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SU(2) gauge theory of fluctuating stripe order in the two-dimensional Hubbard model
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We present an SU(2) gauge theory of fluctuating stripe order in the two-dimensional Hubbard model. The
theory is based on a fractionalization of the electron operators in fermionic chargons with a pseudospin degree
of freedom, and charge-neutral spinons capturing fluctuations of the spin orientation. The chargons are treated
in a renormalized mean-field theory. We focus on regions of the phase diagram where they undergo stripe order.
The spinons are described by a nonlinear sigma model with pseudospin stiffnesses determined by the chargons.
They prevent breaking of the physical SU(2) spin symmetry at any finite temperature, resulting in a charge-
ordered pseudogap phase with a reconstructed Fermi surface and a spin gap. The spectral function for single-
particle excitations exhibits a collection of Fermi arcs and other structures. The arcs appear in various regions
of the Brillouin zone, but never exclusively near the Brillouin zone diagonals. For a suitable choice of the
bare dispersion relation, the form of the low energy spectral function resembles experimental observations from
angular resolved photoemission on cuprates in which stripe fluctuations play an important role.
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I. INTRODUCTION

A universal hallmark of cuprate superconductors—in addi-
tion to their high superconducting transition temperatures—is
their pseudogap behavior above Tc, which has been observed
in a broad hole-doping range from the underdoped into the
optimally doped regime [1]. The pseudogap phenomenology
includes several striking properties: A reduction of the charge
carrier concentration, a spin gap, and a reconstructed Fermi
surface which in photoemission looks like a collection of
Fermi arcs. It is often accompanied by electronic nematicity,
breaking the tetragonal symmetry of the crystal, and a ten-
dency toward charge order. Suppressing superconductivity by
a high magnetic field, the pseudogap regime extends into the
otherwise superconducting region of the phase diagram—for
doping concentrations as high as 20% [2].

A minimal model describing the strongly correlated
valence electrons in the copperoxide planes of cuprate su-
perconductors is the two-dimensional Hubbard model [3,4].
There is numerical evidence for pseudogap behavior in the
two-dimensional Hubbard model, in particular from quan-
tum cluster calculations [5], and a careful analysis of the
contributions to the self-energy from effective charge, spin,
and pairing interactions has revealed that the pseudogap
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is generated mainly by antiferromagnetic spin fluctuations
[6]. Approximate theories based on quantum field theoretic
methods can provide further insight into the structure and
mechanisms of the pseudogap behavior, and results for spec-
troscopic observables with a high energy and momentum
resolution. Early theories of the pseudogap phenomenon were
based on weak-coupling expansions, such as the Moriya
theory [7] and the two-particle self-consistent approach [8].
However, the pseudogap forms only for large magnetic cor-
relation lengths and thus in a narrow parameter regime
in these theories, while numerical results show that strong
short-ranged correlations are actually sufficient. Alternative
previous theories involving only short-range order are based
on Anderson’s resonanting valence bond (RVB) concept [9],
and on dynamical gap generation by umklapp processes [10].

More recently it was shown that the pseudogap behavior
observed in cuprates can be captured by SU(2) gauge theories
of fluctuating magnetic order [11–17]. This approach is based
on a fractionalization of the electron into a fermionic chargon
with a pseudospin degree of freedom and a charge-neutral
spinon, that is, an SU(2) matrix providing a space and time de-
pendent fluctuating local reference frame [18]. The local spin
rotations can be parametrized by an SU(2) gauge field. One
can then construct solutions where the chargons exhibit some
sort of magnetic order (in particular, Néel, spiral, or stripe),
and the Fermi surface gets correspondingly reconstructed. The
spinon fluctuations prevent magnetic long-range order of the
physical spin-carrying electrons at finite temperatures, and,
if strong enough, also in the ground state [19–21]. Quanti-
ties involving only charge degrees of freedom behave as in
a conventional magnetically ordered state [22–24]. Recently
a more sophisticated gauge theory of the pseudogap regime
with additional auxiliary degrees of freedom (“ancilla qubits”)
was proposed [25–28].
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So far, concrete evaluations of SU(2) gauge theories of
fluctuating magnetism were restricted to Néel or planar spiral
order. In both cases the magnetic order leads to a splitting of
the bare band structure into (only) two quasiparticle bands.
In the presence of a sizable next-to-nearest neighbor hopping,
as present in the cuprates, Néel order applies to the electron-
doped, and spiral order to the lightly hole-doped Hubbard
model. However, at larger hole doping stripe order becomes
favorable, at least in mean-field theory [29,30], and several
numerical simulations of the Hubbard model with a sizable
hole doping indicate a stripe-ordered ground state [31–34],
sometimes coexisting with superconductivity [35].

In this paper we formulate and evaluate an SU(2) gauge
theory of fluctuating stripe order. Our analysis extends the
formalism of Ref. [16], which allows for a (approximate) mi-
croscopic calculation of observables for interacting electron
models. Fluctuating stripe states have also been considered
recently in Refs. [36,37]. The main complication for stripe
order, compared to Néel or spiral order, is the large number of
quasiparticle bands, which is proportional to the periodicity
of the stripe pattern. We solve the chargon sector in a renor-
malized mean-field theory, and we compute the pseudospin
stiffnesses from a renormalized random phase approximation
(RPA). The spinon dynamics is governed by a nonlinear sigma
model, which is solved in a saddle point approximation. We
present results for the quasiparticle Fermi surfaces, the stiff-
nesses, and the electron spectral function.

The remainder of the article is structured as follows. In
Sec. II we describe the general structure of the SU(2) gauge
theory of fluctuating stripe order, and our approximate solu-
tions for the chargon and spinon dynamics. Concrete results
for the two-dimensional Hubbard model are presented in
Sec. III. A conclusion in Sec. IV closes the presentation.

II. MODEL AND METHOD

While our method can be used for a broader class of mod-
els, we consider the Hubbard model on a square lattice [5,38]
for the sake of concreteness. Our calculations are based on
the functional integral formalism for quantum many-particle
systems [39]. The Hubbard action in imaginary time reads as

S[c, c∗] =
∫ β

0
dτ

∑
j, j′,σ

c∗
jσ [(∂τ − μ)δ j j′ + t j j′ ]c j′σ

+
∫ β

0
dτ U

∑
j

n j↑n j↓, (1)

where c jσ = c jσ (τ ) and c∗
jσ = c∗

jσ (τ ) are Grassmann fields
corresponding to the annihilation and creation, respectively,
of an electron with spin orientation σ at site j, and n jσ =
n jσ (τ ) = c∗

jσ (τ )c jσ (τ ). The hopping amplitudes t j j′ are trans-
lation invariant, that is, they depend only on j − j′. The
chemical potential is denoted by μ, and U > 0 is the
strength of the (repulsive) Hubbard interaction. To simplify
the notation, we write the dependence of the fields on the
imaginary time τ only if needed for clarity. The Hubbard
action in (1) is invariant under global SU(2) spin rotations
c j (τ ) → Uc j (τ ), c∗

j (τ ) → c∗
j (τ )U†, where c j and c∗

j are

two-component spinors composed from c jσ and c∗
jσ with σ ∈

{↑,↓}, respectively, while U is an arbitrary SU(2) matrix.

A. Electron fractionalization

To separate spin orientation fluctuations from the charge
degrees of freedom, we fractionalize the electronic fields as
[18–21]

c j (τ ) = Rj (τ ) ψ j (τ ), c∗
j (τ ) = ψ∗

j (τ ) R†
j (τ ), (2)

where Rj (τ ) ∈ SU(2), to which we refer as spinon, is com-
posed of bosonic fields, and the components ψ js of the
chargon spinor ψ j are fermionic. The spinons transform under
the global SU(2) spin rotation by a left matrix multiplica-
tion, while the chargons are left invariant. Conversely, a U(1)
charge transformation acts only on ψ j , leaving Rj unaffected.
The factorization in Eq. (2) introduces a redundant local
SU(2) symmetry, acting as

ψ j (τ ) → V j (τ ) ψ j (τ ), ψ∗
j (τ ) → ψ∗

j (τ )V†
j (τ ), (3a)

Rj (τ ) → Rj (τ )V†
j (τ ), R†

j (τ ) → V j (τ ) R†
j (τ ), (3b)

with V j ∈ SU(2). Hence, the components ψ js of ψ j carry an
SU(2) gauge index s, while the components Rj,σ s of Rj have
two indices, the first one (σ ) corresponding to the global
SU(2) symmetry, and the second one (s) to SU(2) gauge
transformations.

We now rewrite the Hubbard action in terms of the spinon
and chargon fields. The quadratic part of (1) can be expressed
as [20]

S0[ψ,ψ∗, R] =
∫ β

0
dτ

{∑
j

ψ∗
j [∂τ − μ − φ j]ψ j

+
∑
j, j′

t j j′ ψ
∗
j eiA j j′ ψ j′

}
, (4)

where we have introduced a ficticious SU(2) gauge field,
defined by

φ j (τ ) = −R†
j (τ )∂τ Rj (τ ),

eiAj j′ (τ ) = R†
j (τ )Rj′ (τ ). (5)

Both φ j (τ ) and Aj j′ (τ ) are elements of the Lie algebra of
SU(2), and can therefore be written as linear combinations of
the Pauli matrices σ 1, σ 2, and σ 3:

φ j (τ ) = 1

2

∑
a

φa
j (τ )σ a,

Aj j′ (τ ) = 1

2

∑
a

Aa
j j′ (τ )σ a. (6)

Aj j′ (τ ) contributes to the action only if the sites j and j′ are
coupled by a hopping amplitude.

In the interaction part of the Hubbard action (1), the SU(2)
rotations drop out [16], so that

Sint[ψ,ψ∗, R] = Sint[ψ,ψ∗] =
∫ β

0
dτ U

∑
j

nψ

j↑nψ

j↓, (7)
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with nψ
js = ψ∗

jsψ js. The action S = S0 + Sint is nothing but
the Hubbard model action where the physical electrons have
been replaced by chargons coupled to an SU(2) gauge field.

B. Spinon effective action

We now derive an effective action for the spinon fields.
Assigning only long wavelength spin orientation fluctuations
to the rotation matrices Rj (τ ), we can assume that Rj (τ ) is
slowly varying in space. Under this assumption, the gauge
fields Aa

j j′ (τ ) can be linearized as

Aa
j j′ (τ ) = r j j′ · Aa

j (τ ) = x j j′A
a
x, j (τ ) + y j j′A

a
y, j (τ ), (8)

where r j j′ = r j − r j′ is the real space vector from site j′
to site j, while x j j′ and y j j′ are its x and y components,
respectively. The spatial components of the gauge field Aa

α, j
with α = x, y can be combined with the temporal components
Aa

0, j ≡ φa
j to a three-vector Aa

μ, j with μ = 0, x, y.
For slowly varying rotation matrices Rj (τ ), an expansion

in the gauge fields corresponds to a gradient expansion. We
will carry out this expansion to quadratic order. Hence, we
derive the effective action for the spinons from an expansion
of S0[ψ,ψ∗, A] in Eq. (4) to quadratic order in A. Fourier
transforming ψ j (τ ) to ψ (k) with k = (k, ik0) = (kx, ky, ik0),
and Aa

μ, j (τ ) to Aa
μ(q) with q = (q, iq0) = (qx, qy, iq0), one

obtains [40]

S0[ψ,ψ∗, A] = −
∫

k
ψ∗(k)(ik0 + μ − εk )ψ (k)

− 1

2

∫
k,q

∑
a

Aa
μ(q)γ μ

k ψ∗(k + q)σ aψ (k)

+ 1

8

∫
k,q,q′

∑
a

Aa
α (q − q′)Aa

β (q′)

× γ
αβ

k ψ∗(k + q)ψ (k), (9)

with the first- and second-order coupling functions γ
μ

k =
(1,∇kεk ) and γ

αβ

k = ∂2
kαkβ

εk, respectively, and εk is the
Fourier transform of the hopping amplitudes t j j′ . Here and in
the following equations, we use Einstein’s summation con-
vention for repeated space-time indices, while sums over spin
indices are written explicitly. The integrals are written in a
shorthand notation

∫
k = T

∑
k0

∫
d2k

(2π )2 , and analogously for∫
q, where k0 and q0 are fermionic and bosonic Matsubara

frequencies, respectively.
Integrating out the fermionic fields from the action

S[ψ,ψ∗, A] = S0[ψ,ψ∗, A] + Sint[ψ,ψ∗], one obtains an
effective action S[A] for the gauge fields. For slowly varying
fluctuations, we can expand this action in powers of A. The
linear term vanishes [16] except for a Berry term [20] which
is probably irrelevant [41]. The quadratic term has the form

S[A] = 1

2

∫
q,q′

∑
a,b

Kab
μν (q, q′) Aa

μ(q) Ab
ν (−q′), (10)

with a function Kab
μν we refer to as “gauge kernel” in the

following. While the frequencies q0 and q′
0 contributing to

Eq. (10) are always equal, the momenta q and q′ can differ by
reciprocal lattice vectors of the magnetic state, which breaks

the translation invariance. If q and q′ are so small that q − q′
is smaller than any nonzero reciprocal lattice vector, one can
assume that q = q′, and Eq. (10) simplifies to

S[A] = 1

2

∫
q

∑
a,b

Kab
μν (q) Aa

μ(q) Ab
ν (−q). (11)

In the following we will consider only the contributions from
q = q′. The gauge kernel is a sum of a paramagnetic and a
diamagnetic contribution, Kab

μν = K p,ab
μν + Kd,ab

μν , where

K p,ab
μν (q) = −1

4

∫
k,k′

γ
μ

k γ ν
k′

× 〈ψ∗(k − q)σ aψ (k)ψ∗(k′ + q)σ bψ (k′)〉,
(12a)

Kd,ab
μν = 1

4
δabδμαδνβ

∫
k
γ

αβ

k 〈ψ∗(k)ψ (k)〉. (12b)

The brackets 〈...〉 are connected expectation values for char-
gons in the absence of the gauge field A, but in the presence
of an infinitesimal SU(2) symmetry breaking external field
h, whose role and precise form will be described later. The
diamagnetic term is momentum and frequency independent,
and contributes only if μ and ν are both spatial indices
α, β ∈ {x, y}.

In this work we approximate the gauge kernel Kab
μν (q) in

the effective action S[A] by its low energy and long wave-
length limit q → 0. More specifically, its spatial components
Kab

αβ (q) with α, β ∈ {x, y} are approximated by the spatial spin
stiffness

Jab
αβ = lim

h→0
lim
q→0

Kab
αβ (q, 0), (13)

and its temporal component Kab
00 (q) is approximated by the

temporal spin stiffness

Zab = −Jab
00 = − lim

h→0
lim

q0→0
Kab

00 (0, iq0). (14)

The discrete set of Matsubara frequencies at finite temperature
has been continued to the entire imaginary frequency axis
to take the limit q0 → 0. Alternatively one may analytically
continue q0 to the real frequency axis, and then take the zero
frequency limit along that axis. The limits q → 0, q0 → 0,
and h → 0 do not commute. Their order must therefore be
specified. We neglect the mixed spatiotemporal components
Jab
α0 and Jab

0β . They are imaginary and due to Landau damping.
The action in Eq. (11) can then be written as a local action

in a real space continuum representation,

S[A] = 1

2

∫
dx
∑
a,b

Jab
μν Aa

μ(x)Ab
ν (x), (15)

where x = (r,−iτ ) and Aa
μ(x) is the Fourier transform of

Aa
μ(q). This form of the effective action has already been used

in the case of spiral magnetic order in [16]. The action (15)
can be mapped to a nonlinear sigma model of the form [16]

S[R] = 1

2

∫
dx tr{Pμν[∂μRT (x)][∂νR(x)]}, (16)
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where R is the adjoint representation of the SU(2) rotation R,
defined by

R†σ aR =
∑

b

Rabσ b, (17)

and ∂μ = (∇, i∂τ ). The coefficients are given by Pμν =
1
2 tr(Jμν )1 − Jμν , where Jμν is the 3 × 3 stiffness matrix with
matrix elements Jab

μν .

C. Chargons

1. Renormalized mean-field theory

We deal with the chargons in a renormalized mean-field
theory as formulated in Ref. [42]. Mean-field equations for
ordered phases are thereby solved with renormalized instead
of bare interactions as input parameters. The renormalized
interactions are obtained from a functional renormalization
group flow [43], which takes charge, spin, and pairing chan-
nels into account on equal footing. The flow is computed
on the one-loop level, which limits its validity to weak or
moderate interactions. This approach has been applied to the
Hubbard model in several papers [16,44,45]. The coupled
fluctuations of the various channels have two important ef-
fects: (i) Magnetic interactions are reduced, and (ii) d-wave
pairing interactions are generated by fluctuations [43]. Since
we are interested in the normal (nonsuperconducting) state,
we ignore the pairing instability by assuming that the tem-
perature is above the transition temperature for pairing, or
that superconductivity has been suppressed by an external
magnetic field.

The effective interactions are momentum and frequency
dependent, but these dependences are rather weak for the
two-particle irreducible [42] effective interactions which enter
the mean-field equations. Hence, we compute the effective in-
teraction in the magnetic channel at zero frequency and at the
wave vector Q where the magnetic interaction is maximal, and
use this as a momentum and frequency independent coupling
constant Ū . Using the most general mean-field (Hartree-Fock)
decoupling of the effective interaction in the charge and spin
channels [29,46], one then obtains the renormalized mean-
field interaction

HI
MF =

∑
j

[
�c

j ψ
†
j σ

0ψ j − Ū −1(�c
j

)2
]

−
∑

j

3∑
a=1

[
�a

j ψ
†
j σ

aψ j − Ū −1
(
�a

j

)2
]
, (18)

where ψ j is the two-component spinor composed of the an-
nihilation operators ψ j↑ and ψ j↓, and ψ

†
j is its Hermitian

conjugate; σ 0 is the two-dimensional identity matrix and
σ 1, σ 2, σ 3 are the Pauli matrices.

2. Stripe order

In a sizable parameter range, the energetically most
favorable solution of the (renormalized) mean-field equa-
tions yields collinear spin order accompanied by charge order,
also known as spin-charge stripe order [29,46–51]. In the
following we focus our analysis on this stripe-ordered regime.

The direction of the collinear spin order can be chosen arbi-
trarily. Assuming an orientation of the spins in x direction, the
order parameters �2

j and �3
j in Eq. (18) vanish, and we are

left with �c
j and �s

j ≡ �1
j defined by the expectation values

�c
j = 1

2Ū 〈ψ†
j σ

0ψ j〉 = 1
2Ū ρ j, (19a)

�s
j = 1

2Ū 〈ψ†
j σ

1ψ j〉 = Ū m1
j , (19b)

where ρ j is the local charge density, and m1
j the local spin den-

sity in x direction. Except for a restricted region near the edge
of the magnetically ordered regime (at fairly large doping),
the stripe order is usually unidirectional, that is, along one of
the axes of the square lattice spins order perfectly antiferro-
magnetically, while the charge density is uniform along that
axis [29,30]. Assuming an antiferromagnetic alignment (and
uniform charge density) in the y direction, the wave vectors
describing the stripe order in Fourier space have the form
Q = (π − 2πη, π ), where η parametrizes the deviation from
Néel order in x direction.

For concrete calculations we assume that the stripe order is
commensurate with a period p, that is, the ordering pattern is
invariant under translations by p lattice sites in x direction.
Incommensurate wave vectors can be approximated to any
desired accuracy by commensurate wave vectors with suffi-
ciently large periods p. The spin and charge profile can then
be expanded in a finite Fourier series [30]

m1
j =

∑
n odd

Mn eiQn·r j , (20a)

ρ j =
∑
n even

�n eiQn·r j , (20b)

where Qn = (2πn/p, πn), and r j are the coordinates of
the lattice site j. The indices n are integer numbers from
{0, 1, . . . , P − 1}, where P is the smallest positive integer
satisfying PQ1 = (0, 0) modulo reciprocal lattice vectors.
Hence, P = p if p is even, and P = 2p if p is odd. The first
sum is running only over odd integers because the spin order
is antiferromagnetic in y direction, while the second sum is
restricted to even integers since ρ j is translation invariant in y
direction. The order parameters in Eq. (19) can be expanded
accordingly

�s
j =

∑
n odd

�s
n eiQn·r j , (21a)

�c
j =

∑
n even

�c
n eiQn·r j , (21b)

with �c
n = 1

2Ū�n and �s
n = ŪMn. Since �c

j and �s
j are real

numbers, their Fourier components obey the relations �c
n =(

�c
P−n

)∗
and �s

n = (
�s

P−n

)∗
.

Inserting Eq. (21) into Eq. (18), and Fourier trans-
forming, yields the mean-field Hamiltonian in momentum
representation,

HMF =
∫

k
εk ψ

†
kψk+

∫
k

P−1∑
n=0

(
�c

n ψ
†
kσ 0ψk+Qn−�s

nψ
†
kσ 1ψk+Qn

)

−
P−1∑
n=0

(
Ū −1

∣∣�c
n

∣∣2 − Ū −1
∣∣�s

n

∣∣2), (22)
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where �c
n = 0 for odd n and �s

n = 0 for even n. Absorbing
�c

0 into the chemical potential we can also set �c
0 = 0.

Introducing a “Nambu spinor” with P components

�k,σ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ψk,σ

ψk+Q1,σ̄

ψk+Q2,σ

...

ψk+QP−2,σ

ψk+QP−1,σ̄

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (23)

with the convention ↑̄ =↓ and ↓̄ =↑, one can cast the Hamil-
tonian (22) in the form

HMF =
∑

σ

∫ ′

k
�

†
k,σ

Hk�k,σ , (24)

where we have dropped the constant term in Eq. (22). The mo-
mentum integration

∫ ′
k = ∫

k∈BZ′
d2k

(2π )2 , extends over a reduced
Brillouin zone BZ′ corresponding to the reduced translation
invariance in the stripe-ordered state [30]. The matrix Hk has
P × P elements of the form

[Hk]ll ′ =

⎧⎪⎨⎪⎩
εk+Ql if l = l ′

−�s
n if l ′ = (l + n) mod P, n odd

�c
n if l ′ = (l + n) mod P, n even

. (25)

For example, for P = 6, we have

Hk =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

εk −�s
1 �c

2 −�s
3 �c

4 −�s
5

−�s
5 εk,1 −�s

1 �c
2 −�s

3 �c
4

�c
4 −�s

5 εk,2 −�s
1 �c

2 −�s
3

−�s
3 �c

4 −�s
5 εk,3 −�s

1 �c
2

�c
2 −�s

3 �c
4 −�s

5 εk,4 −�s
1

−�s
1 �c

2 −�s
3 �c

4 −�s
5 εk,5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(26)

where εk,l = εk+Ql .
The matrix Hk can be diagonalized by a unitary trans-

formation Uk. The corresponding eigenvalues E �
k with � =

1, . . . , P describe the quasiparticle bands of the stripe state.
The mean-field free energy is thus given by

F = − 2T
∫ ′

k

P∑
�=1

ln
(
1 + e−E �

k/T
)

−
P−1∑
n=0

(
Ū −1

∣∣�c
n

∣∣2 − Ū −1
∣∣�s

n

∣∣2)+ μn, (27)

where the chemical potential μ is determined by adjusting the
density n = 2

∫ ′
k

∑
� f (E �

k ) to a given value.

3. Chargon Green’s function

The chargon Green’s function is defined as the expectation
value

Gσσ ′ (k, k′) = −〈ψσ (k)ψ∗
σ ′ (k′)〉. (28)

Gσσ (k, k′) is nonzero only for k0 = k′
0 and k = k′ + Qn with

even n, while Gσ σ̄ (k, k′) is nonzero only for k0 = k′
0 and

k = k′ + Qn with odd n. Using the Grassmann field �σ (k)
corresponding to the Nambu spinor �kσ defined in Eq. (23),
the nonzero contributions to Gσσ ′ (k, k′) can be conveniently
collected in a matrix Green’s function

Gσ (k) = −〈�σ (k)�∗
σ (k)〉 = (ik0 − Hk )−1. (29)

Note that G↑ = G↓ since Hk is independent of σ . This
is equivalent to the relations G↑↑(k, k′) = G↓↓(k, k′) and
G↑↓(k, k′) = G↓↑(k, k′). From U†

kHkUk = diag(E1
k , . . . , EP

k )
we obtain U†

kGσ (k)Uk = diag
[
(ik0 − E1

k )−1, . . . , (ik0 −
EP

k )−1
]
, and thus

Gσ (k) =
∑

�

g�
k

ik0 − E �
k

, (30)

where g�
k is the P × P matrix formed from the elements

(g�
k )ll ′ = (Uk )l�(U†

k )�l ′ .
Using the definition of the charge and magnetic gaps

Eq. (19), and their Fourier expansion Eq. (21), one can write
their self-consistency equations in terms of the Green’s func-
tion as

�c
n = −Ū

∫
k
〈ψσ (k + Qn)ψ∗

σ (k)〉

= Ū
∫

k
Gσσ (k + Qn, k), (31a)

�s
n = −Ū

∫
k
〈ψσ̄ (k + Qn)ψ∗

σ (k)〉

= Ū
∫

k
Gσ̄ σ (k + Qn, k), (31b)

where Qn = (0, Qn). Using the spectral decomposition
Eq. (30), the Matsubara summation on the right-hand sides
of these gap equations can be performed analytically.

4. Chargon susceptibility

The dynamical spin susceptibility of the chargons is de-
fined as the connected expectation value

χab(x, x′) = 〈
Sa

ψ (x)Sb
ψ (x′)

〉
c, (32)

where the variable x = (r,−iτ ) comprises the imaginary
time τ and the lattice vectors r = r j , while Sa

ψ (x) =
1
2ψ∗(x)σ aψ (x) is the chargon pseudospin field expressed as
a bilinear form of the chargon fields.

D. Ward identity

In this section we derive a Ward identity relating the gauge
kernel Kab

μν to the spin susceptibility χab in the stripe-ordered
state. This identity shows that the spin stiffness obtained from
the gauge kernel is equivalent to a stiffness defined via the
spin susceptibility. Similar Ward identities have already been
obtained for Néel and spiral order [40,52,53]. In this section,
we use a summation convention also for repeated spin indices.

The Ward identity involves a static symmetry breaking
external field h(r) coupled linearly to the spin field S(x).
We choose this field to have the same spatial form as the
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expectation value of S(x) in the ordered state,

h(r) = h

m
m(r) = h

m
〈S(x)〉, (33)

where h parametrizes the amplitude of the external field, and
m is the amplitude of the order parameter defined as

m2 = L−1
∑

r

[m(r)]2 = P−1
∑

r̄

[m(r̄)]2, (34)

where L is the number of lattice sites, and the sum over r̄ is
restricted to one unit cell (containing P lattice sites). Note that
〈S(x)〉 does not depend on time.

From global SU(2) symmetry one can derive the following
identity [52],∫

x,x′
εabcεa′b′c′

χbb′
(x, x′) hc(r)hc′

(r′)

= m

h

∫
x
(δaa′δcc′ − δacδa′c′ ) hc(r)hc′

(r), (35)

which is valid for any magnetic order. Specifying stripe order
with all spins [and thus ha(r)] aligned in x direction, this
relation simplifies to∫

x,x′
χaa′

(x, x′) h1(r)h1(r′)

=
{

m
h

∫
x[h1(r)]2 for a = a′ ∈ {2, 3}

0 else
. (36)

We define a weighted spin correlation function as

χ̃aa′
(x, x′) = 1

m2
m1(r)m1(r′) χaa′

(x, x′), (37)

and denote its Fourier transform by χ̃ab(q, q′). Substituting
h1(r) by S1(r) and using Eq. (34), Eq. (36) can then be
expressed as

χ̃aa′
(q, q′)

∣∣
q=q′=0 =

{
m/h for a = a′ ∈ {2, 3}
0 else . (38)

From local SU(2) symmetry one can derive the Ward iden-
tity [52]

∂μ∂ ′
νKaa′

μν (x, x′) = −εabcεa′b′c′
χbb′

(x, x′)hc(r)hc′
(r′)

− (2δacδa′c′ − δac′δa′c − δaa′δcc′ )

× mc(r)hc′
(r)δ(x − x′). (39)

The continuum limit for the spatial derivatives is legitimate
here because we will evaluate the Ward identity in Fourier
space for small momenta only. For stripe order with all spins
aligned in x direction, this yields

∂μ∂ ′
νKaa′

μν (x, x′)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−χ āā(x, x′)h1(r)h1(r′) + m1(r)h1(r)δ(x − x′)

for a = a′ ∈ {2, 3}
χ āā′

(x, x′)h1(r)h1(r′) for a �= a′ ∈ {2, 3}
0 else,

(40)

where 2̄ = 3 and 3̄ = 2. Substituting h1(r) by m1(r) and
Fourier transforming, one obtains

(q, iq0)μ(q′, iq′
0)νKaa′

μν (q, q′)

=

⎧⎪⎨⎪⎩
−h2χ̃ āā(q, q′) + hm for a = a′ ∈ {2, 3}
h2χ̃ āā′

(q, q′) for a �= a′ ∈ {2, 3}
0 else.

(41)

Equation (38) then implies

(q, iq0)μ(q′, iq′
0)νKaa′

μν (q, q′)
∣∣
q=q′=0

= 0, (42)

for all a, a′.
Taking second derivatives with respect to momenta and

frequencies, the Ward identity Eq. (41) relates the spatial and
temporal stiffnesses defined in Eqs. (13) and (14), repectively,
to the weighted susceptibility χ̃aa. In particular, Ja1

μν = J1a
μν =

0 for all a, while

Jaa
αβ = − 1

2 lim
h→0

h2∂qα
∂qβ

χ̃ āā(q, q)
∣∣
q=0, (43)

Zaa = − 1
2 lim

h→0
h2∂2

q0
χ̃ āā(q, q)

∣∣
q=0, (44)

for a ∈ {2, 3} and α, β ∈ {x, y}. In the special case of
Néel order one has m1(r) = meiQr with Q = (π, π ), so
that χ̃ab(q, q) = χab(Q + q, Q + q) with Q = (Q, 0). The
relations (43) and (44) then agree with those derived in
Refs. [52,53]. It is crucial to take the limit h → 0 after the
limit q → 0. Taking the limits in the opposite order would
yield Jaa′

μν = 0 for all a, a′.
The equivalence of the y and z directions for a stripe state

with all spins aligned in x direction implies that χ22 = χ33 ≡
χ⊥, so that J22

αβ = J33
αβ ≡ Jαβ and Z22 = Z33 ≡ Z . Equa-

tions (38), (43), and (44) are consistent with

χ̃⊥(q, q) ∼ m2

Zq2
0 + Jαβqαqβ + hm

(45)

for small q.
In Appendix A we derive another Ward identity for a mod-

ified gauge kernel K̄ab
μν , which is related to Kab

μν by a Legendre
transform.

E. Spinon stiffnesses

We now derive expressions for the spin stiffnesses from the
general formulas (13) and (14) in the case where the chargons
are stripe ordered. The gauge kernel Kab

μν is determined by
two-point and four-point expectation values of chargon oper-
ators via Eq. (12). We compute the diamagnetic contribution
in mean-field theory, and the paramagnetic contribution in
random phase approximation (RPA), which is the conserv-
ing approximation for four-point functions consistent with
mean-field theory for the free energy and the Green’s function
[54]. The RPA consists of a plain mean-field contribution
and an interaction correction. The former can be represented
diagrammatically by a bubble diagram, the latter by a pair
of bubble diagrams connected by an effective interaction, see
Fig. 1.
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FIG. 1. Feynman diagrams representing the RPA contributions to the gauge kernel: bare paramagnetic contribution, interaction correction,
diamagnetic contribution.

1. Bare contributions

The “bare” paramagnetic gauge kernel, associated with the
bubble diagram, has the form

K p,ab
0,μν (q) = 1

4

∫
k,k′

tr
[
γ

μ,a
k+qG(k + q, k′ + q)γ ν,b

k′ G(k′, k)
]
,

(46)

where γ
μ,a
k = γ

μ

k σ a, and

G(k, k′) =
(

G↑↑(k, k′) G↑↓(k, k′)

G↓↑(k, k′) G↓↓(k, k′)

)
. (47)

To evaluate Eq. (46) in a stripe state, we express the vertices
and the Green’s functions in the spin-momentum basis B =
(B↑,B↓) with

B↑ = (k ↑, k + Q1 ↓, k + Q2 ↑, . . . , k + QP−1 ↓),

B↓ = (k ↓, k + Q1 ↑, k + Q2 ↓, . . . , k + QP−1 ↑), (48)

where the momentum k is restricted to the reduced Brillouin
zone of the stripe state. In this basis, the vertices are given by
the 2P × 2P matrices

�
μ,1
k =

(
0 �

μ,+
k

�
μ,+
k 0

)
, (49a)

�
μ,2
k =

(
0 −i�μ,−

k

i�μ,−
k 0

)
, (49b)

�
μ,3
k =

(
�

μ,−
k 0

0 −�
μ,−
k

)
, (49c)

with the P × P matrices

�
μ,±
k = diag

(
γ

μ

k ,±γ
μ

k+Q1
, γ

μ

k+Q2
, . . . ,±γ

μ

k+QP−1

)
.

The Green’s function also becomes a 2P × 2P matrix in the
basis B,

G(k) = diag[G↑(k),G↓(k)], (50)

where G↑(k) and G↓(k) are the (identical) P × P matrix
Green’s functions defined in Eq. (29).

The bare paramagnetic gauge kernel in Eq. (46) can then
be written as

K p,ab
0,μν (q) = 1

4
T
∑

k0

∫ ′

k
tr
[
�

μ,a
k+q G(k + q) �ν,b

k G(k)
]
, (51)

where the momentum integral extends over the reduced Bril-
louin zone. Inserting Eqs. (49) and (50) with the eigenvalue
decomposition Eq. (30), and performing the Matsubara sum,

one obtains

K p,11
0,μν (q) = 1

2

∫ ′

k

∑
�,�′

tr
(
�

μ,+
k+qg�

k+q�
ν,+
k g�′

k

)
× f

(
E �

k+q

)− f
(
E �′

k

)
iq0 + E �

k+q − E �′
k

, (52)

K p,22
0,μν (q) = K p,33

0,μν (q)

= 1

2

∫ ′

k

∑
�,�′

tr
(
�

μ,−
k+qg�

k+q�
ν,−
k g�′

k

)
× f

(
E �

k+q

)− f
(
E �′

k

)
iq0 + E �

k+q − E �′
k

, (53)

while all the off-diagonal components K p,ab
0,μν (q) with a �= b

vanish.
The diamagnetic contribution to the gauge kernel is

given by

Kd,ab
αβ = 1

4
δab

∫
k
γ

αβ

k tr[G(k, k)], (54)

where G is the chargon Green’s function computed in mean-
field theory. It has only spatial components, that is, α, β ∈
{x, y}. In the stripe order basis B, the diamagnetic vertex has
the 2P × 2P matrix structure

�
d,αβ

k =
(

�
αβ

k 0

0 �
αβ

k

)
, (55)

with the P × P matrix

�
αβ

k = diag
(
γ

αβ

k , γ
αβ

k+Q1
, γ

αβ

k+Q2
, . . . , γ

αβ

k+QP−1

)
. (56)

The diamagnetic gauge kernel can thus be written as

Kd,ab
αβ = 1

4
δab T

∑
k0

∫ ′

k
tr
[
�

αβ

k G(k)
]
. (57)

Inserting Eq. (50) with the eigenvalue decomposition Eq. (30),
and performing the Matsubara sum, one obtains

Kd,ab
αβ = 1

2
δab

∫ ′

k

∑
�

tr
(
�

αβ

k g�
k

)
f
(
E �

k

)
. (58)

We now compute the spatial stiffnesses by taking the limits
q → 0 and q0 → 0 as in Eq. (13). For the bare paramag-
netic contribution the symmetry breaking external field h is
irrelevant and can be set equal to zero from the beginning.
The diamagnetic contribution is a momentum and frequency
independent constant. The bare paramagnetic contribution to
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the spatial stiffnesses is obtained as

J p,11
0,αβ = lim

q→0
K p,11

0,αβ (q, 0)

= 1

2

∫ ′

k

∑
�,�′

tr
(
�α,+

k g�
k�

β,+
k g�′

k

)[
δ��′ f ′(E �

k

)
+ (1 − δ��′ )

f
(
E �

k

)− f
(
E �′

k

)
E �

k − E �′
k

]
, (59)

J p,22
0,αβ = J p,33

0,αβ = lim
q→0

K p,22
0,αβ (q, 0) = lim

q→0
K p,33

0,αβ (q, 0)

= 1

2

∫ ′

k

∑
�,�′

tr
(
�α,−

k g�
k�

β,−
k g�′

k

)[
δ��′ f ′(E �

k

)
+ (1 − δ��′ )

f
(
E �

k

)− f
(
E �′

k

)
E �

k − E �′
k

]
. (60)

In Appendix B we show that J p,11
0,αβ = −Kd,11

αβ , so that the
diamagnetic and the bare paramagnetic contributions to J11

αβ

cancel each other.
The temporal stiffness Zab defined in Eq. (14) has only

paramagnetic contributions. The bare contributions are ob-
tained from Eqs. (52) and (53) as

Z11
0 = −1

2

∫ ′

k

∑
� �=�′

tr
(
�0,+g�

k�
0,+g�′

k

) f
(
E �

k

)− f
(
E �′

k

)
E �

k − E �′
k

= 0, (61)

Z22
0 = −1

2

∫ ′

k

∑
� �=�′

tr
(
�0,−g�

k�
0,−g�′

k

) f
(
E �

k

)− f
(
E �′

k

)
E �

k − E �′
k

= Z33
0 . (62)

The vertices �0,± are momentum independent. The first com-
ponent Z11

0 vanishes because �0,+ is the identity matrix and
tr(g�

kg�′
k ) = 0 for � �= �′.

2. Interaction correction

The interaction correction to Kab
μν (q) has the form

�Kab
μν (q) =

∫
q′,q′′

∑
c,d

K p,ac
0,μ0(q, q′)�cd (q′, q′′)

× K p,db
0,0ν (q′′, q), (63)

where K p,ab
0,μν (q, q′) is the bare paramagnetic gauge kernel with

arbitrary ingoing and outgoing momenta, and � is the RPA
effective interaction. The latter is determined by the linear
integral equation

�cd (q, q′) = �cd
0 +

∫
q′′

∑
c′d ′

�cc′
0 χ c′d ′

0 (q, q′′)�d ′d (q′′, q′),

(64)

with the bare interaction �0 = 2 diag(−Ū , Ū , Ū , Ū ),
and the bare susceptibility χ cd

0 (q, q′) = −Kcd
0,00(q, q′) =

−K p,cd
0,00 (q, q′). While the calculation of the stiffnesses

requires only the spin SU(2) gauge kernel Kab
μν (q) with

indices a, b = 1, 2, 3, the effective interaction couples spin
and charge, so that the indices c and d in Eqs. (63) and (64)
are spin-charge indices, and the Pauli matrices in the spin
channels are complemented by the unit matrix σ 0 in the
charge channel.

The above equations involve off-diagonal components of
the bare gauge kernels, both in the momentum and spin
variables. They are still given by bubble diagrams, but now
the ingoing and outgoing momenta may differ by Qn =
n(2π/p, π ) with n = 0, . . . , P − 1. Generalizing Eq. (46), we
obtain

K p,ab
0,μν (q, q′) = 1

4

∫
k,k′

tr
[
γ

μ,a
k+qG(k + q, k′ + q′) γ ν,b

k′ G(k′, k)
]
,

(65)

where γ
μ,a
k = γ

μ

k σ a now includes also the charge vertex for
a = 0.

To solve the integral equation (64), and to evaluate
�Kab

μν (q), it is convenient to cast the off-diagonal momentum
dependences in a matrix form. To this end, we substitute
q → q + Qn, q′ → q′ + Qn′ , etc., and restrict the continuous
part of the momenta to the magnetic Brillouin zone. Since
K p,ab

0,μν (q, q′) and �cd (q, q′) are diagonal in the frequency vari-
ables q0 and q′

0, and also in the restricted momentum variables
q and q′, we can substitute K p,ab

0,μν (q, q′) → K p,ab
0,μν (Qn, Qn′ ; q)

and �cd (q, q′) → �cd (Qn, Qn′ ; q). Equation (63) can then be
written as

�Kab
μν (q) =

∑
c,d

∑
n′,n′′

K p,ac
0,μ0(0, Qn′ ; q)

× �cd (Qn′ , Qn′′ ; q)K p,db
0,0ν (Qn′′ , 0; q), (66)

and Eq. (64) becomes

�cd (Qn, Qn′ ; q) = �cd
0 +

∑
n′′

∑
c′d ′

�cc′
0 χ c′d ′

0 (Qn, Qn′′ ; q)

× �d ′d (Qn′′ , Qn′ ; q). (67)

Note that the external momentum q in Eq. (63) can be as-
sumed to lie in the magnetic Brillouin zone, since we are
ultimately interested in the limit q → 0. Defining 4P × 4P
matrices �(q) and χ0(q) with matrix elements �cd

nn′ (q) =
�cd (Qn, Qn′ ; q) and χ cd

0 (Qn, Qn′ ; q), respectively, where n, c
are row indices and n′, d column indices, Eq. (67) can be
formally solved as

�(q) = [1 − �0χ0(q)]−1�0, (68)

with �0;nn′ = 2 diag(−Ū , Ū , Ū , Ū ) δnn′ .
Using the matrix notation introduced in Sec. II E 1, the bare

paramagnetic gauge kernel in Eq. (65) can be written as

K p,ab
0,μν (Qn, Qn′ ; q) = 1

4

∫ ′

k
tr
[
�

μ,a
k+q+Qn

�nG(k + q)

× �T
n′�

ν,b
k G(k)

]
, (69)

where �n denotes a cyclic permutation by n in the bases B↑
and B↓, so that �nG�T

n′ denotes the matrix obtained from G =
diag(G↑,G↓) by shifting the rows of each Gσ by n and the
columns by n′. This formula generalizes Eq. (51), which holds

175136-8



SU(2) GAUGE THEORY OF FLUCTUATING STRIPE … PHYSICAL REVIEW B 114, 175136 (2026)

only in the special case Qn = Qn′ = 0. In particular, the bare
susceptibility χab

0 = −K p,ab
0,00 can be written as

χab
0 (Qn, Qn′ ; q) = −1

4

∫ ′

k
tr
[
�a�nG(k + q)�T

n′�
bG(k)

]
,

where �0 is the 2P × 2P unit matrix, and �a = �0,a with a =
1, 2, 3 are block Pauli matrices in the basis B, see Eq. (49). In
Appendix C we derive symmetry relations for χab

0 (Qn, Qn′ ; q),
from which one obtains some zeros at q = 0.

Using the eigenvalue decomposition (30) of Gσ (k), the
Matsubara sum over k0 in Eq. (69) can be carried out. Contin-
uing the Matsubara frequency q0 to real frequencies, iq0 →
ω + i0+, we obtain

K p,ab
0,μν (Qn, Qn′ ; q, ω)

= 1

2

∫ ′

k

∑
�,�′

Aab
μν,��′ (Qn, Qn′ ; k, q)F��′ (k, q, ω), (70)

with

Aab
μν,��′ (Qn, Qn′ ; k, q)

= 1

2
tr

[
�

μ,a
k+q+Qn

(
�ng�

k+q�
T
n′ 0

0 �ng�
k+q�

T
n′

)
�ν,b

k

(
g�′

k 0

0 g�′
k

)]
(71)

and

F��′ (k, q, ω) = f
(
E �

k

)− f
(
E �′

k+q

)
ω + i0+ + E �

k − E �′
k+q

. (72)

To compute the interaction correction to the stiffnesses,
we need to take the limits q → 0, q0 → 0, and h → 0 in the
appropriate order, see Eqs. (13) and (14). We recall that h is
a symmetry breaking field. Although the effective interaction
diverges for q, q0, h → 0 due to its Goldstone poles, the cor-
rection to the gauge kernel remains generally finite, thanks to
compensating zeros in the bare gauge kernels, between which
� is sandwiched in Eq. (63). However, the limit value depends
on the order in which q, q0, and h are sent to zero. In the case
of spiral order (including Néel order as a special case), it is
possible to take the limits analytically, and derive manifestly
finite interaction corrections to the stiffnesses [16,40,52]. The
terms which are removed by the symmetry breaking field h
have qualitatively the asymptotic form q2

q2+h , where q stands
for the small momentum or frequency variable. They vanish
if q → 0 before h → 0, while giving a finite result in the
opposite order of limits. For the case of stripe order with a
period p > 2 it seems difficult to isolate the singular terms by
hand, and to derive analytic expressions for the stiffnesses.
However, we can still isolate the singular terms numeri-
cally, by diagonalizing the matrix denominator 1 − �0χ0(q) in
Eq. (68). Some of the eigenvalues vanish for q, q0, h → 0. We
then project out the corresponding eigenspaces, and perform
the matrix inversion only in the remaining orthogonal space,
yielding the socalled pseudoinverse [55], which remains finite
by construction. Inserting the resulting effective interaction
into Eq. (66) simulates the limit defined with an external field
h, without the need to actually calculate any quantity in the
presence of h. The order of the limits q → 0 and q0 → 0 still

matters, and must be performed as described in the defining
Eqs. (13) and (14) for the spatial and temporal stiffnesses,
respectively.

Like the bare contributions, the interaction corrections
to the stiffnesses �J11

μν and �Jab
μν with a �= b vanish, while

�J22
μν = �J33

μν . Hence, the total stiffness Jab
μν = J p,ab

0,μν + Jd,ab
0,μν +

�Jab
μν has the diagonal matrix form

Jμν = diag(0, Jμν, Jμν ). (73)

This simple form could have been obtained also directly
from the symmetry breaking pattern SU(2) → U(1), where
the residual U(1) symmetry of the broken SU(2) contains
rotations around the axis of the collinear spin alignment (the
x axis in spin space in our convention). For a stripe state
with Néel order along one of the x or y (spatial) directions,
the off-diagonal spatial stiffness components vanish, that is,
Jxy = Jyx = 0. The diagonal components Jxx and Jyy are not
equal, except in the special case of the Néel state. We neglect
the mixed spatiotemporal components Jα0 and J0β , which may
occur due to Landau damping of the spin waves.

F. Solution of nonlinear sigma model

We solve the nonlinear sigma model (16) in a saddle-point
approximation in the CP1 representation, which becomes ex-
act in a large N limit [41].

1. CP 1 representation

The matrix R can be expressed as a triad of orthonormal
unit vectors R = (n̂1, n̂2, n̂3), which can be represented in
terms of two complex Schwinger bosons z↑ and z↓ [56],

n̂1 = z∗ �σ z, (74a)

n̂− = z(iσ 2 �σ )z, (74b)

n̂+ = z∗(iσ 2 �σ )†z∗, (74c)

with z = (z↑, z↓) and n̂± = n̂2 ∓ in̂3. The Schwinger bosons
obey the constraint

z∗
↑z↑ + z∗

↓z↓ = 1. (75)

The parametrization (74) is equivalent to

R =
(

z↑ −z∗
↓

z↓ z∗
↑

)
. (76)

Inserting this representation of R into Eq. (16) with a stiffness
matrix of the form Jμν = diag(0, Jμν, Jμν ), we obtain the CP1

action

SCP1 [z, z∗] =
∫

dx
[
2Jμν

[
∂μz∗(x)

]
∂νz(x)

− 2Jμν jμ(x) jν (x)
]
, (77)

with the current density

jμ(x) = i

2
[z∗(x)∂μz(x) − z(x)∂μz∗(x)]. (78)

2. Large N limit and saddle point

The current-current interaction in Eq. (77) can be decou-
pled by a Hubbard-Stratonovich transformation with a U(1)
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gauge field Aμ, and the constraint (75) can be implemented
by a Lagrange multiplier field λ, leading to the action [41]

SCP1

[
z, z∗,Aμ, λ

] =
∫

dx
[
2Jμν (Dμz)∗(Dνz)

+ iλ(z∗z − 1)
]
, (79)

where Dμ = ∂μ − iAμ is the covariant derivative. We have
suppressed the space-time dependence of the fields to shorten
the expression.

To perform a large N expansion, we extend the two-
component field z = (z↑, z↓) to an N-component field z =
(z1, . . . , zN ), and rescale it by a factor

√
N/2 so that it now

satisfies the local constraint

z∗(x)z(x) =
N∑

σ=1

z∗
σ (x)zσ (x) = N

2
. (80)

To obtain a nontrivial limit N → ∞, we rescale also the
stiffnesses Jμν by a factor 2/N , yielding the CPN−1 action

SCPN−1 [z, z∗,Aμ, λ] =
∫

dx[2Jμν (Dμz)∗(Dνz)

+ iλ(z∗z − N/2)]. (81)

In the large N limit, the partition function of the CPN−1 model
is dominated by a saddle point for the fields A and λ, at which
Aμ(x) = 0, and λ(x) = λ is uniform in space and time [41].
One can then read off the spinon propagator directly from the
action (81),

D(q) = 〈z∗
σ (q)zσ (q)〉 = 1

2Z
(
m2

s + q2
0

)+ 2Jαβqαqβ

, (82)

where 2m2
s = iλ/Z . The Lagrange multiplier λ and thus the

spinon mass ms are fixed by taking the average of the con-
straint, leading to 〈z∗(x)z(x)〉 = N/2. At finite temperatures,
and also for a quantum disordered ground state, there is no
Bose condensate, that is 〈z(x)〉 = 0, and the constraint leads
to the condition

2
∫

q
D(q) =

∫
q

1

Z
(
m2

s + q2
0

)+ Jαβqαqβ

= 1, (83)

which determines the spinon mass ms as a function of Z , Jαβ ,
and an ultraviolet cutoff. Choosing an isotropic momentum
cutoff �uv, and performing the Matsubara sum over q0, the
condition (83) can be written more explicitly as

1

4πJ

∫ cs�uv

0

ε dε√
m2

s + ε2
coth

[√
m2

s + ε2/(2T )

]
= 1,

where

J =
√

det

(
Jxx Jxy

Jyx Jyy

)
,

is an “average” spin stiffness, and cs = √
J/Z the correspond-

ing average spin-wave velocity. For stripe order with a Néel
pattern along one of the axes (in x or y direction), the off-
diagonal components of Jαβ vanish, so that J = √

JxxJyy.

The spinon propagator Eq. (82) can be written in the alter-
native form

D(q) = − 1

2Z

1

(iq0 − ωq)(iq0 + ωq)
, (84)

with the spinon dispersion

ωq =
√

m2
s + (Jαβ qαqβ )/Z. (85)

From this expression it is evident that D(q) describes propa-
gating bosonic excitations with a gapped dispersion ωq. For
ms → 0 one recovers the usual spin waves of an ordered
magnet.

G. Electron Green’s function

We now derive an expression for the electron Green’s func-
tion Ge, from which the spectral function for single-particle
excitations can be obtained. The superscript “e” distinguishes
the electron Green’s function from the chargon Green’s func-
tion G. The imaginary time electron Green’s function is
defined as

Ge
jσ, j′σ ′ (τ ) = −〈c jσ (τ )c∗

j′σ ′ (0)〉. (86)

Inserting the fractionalization (2) of the electron fields, we
obtain

Ge
jσ, j′σ ′ (τ ) = −

∑
s,s′

〈[Rj (τ )]σ s[R
∗
j′ (0)]σ ′s′ψ js(τ )ψ∗

j′s′ (0)〉.

We simplify this expression by neglecting chargon-spinon
interactions, so that we can decouple the expectation value as

Ge
jσ, j′σ ′ (τ ) = −

∑
s,s′

〈[Rj (τ )]σ s[R
∗
j′ (0)]σ ′s′ 〉

× 〈ψ js(τ )ψ∗
j′s′ (0)〉. (87)

This approximation is common in gauge theories of fluctuat-
ing magnetic order [13,14,16,20]. The first expectation value
is the spinon propagator, and the second one the chargon
Green’s function in real space representation, Gjs, j′s′ (τ ) =
−〈ψ js(τ )ψ∗

j′s′ (0)〉.
Using the Schwinger boson representation (76) of R, we

obtain

〈[Rj (τ )]σ s[R
∗
j′ (0)]σ ′s′ 〉 = 〈z jσ (τ )z∗

j′σ (0)〉δσσ ′δss′

= Dj j′ (τ )δσσ ′δss′ , (88)

in the saddle point approximation to the nonlinear sigma
model, where Dj j′ (τ ) is the Fourier transform of the spinon
propagator D(q) in Eq. (82). The Kronecker deltas arise since
expectation values of the form 〈zσ zσ ′ 〉 and 〈z∗

↑z↓〉 vanish due
to the SU(2) symmetry of the nonlinear sigma model. Fourier
transforming Eq. (87), we then obtain the electron Green’s
function in momentum representation, Ge

σσ ′ (k, k′, ik0) =
Ge(k, k′, ik0) δσσ ′ , where

Ge(k, k′, ik0) = T
∑

q0

∫
q

∑
s

Gss(k − q, k′ − q, ik0 − iq0)

× D(q, iq0). (89)

At this point we see that the electron Green’s function is SU(2)
symmetric, that is, the spinon fluctuations restore the broken
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SU(2) symmetry of the chargons. However, the translation
symmetry remains partially broken, that is, Ge(k, k′, ik0) has
momentum off-diagonal contributions for k′ − k = Qn with
even n. This is due to the charge order of the stripes, which
is not removed by the spinon fluctuations. By contrast, in a
fluctuating spiral magnet there is no charge order, and the
electron Green’s function recovers the full translation invari-
ance of the lattice [16]. Substituting k → k + Qn and k′ →
k′ + Qn′ , where k and k′ are situated in the first magnetic
Brillouin zone, we have k = k′ and the momentum depen-
dence of the electron Green’s function can be parametrized as
Ge(Qn, Qn′ ; k, ik0), with n′ − n even.

Using the eigenvalue decomposition Eq. (30) of the char-
gon Green’s function, the Matsubara sum in Eq. (89) can be
carried out, and the analytic continuation ik0 → ω + i0+ can
be performed explicitly. After some straightforward algebra
we obtain the electron Green’s function in its final form,

Ge(Qn, Qn′ ; k, ω)

=
∫

q

∑
�

∑
ζ=±

1

2Zωq

b(ωq) + f
(
ζE �

k−q

)
ω + i0+ − E �

k−q + ζωq

(
g�

k−q

)
nn′ .

(90)

The momentum integral over q is restricted by the same
ultraviolet cutoff as the momentum integral of the constraint
Eq. (83).

In the special case of Néel order, that is, for P = 2, the
electron Green’s function is translation invariant, and the con-
tributing spectral weights have the form (g�

k )00 = 1 + �hk/ek

and (g�
k )11 = 1 + �hk+Q/ek+Q, where hk = 1

2 (εk − εk+Q) and

ek =
√

�2 + h2
k. The expression (90) then agrees with the

corresponding expression for a spiral magnet in the Néel limit
Q → (π, π ) derived in Ref. [16].

III. RESULTS

We now present and discuss results obtained from the
SU(2) gauge theory of fluctuating stripe order for some
specific choices of model parameters. Defining the nearest
neighbor hopping t as our energy unit, we consider three
choices for the next-to-nearest neighbor hopping: t ′ = 0, t ′ =
−0.15t , and t ′ = −0.3t . The first one, corresponding to pure
nearest neighbor hopping, is not adequate for cuprate super-
conductors, but has nevertheless been a popular choice for
numerical simulations of the Hubbard model, favoring espe-
cially stripe order [31–34]. A next-nearest neighbor hopping
t ′ = −0.15t is frequently used to model the band structure of
the LSCO family of cuprate superconductors, and t ′ = −0.3t
for YBCO [57]. For the Hubbard interaction we choose a
moderate value U = 5t . Applying the functional RG flow as
described in Sec. II C, the corresponding effective interactions
Ū (n) are about one half of the bare values, see Fig. 2. We
choose the nearest neighbor hopping amplitude t as our energy
unit, setting t = 1 in the figures.

Our main result is the spectral function for single-particle
excitations, as obtained from the imaginary part of the elec-
tron Green’s function. To understand this result, we first
discuss its ingredients, namely the stripe order of the chargons
and the corresponding pseudospin stiffnesses.

FIG. 2. Effective interaction Ū as a function of density for three
choices of t ′. The polynomial fit is used for Ū (n) in all subsequent
results. The bare interaction is U = 5t in all plots.

A. Stripe-ordered chargons

The chargons are treated in renormalized mean-field the-
ory, see Sec. II C. We ignore superconductivity and focus on
regions in the phase diagram where unidirectional stripe order
minimizes the free energy. Pseudogap behavior in regions
with Néel or spiral order has already been analyzed previ-
ously within our SU(2) gauge theory of fluctuating magnetic
order [16,17]. For t ′ = 0, the mean-field ground state is Néel
ordered only at half filling, and stripe ordered away from
half filling, while for T > 0 Néel and also spiral order are
stabilized in a region around half filling [29,30]. For sizable
values of t ′/t , the magnetic order is of stripe-type only for
a sizable hole doping below half filling (n < 1), while for
electron doping (n > 1) and small hole doping, the magnetic
order is of Néel-type or spiral, respectively [29,30].

As explained in Sec. II C 2, we need to assume a commen-
surate stripe order with a finite period p in our numerical
calculations. The order is then characterized by real space
spin and charge profiles, which are described by finite
Fourier series with wave vectors Qn = (2πn/p, nπ ) with n ∈
{0, 1, ..., P − 1}, where P = p if p is even, and P = 2p if p is
odd. The spin profile is described by Fourier coefficients Mn

with odd n, and the charge profile by coefficients ρn with even
n. The gap equations determine the Fourier coefficients Mn

and ρn for any given period p, and we select the optimal period
p by minimizing the free energy with respect to p, offering the
following choices: p ∈ {2, 4, . . . , 32} ∪ {3, 5, . . . , 15}, such
that P � 32. Momentum integrals are replaced by discrete
momentum sums corresponding to very large lattices (several
hundred sites in each direction) with periodic boundary con-
ditions and linear dimensions in x direction which are integer
multiples of p.

The spin and charge profiles are never strictly harmonic,
but rather a superposition with several wave vectors Qn. We
refer to the wave vectors with the largest Fourier coefficients
|Mn| and |ρn| as the dominant spin and charge order wave
vectors Qs and Qc, respectively. Strictly speaking there are
inversion-symmetry related pairs of dominant wave vectors
with equally maximal |Mn| and |ρn| for spin and charge,
respectively. The y component of Qs and Qc is always π and
0, respectively. The choice of Qs and Qc becomes unique if
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FIG. 3. Qx components of the dominant charge and spin ordering wave vectors as a function of the electron density n for U = 5t and
T = 0.02t . Left: t ′ = 0, center: t ′ = −0.15t , right: t ′ = −0.3t .

we consider only wave vectors with an x component between
0 and π .

In Fig. 3 we show the x components of the dominant order-
ing wave vectors Qs and Qc with 0 � Qs,c

x < π as a function
of the electron density at a fixed low temperature T = 0.02t
for three choices of t ′. The dominant charge order wave vec-
tor exhibits an almost linear density dependence in a broad
density range. Its form of a discontinuous step function is an
artifact of the limited number of periodicities p we can offer.
For t ′ = 0 the dominant charge order wave vector closely
follows the line Qx = 2π (1 − n), while for t ′ = −0.15 and
t ′ = −0.3t there is a constant offset. The x component of Qs

also varies roughly linearly with density. Deviations from the
linear behavior and irregularities near the boundaries of the
stripe region, especially for t ′ = 0 near half filling, are due to
our restrictions of p.

In Fig. 4 we show the quasiparticle Fermi surfaces defined
as zeros of the quasiparticle bands E �

k in the full Brillouin
zone (repeated zone scheme) for three choices of t ′ with three
distinct stripe periodicities p. The Fermi surface of the corre-
sponding noninteracting system is shown in the same repeated
zone scheme for comparison. It consists of the original bare
Fermi surface and its copies obtained from a shift by Qn

with n = 1, . . . , P − 1. Some of the quasiparticle bands E �
k

are completely filled, and others are completely empty. Hence,
generally only some of the bands are partially filled and form
a Fermi surface sheet. A large magnetic gap favors a reduced
number of partially filled bands (while most bands are either
completely filled or empty). In the left and center panels of
Fig. 4, only one of the quasiparticle bands is partially filled,
leading to a relatively simple Fermi surface topology with a
single hole (left) and electron (center) pocket in the reduced
Brillouin zone. In the right panel, 3 of the 20 quasiparticle
bands are partially filled, and the Fermi surface consists of var-
ious open lines, as if the system was quasi-one-dimensional.
For a slightly higher filling (not shown), pockets appear in
addition to the open lines. Quite generally, the shape of the
Fermi surfaces can change significantly upon small changes
of the density.

B. Stiffnesses

In Fig. 5 we show the spatial stiffness in x direction Jxx

and the temporal stiffness Z as functions of density in the
stripe-ordered regime for various low temperatures, U = 5t ,
and three choices of t ′. The spatial stiffness in y direction Jyy

FIG. 4. Quasiparticle Fermi surfaces (red lines) of three stripe states with periodicities p = 7 (left), p = 5 (center), and p = 20 (right),
presented in the full Brillouin zone (repeated zone scheme). The Fermi surface of the corresponding noninteracting system (blue lines) is
shown in the same repeated zone scheme for comparison. The black box in the center indicates the (reduced) magnetic Brillouin zones
corresponding to the reduced translation invariance of the stripe-ordered state. Parameters: T = 0.02t and t ′ = 0, n = 0.83 (left), t ′ = −0.15t ,
n = 0.83 (center), t ′ = −0.3t , n = 0.801 (right).
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FIG. 5. Spatial stiffness in x direction Jxx and temporal stiffness Z as functions of density in the stripe-ordered regime for t ′ = 0 (top),
t ′ = −0.15t (center), and t ′ = −0.3t (bottom) at various low temperatures T = 0.02t, 0.03t, 0.04t, 0.05t . The periodicities p of the stripe
order which minimize the free energy are indicated by different colors. Larger stiffnesses (at a given density) correspond to lower temperatures.

behaves similarly. The indicated periodicities p minimize the
free energy within the set p ∈ {2, 4, . . . , 32} ∪ {3, 5, . . . , 15}.
We show the stiffnesses only in the density interval in which
stripe order is the energetically most favorable magnetic order.
The spatial stiffness for fixed p drops rapidly away from its
maximum as a function of density. For t ′ = 0 and t ′ = −0.3t ,
there are densities for which none of the available periodicities
lead to a state with a positive spatial stiffness. This is due to
the limited set of periodicities we can offer, which limits the
set of allowed wave vectors Qn. Discarding the irregularities
resulting from this restriction, one can see that the highest
data points (for each temperature) in the figures follow regular
envelopes, which define the stiffnesses one should obtain in
the thermodynamic limit, if arbitrary periodicities were al-
lowed. The relatively low spatial stiffness near n ≈ 0.83 for
t ′ = −0.15t may be associated with the Van Hove singularity
in this regime.

The size of the stiffnesses (deep inside the stripe regime)
is of the same order of magnitude as the ones in the Néel
state at half filling [58,59]. The stiffnesses consist of a “bare”
contribution and an interaction correction (see Secs. II E 1
and II E 2). The latter, which is much harder to compute, is
generally much smaller than the former.

C. Electron spectral function

We now present results for the spectral function for single-
particle excitations, which is directly related to the imaginary
part of the electron Green’s function by

A(k, k′, ω) = − 1

π
ImGe(k, k′, ω + i0+). (91)
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FIG. 6. Spectral function for single-particle excitations A(k, ω) at ω = 0. Parameters: T = 0.02t and t ′ = 0, n = 0.83 (left), t ′ = −0.15t ,
n = 0.83 (center), t ′ = −0.3t , n = 0.801 (right).

We focus on its momentum diagonal part, which, via Eq. (90),
can be written as

A(k, ω) = − 1

π
ImGe(0, 0; k, ω)

=
∫

q

∑
�

∑
ζ=±

1

2Zωq

[
b(ωq) + f

(
ζE �

k−q

)]
× (

g�
k−q

)
00 δ

(
ω + i0+ − E �

k−q + ζωq
)
. (92)

A(k, ω) can be measured by angular resolved photoemission
(ARPES) [60].

In Fig. 6 we show the spectral function A(k, ω) at ω = 0
for three distinct cases of fluctuating stripe order. The parame-
ters are the same as in Fig. 4. In a normal Fermi liquid, A(k, 0)
exhibits a sharp peak at the Fermi surface. In a state with
magnetic and/or charge order, A(k, 0) is peaked at the (recon-
structed) Fermi surface of the quasiparticles. The size of the
peaks is strongly momentum dependent, due to weight factors
which are very small for momenta k remote from the bare
Fermi surface [22]. The spinon fluctuations broaden the peaks
to some extent. Indeed, the spectral functions A(k, 0) in Fig. 6
exhibit peaks on those segments of the quasiparticle Fermi
surfaces which are close to the bare Fermi surface. Some of
these segments have the form of Fermi arcs, which, depending
on the parameters, can be situated near the nodal direc-
tions (near the Brillouin zone diagonal) or in the antinodal
region.

Our result for the spectral function for t ′ = −0.15t ,
with a large spectral weight in the antinodal regions, and
more faint straight lines connecting these regions, resem-
bles observations from ARPES in “stripy” cuprates, namely
La1.4Nd0.6SrxCuO4 and La1.85Sr0.15CuO4 [61]. Hence, these
experimental observations can be naturally explained by fluc-
tuating stripe order. Nowhere in the stripe-ordered regime do
we find an exclusive collection of four nodal Fermi arcs as ob-
served experimentally, in particular, in the pseudogap regime
of cuprates with Bismuth, such as Bi2Sr2CaCu2O8+δ [60].
Such nodal Fermi arcs are obtained theoretically in a state
with fluctuating Néel or spiral magnetic order [16]. Hence,
pseudogap behavior with four nodal Fermi arcs must be due
to fluctuating Néel or spiral order rather than fluctuating stripe
order.

IV. CONCLUSIONS

We have presented an SU(2) gauge theory of fluctuating
stripe order in the two-dimensional Hubbard model. Our the-
ory is based on a fractionalization of the electron operators
in a fermionic chargon with a pseudospin degree of free-
dom, and a charge-neutral spinon capturing fluctuations of
the spin orientation [18–21]. The chargons are treated in a
renormalized mean-field theory with an effective interaction
obtained from a renormalization group flow. We have focused
on regions in the phase diagram where the chargons order
in a spin-charge stripe pattern, which occurs generically at
sufficiently large hole doping [29,30]. Fluctuations of the
spin orientation are described by a nonlinear sigma model.
The parameters of the sigma model, the spatial and temporal
pseudospin stiffnesses, have been computed from a renormal-
ized RPA. Our approximations are applicable for a moderate
Hubbard interaction. The spinon fluctuations prevent breaking
of the physical SU(2) spin symmetry of the Hubbard model at
any finite temperature, in agreement with the Mermin-Wagner
theorem, resulting in a charge-ordered pseudogap phase with
a reconstructed Fermi surface and a spin gap.

Concrete solutions have been obtained for a moderate Hub-
bard interaction U = 5t . Solving the renormalized mean-field
equations we have computed the spin and charge amplitudes
defining the stripe profile. The bare dispersion is split into
numerous quasiparticle subbands, their number being propor-
tional to the periodicity of the stripe pattern. Correspondingly,
the Fermi surface is fragmented into a collection of electron
and/or hole pockets and open lines. While the stripe profile (in
real space) is never strictly harmonic, it is usually dominated
by one Fourier component, that is, a single wave vector. The
charge order wave vector and the deviation of the spin order
wave vector from (π, π ) increase monotonically and almost
linearly with hole doping, and only along one of the momen-
tum axes (qx or qy).

Small electron pockets have been identified in regions of
(fluctuating) charge order of cuprates via quantum oscilla-
tion and transport experiments [2]. To obtain such pockets
from charge order alone requires a superposition of multiple
(noncollinear) ordering wave vectors [62]. Stripe order offers
another natural mechanism for electron pockets, where a sin-
gle (unidirectional) wave vector is sufficient.

Deep inside the stripe regime in the phase diagram, the
spatial and temporal pseudospin stiffnesses are of the same
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order of magnitude as for the Néel state at half filling. Both
quantities decrease upon approaching the edge of the mag-
netically ordered region at large hole doping, and also upon
increasing the temperature. In the ground state, the stiffnesses
determine the stability of the magnetically ordered mean-field
state with respect to quantum fluctuations. Since the ground
state of the Hubbard model at half filling is known to exhibit
antiferromagnetic long-range order from (sign-free) Monte
Carlo calculations, the sizable stiffnesses in the stripe-ordered
hole-doped regime indicate that the magnetic order may be
robust with respect to fluctuations at T = 0. Indeed, a stripe-
ordered ground state has been found for several sizable values
of the hole doping in exact numerical simulations [31–33].

We have computed the spectral function A(k, ω) for single-
particle excitations, a quantity that can be measured by
ARPES [60]. In a normal Fermi liquid, A(k, 0) exhibits a
pronounced peak at the Fermi surface. In a state with magnetic
and/or charge order, A(k, 0) is peaked at the (reconstructed)
Fermi surface of the quasiparticles. The size of the peaks is
strongly momentum dependent due to weight factors which
are very small for momenta k remote from the bare Fermi
surface [22]. The spinon fluctuations broaden the peaks to
some extent. Indeed, the spectral function A(k, 0) obtained
in our theory of fluctuating stripe order exhibits pronounced
peaks on those parts of the quasiparticle Fermi surfaces which
are close to the bare Fermi surface. Some of these parts
have the form of Fermi arcs, but not necessarily centered
around the nodal directions (near the Brillouin zone diagonal).
For t ′ = −0.15t , applicable to the LSCO family of cuprates,
we obtain a large spectral weight in the antinodal regions,
and more faint straight lines connecting these regions. This
resembles observations from ARPES in La1.4Nd0.6SrxCuO4

and La1.85Sr0.15CuO4 [61], where static or fluctuating stripes
are known to play an important role. Nowhere in the stripe-
ordered regime have we found a simple collection of four
nodal Fermi arcs as observed experimentally in the pseudogap
regime of other cuprates, especially from the Bismuth family
[60], and found theoretically in a state with fluctuating Néel
or spiral magnetic order [16]. Hence, we conclude that pseu-
dogap behavior with four nodal Fermi arcs must be due to
fluctuating Néel or spiral order rather than fluctuating stripe
order. Note, however, that finite-energy dynamical stripe or
pure charge order fluctuations do not necessarily affect the
Fermi surface obtained from the spectral function at zero
energy [63]. Hence, the observation of fluctuating stripes from
other experimental probes in cuprates [64] may still be recon-
ciled with purely nodal Fermi arcs seen in ARPES.

While the spinon fluctuations preserve the physical SU(2)
spin symmetry, at least at finite temperatures, the charge order
and nematicity associated with the stripe order of the chargons
remains. Commensurate charge order is not excluded by the
Mermin-Wagner theorem, as it breaks only a discrete, not a
continuous symmetry. Charge order has indeed been observed
in some cuprate compounds in the presence of a strong mag-
netic field, which suppresses the competing superconductivity
[65,66], and the ordering wave vector is oriented along the qx

or qy axes, in agreement with our results.
The treatment of the chargons by renormalized mean-field

theory is applicable only for a weak or moderate Hubbard
interaction. Our theory can be extended to strong coupling by

computing the chargon order parameter and the corresponding
pseudospin stiffnesses from dynamical mean-field theory.
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APPENDIX A: ALTERNATIVE WARD IDENTITY

Another Ward identity holds for a modified gauge kernel
K̄ab

μν , which is related to Kab
μν by a Legendre transform. In

Ref. [40] it was assumed that K̄ab
μν = Kab

μν , but later it was
shown that they actually differ [52,53]. In a magnetic state
with an arbitrary spin order 〈S(x)〉 = m(r), the modified
gauge kernel obeys the Ward identity [40,53]

∂μ∂ ′
νK̄aa′

μν (x, x′) = εabcεa′b′c′
Cbb′

(x, x′)

× mc(r)mc′
(r′), (A1)

where Cbb′
(x, x′) is the inverse spin susceptibility, related to

χaa′
(x, x′) by∫

x′′
Caa′′

(x, x′′)χa′′a′
(x′′, x′) = δaa′δ(x − x′). (A2)

Unlike the Ward identity presented in the main text, this iden-
tity does not involve an external symmetry breaking field. For
collinear stripe order with a spin profile S1(r) in x direction,
the Ward identity reads

∂μ∂ ′
νK̄aa′

μν (x, x′)

=

⎧⎪⎨⎪⎩
Cāā(x, x′)m1(r)m1(r′) for a = a′ ∈ {2, 3}

−Cāā′
(x, x′)m1(r)m1(r′) for a �= a′ ∈ {2, 3}

0 else,
(A3)

with 2̄ = 3 and 3̄ = 2. Defining a weighted inverse spin cor-
relation function as

C̃aa′
(x, x′) = 1

m2
m1(r)m1(r′)Caa′

(x, x′), (A4)
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and Fourier transforming, yields

(q, iq0)μ(q′, iq′
0)νK̄aa′

μν (q, q′)

=

⎧⎪⎨⎪⎩
m2C̃āā(q, q′) for a = a′ ∈ {2, 3}

−m2C̃āā′
(q, q′) for a �= a′ ∈ {2, 3}

0 else

. (A5)

We define modified stiffnesses in analogy to Eqs. (13) and
(14) as

J̄ab
αβ = lim

q→0
K̄ab

αβ (q, 0), (A6)

Z̄ab = − lim
q0→0

K̄ab
00 (0, 0), (A7)

where K̄ab
αβ (q) = K̄ab

αβ (q, q). The Ward identity Eq. (A5) then
yields the relations

J̄aa
αβ = m2

2
∂qα

∂qβ
C̃āā(q, q)

∣∣
q=0, (A8)

Z̄aa = m2

2
∂2

q0
C̃āā(q, q)

∣∣
q=0. (A9)

For a Néel or spiral state, the modified stiffnesses and the
stiffnesses defined via Kab

μν in an infinitesimal external field are
actually identical, that is, J̄aa

αβ = Jaa
αβ and Z̄aa = Zaa, as shown

in Refs. [52,53]. We expect analogous relations to hold in
the case of stripe order, too, but refrain from working out a
detailed proof, because they are not relevant for our results.

APPENDIX B: CANCELLATION
OF STIFFNESS CONTRIBUTIONS

Here we show that the diamagnetic and the bare param-
agnetic contributions to the 11-component of the stiffness,
J11
αβ , cancel each other. We start from the expression (57)

for the diamagnetic contribution and rewrite it by a partial
integration.

Kd,11
αβ = T

4

∑
k0

∫ ′

k
tr
[
�

d,αβ

k G(k)
]

= T

2

∑
k0

∫ ′

k
tr
[(

∂kβ
�α,+

k Gσ (k)
]

= −T

2

∑
k0

∫ ′

k
tr
[
�α,+

k ∂kβ
(ik0 − Hk )−1

]
= T

2

∑
k0

∫ ′

k
tr
[
�α,+

k Gσ (k)
[
∂kβ

(ik0 − Hk )
]
Gσ (k)

]
= −T

2

∑
k0

∫ ′

k
tr
[
�α,+

k Gσ (k)�β,+
k Gσ (k)

]
= −J p,11

αβ,0. (B1)

Hence, Kd,11
αβ + J p,11

αβ,0 = 0.

APPENDIX C: SYMMETRIES OF THE BARE
SUSCEPTIBILITY

In the following we derive symmetry relations for the
bare susceptibility χab

0 (Qn, Qn′ ; q, ω), from which one can

see which components vanish at q = 0 or ω = 0. Evaluat-
ing Eq. (70) at μ = ν = 0, the bare susceptibility can be
expressed as

χab
0 (Qn, Qn′ ; q, ω) = − 1

2P

∫
k

∑
�,�′

Aab
��′ (Qn, Qn′ ; k, q)

× F��′ (k, q, ω), (C1)

with F��′ (k, q, ω) from Eq. (72), and

Aab
��′ (Qn, Qn′ ; k, q) = 1

2 tr
[
�a�ng�

k+q�
T
n′�

bg�′
k

]
, (C2)

where �ng�
k+q�

T
n′ and g�′

k are shorthand notations for the diag-
onal 2 × 2 block matrices in Eq. (71). For the following steps
it is convenient to extend the momentum integral over the full
Brillouin zone. The prefactor P−1 in Eq. (C1) compensates the
corresponding overcounting.

Let us consider the momentum space mapping T : k �→
−k − QP−1. In the case of Néel order this reduces to the
mapping employed to derive symmetry relations in Ref. [58].
We define a corresponding matrix T acting in the basis Bσ ,

T =
⎛⎝ 1

. . .

1

⎞⎠. (C3)

For inversion symmetric systems, T maps the Hamiltonian
matrix defined in Eq. (24) as Hk �→ T H−kT , so that the
matrices g�

k obey the relation

g�
−k−QP−1

= T g�
kT . (C4)

The cyclic permutation matrix �n transforms as T �nT =
�P−n, and the “extended” Pauli matrices �a as T �aT =
sa�a, with

sa =
{

1 for a = 0, 1
−1 for a = 2, 3 . (C5)

Moreover, (�a)∗ = pa�a, where

pa =
{−1 for a = 2

1 for a = 0, 1, 3 . (C6)

The matrices g�
k can be chosen real, so that[

Aab
��′ (Qn, Qn′ ; k, q)

]∗ = pa pbAab
��′ (Qn, Qn′ ; k, q). (C7)

They are also symmetric, so that
(
g�

k

)T = g�
k, and(

�ng�
k�

T
n′
)T = �n′g�

k�
T
n .

Using the invariance of the trace under transposition or
cyclic permutations of its argument, and g�

k being symmetric,
one can show that[

Aab
��′ (Qn, Qn′ ; k, q)

]∗ = Aba
��′ (Qn′ , Qn; k, q). (C8)

Combining Eqs. (C7) and (C8), we obtain

Aab
��′ (Qn, Qn′ ; k, q) = pa pbAba

��′ (Qn′ , Qn; k, q). (C9)

Using Eq. (C4) and �n�
a�T

n = (sa)n�a, one can derive
the identity

Aab
�′�(Qn, Qn′ ; −k − QP−1 − q, q)

= (
sa
)n(

sb
)n′

sasbAba
��′ (Qn′ , Qn; k, q). (C10)
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Combining this with Eq. (C9), we obtain

Aab
�′�(Qn, Qn′ ; −k − QP−1 − q, q)

= (
sa
)n(

sb
)n′

sabAab
��′ (Qn, Qn′ ; k, q), (C11)

with sab = sasb pa pb.
Using Eq. (C11) and the relation E �

−k−QP−1
= E �

k , we can
derive the following relation for the susceptibility, extending
a derivation for spiral states [58] to stripe states.

χab
0 (Qn, Qn′ ; q, ω)

= − 1

2P

∫
k

∑
�,�′

Aab
��′ (Qn, Qn′ ; k, q)

f
(
E �

k

)− f
(
E �′

k+q

)
E �

k − E �′
k+q + ω + i0+

= − 1

2P

∫
k

∑
�,�′

[
Aab

��′ (Qn, Qn′ ; k, q)
f
(
E �

k

)
E �

k − E �′
k+q + ω + i0+

− Aab
�′�(Qn, Qn′ ; −k − QP−1 − q, q)

× f
(
E �

−k−QP−1

)
E �′

−k−QP−1−q − E �
−k−QP−1

+ ω + i0+

]

= − 1

2P

∫
k

∑
�,�′

Aab
��′ (Qn, Qn′ ; k, q)

[
f
(
E �

k

)
E �

k − E �′
k+q + ω + i0+

+ (sa)n(sb)n′
sab f

(
E �

k

)
E �

k − E �′
k+q − ω − i0+

]
. (C12)

In the second step we have exchanged the variables � and �′
in the second term. Denoting the contribution from ReF��′ to
χab

0 as χab
0,R, and the contribution from ImF��′ as χab

0,I , we then
obtain the following symmetry relations for a frequency sign
change,

χab
0,R(Qn, Qn′ ; q, ω)

= (
sa
)n(

sb
)n′

sabχab
0,R(Qn, Qn′ ; q,−ω), (C13a)

χab
0,I (Qn, Qn′ ; q, ω)

= −(sa
)n(

sb
)n′

sabχab
0,I (Qn, Qn′ ; q,−ω). (C13b)

These relations imply that χab
0,R(Qn, Qn′ ; q, 0) and

χab
0,I (Qn, Qn′ ; q, 0) vanish for certain choices of a, b, n, and

n′. For example, χaa
0,R(Qn, Qn′ ; q, 0) vanishes for a ∈ {2, 3} if

n − n′ is odd, while χaa
0,I (Qn, Qn′ ; q, 0) always vanishes for

a ∈ {0, 1}, and for a ∈ {2, 3} if n − n′ is even.
To derive symmetry relations for a momentum inversion

q �→ −q, we shift the momentum variable k in Eq. (C1) by
−q/2. Using the cyclic property of the trace, and the iden-
tities �T

n = �P−n and �T
n �a�n = �n�

a�T
n = (sa)n�a, one

obtains the relation

Aab
��′ (Qn, Qn′ ; k − q/2, q)

= (
sa
)n(

sb
)n′

Aba
�′�(−Qn′ ,−Qn; k + q/2,−q). (C14)

Note that QP−n = −Qn. Combining this with Eq. (C9) yields

Aab
��′ (Qn, Qn′ ; k − q/2, q)

= (
sa
)n(

sb
)n′

pa pbAab
�′�(−Qn,−Qn′ ; k + q/2,−q). (C15)

Inserting this relation into Eq. (C1) with k shifted by −q/2
yields

χab
0,R(Qn, Qn′ ; q, ω)

= (
sa
)n(

sb
)n′

pa pbχab
0,R(−Qn,−Qn′ ; −q,−ω), (C16a)

χab
0,I (Qn, Qn′ ; q, ω)

= −(sa
)n(

sb
)n′

pa pbχab
0,I (−Qn,−Qn′ ; −q,−ω). (C16b)

Combining this with Eqs. (C13) we obtain the symmetry
relation for momentum inversion

χab
0 (Qn, Qn′ ; q, ω) = sasbχab

0 (−Qn,−Qn′ ; −q, ω).

Hence, for a ∈ {0, 1} and b ∈ {2, 3} (or vice versa),
χab

0 (Qn, Qn′ ; 0, ω) vanishes if n and n′ are even.
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