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Orbital Wigner functions and quantum transport in multiband systems
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Traditional theories of electron transport in crystals are based on the Boltzmann equation and do not
capture physics arising from quantum coherence. We introduce a transport formalism based on orbital Wigner
functions, which accurately captures quantum coherent physics in multiband fermionic systems. We illustrate
the power of this approach compared with traditional semiclassical transport theory by testing it numerically
against microscopic simulations of one-dimensional, noninteracting, two-band systems—the simplest systems
capable of exhibiting interorbital coherence. We show that orbital Wigner functions accurately capture strongly
nonequilibrium features of electron dynamics that lie beyond conventional Boltzmann theory, such as the ballistic
transport of a relative phase between microscopic orbitals and topological Thouless pumping of charge, both at
nonzero temperature and away from the adiabatic limit. Our approach is motivated in part by modern ultracold
atom experiments that can prepare and measure far-from-equilibrium charge transport and phase coherence in
multiband fermionic systems, calling for correspondingly precise theories of transport. The quantitative accuracy
exhibited by our approach, together with its capacity to capture nontrivial physics even at the ballistic scale,
establishes orbital Wigner functions as an ideal starting point for developing a fully systematic theory of transport

in crystals.
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I. INTRODUCTION
A. Background and motivation

The semiclassical theory of electron transport in crystals
has changed little since its development by Drude, Sommer-
feld, and others in the early part of the previous century
[1]. Perhaps its most significant revision was the inclu-
sion of Berry-curvature effects such as the Karplus-Luttinger
anomalous velocity [2—4], many decades after the anomalous
velocity was discovered [5], culminating in a successful the-
ory of the anomalous Hall effect [6-8]. It seems remarkable
in hindsight that such an essential feature of electron transport
was missed for so long. One possible explanation for this
delay is the well-known lack of a fully systematic derivation
of the semiclassical equations of motion for electron trans-
port, despite their traditional justification from wave packets
of Bloch electrons [1]. Nevertheless, a suitably careful anal-
ysis of such Bloch-electron wave packets turned out to be
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sufficient to capture Berry-curvature effects [2—4], and the
resulting equations of motion form the bedrock of the modern
theory of transport.

Despite correctly accounting for Berry-curvature effects,
semiclassical transport theory is less reliable above zero tem-
perature and in the presence of multiple bands. Quantum
coherences between different single-particle bands become
possible, whose accurate description requires a matrix-valued
transport equation rather than one Boltzmann equation per
band, as arises when quantum coherences are neglected [1].
Systematic approaches to quantum transport in multiband
systems range from analyses using the non-Abelian Berry
curvature in the special case of degenerate or near-degenerate
bands [9-11] to more general Wigner-function-based ap-
proaches [12-25] that model time evolution of the full
single-particle density matrix and not just its diagonal ele-
ments as tradition dictates.

Such Wigner-function-based approaches to quasiparticle
transport have a long history in physics from the pioneer-
ing work of Irving and Zwanzig [26]. However, they have
only been applied to electrons in crystal lattices more re-
cently, with two notable strands of work in this area. One
popular approach in solid-state physics (see Refs. [12-25]
and references therein) consists of deriving dynamical equa-
tions for Wigner functions of Bloch electrons. While this
method has proved effective for capturing a wide variety of
multiband effects, such derivations are not usually performed
with an accurate characterization of spatially inhomogeneous

Published by the American Physical Society


https://orcid.org/0000-0001-9482-5238
https://orcid.org/0000-0003-1293-847X
https://orcid.org/0009-0003-7753-3307
https://orcid.org/0000-0002-4294-5761
https://orcid.org/0000-0002-7438-5711
https://ror.org/00fbnyb24
https://ror.org/00kkpv737
https://ror.org/01bf9rw71
https://ror.org/01an7q238
https://ror.org/02jbv0t02
https://ror.org/008zs3103
https://crossmark.crossref.org/dialog/?doi=10.1103/tdsv-whd9&domain=pdf&date_stamp=2026-09-08
https://doi.org/10.1103/tdsv-whd9
https://creativecommons.org/licenses/by/4.0/

JOHANNES MITSCHERLING et al.

PHYSICAL REVIEW B 114, 175111 (2026)

or quantum coherent dynamics in mind. This reflects the
complex physics of real materials. (i) An accurate theoreti-
cal description of the position-space charge density can be
extremely challenging, even at the level of unambiguously
interpreting scanning tunneling microscopy (STM) data [27],
and (ii) quantities that are typically measured in transport
experiments on solid-state systems are averages over momen-
tum space near thermal equilibrium, so that approximation
schemes yielding equivalent predictions for equilibrium trans-
port can predict significantly different dynamics from one
another in spatially inhomogeneous and quantum coherent
regimes. Nevertheless, some of these formalisms explicitly
account for the distribution of charge in position space in a
controlled and gauge-invariant fashion [14,18].

A somewhat different perspective on deriving transport
from Wigner functions has arisen in the setting of single-
particle lattice models, for which a definition of a Wigner
function with the correct position-space marginals was ob-
tained by Hinarejos et al. [28]. While this development
appears to have escaped notice in most literature on Bloch-
electron transport, it was pursued further in the setting of
one-dimensional (1D) systems, where it now forms the ba-
sis for a quantitatively accurate and thoroughly tested theory
of transport [29-33]. However, the latter tends to focus on
single-band systems, for which nontrivial physical effects
from interband quantum coherence cannot arise.

In this paper, we seek to bridge this gulf between the
richness of multiband transport in arbitrary crystal lattices
and the rigor of recent approaches to transport in 1D. We
achieve this by proposing orbital Wigner functions as an al-
ternative to previous Bloch-electron-based constructions of
Wigner functions in crystal lattices. Such orbital Wigner func-
tions have their position-space marginals located at Wannier
centers, which is a natural generalization of the construction
by Hinarejos et al. [28,34] to arbitrary crystal lattices. We
view this property as a prerequisite for obtaining predic-
tions for the space-time electron density at the same level
of quantitative accuracy as the underlying tight-binding de-
scription. This implies that our method is only as accurate as
the ab initio model that underlies the tight-binding Hamil-
tonian in question, a limitation that it shares with the vast
majority of transport theories in solid-state physics. On the
other hand, if the tight-binding description of a given system
is accurate, our method introduces no further approximations
beyond the ballistic scaling limit [35] and should therefore
accurately characterize large-scale dynamics in both spa-
tially inhomogeneous and quantum coherent regimes. Thus,
we expect the results of this paper to be most useful for
atomic, molecular, and optical (AMO) systems, for which
particles reside on a tunable optical lattice, with a tunable
number of particles per site and tunable interparticle interac-
tions mediated by Feshbach resonances, enabling the direct
observation of far-from-equilibrium position-space dynamics
in agreement with noninteracting tight-binding predictions
(see, e.g., Refs. [36,37]). Given these experimental capabil-
ities and in the interests of thoroughly benchmarking our
proposed approach in these challenging quantum coherent
regimes, we will restrict our attention to noninteracting sys-
tems in this paper and return to the topic of interactions in the
conclusion.

Orbital Wigner functions appeared previously as an inter-
mediate step in a recent derivation of a transport equation for
electrons (see supplementary data of Ref. [22]), although the
main result reported in that work, which was expressed in
terms of Bloch electrons, does not appear to be consistent
with the results reported here. A formalism equivalent to
ours was also proposed recently for phonons [38]. However,
the authors of the latter paper benchmarked the proposed
equation by introducing collision terms for comparison with
experimental data, thereby introducing physics beyond the
scope of this work. We instead benchmark our proposed
transport equation against microscopic numerical simulations
of the simplest nontrivial case, namely, 1D, noninteracting,
two-band systems.

Even in this apparently simple setting, which involves
only streaming rather than collision terms in the Boltzmann
language, we identify physical effects that fall beyond the
purview of textbook transport theory, such as time evolution
from locally thermal states perturbed by a coherent interor-
bital phase or Thouless-type [39] charge pumping that persists
both far from adiabaticity and at nonzero temperature. We
nevertheless show in all such cases that the resulting charge
and current dynamics is captured to within numerical accu-
racy by our proposed ballistic-scale transport equation. At the
same time, we present numerical evidence and a general ana-
lytical argument that our proposed equation recovers standard
Boltzmann-theory predictions in local thermal equilibrium
and therefore does not contradict the textbook understanding
of electron transport [1]. We note that the stringent bench-
marking procedure that we follow in this work is applicable
in principle to any other proposed transport equation for
electrons in crystal lattices and may thus be of independent
interest.

The reader might wonder at our emphasis on quantita-
tive accuracy, given that the theory of transport in crystals
is often viewed as a coarse-grained and largely qualitative
tool. Our motivations are twofold. First, contemporary AMO
experiments are capable of imaging spacetime profiles of
conserved charge densities in mesoscopic systems with suf-
ficient accuracy to discern their lineshapes [36,37,40-46] and
therefore demand similarly quantitatively accurate theoretical
predictions. Second, all the difficulties of transport theory
are usually held to lie in its collision terms. The fact that
multiband systems exhibit nontrivial physics at the level of
their streaming terms indicates that more care is needed to
capture quantum coherent effects, even at the ballistic or Euler
scale [35], where dissipative corrections can be ignored.

B. Guide to results

We introduce a transport theory based on orbital Wigner
functions for generic tight-binding Hamiltonians on d-
dimensional crystal lattices in Sec. II. The matrix-valued
orbital Wigner function w(x, k) defined in Eq. (12) allows
us to capture local densities of conserved operators, such as
the local charge density and local charge-current density, even
when the initial state is far from equilibrium and quantum
coherent. Starting from the exact Heisenberg equations of
motion for fermion bilinears, we derive a coupled system
of linear partial differential equations (PDEs) that captures
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the ballistic-scale dynamics of the orbital Wigner function,
see Eq. (21). Our framework generalizes straightforwardly
to time-dependent tight-binding Hamiltonians and external
electrostatic potentials, see Egs. (35) and (C7), respectively.

We check the validity of our proposed transport equa-
tion against numerical free-fermion simulations in Secs. III
and IV for some representative Hamiltonians, parameter
regimes, and initial states that lie beyond the scope of
semiclassical transport theory. For example, we demonstrate
that our transport equation accurately captures dynamics
resulting from initial states with spatially inhomogeneous
single-particle coherence (Fig. 2), coherently driven Hamil-
tonians even for fast driving frequencies (Fig. 3), and the
charge dynamics in topological Thouless pumps over multiple
pumping cycles and far from the idealized adiabatic limit
(Figs. 4 and 5), despite reducing to conventional Boltzmann
theory in local thermal equilibrium as expected (Fig. 1).
We also model stroboscopically driven Su-Schrieffer-Heeger
(SSH) chains whose Bloch bands are always instantaneously
flat but nevertheless allow for far-from-equilibrium charge
transport that is captured by our formalism (Fig. 6). Our
results thus provide a unified starting point for making
quantitative predictions about multiband dynamics and trans-
port in state-of-the-art analog quantum simulators and in
advanced experiments on quantum materials in far-from-
equilibrium regimes that lie well beyond standard theoretical
simplifications.

We close in Sec. V with a discussion of the possibilities
opened up by our approach, which range from a systematic
treatment of Berry curvature and further quantum geometric
effects for multiple bands away from zero temperature to
natural extensions of our transport equation to include dis-
order or interactions, for example, through collision terms
that correctly account for quantum coherence in multiband
systems.

II. ORBITAL WIGNER FUNCTIONS

The main results of this section are (i) an equation of
motion for Wigner functions defined in the orbital or Wan-
nier basis given in Eq. (21) and (ii) its generalization to
time-dependent Hamiltonians given in Eq. (35). These equa-
tions form the basis of the subsequent analysis in Secs. III
and IV. The straightforward generalization to static electric
fields is presented in Appendix C, where we provide the
ballistic-scale equation of motion in the presence of an ex-
ternal electrostatic potential in Eq. (C7).

A. Hamiltonian conventions

We begin by fixing conventions for the fermionic tight-
binding Hamiltonians that we will consider in this work
and their associated densities of charge, charge current, and
energy.

1. Tight-binding Hamiltonians

Let the index j € A label the sites R; € R? of a d-
dimensional Bravais lattice and let T, denote the positions of
additional degrees of freedom relative to R; within each unit
cell, with = 1,2, ..., M. The latter may reflect spin states,

atomic orbitals, or other basis sites, all of which we refer to as
orbitals for simplicity. Throughout the paper we set z = 1 for
convenience.

It will be useful to write R;, = R; + 7, for the absolute
position of each orbital. A generic tight-binding Hamiltonian
H, associated with this crystal structure can be written as

- Z 157 &l (D

JjeN a,p=1

We will assume lattice translation invariance, so that the
hopping amplitudes depend only on the relative positions
t“ﬁ top(Rj — R ). We also assume Hermiticity of the

Hamlltonlan t (t‘s j’ )*. For simplicity, we consider only
finite-range hoppmg "Note that thls Hamlltoman conserves
the total charge N = 3. jeA M et ja€ ja- Equation (1) repre-
sents the most general charge-conserving and noninteracting
Hamiltonian for fermions arranged in a crystal lattice and
makes no additional assumptions about the underlying Wan-
nier states that give rise to the tight-binding parameters tj‘ﬁ .

However, at various points in this paper, we will make the
additional (albeit standard) assumption that the position of a
given Wannier orbital is well approximated by the position
of its Wannier center. We make this assumption implicitly in
Eq. (8) when defining the center-of-charge operator and its
associated charge-current operator and again in Eq. (C1) when
considering dynamics in external electrostatic fields. In local
thermal equilibrium, these simplifying approximations should
not affect our predictions at linear order in applied electric
fields, but nonlinear optical responses are particularly sensi-
tive to off-diagonal contributions to the center-of-charge or
position operator [47-49]. For a systematic treatment of such
off-diagonal contributions within our formalism, we refer to
Appendix D.

2. Orbital vs Bloch electrons

We define momentum space fermions by

Z e Rig )

JEA

Co(k) =

(see Appendix A for a summary of our Fourier transform
conventions), in terms of which

h (k)¢ (K)Eg(K), 3
fBZ e ; op (K) E1(K) 2,5 (K) 3)

where fBz denotes integration over the first Brillouin zone
(BZ) with volume Vg7, and the Bloch Hamiltonian hqg(k) =
— Y jen lap(R)e™ ®iFT=%) For each k, there exists an
M-by-M unitary matrix U (K) diagonalizing the matrix A(k)
such that

M
> U (k) hop (k) Upy (k) =
o,p=1

E,(K) 8, “

which defines M energy bands {E, (k)}ﬁ”=1 and Bloch electron
creation operators d (k) := "M | U,,(k)¢! (k), in terms of
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which

Hy = E (k) d'(k)d, (k 5
O/BZBZZ()()() )

n=1

We will refer to the excitations created by &f and d as orbital
electrons and Bloch electrons, respectively.

3. Operator densities of conserved charges

It will be useful to define local Hamiltonian and charge
density operators

ZZ)wuw’ ©)

jeN a,p=1

and

M
=D Gl @
a=1
respectively, which satisfy Hy = >, hjand N = 3. i1},
respectively.

We will also have reason to consider the charge-current
operator, which is most simply defined as the rate of change of
Fhe center-of-charge operator X=2 i ZZI=1 Rjoiijo, yield-
ing the general expression

M
At R
J= /I;Z Vaz ;1 akhaﬂ(k) ¢, (k) ¢y k). (8)

For the examples of interest in this paper, J = Zje Aj jisa
local operator, and we will verify explicitly that the current
density operators j ;j satisfy a microscopic continuity equa-
tion that justifies the definition Eq. (8). As discussed above,
Eq. (8) neglects possible off-diagonal contributions to the
center-of-charge operator [47—49], and when these are impor-
tant, local observables should instead be computed using the
formalism of Appendix D.

B. Definition of the orbital Wigner function

We define the orbital Wigner operator at position x and
crystal momentum k by

N d . S
Wop(x. k) = / 29 jax gtk — q/2)2,(k +q/2). )
Bz VBZ

The momentum and position marginals of this Wigner op-
erator have two important properties that any single-particle
Wigner operator ought to satisfy [28,34]. First, the momentum
marginals satisfy the condition

D Wap(Rjo, k) = &1 (k) &4 (K). (10)
JEA

Second, the integral of diagonal elements of the Wigner oper-
ator over pseudomomentum Kk at fixed x = R}, is given by

dk .
BZE aa(Rja»k) jO{ jl)t’ (11)

which is the physical charge density associated with the Wan-
nier center Rj,. The latter property means that an accurate

model for the dynamics of W, g will yield correspondingly ac-
curate predictions for the dynamics of the local charge density.
Finally, a (matrix-valued) orbital Wigner function wgg(x, k)
can be defined from the orbital Wigner operator by fixing an
initial density matrix p and considering the expectation value

Wap (X, K) i= (We(x, k), 12)

where we use the notation (O) = Tr [pO] for expectation val-
ues of operators O throughout this paper. This definition can
be seen as a generalization of the lattice Wigner functions dis-
cussed in Refs. [28,30,32—34] and the block Wigner functions
introduced for spin-1/2 chains in Refs. [29,31] to arbitrary
crystal structures in any spatial dimension, see also Ref. [22].

The reader might wonder why we are not attempting to use
Bloch electrons rather than orbital electrons to construct the
Wigner operator, as is standard in all Wigner-function-based
treatments of Bloch electron dynamics above one spatial
dimension that we are aware of (see Refs. [12-25] and ref-
erences therein), even those that use orbital electrons as an
intermediate step [22]. The reason is that, if one uses orbital
electrons rather than Bloch electrons in the definition of the
Wigner operator, see Eq. (9), the position marginals of the
Wigner operator, see Eq. (11), correspond to Wannier centers
in position space, which is particularly convenient for appli-
cations to position-space dynamics. The importance of this
property for Wigner functions of lattice particles was pointed
out in Refs. [28,34]. Although it is possible to restore this
property in certain Bloch-electron-based approaches through
a momentum-dependent shift of the position variable [14,18],
Eq. (11) circumvents such difficulties entirely.

To evolve orbital Wigner functions in time, we consider the
Heisenberg-picture dynamics of the underlying orbital Wigner
operator. For the tight-binding Hamiltonian Eq. (1), this yields

& Wop(x, K, 1) = i[Hy, Wap (x, k, 1)], (13)

which defines the time-dependent orbital Wigner function
wap(X, K, 1) 1= (Wpa(x, Kk, 1)).

C. Dynamics of densities of conserved charges

We now discuss how to compute the dynamics of charge
densities from the orbital Wigner function w(x,k,t). By
Eq. (11), it follows that the local charge density n(R;, t) :=
(f;(t)) at a given lattice site can be expressed as

dk
}’l(Rj,t):/ —Tr[w(R}, Kk, 1)]. (14)
Bz VBz

(Note that the trace here is over internal orbital indices rather
than the full Hilbert space.)
More generally, for any translation-invariant fermion bilin-

ear 0 = > jea 4 with

o= [ o 3 g Wdmem.  (5)
 Jez Vaz a’ﬂ:]qaﬂ “ e

the expectation value of the total charge 0 is given by

(00 = Z/BZ

JEA

Z dup(K) wy, (R; k1) (16)
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by Eq. (10). However, for bilinears O whose densities § j ex-
tend over multiple sites, the global-to-local correspondence is
generally less simple than suggested by Eq. (14). For example,
the approximation

dk
q(Rj,t)%/ v Tlw(R;. k. 1) g(k)] a7
Bz VBZ

to the density g(R;, 1) := (§;(t)) generally holds only up to
lattice-scale corrections. This is true for the charge-current
density studied in this paper, for which Eq. (8) predicts the
approximation

dk
R0~ / = Trlw(R;, k. 1) dh(k, )] (18)
Bz VB2

to the local charge-current density j(R;, ) = (jj(t)).
It is sometimes possible to derive analogs of the relation
Eq. (14) [and its underlying identity in Eq. (11)] for other

J

dq
7z VBz

fermion bilinears, including the charge current. However, this
must be done on a model-dependent basis. For the ballistic-
scale dynamics and observables of interest in this paper, the
lattice-scale corrections to Eq. (17) are negligibly small and
can safely be ignored. A more general microscopic treatment
of n and j, which does not make the perfect tight-binding
assumption that Wannier orbitals are perfectly localized at
Wannier centers, is given in Appendix D.

D. Derivation of ballistic-scale transport equation

We now summarize the derivation of a ballistic-scale
transport equation from the Heisenberg equation of mo-
tion Eq. (13), following recent derivations of the Boltz-
mann equation for lattice Wigner functions in one spa-
tial dimension [29,33,34]. To derive a transport equa-
tion for wyg, note that the Heisenberg-picture evolution
of momentum-space fermions is given by i[Hy, &,(k, 1)] =
—i Y01 hay (K)é, (K, 1), which yields

M
O W,p(x, k1) =i / — €'V (b, (k — q/2) & (k — q/2) cy(k + q/2) — hy, (k4 q/2) &l (k — q/2) ¢, (K + q/2)),
y=1"8

where we used Hermiticity of the Bloch Hamiltonian
hyp(K)* = hgy(k). Using the definition of the Wigner operator
to close this system of equations then yields

IWep(x, k, 1)

M
=—i) > (@) e Wy p(x + rye/2. k. 1)

y=1reA
—tP7(r) e T Wy, (x — 15, /2, K, 1)), (20)

where rqp :=r + 7, — Tg denotes relative spatial positions
within the crystal lattice.

So far, our analysis has been exact. We now Taylor expand
about x to yield a derivative expansion in the spatial gradient
dx. A full discussion, including higher-order corrections in 0y,
is given in Appendix B. Interestingly, this expansion shows
that the inclusion of quantum coherence cannot generically
change the ballistic nature of transport in finite-range, non-
interacting systems. In this paper, we therefore focus on the
ballistic or Euler scaling limit [35] as ||x||,# — oo. This is
precisely the regime of validity of the usual free-streaming
Boltzmann equation. In this limit, terms of order 0(83) in
spatial derivatives can be neglected, and taking expectation
values of the operator equations of motion with respect to the
initial density matrix yields the transport equation

o wx, k,t) =—i[hk), wx, Kk, )]

d
> {oh), 0, w(x k. 0} (21)
a=1

N =

for the matrix-valued orbital Wigner function w.
Substituting the approximate Wigner function w(x, k, t)
resulting from solving Eq. (21) into Egs. (14) and (18) yields

19

(

ballistic-scale transport-theory predictions for n(R;,t) and
J(R;, 1), which we denote by nwigner(X, 1) and jwigner (X, 1),
respectively. For the extension of the equation of motion to
static electric fields, we refer to Appendix C.

We note that Eq. (21) appeared previously in the literature
as Eq. (9) of the supplementary data of Ref. [22], though the
final result of that paper is inequivalent to ours. An equivalent
kinetic equation to ours for (bosonic) phonons was proposed
in Ref. [38]. While we focus exclusively on fermions in this
paper, we note that the derivation of Eq. (21) for bosons is
formally identical to the derivation presented here and differs
from fermions only in the specification of a locally thermal
initial state, Eq. (25), which must be replaced by a local Bose-
Einstein distribution.

E. Initial conditions

For any initial density matrix p, the exact initial condition
for the Wigner function weg is given in principle by Eq. (12).
However, this expression can be cumbersome to evaluate in
practice, and it will be useful to instead introduce approximate
but easy-to-calculate initial conditions for w,g that model the
local equilibrium states of interest in transport theory. Recall
that slowly varying initial temperature and chemical potential
profiles B(x) and w(x) define local equilibrium states of the
form

pocexp | =Y BR)IA; — R, (22)

JeA

where fzj and 71; denote the energy and charge density opera-
tors defined in Egs. (6) and (7), respectively. To model these,
let us first consider the Wigner function for initial states in
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global thermal equilibrium p o e #@=1¥) In terms of the
changes of basis to Bloch electrons U (k) defined in Eq. (4),
the exact result

Wap(K) =

me>

follows by Fermi-Dirac statistics. By definition of U (k), this
can be written in matrix form in terms of the Bloch Hamilto-
nian A(K) as

eBEK)—p) "ﬁ(k) (23)

1

wlk) = T

(24)
In the local density approximation (whose rigorous justifica-
tion requires substantial effort [50] and will not be pursued
here) and in the same notation, the initial condition corre-
sponding to Eq. (22) can be written as

1

wx.k, 0) = I

(25)

which is expected to be accurate whenever the length scale
of variation of B(x) and p(x) is much larger than the typical
correlation length of the state in Eq. (22). More precisely, we
expect that, provided maxy 8(x) < 0o, Eq. (25) can be made
to hold to an arbitrarily good approximation by taking the
scale of variation of B(x) and w(x) to be sufficiently large.
We will use this expression for comparison with microscopic
numerical simulations of time evolution from Eq. (22) below.

We will also be interested in more strongly nonequi-
librium initial conditions that consist of preparing a local
equilibrium state in Eq. (22) and then applying an inhomo-
geneous and slowly varying phase texture ¢,(X) in space
8joq > e «Rie.  Such initial states can in principle be
prepared and measured using present-day experimental capa-
bilities [51-54]. Let us write

M
—2 2y

JeA a,p=1

/@ Rja)=0sR;15)) cJr é B (26)

for the modified local Hamiltonian under this mapping. Then
the initial condition in question is given explicitly by

P ocexp

— > BRI,

JEA

—u®pall. @)

In the local density approximation, the initial Wigner function
in Eq. (25) modeling Eq. (27) is modified to

Wep(X, K, 0) > 1@y, o(x, K, 0) (28)

at leading order in spatial derivatives dx¢,. A nontrivial probe
of such initial phase coherence is the two-point correlation
function 6;(16, between two basis sites within the same unit
cell. We can extract this information from the Wigner function
using the identity

( Cja Jﬂ>
(29)

dk
/‘ e M) o [R+ (T +15)/2, k] =
BZ VBZ

F. Time-dependent Hamiltonians
We now consider allowing the tight-binding Hamiltonian
Eq. (1) to depend on time via its hopping amplitudes #,4(r, t).
Such an extension of our formalism is necessary to capture
topological effects such as Thouless pumping [39]. In Fourier
space, this yields the time-dependent Hamiltonian

Hy(t) = [
8z Vi

where the time-dependent Bloch Hamiltonian is

Z hap(k, 1) 2} (K) &4 (K), (30)

haﬁ(k, t)=— Ztaﬁ(Rj, t)efl'k~(R/+Tn(7Tﬁ). (31)

JEA

The change of basis to Bloch electrons now depends on time,
i.e., for each k, there exists U (k, t) such that

M
Z Upo (06, 1) hap (K, 1) Ugy(K, 1) = Ey(K, 1) 8y (32)
o, =1

which defines M time-dependent energy bands {E,(k, t)})
and time-dependent Bloch electron creation operators

M
di(k,1) =Y Uan(k, 1) &} (k), (33)

a=1

in terms of which
Hy(t) = E,k,t)di(k,1)d (k 34
m/BZBZ(r)(t)(t) (34)

A special case that admits further simplification is
periodic-in-time or Floquet dynamics Hy(t + T') = Hy(z), see
Refs. [55,56] for proposed Floquet-Boltzmann equations that
capture such dynamics. (However, the authors of these works
focus on diagonal elements of the Wigner function in the
basis of Bloch electrons, which is distinct from the approach
pursued here.) Such simplifications arising from periodicity in
time will not be necessary for our purposes, and our transport
equation instead allows for arbitrary time dependence, which
both encompasses the time-independent case discussed above
and matches microscopic numerical simulations in the time-
periodic case (see Sec. IV).

By repeating the derivation of Eq. (21) in the time-
dependent setting, we obtain the ballistic-scale transport
equation

owx, k, 1) = —ilhk, 1), w(x, K, 1)]

d
- %Z {3, h(k, 1), 3, w(x, k,0)}.  (35)
a=1

We note that this time-dependent equation can also be used to
capture the effect of spatially uniform electrostatic fields upon
changing to a uniformly accelerating frame of reference; see
Appendix C.
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G. Methods of solution
1. General considerations

The transport Eq. (21) and its time-dependent generaliza-
tion Eq. (35) are linear, first-order PDEs and therefore always
amenable to a numerical solution based on finite-difference
methods [57] or Fourier analysis. We pursue both approaches
in this work, and two possible numerical schemes are summa-
rized in Appendix E.

A striking and immediate property of these equations,
shared by other Wigner-function-based equations of mo-
tion [12-25], is that they exhibit M? propagation velocities at
any given instant of time rather than the M quasiparticle group
velocities {0k E, (k)}f;”= | within each band that determine ordi-
nary semiclassical transport. We will explore this observation
in more detail below.

For now, we merely note that the smaller the number of
bands M, the more tractable Eq. (21) becomes. The simplest
cases are M = 1 (a single band), for which the orbital Wigner
function recovers conventional Boltzmann theory at leading
order in spatial derivatives [29,33], and M = 2 bands, which
is the simplest case that exhibits effects beyond Boltzmann
theory and will be the main focus of this paper.

For the two-band systems considered in this paper, we
obtain predictions for orbital Wigner function dynamics by
solving Eq. (21) numerically on a sufficiently dense grid of
k points in the BZ, using a second-order staggered leapfrog
method [57] for Figs. 1-5 and a more efficient GPU-based
Fourier-kernel method for the most numerically demanding
Fig. 6, see Appendix E for further details.

2. Solvable special case: Vanishing Berry connection

In general, we expect that the nontrivial k dependence of
the Bloch eigenvectors [i.e., of the matrix U (k) defined in
Eq. (4)] precludes a simple exact solution to Eq. (21). In the
special case that U (k) is differentiable in k and defines a van-

0 — ED, t=0
Laq, (b) % — ED, t=20
0 - N —— ED, t=40
RN —— ED, t=60
b2 Jj(zx,t) ED, t=80
= I o o v e S R TR e 8 —=~- Wigner
~and ¥ N Boltzmann
5 1.0
<
0.8 1
(a)
T S

—-400 -300 -200 -100 0 100 200 300 400

FIG. 1. (a) Time evolution from a localized initial charge density
under the Hamiltonian in Eq. (52), with uniform initial temperature
B = 1 and initial chemical potential profile as in Eq. (55), with bulk
chemical potential oy = —4, central chemical potential ©; = 4, and
length scale / = 40 sites. The agreement between microscopic exact
diagonalization (solid lines), Wigner function predictions (light blue
dashed lines), and Boltzmann equation predictions (black dotted
lines) is clear. (b) Predictions for the charge-current density j(x, t)
VS numerics.

ishing Berry connection A, (k) = —iU (k)"9;, U (k) = 0, such

a solution is possible. Since its derivation is instructive and

because it may be found useful for benchmarking numerical

approaches, we now summarize this closed-form solution.
First, define the band Wigner function

w(x, k, 1) = U'K) wx, k, 1)U (K), (36)
(this is analogous to the decoupling step in Refs. [17,18]) and
the diagonalized Bloch Hamiltonian A(k) = U (k) h(k) U (k)
as in Eq. (4). Then substituting into Eq. (21) and suppressing
arguments, we find that

d
1 L7
0+ - ; [UT (8,h) U, 8y, 0} = —ilh, w]. (37)
To simplify the streaming term, note that, by differentiability
of U(k), 9, U(k) = —Ut(k) [0, U (k)] UT(k), and therefore
U™ (k) [3, h(K)] U (k) = 85, h(k) + il A (k). h(K)],  (38)
where we defined the Berry connection through its compo-
nents A, (k) = —iU (k) 9, U (k). Restoring matrix indices, it
follows that

mn

1 d B ~
0y Wy + 5 Z ({akuh + i[A‘” hl, ax“ﬁ)})

a=1
= —i(En — E)Wmp- (39)
Although this equation is always exactly solvable by linearity,
the resulting solution does not appear to be especially tractable

in general. An exception is the special case .A,(k) = O for all
k, in which Eq. (39) reduces to

8t ibmn + Vi - 8Xa)mn = _iEmnﬁ)mnv (40)

where we defined E,,, (k) := E,,(kK) — E,(k) and a mean
group velocity V,,,(k) = %81( [En(k) + E,(kK)]. Equation (40)
is now simple enough to be solved in closed form, and the
solution to its initial value problem reads

Dy (%, K, 1) = € Em D [xX — V(KO K, O] (41)
In terms of the orbital Wigner function, the resulting solution
to Eq. (21) is given by
M
> MU (U, (k)

o', B, m,n=1
X Wer g [X = Vyun ()2, K, 01U (K)U, (K).
42)

waﬁ(xa k? t) =

III. COMPARISON WITH SEMICLASSICAL
TRANSPORT THEORY

We now test the validity of the orbital Wigner function
approach compared with conventional semiclassical transport
theory against numerically exact free-fermion simulations.
We first consider states that are locally in thermal equilibrium
at a nonzero temperature, for which we do not expect any
deviations from textbook results [1]. We present a general
analytical argument for how orbital Wigner functions recover
semiclassical transport theory in local thermal equilibrium
before illustrating this point through a free-fermion simulation
of charge and current dynamics in a two-band example.
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We next consider initial states with spatially inhomoge-
neous single-particle quantum coherence, which lie beyond
the scope of semiclassical transport theory. We specifically
focus on quantum coherence between orbitals within each unit
cell, as might be prepared in an ultracold atom device [51-53]
or through scanning tunneling microscopy of a material sam-
ple [54]. We present numerical evidence that orbital Wigner
functions are well suited for capturing relaxation from such
quantum-coherent initial states.

A. Essentials of semiclassical transport theory

For generic choices of hoppings, we may assume that
the energy bands do not intersect £ (k) > E>(k) ... > Ep (k)
(note that this assumption is not needed for our orbital Wigner
function formalism but rather to facilitate comparison with
conventional transport theory). Then defining group velocities
v, (k) = 9E, (k), conventional semiclassical transport theory
in the absence of interactions and external fields describes
the time evolution of the local density of occupied states
pn(X, k, 1) of the nth band via the Boltzmann equation [1]

at;on + Vn(k) : axpn = O’ (43)
with solution
pn(Xv kv t) = pn[x - vl‘l(k)ts kv O] (44)
In thermal equilibrium states, p o e~ # (Ho—1) | we have
1
Pn(kK) = (AL (45)

which in the local density approximation yields the initial
condition

1
1 + ePOIE®—1(X)]

on(x, Kk, 0) = (46)

for locally thermal initial states in Eq. (22). Predictions for

the dynamics of local observables such as the charge density
n(x, t) and charge-current density j(x, ) are then given by

dk &
nBoltzmann(Xs t) = / Z ,On(X, k, t)» (47)
BZ

@ n=1
and
M
dk
ipoltman (X, 1) = / KN kv, (@)
Boltzma 57 VBZ ;
respectively.

B. Dynamics of local equilibrium states

We commented earlier that the equations of motion for the
orbital Wigner function given in Eq. (21) were characterized
by M? propagation velocities rather than the M quasiparticle
group velocities that appear in the semiclassical theory. On
the other hand, we expect the semiclassical theory to yield
accurate results near thermal equilibrium, for example, for
time evolution from local equilibrium initial states of the form
in Eq. (22).

In fact, there is no contradiction between these claims,
and in hydrodynamic regimes for which the system is locally
near thermal equilibrium, the orbital Wigner dynamics closely

approximates free Boltzmann dynamics and is dominated by
M diagonal degrees of freedom that propagate at the quasipar-
ticle group velocity. In this section, we first verify analytically
that this claim holds instantaneously for locally equilibrated
Wigner functions of the form in Eq. (25). We then check
numerically that the time evolution of charge density from
local equilibrium initial conditions in Eq. (22) is accurately
captured by the Wigner-function transport Eq. (21) in a two-
band example.

For the analytical argument, we take as our starting point
the transport Eq. (39) for the band Wigner function. For an
orbital Wigner function that is instantaneously in local equi-
librium, so that

1

wx, k, 1) = 1 + eBEOAR—px0] (49)
the band Wigner function is diagonal
8}”7[
a)mn(xa k, t) = (50)

1 + eB&ODIER)—pux,01"

Thus, the off-diagonal components of Eq. (39) can be ignored
in the vicinity of time #, leaving the evolution equation

1 d 5 ~
i+ 5 D (0 + LA B 8, }),, = 0

a=1

for the diagonal components. Evaluating the anticommutator
directly and using the fact that / is diagonal then yields

arﬂ)rm(xy k,t)+Vn(k) : 8Xﬁ—]nn(x’ k,l) =0. (51)

Note that this perfectly recovers the standard Boltzmann de-
scription of time evolution from local equilibrium, provided
we make the identification w,,(x, k, t) <> p,(x, Kk, ).

In practice, the local equilibrium ansatz in Eq. (49) is not
preserved exactly under the orbital Wigner function dynamics,
and for a more stringent test, we now compare predictions
from solving Eq. (21) with the initial condition in Eq. (25)
to microscopic numerical simulations from locally thermal
initial conditions in Eq. (22) in a specific two-band model.

For our numerical comparison, we choose the 1D two-band
Hamiltonian

L/2—1
Hy= Y (4¢i,¢8,5—3¢,,,8,+He). (52
j=—L/2

This has Bloch Hamiltonian
—6c¢cosk 4
h(k) = < 4 O)' (53)

The band structure is given by E.(k)= —3cosk =+

V16 +9cos?k, and the Bloch eigenvectors are supported
on both sites A and B and depend nontrivially on k. For
mathematical convenience, we set the basis positions
74 = 73 = 0 within each unit cell and index lattice sites
by integers, x; = j with —L/2 < x; < L/2, and periodic
boundary conditions x_z > = xz3.

For this model, the Heisenberg-picture charge density
operator ii; = 6; ACia Tt éj ¢} p satisfies the microscopic con-
tinuity equation

hit; + ji1— Jj =0, (54)
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FIG. 2. (a) Time evolution of charge density from the initial condition in Eq. (55) with the same parameters as in Fig. 1, augmented by
an inhomogeneous initial phase as in Eq. (57) with maximum relative phase ¢ = 7. Boltzmann theory predictions that do not account for this
inhomogeneous phase (as plotted in Fig. 1) appear as black dotted lines for reference. (b) Wigner function predictions for the dynamics of
on-site interorbital correlation functions. Such correlation functions are beyond conventional semiclassical transport theory, and we observe

excellent agreement with Wigner function predictions.

where the charge-current density  operator fj =

3i(6; aCizia —cj_], 4C;4) yields a global current operator
J= Zj‘i 2;1/2 fj that satisfies Eq. (8) in the thermodynamic

We consider initializing this model in a local equilibrium
state as in Eq. (22) at a uniform temperature 8 = 1 but with
a strongly inhomogeneous chemical potential that creates a
localized distribution of charge

1(x) = po + (1 — po)e ™" (55)

about x = 0, where the bulk chemical potential py = —4 sits
in the lower band, the central chemical potential p; = 4 sits
in the upper band, and the length scale [ = 40. Note that,
although this state is locally in thermal equilibrium, it is far
from the linear response regime and thus represents a stringent
test of the theory.

We perform numerically exact microscopic simulations us-
ing standard free-fermion methods [58,59] on L = 800 sites
and compare the resulting dynamics of the charge density and
charge-current density to Boltzmann equation predictions in
Egs. (47) and (48) and to the Wigner-function predictions in
Eq. (14) and (18) obtained by solving Eq. (21) numerically.
Results are shown in Fig. 1, and the charge and current profiles
arising from these three distinct methods are indistinguishable
from one another as expected.

C. Phase coherence beyond semiclassical transport

We next test the orbital Wigner function approach for
phase-coherent initial conditions of the form in Eq. (27).
Textbook semiclassical transport theory does not make any
predictions for such dynamics [1] because the initial state in
Eq. (27) is not even locally in thermal equilibrium with respect
to 1-70. Note, however, that this state is in local equilibrium
with respect to the effective Hamiltonian Hj = Y jea ;s with
h/j defined as in Eq. (26). (In this sense, Eq. (27) defines a kind
of quantum quench [60].)

In this setting, our transport Eq. (21) makes predictions
both for the dynamics of the local charge density n(x, t) and

for the dynamics of local off-diagonal correlation functions
(€1,¢;5)(t) = Te[p(1)¢], ¢, via Eq. (29), which here yields
the prediction

<6jaéjﬂ>Wigner(t) = /

BZ

ﬂwlga()cj,k,t). (56)
Viz

We test this prediction for the Hamiltonian in Eq. (52) consid-
ered in the previous section, with the same initial conditions
consisting of a localized spot of charge as in Eq. (55) but now
augment these by a relative phase with maximal value ¢ that
varies spatially on the same length scale as the charge density,
ie.,

oa(x) = (@/2)e ™", gp(x) = —(¢/2)e ",

giving rise to a strongly nonequilibrium initial density matrix
0’ as defined in Eq. (27).

For such initial conditions, we find excellent agreement
with orbital Wigner function predictions for both n(x, ) and
for the on-site correlation functions (é;aé 150 (1), see Fig. 2 for
a comparison with microscopic simulations with ¢ = 7. Note
that the inhomogeneous initial phase in Eq. (57) does not alter
the initial charge-density profile, but it does alter the initial
energy density with respect to the Hamiltonian Hy. This is one
way to understand the deviation in the left panel of Fig. 2 from
Boltzmann equation predictions for the charge dynamics that
do not consider the inhomogeneous initial phase in Eq. (57).

(57)

IV. APPLICATION TO
TIME-DEPENDENT HAMILTONIANS

Coherent driving of quantum Hamiltonians is well known
to induce coherent superpositions of quantum states; the
canonical example is Rabi oscillations in two-level systems. It
is therefore natural to expect that quantum coherence plays an
essential role in the dynamics and transport of time-dependent
multiband systems. Indeed, the adiabatic Thouless pumping
of a topologically quantized unit of charge per cycle in 1D
insulators can be seen as a consequence of the states within a
topological band accumulating a coherent global phase [39].
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In this section, we perform a precision verification of the
accuracy of our orbital Wigner formalism for time-dependent
Hamiltonians against microscopic free-fermion simulations,
which to the best of our knowledge has not been performed
for existing generalizations of the Boltzmann equation to
time-dependent settings [55,56]. We note that our approach
requires no assumptions on the time-periodicity of the Hamil-
tonian or the adiabaticity of the drive.

A. Pumping local equilibrium states

The naive generalization of the Boltzmann Eq. (43) to the
time-dependent case reads

0ron + Vu(k, 1) - 0x0p =0, (58)

where the group velocities for each band v,(k,?) :=
okE,(k,t) now depend on time; initial data for local equi-
librium states is again specified by Eq. ((46) and predictions
for the dynamics of the local charge density n(x, ¢) are again
obtained from Eq. (47). Analogous equations with v, replaced
by a time-dependent quasiparticle velocity have been found to
perform well for time-dependent and instantaneously quan-
tum integrable Hamiltonians in one spatial dimension [61].

We can justify this prescription microscopically and
in local equilibrium by repeating the arguments of
Sec. IIIB. We find that starting from a local equilib-
rium state at time 7, Eq. (35) implies that the diagonal
components of the band Wigner function w(x,k,7)=
UTk, ) w(x, Kk, 1)Uk, ) evolve instantaneously according
to the time-dependent Boltzmann equation

atﬂ)nn(x, k, t) + Vn(kv t) : aann(xs k, 1) = 0. (59)

As in the time-independent case, the naive Boltzmann pre-
diction Eq. (58) is recovered once we make the identification
WX, K, 1) < p,(x, K, 1).

By the method of characteristics [62], Eq. (58) has an exact
solution using coordinates x, (k, #) that solve the initial value
problem

ox,(k, 1) =v,(k, 1), x,(k,0)=0, (60)

in terms of which the solution to the initial value problem for
Eq. (58) reads

pn(xs kvt) zpn[x_xn(kal)vk’ O] (6])

To test this prediction numerically, we simulate the well-
studied periodically driven Rice-Mele Hamiltonian
L/2-1
Ayty= Y )& 8,5+ 485, 5 +Hel]
j=—L/2
+ AW)@ 4850 — 55 p), (62)

where J(t) = m + cos (2nt/7) and A(¢) = sin (27t /7), and
the parameters m and T will be varied. The Bloch Hamiltonian
is given by

_ A(t) J(@t) +e*
hik,1) = <J(t) +e* —AQ) ) (63)
and the instantancous band structure is Ey(k,t) =

+/A@t)> +J(t)? +2J(t)cosk + 1. For parameter values
0 < m < 2, this Hamiltonian has unit winding number in

the J/ — A plane about the gap-closing point A =J —1 =0,
implying Thouless pumping of one topologically quantized
unit of charge per cycle in the adiabatic limit T — oo at
half-filling and zero temperature [39]. In practice, 8, T < 00,
and perfect topological quantization is lost [63].

As in the previous section, the Heisenberg-picture charge
density operator 7; = Ej 4Cja+ ¢ ¢ p satisfies the mi-
crosopic continuity equation in Eq. (54) for all times,
where now the current density operator fj = i(é;r 1485 —

cT 5Cj_1.4)- Thus, the total charge current J(t) = Ziﬁ > Ll 2 i

recovers Eq. (8) in the thermodynamic limit as L — oo.

Before addressing in detail the question of whether or-
bital Wigner functions can capture inherently topological
effects such as Thouless pumping, we first investigate how far
Eq. (58) captures the nonequilibrium dynamics of charge un-
der time evolution by the Hamiltonian in Eq. (62) away from
half-filling and at nonzero temperature. Initial conditions for
the numerical simulations have the same form as in Sec. Il B
for the initial Hamiltonian 1-70 (0), with L = 400 sites; constant
initial temperature 8 = 1 and inhomogeneous initial chemi-
cal potential, as given in Eq. (55), with length scale [ = 40;
and bulk and central chemical potentials set to ;o = —2 and
w1 = 2, respectively. We fix the simulation time to be r = 100
and vary the period of oscillation of the Hamiltonian over
two orders of magnitude, from 7 = 5 to 500. To obtain these
predictions, we (i) use a converged discretization of the time-
evolution operator in the basis of single-particle Bloch states
to obtain microscopic free-fermion predictions, (ii) integrate
the characteristic equations in Eq. (60) numerically to solve
the time-dependent Boltzmann equation, and (iii) continue
to solve the transport Eq. (35) using the staggered leapfrog
method [57], now including time dependence of the Bloch
Hamiltonian at each time step. Note that these methods are
all applicable to arbitrary time dependence beyond periodic
driving.

We find excellent agreement with the time-dependent
Boltzmann equation in Eq. (58) in the regime t 2 ¢ but
marked discrepancies in the regime 7 < ¢, see Fig. 3. The
time-dependent Boltzmann description appears to freeze as
T is decreased below the longest simulation time and yields
an increasingly poor description of the dynamics as 7 — 0.
However, the time-dependent Wigner function dynamics in
Eq. (35) continues to perform remarkably well, even for short
oscillation periods, with negligible (<0.1%) error in the pre-
dicted charge density for all drive periods simulated.

B. Thouless pumping

We now consider the periodically driven Rice-Mele model
given in Eq. (62) at half-filling p = 0, while varying the
inverse temperature 8 and the driving period t. The canonical
theoretical setting [39] for Thouless pumping is recovered in
the adiabatic, zero temperature limit t, 8 — oo. In practice,
7, B < 0o, and there are two natural ways to probe charge
pumping via variation of Hamiltonian parameters.

The first approach, which should be feasible in experiments
capable of imaging correlation functions between neighboring
unit cells, is to consider translation-invariant initial states and
study the dynamics of the total charge current (J(¢)) directly.
This approach is best suited for demonstrating theoretically
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FIG. 3. Numerical time evolution of an initially localized charge
density under the periodic time evolution in Eq. (62) after a time
t =100, for different driving periods t = 5, 100, 250, 500, com-
pared with time-dependent Wigner function predictions (light blue
dashed lines) and time-dependent Boltzmann predictions (black dot-
ted lines), see text for further details. The time-dependent Boltzmann
equation works well for timescales t 2 ¢ but freezes for 7 <t,
ceasing to provide an accurate description of the dynamics (the
Boltzmann predictions for 7 = 100 and 5 are indistinguishable by
eye). In contrast, the time-dependent Wigner function yields ex-
tremely accurate results over two orders of magnitude of driving
periods.

that Eq. (35) can capture Thouless pumping exactly in the
adiabatic limit, see Eq. (67) below.

An alternative approach mimics experimental tests of
Thouless pumping in ultracold atoms [36] and consists of
initializing a localized lump of charge, as in Eq. (55), before
applying a slow variation of Hamiltonian parameters to in-
duce pumping. We find that Eq. (35) accurately captures such
charge dynamics over multiple pumping cycles.

It is worth noting that the time-dependent Boltzmann
equation in Eq. (58) is completely inadequate for describ-
ing Thouless pumping because it is invariant under spatial
reflection and therefore predicts that, for parity-even ini-
tial conditions, (J(¢)) = 0 for all time. Put differently, the
nonzero current generated dynamically by Thouless pumping
is incompatible with the assumption of instantaneous local
equilibrium in Eq. (49), which can never yield a current-
carrying state.

1. Inducing a translation-invariant current

We first consider the translation-invariant setting, in which
a slow variation of Hamiltonian parameters induces a homo-
geneous, nonzero current in the system. Because of translation
invariance, neither higher-order spatial derivative corrections
to Eq. (35) nor corrections to the initial local density approx-
imation in Eq. (25) can arise, so that the transport formalism
given by Egs. (25) and (35) becomes exact in the thermody-
namic limit, insofar as the underlying Hamiltonian Eq. (1) is
exact. .

Concretely, we let the initial density matrix p oc e #H©®
and fix t. By translation invariance, the exact transport equa-
tion for the Wigner function takes the simple form

qw(k,t) = —ilh(k, 1), w(k, t)], (64)

0.000
-0.025 ¥/ ¥
—0.050 A

—0.075 1

yniL
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| —— Numerics, T=30
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-0.125 1 \
|

—0.150 + \ |
\

—0.175 1

FIG. 4. Numerical time evolution of the current density under
translation invariant Thouless pumping at inverse temperature § =
100. We simulate various time periods t = 20, 30, 40 and depict
numerically obtained free-fermion predictions for the expected value
of the current density operator (j/=0(t)) = (J@) /L at a given site
(solid lines) against Wigner function predictions from Eq. (35) over
two time periods (blue dashed lines). By translation invariance, these
two quantities should be exactly equal in the thermodynamic limit,
which is consistent with the results shown.

where w(x, k,t) = w(k, t), and the initial condition

w(k, 0) = (65)

+ ePhk0)”
is also exact. Defining the single-particle propagator as the
time-ordered exponential U (k, 1) = T exp [—ifé dt'h(k, 1],
it follows that

wk,t) = Uk, t) wk, 0) U (k, 1). (66)
We then expect by the identity in Eq. (16) that

. dk &
(J(t))/LN/ — Z Ohgp(k) wee(k,t)  (67)

Bz VBZ 7,

holds exactly in the thermodynamic limit, assuming that the
current operator is given by Eq. (8) (the extension to off-
diagonal current operators follows from Appendix D). Thus,
Eq. (35) should accurately capture Thouless pumping in fi-
nite, translation-invariant systems for all temperatures 8 and
driving periods 7, up to finite-size corrections. Although it is
arguably redundant, we verify this numerically in Fig. 4 by
comparing the expectation value of the microscopic current
density operator at a single site (jjzo(t)) against numerical
integration of Eq. (67), for L = 400 sites, inverse temperature
B = 100, and various finite driving periods. Since the result-
ing dynamics is rather intricate, we restrict the simulation
time to two driving periods for clarity, and the agreement is
excellent as expected.

2. Pumping an inhomogeneous charge density

‘We next consider pumping an initial, localized charge den-
sity in local equilibrium, which can be seen as a hydrodynamic
version of the initial conditions realized experimentally in
Ref. [36]. We set the bulk temperature § = 10 to be relatively
low and consider an inhomogeneous chemical potential as in
Eq. (55) with length scale I = 80. We set the bulk chemical
potential to half-filling ;1o = 0 and the central chemical poten-
tial to p; = 1. We let the driving period T = 10 and simulate
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FIG. 5. (a) Numerical time evolution of an initially localized charge density under the periodic time evolution Eq. (62) for a time r = 100
and driving period T = 10 compared with time-dependent Wigner function predictions (light blue dashed lines). The bulk temperature § = 10,
and the initial condition is as in Eq. (55), with bulk chemical potential ©y = 0, central chemical potential @, = 1, and characteristic width
| = 80. (b) The evolution of the first moment of charge density resulting from the dynamics on the left. The agreement between free-fermion
numerics (orange dots) and Wigner function predictions (blue crosses) is excellent.

times up to ¢ = 100, i.e., 10 driving periods. This should be
far from adiabaticity and thus provide an especially stringent
test of Eq. (35). To highlight the physics of charge pumping,
we further compute the evolution of the first moment of the
charge density

L/2-1

5X(t)= Y x[n(x,1) —n(x,0)]

x=—L/2

(68)

as a function of time, which grows linearly at a rate set by the
initial conditions. Once again, the agreement between theory
and numerics is excellent, see Fig. 5.

C. Charge transport from instantaneously flat bands

As a final example, we consider the propagation of
charge in stroboscopically driven SSH chains. This example
is particularly striking because the group velocity of each
quasiparticle vanishes instantaneously, but charge neverthe-
less spreads ballistically. Specifically, we consider evolution
under the time-periodic Hamiltonian

N ﬂ nt <t < n+lr,
HO (t) _ Atrlvml S 1 ( 2) (69)
topological » (”l + j)l’ Lt <+ Dr,
forn=20,1,2,..., where
L/2-1
Hyivia = Z 5;351«,/, +H.c.,
j=—LJ2
L/2-1
Aiopotogical = Y, €1, 4855+ He, (70)
j=—LJ2

and t denotes the driving period. This model alternates strobo-
scopically between the two trivial and topological dimerized
limits of the usual SSH model [64]. (We note that various
versions of this driven system have arisen before in the context
of time-crystal physics [65-68], though the latter is unrelated
to our focus here.) According to the semiclassical theory of
transport, both the Hamiltonians Hyiviag and ﬂtopological are

insulating, with flat-band spectra E; (k) = —E»(k) = 1 for all
k and therefore vanishing group velocities in each band.

Thus, the time-dependent Boltzmann Eq. (58), which as-
sumes instantaneous local equilibrium, would predict no
dynamics at all. However, a local equilibrium state with re-
spect to Hiivia Will be far from equilibrium with respect to
I-Zopological, and the resulting quenchlike dynamics turns out to
be sufficient to yield ballistic spreading of charge. (This possi-
bility could also have been deduced from the presence of band
curvature in the Floquet-Bloch spectrum for this model [68] in
a Floquet-Boltzmann approach [55,56].)

The resulting dynamics is straightforwardly captured by
Eq. (35) with the stroboscopic Bloch Hamiltonian

h ivis k 9 gt l 3
T L al(k) nt 1 <(n+3)r an
htopological(k)y (l’l + E)T <t <m+ D,
where
0 1
htrivial (k) = (1 0)’
0 —ik
htopological(k) = (e”‘ 60 ) (72)

To test the orbital Wigner function predictions numerically,
we prepare charge-spot initial conditions in Eq. (55) with
no = —1, u; = 1, bulk inverse temperature 8 = 1, and length
scale I =40 for the Hamiltonian Hyjyiyy on L = 400 sites
before subjecting this to periodic driving as in Eq. (69) with
driving period v = 5. See Fig. 6 for a comparison between
free-fermion numerics and the numerical solution to Eq. (35).
We note that the discontinuous dynamics in Eq. (69) makes
convergence of both the free-fermion numerics and Wigner
function dynamics particularly challenging in this case, but
once it is achieved, the agreement is once again excellent.

V. DISCUSSION

We have presented an analytically transparent and nu-
merically tractable theory of coherent electron transport
in stationary and driven multiband (and more generally
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FIG. 6. Numerical time evolution of the charge density for the
periodically driven SSH model Eq. (69) with driving period t = 5,
whose bands are always instantaneously flat. The drive nevertheless
enables ballistic charge spreading that is accurately captured by the
Wigner function prediction Eq. (35). The initial condition is as in
Eq. (565) with 8 =1, up = —1, u; = 1, and I = 40, and agreement
persists over 60 driving periods.

multiorbital) crystals. Our proposed formalism accurately
captures far-from-equilibrium charge and current densities
arising from nonuniform and quantum coherent initial condi-
tions. We illustrated this point by simulating multiple distinct
experimentally accessible Hamiltonians and various kinds
of dynamics beyond standard semiclassical transport theory.
While, in this work, we focus primarily on electric charge
and current density, our approach allows for straightforward
generalizations to spin, thermal, and thermoelectric transport
through evaluating the corresponding charge and current op-
erators from the orbital Wigner function.

Although we have chosen to highlight the rich physics that
can arise in multiband systems even in the absence of inter-
actions and disorder, any practically useful transport theory
must be able to model the dissipative hydrodynamic behav-
ior that arises in realistic physical systems. On this front,
authors of recent work on 1D systems have shown that the
venerable quantum Boltzmann equation can yield remarkably
quantitatively accurate results even in strong-coupling, long-
time regimes [69-71], beyond the weak-coupling, short-time
regime in which quantum kinetic theory might rigorously be
expected to hold [72,73]. We note that the collision terms
appearing in the resulting equations would naturally be matrix
valued [73] and to that extent differ from standard formu-
lations of the quantum Boltzmann equation with possibly
nontrivial implications for hydrodynamics and transport. We
leave a deeper investigation of this fascinating question for
future work.

A proper treatment of interactions will be necessary to
obtain meaningful predictions for both linear and nonlinear
conductivities and optical response from orbital Wigner func-
tions. In this setting, it would be interesting to understand
how far systematic derivations of the collision integral, along
the lines sketched above, can capture nontrivial corrections to
semiclassical transport theory. For example, the inclusion of
a real-space shift during scattering events [3,74] was found
to be necessary to yield a collision integral consistent with

quantum kinetic theory at nonlinear order in the applied elec-
tric field [75,76]. Similarly, off-diagonal contributions to the
position operator [47-49] are commonly neglected in tight-
binding descriptions of condensed-matter systems but can
nevertheless play an important role in nonlinear optical re-
sponse. Such corrections could in principle be captured in our
approach by a suitable modification of the two-body operators
corresponding to the center of charge and the electrostatic
potential energy, as discussed in Appendix D.

Thus, orbital Wigner functions could provide a micro-
scopic route toward deriving nonlinear response functions
in settings where quantum coherence is important. Indeed,
the fact that orbital Wigner functions correctly account for
the plethora of quantum coherent effects studied in this pa-
per strongly suggests that they can accurately capture other
known topological and geometrical transport phenomena that
arise in multiband systems, such as the Berry phase and
the anomalous velocity [77]. As an illustrative example,
our approach effortlessly handles band crossings and near-
degenerate bands, which can be challenging to treat using
standard Boltzmann-type techniques.

While we expect that our formalism encompasses these
well-known physical phenomena, we emphasize that it also
has the capacity to predict new ones. Recent results on Flo-
quet theory [78], nonlinear optical responses [76,79-84], and
light-matter coupling [85,86] raise the possibility that new
and possibly unforeseen geometric invariants could play an
essential role in nonequilibrium transport in both Hamilto-
nian and driven systems. The systematic approach pursued in
these works and in the current paper suggest one potential
strategy for identifying the most promising lattice systems
and initial conditions for unconventional quantum-coherent
transport to arise, for example, in flat-band systems [§7-90].
Looking beyond solid-state platforms, the numerical ac-
curacy promised by our approach makes it ideally suited
for a direct quantitative comparison with analog quantum
simulators [40,63,91,92], with the potential to both reveal
shortcomings in their theoretical description and point to new
physics.

More generally, Wigner-function-based approaches have
recently been applied successfully in contexts ranging from
thermal transport [38,93] to bosonic systems [94] and the
bosonization of Fermi surfaces [95,96], and it might be fruitful
to connect these proposals to the approach taken here. While
we do not expect the full gamut of possibilities for electron
transport in crystals to succumb to the formalism outlined in
this paper, a broader lesson from our work is that most con-
ventional theories of transport are inadequate for confronting
the sheer variety of large-scale dynamics that can arise even
in minimal tight-binding models. Attaining quantitative accu-
racy in this simplest of settings, as we have sought to do here,
strikes us as a prerequisite for developing a theory of transport
in solids that is equipped to address the many long-standing
challenges in this field.
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APPENDIX A: FOURIER TRANSFORM CONVENTIONS

We define the Fourier transform of a function f : A — C
by

fR) =" f(R)e ™R, (AD)
JEA
with inverse
dk .
FR;) = / £ R £ ), (A2)
BZ Z

where BZ denotes the first Brillouin zone and Vg7 its volume.
Thus, the (dual-lattice-periodic extension of the) Dirac delta
function reads

1 .
S(k)y= — Y e BRI (A3)
Vbz Z
JEA
while the real-space Kronecker delta can be written as
dk .
Sr,0 = / — &Ry (A4)
Bz VBz
It will be useful to define the Brillouin delta function
dk ik-x
dp(x) = —¢ (AS)
Bz VB2

for general incommensurate positions x. Recall that
this equals unity when x =0, vanishes for x € A\ O,
and resembles a product of sinc functions for general
incommensurate X.

We define momentum-space fermion operators by

Z e_lk.Rju éjaa

jeA

Co(k) = (A6)

which are easily verified to satisfy canonical anticommutation
relations

{el(k), eo(K)} = Vaz8(k — K )Sye (A7)
and the inversion formula
dk
Ca = f T ea (k). (A8)
BZ YBZ

APPENDIX B: HIGHER-ORDER DERIVATIVE
CORRECTIONS

We now present the full set of derivative corrections to the
transport equation Eq. (21) (i.e., due to evolution under H,
alone). Continuing the Taylor expansion of Eq. (20) to higher
orders in dy yields the expression

. X jmtl
azwa;a(x,k,t):Zm!zmﬂ >
m=0 ie{1,2,....dy"

M
X Y 0 hya ()3 W (%, K, 1)
y=l1

— (= 1)"9{"hg, (K)3" Wey (x, K, 1), (BI)

where in each term, we use the notation 8,5__’") = Ok, Ok, - - - Ok,
and 3(’") = 3y, Oy, -+ O » andi = (i1, ia, . . ., im) denotes the
correspondmg multi-index. It follows by hneanty of this equa-

tion in W that the time evolution of the orbital Wigner function
Eq. (12) can be written as

-m+1

00
Hwep(X, K, 1) = Z ,;12m Z

m=0""Je(1,2,....dm

M
X > 0wy (x, k. 1) 9" hy (k)
y=1

— (=1)"3"hy, (k) 3w, 5 (x, k, 1). (B2)
However, the summation over internal indices is just ordinary

matrix multiplication, and suppressing matrix indices, we can
write this more simply as

dwx, Kk, 1) = ii ="
t s By - —2m
— (2m)!2

<)

ie{1,2,....d}y"

i (—1y"
(2m+ )y22m+l

m=0

<)

ie{1,2,....d}y"

[07"h(k), 3P w(x, k, 1)]

{8]£?m+l)h(k)’ 8§?m+1)W(X, Kk, t)}
(B3)

We note that, whenever h(K) is differentiable, the linear-order
term in spatial derivatives in Eq. (B3) only vanishes if all
other higher-order terms vanish. Given that ballistic transport,
when present, dominates the dynamics, the above formula
shows that finite-range, noninteracting, translation-invariant
Hamiltonians are either trivially localized or exhibit ballistic
transport.
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For convenience, we record the first few terms in this
expansion

dwx, k, 1) = —i[h(k), w(x, k, 1)]

1 d
-3 > {0 h(k), 8, w(x, k, 1))
a=1

. d
1
+ 5 2[00, h(K), 3,0, w(x, K, )]

a,b=1
d
1
+ 15 hZ_l{aka e, 3 1K), By, B, 0, w (X, Kk, 1)}
+0(3). (B4)

For a single band, the even-order terms vanish, and this
expression recovers known results on dispersive corrections
to free-fermion dynamics [29,33]. For multiple bands, the
second-order term becomes the leading dispersive correction.
Note that all higher-order corrections to Eq. (B3), including
this second-order term, are time-reversal invariant and there-
fore do not describe irreversible effects such as diffusion,
which is consistent with the microscopic reversibility of the
underlying Hamiltonian dynamics.

APPENDIX C: EXTENSION TO STATIC
ELECTRIC FIELDS

1. Equation of motion and Bloch oscillations

An important feature of any transport theory is its ability
to make predictions in the presence of external electric and
magnetic fields. Since this paper is dedicated to the nontrivial
quantum effects that arise even in the absence of such fields,
we will largely defer a detailed discussion of electric fields
(and all discussion of magnetic fields) to future work.

However, for completeness we derive a ballistic-scale
equation of motion in the presence of an external electrostatic
potential

M
V=" VRjo)&,E (C1)

JEA a=1
so that the total Hamiltonian becomes
H=H+V. (C2)

(Note that we have neglected off-diagonal contributions to
V [47-49], which limits our accuracy to linear order in applied
electric fields. However, such corrections could in principle
be included in our approach, see Appendix D, and would
modify Eq. (C7) accordingly.) In position space and letting
ﬁj‘f = (Rjo +Rj)/2, the orbital Wigner operator can be
expressed in terms of the Brillouin delta function dg(x) (see
Appendix A) as

a —af K- (R.. —R .1 2) AT A
Wap(x, k) = Z 8(x — Rj,) M RuRin gl o (C3)
J.J'eA

Since V is diagonal in the Wannier basis by assumption, we
havei[V, ¢j,] = =iV (R}¢) ¢/, and it follows by Eq. (C3) that

iV, Wap, 101 =1 Y dn(x = RI)IV(Rja) = V(Rjp)l

JiJEA
ik-(Rjg—Rj5) AT A
X TR Cig. (C4)
Under the summation, we can Taylor expand

V(Rjo) —V(Rjp) = Rjy —Rjp) - &V (x) + 0(5V)
(Cs)
to yield

iV, Wap(x, K)] = 3V (x) - dWop(x. k) + O(37V). (C6)

For a generic nonuniform electrostatic potential V(R) =
—e¢p(R), following the manipulations of the previous
Appendix B then yields the ballistic-scale transport equation

qw(x, k, 1) = —ilh(k), wx, kK, 1)]

1 d
3 > {ohk), 0, w(x. k, 1)}
a=1

— e p(X) - w(x, Kk, 1) (C7)

at leading order in spatial derivatives.

For a single band for which the Wigner and Boltzmann
formalisms coincide, this recovers the standard Boltzmann
forcing term [1] as expected. Using this method, one can in
principle compute higher-order corrections to the transport
equation in momentum derivatives of w, but the lack of spatial
localization of the Brillouin delta function g(x) means that
the resulting expressions are not very illuminating. We note
that Eq. (C7) generalizes straightforwardly to time-dependent
Hamiltonians and potentials, provided the latter are accompa-
nied by negligible magnetic fields.

In the special case of a spatially uniform electrostatic field
¢(x) = —E - x (and treating the position operator as diago-
nal), such higher-order corrections in d vanish, and Eq. (C7)
admits a simplification analogous to the emergence of Bloch
oscillations in ordinary semiclassical transport theory. To see
this, suppose that the electrostatic field is uniform and define
the accelerating-frame Wigner function u(x, k, ¢) via the rela-
tion

wx, k, 1) = u(x,k 4 eEt, 1) (C8)

at each time ¢. Then u satisfies the force-free but time-
dependent system of PDEs

qu(x,k,t) = —i[h(k — eEt), u(x, k, t)]

d
> {oh(k — eEr), 0, u(x, k, 1)}, (C9)

a=1

0| -

which is a special case of Eq. (35). Thus, just as in the usual
semiclassical theory of Bloch oscillations [1], it is always
possible to eliminate a uniform, time-independent electro-
static field in Eq. (C7) by passing to a uniformly accelerating
frame of reference, at the price of making the effective Bloch
Hamiltonian time dependent.

The equation of motion for the orbital Wigner function is
given in Eq. (C7). We now derive the equation of motion for
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the band Wigner function w(x, k, t) = UT (k) w(x, k, 1) U (k)
introduced in Eq. (36) for a spatially uniform electrostatic
field ¢(x) = —E - x. By insertion of the definition and using
unitarity, we obtain

8, w(x, Kk, 1) = —i[A(k), B(x, K, )]

d
_! > {UTw)d, k(U (K), 8y, (x, k. 1)}
a=1

[\.)

+eE - UT(K)o[U K)w(x, k, U (K)U (k),
(C10)

where we introduced the diagonalized Bloch Hamiltonian
h(k) = UT(k) h(k) U (k). The generalized velocity decom-
poses as UT(K) (3,h(k)U(K) = 9, h(k) + il Au(k), ~(K)]
as in Eq. (38), where the Berry connection A(k)=
—iUT(k) 3 U (k) with components A,(k) arises by momen-
tum dependence of the Bloch states. Applying the same
decomposition to the last term of Eq. (C10) yields the
ballistic-scale transport equation in the band basis

di(x, Kk, 1)
= —i[i(k) — eE - A(k), W(x, K, 1)]

1< 3 3
-5 > {0 h() + il Ag(K), hk)], 8, B(x. k. 1)}

a=1

+ ¢E - deib(x, k, 1). (C11)

J

M

3t0aﬁ x, Kk, 1) = —i Z Z (tyo’(r) o i(k—eEn)Ty, Uylg(X +1ya/2,k, 1) — tﬁy(r) o~ i(k—eEn)rg, Uay (X —rp,/2.k, t))

y=IlreA

We note that this equation of motion yields two terms pro-
portional to the uniform electrostatic field, which combined
ensure invariance under gauge transformations of the Bloch
states. The first term on the right-hand side also includes
(gauge-dependent) diagonal matrix elements of E - A(k),
which have a nontrivial effect whenever the matrix @ is nondi-
agonal, as arises generically in the quantum coherent settings
considered in the main text.

2. Bloch oscillations at higher orders in spatial derivatives

In fact, this standard semiclassical prescription for treating
Bloch oscillations [1] continues to hold at higher order in
spatial derivatives. The first step in showing this is to note
that, in the presence of a static electric field, the exact Heisen-
berg equation of motion for the Wigner operator Eq. (20) is
modified to

dWap(x, Kk, 1) — eE - dW,p5(x, k, 1)

M
=i Z Z (17 (x) e * e W, p(x + 1y0/2, K, 1)
y=1reA
— P (r) e ™" Wy, (x — 14, /2, K, 1)).

We next define the accelerating-frame Wigner operator
Uqp(x, K, t) for all time via the relation

Wx,k,t) = U(x,k + eEt, 1).
Substituting into Eq. (C12) yields

(C12)

(C13)

(C14)

Taylor expanding as in the previous appendix then yields the derivative expansion

X 00 jmtl
8,Uaﬁ(x, k,1)= Z mom
m=0""Fe(1,2,..dym v=1

M
>y 0 Uy (%, K, 1) a,g”)hyﬂ(k — ¢Et) — (—1)ma,§j”hay(k — E0) 0Ty (%, K, 1),

(Cl15)
Finally, defining accelerating-frame Wigner functions uqg(x, K, t) = (U,gu,(x, k, 1)), we deduce the transport equation
o (=D
. - (2m) 2m
du(x, k1) = —ZZWQ Y (8" h(k = eEn), 00 u(x, k. 1)]
m=0 ie{1,2,....d)y"
o ( l)m
2m+1) 2m+1)
2(:) an DT Yo {0 Vhk — eEn), 08" Vu(x, k, 1)} (C16)
e{l,2,..d)m

Truncating this at leading order in spatial derivatives recovers Eq. (C9) above.

APPENDIX D: OFF-DIAGONAL MATRIX ELEMENTS
OF POSITION, CHARGE, AND RELATED OPERATORS

1. Overview

In the main text, we studied fully general tight-binding
Hamiltonians of the form

ST Y el

JjeN a,p=1

(D1)

(

and the exact dynamics of fermion bilinears arising from Hj.
We were particularly interested in charge transport. To model
this, one needs a local definition of the charge density. While
the total charge operator is defined unambiguously as N =
Djen ZZIZI fljo, the local charge density 7; is only defined
up to a (discrete) total derivative. In more detail, any sensible
definition of 71; should be
(1) localized to the cell j,
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(2) covariant under translations, and

(3) satisfy the sum rule N = ZjeA ;.

Clearly, given any operator 0; that satisfies the first two
conditions and jen 0; =0, we are free to redefine the
charge density as 7; — 71; + 0;. This ambiguity of hydrody-
namic theory is well known [31].

Above, we made the specific choice

M
A= . (D2)
a=1

Physical assumptions that would naturally give rise to this
definition are (i) perfect localization of the physical charge
at Wannier centers R, and (ii) no transitions between pairs of
Wannier orbitals. Implicitly making these assumptions led us
to the specific definitions

~ d g, R
J= EX’ X= Z ZRjotnja (D3)
JEA a=l1
for the total current operator and
M
V=" VR (D4)

JEA a=l1

for the two-body operator corresponding to an external elec-
trostatic potential V (x).

Let us refer to this approximation [equivalently Egs. (D2)—
(D4)] as the perfect tight-binding approximation. This ap-
pendix explains why the perfect tight-binding approximation
can be relaxed within our formalism without affecting the va-
lidity of the transport equation Eq. (21). Even if we no longer
assume that physical charge is perfectly localized at Wannier
centers Rj, and allow for interorbital transitions whenever
Wannier orbitals overlap, Eq. (21) should still yield reliable
predictions for ballistic-scale charge and current dynamics.

We can show this systematically by starting from a micro-
scopic definition of the charge density 71(x), which then yields
a specific microscopic expression for the two-body operator
V corresponding to an external electrostatic potential V (x),
namely,

V= f dx V (x)i(x), (D5)
which differs in general from Eq. (D4). Similarly, starting
from a spatially local and globally U(1) symmetric micro-
scopic model, the Heisenberg-picture spatial charge density
must always satisfy a continuity equation of the form
I+ 0x-j=0 (D6)
by Noether’s theorem, which in turnAﬁxes theA microscopic
definition of the total current operator J = f dx j(x) to be

~d

J=—X, X:/dxxﬁ(x).

o D7)

We now explain how orbital Wigner functions can be used to
compute 71(x), J, and V in this more general setting.

2. Restoring off-diagonal matrix elements
As our microscopic starting point, we consider the contin-
uum single-particle Hamiltonian

2
L

(D8)

where U (x) combines ionic and self-consistent contributions
to the effective one-particle potential and has the periodic-
ity of a Bravais lattice A C R¢. For simplicity, we consider
spinless fermionic quantum fields lﬁ(x) (the generalization to
nonzero pseudospin is straightforward) and an orthonormal
basis of Wannier states ¢j,(x) with Wannier centers Rj, =
f dx |@jq (x)?x, where j denotes the lattice index and « the
basis as usual. Then expanding

M
=22 0.

¥ (x) (DY)
JEA a=1
the second-quantized Hamiltonian can be written as
-y Ztﬁ Ty (D10)

JJeN a,p=1

wheret — [dx gom(x)[—maf + UX)]g;5(x).

In the main text, we defined lattice densities of global
conserved fermion bilinears Q as local fermionic operators
G; such that 0 = Y jea 4;j- However, for physical fermionic
systems defined in the continuum, true charge densities §(x)
are operators satisfying O = f dx §(x). (As on the lattice,
these are only unique up to a total derivative.)

For the system under consideration, the local charge den-

sity A(x) = ¥ (x)/ (x) is given by

M

A= D > G0 L s (D11)
Jjen a,p=1

Thus, an electrostatic potential V (x) defines the two-body

operator

<
Il

> 2 Vit

JJ'en o,p=1
Vf?g = / dx ¢}, (X) V(x) jp(X) (D12)
by Eq. (D5), and the center-of-charge operator becomes

M
k= 3 Xfein

joj'eh ap=1

X?f = /dx‘/’ja(x)x%fﬁ(x). (D13)
The total current operator is given by
j ﬁ X —i Z Z[t X]jj Jacj'ﬁ‘ (D14)

J.JEN a,B

It is clear from the above discussion that the off-diagonal
contributions to the charge density, current, and potential en-
ergy operators can be highly nonlocal in the Wannier basis in
general, and indeed, this is expected if the Wannier functions
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are highly extended, as might arise for a topological band [98].
To compute such off-diagonal expectation values, we need a
method for obtaining general fermion bilinears ¢;,¢;p from
the orbital Wigner function. This can be done using the iden-
tity

dk .
/ - MR R (RY) K) = &2 (D15)
BZ VBZ

Thus, the complexity of computing the expectation value of
a given off-diagonal operator depends on the range of off-
diagonal contributions to 7(x), J , and V that are considered.
Given the trade-off between practicality and accuracy, this
range is typically short [49], and this complexity is corre-
spondingly low.

As an example, the microscopic charge density

Ty / iR () (x)
Jjen a,p=1 VBZ

—ap
x Wap (R, K). (D16)

Evolving the Wigner function in time according to Eq. (21)
then yields predictions for the ballistic-scale time evolution of
the true charge density given by (7i(x, )).

APPENDIX E: NUMERICAL METHODS
1. Staggered leapfrog method

A real-space numerical scheme that we have found suitable
for integrating both Eqs. (21) and its time-dependent gen-
eralization in Eq. (35) numerically is a modification of the
standard second-order staggered leapfrog method [57] to in-
clude the internal rotation term —i[A, w], which prevents these
equations from being in standard flux-conserving form. For
simplicity, we summarize the details in one spatial dimension,
relevant to the plots shown in this paper. We first introduce
spatial and temporal grids x; and #, with equal spacings Ax
and At, respectively. In the absence of an external potential,
the numerical integration can be performed independently for
each k point and is therefore parallelizable. We found that
200 k points were sufficient to capture the initial charge and
charge-current densities in this paper. We also set Ax = 1 and
varied At depending on the difficulty of achieving conver-
gence, which we defined for practical purposes as invariance
under halving the time step.

To present the scheme, we fix a k point and use the short-
hand w;? = w(xj, k, t,,) for the matrix-valued Wigner function
at each spacetime grid point. After the specification of the ini-
tial condition w(x, k, 0), we obtain the spatial profile at time
t; = At from a lax forward time-centered space (FTCS) [57]
update rule

1
w! = E(wgﬂ +w) ) — A {akh(k 0w —wi_,}
— iAt[h(k, 1), wY]. (ED

The integration for all subsequent time steps n > 1 is car-
ried out using a second-order staggered-leapfrog-type update

rule
n+l _ nfl_A{ahkt n }
wit = wi = S Akhk, ), why —wh
— 2iAt[h(k, 1), w]]. (E2)

2. GPU Fourier kernel

One of the key computational advantages of the Wigner
formalism lies in the forgotten information associated with
the full density matrix representation. For a box of size A =
(Ao, A1, ..., Ag) and a uniform lattice grid G = Z¢ N A, the
Wigner function as defined in Eq. (12) wyg(x, k) is repre-
sented by a tensor with A - AM? entries (M is the unit-cell
dimension). Note the same number of entries is required for
a full density matrix description on the grid G, but time evo-
lution operates only on the unit cell vs on the entire density
matrix.

For translation invariant noninteracting systems, we can
work in the Bloch Hamiltonian basis to effectively reduce
the computations of the full density matrix. Indeed, even in
the presence of a uniform electric field, the Bloch states are
modified as in Appendix C, and the savings are shared in
both formalisms. However, for nonuniform electric fields (and
more generally local potentials), the Wigner formalism can
also incorporate them as forcing terms in a derivative expan-
sion as in Eq. (C7).

Regardless of method, Wigner or exact diagonalization
(ED), the tensor structure lends itself to a GPU implemen-
tation [97]. This is done as follows in PyTorch [99] for the
general time-dependent case:

(1) Express the Bloch Hamiltonian as a torch.stack of dif-
ferent time and momentum slices, i.e., a tensor representation
of the Hamiltonian indexed by time and momentum.

(2) Initialize a tensor representation of the initial state
using the approximate thermal state in Eq. (25).

(3) Fourier transform x — p via the built in torch.einsum
function (allows for custom BZ boundary conditions)—the dg
in Eq. (C16) just pulls down an ip.

(4) Construct the Fourier kernel by solving the Wigner
equation of motion in Eq. (C16). Practically, this is done
by enlarging the unit cell such that (in 1D) h(k) =
e*hy + e~*h_ + hy. Then 9;h(k) = —3}h(k) and 37h(k) =
—B,fh(k). This closes the sum in Eq. (C16), which permits a
resummation of even and odd terms

E;(p. k) = cos Slhj () + hy-(K)] + hjo.  (E3)
0;(p.k) = sin %’ak[h (k) + by (), (E4)

We can then solve the equation of motion (in the time-
independent case) by
w(p, Kk, 1) = e MEFP/20y,(p, Kk, 0) eMEP/20 (E5)

Note. Rewriting the Hamiltonian in the above form allows us
to compress the time evolution tensor from A - AM? parame-
ters to 2| A|M? parameters by interpolating the grids.

(5) In the case of a time-dependent Hamiltonian h(k £+
p/2,t), we Trotterize the evolution into steps

a
U(tf, t()) — 1_[ e*%h[k:l:p/z,to+(tf7t0)n/T]' (E6)
n=0
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The Trotterization can be instantiated as a torch.stack and
grouped into pairs by the associative property of matrix mul-
tiplication, i.e., take T = 2P and pair h(#;), h(#;y ;) such that

T

[Texw {—%h[k £p/2. 00+ (ty — to)n/T]}
n=0
T/2 ;
— [Texp {—?h[k +p/2, 1o+ (tf — to)2n/T]}
n=0

X exp {—%h[k £p/2, 10+ (tr —19)(2n + 1)/T]},
(E7)

repeating D times, and the tower of tensors collapses to a
single tensor over the grid G of M x M unitary operators.
The exponential reduction in number of time slices is done
in batches over the joint p, k grid to save memory.

(6) The final state is inverse Fourier transformed back via
the same torch.einsum operation.

Note the boundary conditions for Fourier kernel methods
are notoriously difficult to match after numerical integration,
e.g., Gibbs phenomena [100]. We avoid this by taking advan-
tage of the enormous system sizes GPU computation permits
us to access and simply truncate boundary terms. As a con-
sequence, effects such as Thouless pumping that are sensitive
to the boundary are verified using the real-space method of
Appendix E 1, but all wave packet dynamics (e.g., in Fig. 6)
can be computed far from the boundary.
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