fully gapped su-
perconductor, the Joule dissipation at microwave frequencies
is exponentially suppressed at low temperatures, leading to a
diverging quality factor Q(ω, T ) for T → 0. However, even a
very small concentration of paramagnetic impurities with in-
termediate quasiparticle-impurity exchange interaction leads
to dissipation by the microwave field at low temperatures from
a band of subgap quasiparticles near the Fermi level, and
thus a limiting value for Q, often interpreted in terms of a
phenomenological “residual” surface resistance [58]. Below
we show that a band of subgap states with a finite density of
states at the Fermi level leads to saturation of Q and a residual
surface resistance for high-Q cavity resonators with very low
concentrations of paramagnetic impurities.

The field, A(r, ω) and the current response JR(r, ω) in
Eq. (84) are supplemented by boundary conditions for the
vector potential at the vacuum-superconductor interface. The
combination allows us to calculate the quality factor and
resonant frequency shift of SRF cavities with high precision
[16,17].

1. Quality factor of high-Q cavity resonators

The quality factor for the fundamental transverse magnetic
(TM) mode of a cylindrical SRF cavity at microwave frequen-
cies is related to the current response function K (ω, T ) by

1

Q
= 2

R
Im

{
1√
K

}
, (86)

where R is the radius of the cavity [17]. At microwave fre-
quencies and low temperatures, the penetration depth is finite
while σ1(ω, T ) is decreasing exponentially with temperature
down to very low temperatures as shown in Fig. 12. As a
result, the quality factor at low temperature is inversely pro-
portional to the dissipative conductivity,

Q(ω, T ) ≈ R

λω

(
c2

4πωλ2
ω

)
1

σ1(ω, T )
, T � Tc, (87)

where λω = λ(ω, 0) ≈ λL, and ω is the resonant frequency of
the SRF cavity. Thus, the low-temperature behavior, includ-
ing any zero-temperature limit, of Q is determined by the
dissipative conductivity σ1(ω, T ) for T � Tc. In particular,
for high-Q resonators with very low concentrations of para-
magnetic impurities we predict a residual resistance Rs(0) ∝
σ1(ω, T = 0)−1. The saturation and zero-temperature limit of
Q at low temperatures is shown in Fig. 14 for several decades
of very low concentrations of paramagnetic impurities labeled
by log(αS). Note also that the upper limit for Q is independent
of the concentration of nonmagnetic impurities for more than
eight orders of magnitude. The maximum value of Q is ex-
ponentially sensitive to log(αS), as is evident in Fig. 14. It is
also noteworthy that Q decreases as T drops below that corre-
sponding to the maximum Q. This nonmonotonic temperature
dependence is similar to what is observed in high-Q SRF
cavities after the removal of surface oxides [33]. In our theory,

log log

lo
g

log

FIG. 14. Log-log plot of the quality factor as a function of tem-
perature showing the maximum and zero-temperature limit for Q
from a subgap band of quasiparticles for the same values of magnetic
and nonmagnetic impurities as those in Fig. 9.

the nonmonotonic temperature dependence is determined by
the position and width of the subgap quasiparticle band at the
Fermi level. It is worth noting that the saturation of Q at low
temperature is not limited to pair-breaking by paramagnetic
impurities. Embedded two-level tunneling impurities are also
capable of creating a band of subgap states at the Fermi level,
and thus a residual resistance and maximum Q for T � Tc [7].

2. Frequency dependence of Rs and Q for T → 0

There are two distinct mechanisms for dissipation at
microwave frequencies by subgap quasiparticles: (i) in-
traband transitions within each electron or hole impurity
band and (ii) interband transitions from hole to particle im-
purity band and vice versa. The former mechanism is active at
finite temperature for microwave photons with energies less
than the bandwidth of the electron or hole impurity band.
Interband dissipation requires photons with energies spanning
the high-energy edge of the hole band below the Fermi level
to the low-energy edge of the particle band above the Fermi
level.

Figure 15 shows the inverse quality factor, which is pro-
portional to Rs, as a function of microwave frequency. The
first (second) set of peaks corresponds to intraband (interband)
transitions.

The distinction between these two processes is revealed
in the behavior of the inverse quality factor as a function
of temperature for several frequencies in the microwave
regime, determined by the subgap spectrum in Fig. 11. For
microwave frequencies ω < 2ω1 ≈ 0.06 Tc0 , dissipation re-
sults only from intraband transitions for 0 < ω < ω2 − ω1 ≈
0.03 Tc0 . The signature of interband transitions is that the
microwave dissipation decreases monotonically with temper-
ature and vanishes for T → 0 corresponding to a filled hole
band and an empty electron band. By contrast, interband
absorption onsets at ω = 2ω1 and increases with decreasing
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FIG. 15. The inverse quality factor as a function of frequency
for a very dilute concentration of paramagnetic impurities with
�S/2πTc = 8.9 × 10−6 with exchange interaction ūS = 0.975. The
corresponding electron impurity band is shown in Fig. 11. The first
peak in 1/Q corresponds to intraband transitions, while the second
peak originates from interband transitions between hole-like and
particle-like impurity bands.

temperature, reaching a maximum at T = 0. Both trends are
shown Fig. 15.

Microwave absorption measurements on Nb SRF cavities
[33] and Ta superconducting circuits [57] show evidence con-
sistent with these microwave loss mechanisms in their quality
factors at low temperatures. For Nb SRF cavities, the qual-
ity factor decreases monotonically at low temperatures, very
similar to our results shown in Fig. 14. In the case of Ta
superconducting circuits, the quality factor is also nonmono-
tonic but recovers to a higher value at very low temperatures,
similar to the result shown in Fig. 16, which corresponds to
a frequency range that includes only intraband absorption,
which decreases at very low temperatures.

Lastly, we note that, if the photon energy exceeds the sub-
gap bandwidth but is less than the minimum excitation energy
required to excite an occupied state in the hole band to an
unoccupied state in the particle band, then there is no residual
resistivity plateau in Q(T ). This case is also highlighted in
Fig. 16.

3. Resonant frequency shift of high-Q cavity resonators

The resonance frequency of a high-Q cavity generally in-
creases by 1–10 ppm below Tc due to effective screening of
the EM field compared with the normal-metal skin depth.
However, there is often a negative frequency shift confined
to a narrow temperature region near Tc that was highlighted
in detailed measurements reported in Ref. [32]. A quantita-
tive theory of the small shifts in the resonant frequency of
N-doped Nb high-Q resonators, including the negative fre-
quency anomaly, was developed in Refs. [16] and [17]. These
authors showed that the quality factor and frequency shift,

lo
g

FIG. 16. The quality factor as a function of temperature for a
very dilute concentration, �S/2πTc = 8.9 × 10−6, of paramagnetic
impurities with exchange interaction ūS = 0.975 and nonmagnetic
scattering rate αN = 0.5. The frequency dependence of Q is deter-
mined by the impurity band shown in Fig. 11. For ω = 0.07 Tc0

(green squares) interband transitions are active and lead to a residual
resistivity plateau and a finite value of Q as T → 0. However, for
ω = 0.005 Tc0 (black circles) intraband transitions are allowed at
finite temperature but ultimately suppressed as T → 0, leading to
a plateau followed by increasing Q as T → 0. For ω = 0.04 Tc0

(red triangles), the microwave frequency is insufficient for interband
transitions and too large for intraband transitions, in which case the
subgap impurity band is invisible to microwave photons.

including the observed temperature dependencies, were quan-
titatively accounted for by the current response of Nb with
nonmagnetic disorder at levels of disorder below the clean-to-
dirty limit crossover, i.e., 0.5 � 1/2πτNTc � 0.75 [16]. They
also identified the mechanism responsible for the negative-
frequency-shift anomaly in these resonators, as T → Tc from
below the London penetration depth diverges and exceeds the
normal-metal skin depth, leading to a negative frequency shift
within a temperature range of width Tc − T � 4 × 10−3Tc

near Tc [17]. Since these studies, several groups have reported
negative frequency shift anomalies in Nb-based SRF cavities,
often with negative shift anomalies extending over a broader
temperature range below Tc [59–62]. Here we report new
theoretical results for the frequency shift of SRF cavity res-
onators with nonmagnetic impurities and low concentrations
of paramagnetic impurities.

The difference in the resonance frequency, δ f = fs − f0,
of a superconducting resonator fs relative to that of a perfect
conductor f0 is determined by the penetration of the EM field
into the superconductor, and given by

δ f

f
= − 1

R
Re

{
1√
K

}
. (88)

Figure 17 shows the impact of paramagnetic impurity scat-
tering on the frequency shift of superconducting resonators
for temperatures in the vicinity of Tc for the clean limit
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FIG. 17. The resonant frequency of a superconducting cavity
resonator, relative to that for a perfect metal, as a function of tem-
perature, for the nearly clean limit of nonmagnetic disorder and a
range of concentrations of nonmagnetic impurities. The temperature
width and magnitude of the negative frequency shift anomaly near Tc

depend strongly on the ratio ωτ .

for nonmagnetic impurities and increasing concentrations of
paramagnetic impurities.

An important parameter characterizing the frequency shift
anomaly at high temperatures is the ratio of the normal-state
electron-impurity scattering time τ to the period of the mi-
crowave field, i.e., ωτ , where 1/τ = 1/τN + 1/τ̄Sn . For ωτ ≈
1, the frequency shift at Tc, δ f |Tc , is of the same order as
the zero-temperature shift δ f |T =0. The corresponding tem-
perature width of the negative frequency shift region is of
order �T ≈ 0.2 Tc, which is much wider than the anoma-
lous temperature region, �T ≈ 4 × 10−4 Tc, for much higher
concentrations of nonmagnetic impurities characteristic of N-
doped Nb SRF resonators [16,17]. The negative frequency
shift anomalies shown in Fig. 18 for ωτ � 1 correspond to
a concentration of nonmagnetic impurities typical of N-doped
Nb SRF resonators studied in Ref. [32].

Note (i) the narrow range of the negative-frequency
anomaly, �T ≈ 6 × 10−4Tc, and the maximum dip of
δ f / f0 ≈ −0.5 × 10−6, for the lowest concentration of para-
magnetic impurities, log αS = −4.45, and (ii) the substantial
increase in both the width of the anomaly and the magnitude
of the dip with increasing concentration of paramagnetic im-
purities. The key point is that the width and magnitude of
the negative frequency shift anomaly for T � Tc are sensitive
diagnostics of both the scattering rates from nonmagnetic
impurities, as well as those from low concentrations of para-
magnetic impurities, in high-Q superconducting resonators.

IV. CONCLUSION

Optimizing the performance of superconducting resonators
and devices requires identifying and eliminating sources of
dissipation and decoherence, often embedded or interfacial

log log

�

FIG. 18. The resonant frequency shift of an SRF resonator very
near Tc for moderate nonmagnetic disorder, showing the effect for
low concentrations of paramagnetic impurities.

defects, or two-level system defets. This task becomes more
challenging as the performance level of the device increases.

We have shown that joule dissipation from a subgap
spectrum of unpaired quasiparticles generated by dilute con-
centrations of paramagnetic impurities limits the quality factor
of superconducting resonators operating at microwave fre-
quencies and at low temperatures. In particular, a subgap band
of quasiparticles near the Fermi level provides a microscopic
mechanism for zero-temperature residual resistance of high-Q
resonators. Signatures of nonmagnetic and paramagnetic im-
purity disorder are observable in the temperature-dependent
shifts of the resonant frequency and the quality factor of high-
Q superconducting resonators.
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APPENDIX: TWO-CHANNEL PARAMAGNETIC
IMPURITY SCATTERING

In general, paramagnetic impurities scatter conduction
electrons in both spin-flip (exchange scattering) and non-spin-
flip (potential scattering) channels. Thus, the corresponding
matrix element in the s-wave scattering limit is

Û = uN1̂ + uS �e · �̂�, (A1)

with uS = J h̄
2 S (uN) the exchange (potential) interaction

strength. Carrying out the configurational averaging over the
ensemble of randomly oriented impurity spins, the T-matrix
based on Eq. (A1), and the analysis to solve the BS equation as
described in Sec. II C 3, is

T̂S = u2
S ĝ ′ + (

u2
N − u2

S

)2
ĝ + u2

N ĝ(
1 + ū2

N − ū2
S

)2 + 4 ū2
S

(
ε̃2

n

ε̃2
n + �̃2

) . (A2)

The dependence of the T-matrix on the two propagators, ĝ
and ĝ ′, and the renormalized Matsubara frequency and gap
amplitude is the same as that in Eq. (44), but with both spin-
flip and non-spin-flip matrix elements contributing.

The normal-state limit (� = 0) reduces to s-wave scatter-
ing described by two phase shifts,

T̂S = 1

2πNf
(sin2 δ+ + sin2 δ−), (A3)

with δ+ being the phase shift for conduction-electron scat-
tering with electron spin parallel to the impurity spin, and,
similarly, δ− is the phase shift for scattering with the electron
spin antiparallel to the impurity spin. The phase shifts are
given by

δ± ≡ tan−1 (ūN ± ūS), (A4)

and correspond to the scattering matrix elements introduced
in Refs. [11,25].

Equation (A2) reduces to Eq. (44) in the limit of pure ex-
change scattering, uN → 0, and agrees with Shiba’s Eqs. (3.6)
and (3.7) in this limit. However, our result in Eq. (A2) differs
from Shiba’s Eqs. (4.2) and (4.3), which include nonspin-flip
scattering. In comparison with our result in Eq. (A2), Shiba’s
result has an error in the cross terms ∝u2

N u2
S in the denomi-

nator of the T-matrix. This leads to errors in the bound-state
spectrum when both channels are included.

We checked our result for T̂S for the single-impurity limit
in which the renormalization factors drop out, ε̃n → εn and
�̃ → �. Analytic continuation of T̂S to real energies, iεn →
ε + i0+, reveals single-impurity bound-state poles at energies

ε± = ±� cos(δ+ − δ−) = ± � |1 − ũ2
S|√

(1 + ũ2
S)2 − 4ũ2

S

ū2
N

1 + ū2
N

,

(A5)

with ũS ≡ ūS/(1 + ū2
N)1/2. The result in Eq. (A5) also agrees

with Rusinov’s single-impurity bound-state energies for s-
wave scattering [25].

Thus, as is the case for pure exchange scattering, the two-
channel T-matrix hosts a pair of subgap bound states above
and below the Fermi level, with subgap energies lying in
the range 0 � |ε±| � � depending on the strengths of the
exchange and potential matrix elements.

Lastly, we note that, in the low-concentration limit for
the paramagnetic impurities, the dominant contribution to
the nonpair-breaking scattering rate contributing to the mi-
crowave conductivity comes from nonmagnetic impurities.
Only the pair-breaking rate, 1/τ̃

R,A
S (ε) given in Eq. (81), is

important for low concentrations of paramagnetic impurities,
as discussed in Sec. III.
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