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We derive the 7 -matrix formalism tailored for numerical analysis of second-harmonic (SH) generation from
arbitrarily shaped particles made of centrosymmetric optical materials. First, the transfer matrix of a single
particle is computed via the extended boundary condition method, in which the electromagnetic fields both at
fundamental frequency and SH are expanded in vector spherical wave functions, and the integral formulation
is satisfied away from the surface of the scatterer. We allow for the accurate physical description of the SH
sources by taking into account both local surface and nonlocal bulk polarization contributions to the nonlinear
polarization density source responsible for the generation of the SH signal by a particle. This single-particle
formalism is then extended to arbitrary distributions of particles by incorporating into the formalism linear
and nonlinear electromagnetic wave scattering from the particles in the cluster. Importantly from a practical
point of view, our method can be applied to particles of arbitrary shape made of optical materials characterized
by general frequency-dispersion relations, so that it can describe the linear and nonlinear optical response of
clusters of metallic, semiconductor, or polaritonic particles, as well as mixtures of such particles. The approach
proposed here is faster and more memory-efficient than well-established numerical techniques, especially in the
analysis of spheroidal particles, due to the favorable symmetries of spherical wave basis functions used in the

wave scattering analysis.
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I. INTRODUCTION

Fast and accurate full-wave computational analysis of
resonant electromagnetic response of nanoparticles is of
great interest to the scientific community, chiefly due to
their widespread use in many areas of science and tech-
nology, including plasmonic nanoantennas, remote sensing,
optical metamaterials, biology, nonlinear optics, imaging,
and colloidal chemistry [1-9], just to name a few. Modern
nanofabrication tools, such as electron beam lithography, have
made it possible to produce particles of virtually any shape,
thus the ability to accurately analyze the electromagnetic
properties of nanoparticles with different morphologies is a
prerequisite in the design process of certain modern opti-
cal systems. These nanoparticles are often used as building
blocks of metamaterials, so-called meta-atoms, and they can
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be shaped in a variety of forms, such as crosses, split-rings,
cuboids, spheroids, ellipsoids, etc. [10,11]. Combined with
deep-neural networks, fast numerical solvers have dramati-
cally sped up the computer-aided design phase of the final
structures [12-14].

Second-harmonic generation (SHG) is perhaps the most
ubiquitous nonlinear optical process encountered in modern
photonics. It consists of the generation of waves with fre-
quency twice as large as that of an excitation (pump) optical
wave that interacts with a nonlinear optical medium [1,15].
The full-wave analytical solutions of this nonlinear elec-
tromagnetic problem are restricted to a very few canonical
geometries, such as infinite cylinders and spheres [16-21].
These solutions rely on the expansion of the fundamental-
frequency (FF) and second-harmonic (SH) fields into Fourier
series of cylindrical or spherical harmonic functions and the
application of the tangential field boundary conditions at the
surface of the particle. In this way, the Fourier series coeffi-
cients can be efficiently computed.

Numerical methods become indispensable when trying
to go beyond these canonical geometries. The well-known
finite-element method (FEM) [22,23] and finite-difference
time-domain (FDTD) method [24,25] have been successfully
applied to analyze the optical response at the SH of sys-
tems containing a small number of particles. Their drawbacks
pertaining to the SHG analysis are inherited from the lin-
ear regime and can be traced to the discretization of the
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computational domain and application of absorbing boundary
conditions in order to artificially truncate it. On the other hand,
electromagnetic integral equations implicitly incorporate the
radiation boundary condition at infinity, making them partic-
ularly appealing candidates for tackling complex scattering
problems [26,27].

The Poggio-Miller-Chang-Harrington-Wu-Tsai  (PM-
CHWT) surface integral equation [28,29] is one of the
most popular descriptions of optical wave scattering from
particles in the linear regime, chiefly due to its accuracy
and resonance-free behavior. It has recently been extended
to the analysis of SH processes in centrosymmetric media
[30,31]. The PMCHWT integral formulation is defined on
the surface of the scatterer, mapping the unknown equivalent
surface electric and magnetic currents to the tangential
field components. In its classical conforming Galerkin
method of moments (MoM) numerical discretization [32],
the lowest-order Rao-Wilton-Glisson (RWG) functions [33]
are used as a current expansion and field testing set. These
are subsectional basis functions defined on the tessellation
of the particle surface (mesh), linked to the internal edges
and straddling two adjacent triangles. This restriction of
the RWG expansion functions to the mesh covering the
particle surface implies that a large number of such functions
are needed to adequately interpolate the unknown surface
currents and consequently leads to MoM impedance matrices
of particularly large size. Therefore, intense efforts have
been invested into developing new approaches to accelerate
execution of MoM-based codes by combining highly parallel
and performance-oriented implementations with proficient
algorithms aimed at reducing the computational complexity
and execution time of the code [34,35]. However, even if
one employs state-of-the-art acceleration tools, an efficient
scattering analysis of clusters containing more than just a few
nanoparticles is seriously impeded by the prohibitively large
computational resources that are required.

In many instances of practical interest, the particles un-
der investigation exhibit axial symmetry, e.g., ellipsoids and
cylinders, or the response of a cluster of particles with differ-
ent shapes can be well approximated with one of an assembly
of spherical scatterers. In these cases, certain symmetries
can be exploited by adopting vector spherical wave functions
(VSWFs) as the basis functions for the expansion of fields
and currents [36,37]. This approach is usually coupled to
the extended boundary condition method (EBCM) [38—40],
whereby the surface integral equations are imposed at some
distance away from the boundary of the particle, in the null-
field region. In this process, a 7 -matrix of the system of
particles relating the Fourier coefficients of the incident and
scattered fields is introduced [41,42].

A key strength of the transfer-matrix method (TMM) con-
sists in the fact that the 7 -matrices of particles in a cluster
depend solely on the intrinsic physical properties of the par-
ticles. Therefore, they only need to be computed once for a
particular frequency, as they do not depend on the angle and
polarization of the incident field, nor on the arrangement of
particles in the cluster. This feature makes the TMM uniquely
suitable for calculations of certain physical quantities, such
as radar cross sections. Furthermore, in the calculation of
the cluster response, the multiple scattering (electromagnetic

coupling) between nanoparticles is conveniently described
using the translation-addition theorem for VSWFs [43-45],
and the scattering matrix of the entire nanoparticle aggregate
is readily obtained from the single-particle 7 -matrices and
translation-addition matrices. Due to this key property of the
TMM, it is alternatively called the multiple-scattering matrix
(MSM) method.

The TMM has been extensively developed and used in the
linear scattering regime, including for particles of different
shapes, sizes, and electric permittivity (see [42] and refer-
ences therein). It has been extended to the analysis of the
SHG in centrosymmetric media, but so far only the particular
cases of spheres and infinite cylinders have been considered
[16,20,21].

In this article, we present a rigorous computational analysis
based on the TMM of optical wave scattering from particles
made of centrosymmetric materials and of arbitrary shape.
Several examples of axially symmetric particles, where the
TMM performs the best, are also presented. In particular,
we compare our computational predictions with results de-
rived using analytical methods, where they are applicable, or
otherwise with results obtained by employing commercially
available software based on the FEM. Our study is struc-
tured as follows: in the next section, we describe the physics
pertaining to the generation of the optical waves at the SH
upon the interaction of optical fields applied at the FF with
systems of nanoparticles made of centrosymmetric materials.
Then, in Sec. I1I, we introduce the TMM formalism describing
the linear and nonlinear optical wave scattering from a single
nanoparticle. We extend this concept to the multiparticle case
in Sec. IV, and we illustrate how our method performs by
considering a few relevant examples in Sec. V. A specific
application is considered in Sec. VI, where we demonstrate
that the SHG in a cluster of silicon nanoparticles can be
greatly enhanced when the cluster is designed to support opti-
cal resonances at both the FF and SH. In the final section, we
summarize the main ideas of this work.

II. SYSTEM GEOMETRY AND THE ORIGIN OF SHG IN
CENTROSYMMETRIC MEDIA

The central goal of this study is to develop a framework
in which to analyze the SHG upon electromagnetic wave
scattering from an arbitrary distribution of N particles made
of centrosymmetric, nonmagnetic, and isotropic optical ma-
terial. A particle occupies the region V;, and its electrical
properties are described by a frequency-dependent complex
permittivity function, €;. The particles are embedded in a loss-
less nondispersive background medium V, (usually vacuum)
characterized by permittivity €, (see Fig. 1). The system is
excited by a time-harmonic electromagnetic plane wave with
unity amplitude, {Ef ., H }, oscillating at FF, w. Here, we
assume an e '’ time-harmonic variation of all fields and
sources, but throughout the mathematical derivation of our
results this multiplicative factor is omitted. The interior (V;)
and the exterior (V,) regions are separated by an orientable
surface S equipped at each surface point with an outwardly
oriented unit normal vector, f.

The nonlinear waves generated at the SH oscillate at
frequency 2 = 2w, and they originate from two types of
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FIG. 1. A particle of arbitrary shape made of centrosymmetric
optical material described by permittivity €; occupying the region V;
embedded in a background medium with permittivity e,.

polarization sources. The centrosymmetric crystal lattice of
the material forbids the generation of a local dipole polar-
ization source inside the bulk of the constituent medium.
However, due to the inversion symmetry breaking at the
surface of the particle, a dipole surface polarization density
source is induced onto the surface. Although in general this
interfacial component of the nonlinear polarization describes
accurately enough many of the properties of the experimen-
tally measured SHG signal from metallic particles, for an
accurate analysis of nonlinear wave scattering from dielectric
particles, a nonlocal polarization source distribution generated
inside the bulk of the particle and originating from the induced
nonlinear electric quadrupoles and nonlinear magnetic dipoles
has to be properly taken into account [46].

The nonlinear surface polarization is induced within a few
atomic layers just underneath the surface of the particle and is
related to the electric field at the FF via a third-rank surface
susceptibility tensor, j(§2) [1,15]:

PE(r) = i : E°(NE”(r)3(r — 1y), ey

where € is the vacuum electric permittivity, and the Dirac
function §(r) ensures that the applied electric field is evaluated
onto the surface, ry € S (more precisely, the field must be
evaluated at a point located on the inner side of the particle
surface). The susceptibility tensor ¥'* is defined at boundary
points ry and is expressed in a coordinate system defined by
a local right-handed orthonormal triplet of vectors (f, t;, t,),
where t; and f, are unit vectors tangential to the surface at
r;. Assuming isotropic surface symmetry, only three tensor

components are nonzero and independent: xs(zl) I X.y(i)u |» and

X;,ZH) = XS(?H)” | [15], where the symbols L and || refer to the

directions perpendicular and parallel to the boundary, respec-
tively. Taking this into account, P‘?(rs) can be expressed as
[47]

PE(ry) = {0 x| EY(r)ES () + x| EX ()EL (x,)]

+ ZXA§,2||)L||E:)(1's EY (rs)} ) 2)

where EJ(r,) and E{(r,) are normal and tangential compo-
nents of the linear field E*(r) taken at the inner side of the
surface S, at point ry, i.e.,

E;(ry) = [ - E“(r)]r=r, 10, (3a)
E?(ry) = —i x fi X E(r)|y=r, . (3b)

The nonlocal bulk polarization is induced in the interior of the
particle by the fundamental field and its spatial derivatives,
and is described by the following expression:

P(r) = i E°(r)VE(r), reV 4)
where \* is a fourth-rank bulk susceptibility tensor. This
polarization can be alternatively expressed as [48]

P? = ¢ [BE®V -E” + yV(E” - E®) + 8'(E” - V)E°], (5)

with 8, y, and § being material parameters. The first term in
this equation vanishes because we assume that the particles
are made of homogeneous material so there is no induced
charge inside the particles, i.e., V - E® = 0. The relative mag-
nitude of the third term as compared to the second one is a
question that is still debated. Thus, the contribution of the
third term increases when the field at the FF inside the par-
ticle becomes strongly inhomogeneous, as is the case around
steep variations of the morphology of the scatterer or nearby
sharp corners where so-called hot spots can form. Since here
we are mostly concerned with axially symmetric and smooth
particles, rapid variations of the linear field are not expected
and therefore we set 8’ = 0 as in fact most authors do [49]. It
should be noted, however, that the term proportional to §’ can
be accounted for in a rigorous description of the generation
of SH upon optical wave scattering from particles, but the
mathematical description can become quite intricate even in
the simple case of a single particle [19]. Finally, the total
nonlinear polarization density source is equal to the sum of
the surface and bulk components:

P%(r) = Pi(r) + P(r), reV. (6)

The numerical and analytical methods used in the treat-
ment of the SH signal are almost exclusively developed
within the so-called undepleted-pump approximation. In this
framework, it is assumed that no back-coupling between the
nonlinear and linear fields occurs, i.e., the down-conversion
process is disregarded. This assumption is valid in most
situations of practical interest due to the very low energy
conversion efficiency of the SHG process.

III. THE TRANSFER-MATRIX METHOD FOR
SINGLE-PARTICLE SCATTERING

In this section, we introduce the mathematical apparatus
pertaining to the EBCM, both at the FF and SH. More specifi-
cally, we discretize the associated integral operators in a basis
consisting of VSWFs and establish a relation between the
Fourier coefficients of the series expansions in this basis of
the scattered and excitation fields. Importantly, this relation
defines the 7T -matrix of the particle, which is at the heart of
the TMM.
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A. Linear scattering regime

The linear part of our TMM, which is used to determine
the FF distribution around an arbitrarily shaped particle, is
constructed in a well-known manner described in detail in the
literature (see, for example, Ref. [50]). For the sake of com-
pleteness, and to facilitate the presentation of the nonlinear
part of our numerical method, here we will briefly outline the
main steps of the derivation, whereas the explicit formulas for
the 7 -matrix elements are given in Appendix A.

We start by invoking the surface equivalence principle,
which divides the original physical problem into two problems
equivalent to the initial one. The first problem is concerned
with the exterior domain V, and states that the fields in
this region are uniquely determined by the rotated tangen-
tial traces of the total fields located at the boundary S =
aV;, the equivalent electric and magnetic currents defined as
J? =i x HY and M? = —fi' x E?, and the incident fields
{E2 . (r), HY (r)}. These (nonphysical) equivalent currents ra-
diate outwardly in V,, the scattered fields {E¢(r), HY(r)},
and exactly cancel the incident fields inside V;, so that the
equalities EY(r) = E?(r) +E? (r) and HY(r) = HY(r) +

H, (r) hold throughout the domain V,. These conditions are

mathematically expressed by the Stratton-Chu integral field
representations [51]:

# liopGe(r, ¥y - [’ x H2 ()] + [V x G2(r, 1)]
S

[0 x E2(r)]}dS + Eg (r) =0,

mc

rev, (7a)
# liopeGe(r, vy - [A' x HY ()] + [V x GZ(r, )]
S

~[ﬁ’ X E;"(r’)]}dS =EJ), reV, (7b)
where the primed coordinates refer to the integration points on
S. According to the first equivalent problem, the electromag-
netic medium filling V; is irrelevant for the field solution in
V., so that we can in principle replace it, to our convenience,
with the same background material occupying V,. This way
we can use the dyadic Green’s function of the infinite space,
G(r, 1), defined as

(®)

. s VV | ekl
Go(r,r)= |1+

(ke)”
where 1 is the unit dyad and k¥ = w, /€. Lo is the wave number
in the background medium at the FF. The integral field repre-
sentations (7) form the basis of EBCM. Since the equivalent
currents radiate in V; fields that exactly cancel the incident
fields, these equations are sometimes called the null-field or
extinction equations. A similar set of electric field integral
equations can be derived for the interior region by exploiting
the second equivalent problem. Then, by invoking the duality
principle, the magnetic field integral counterparts of Eqs. (7)
can be obtained, too [52].

The electric fields incident, scattered, and internal to the
particle are expanded in VSWFs [36,37]:

Ep.(r) =Y [¢oM(kor) + pNP (ker)], T eV,

v>1

4rir — 1|’

(9a)

EC(r) =) [boMP (kr) + atNP (ker)]. T eV,
v>1
(9b)
E () =) [ctMP(kr) + doNS (k)] eV
v>1

(9¢)

where k’ = w,/€’uo is the wave number at the FF of
the medium filling the particle. The incident and the in-
ternal fields are expanded in a basis of regular spherical
functions {M(", N(}, which are finite at the origin, the corre-
sponding expansion coefficients being {¢%, p¢} and {c, d?’},
respectively. The scattered field is expanded using radiating
(outgoing) VSWFs, {M®) N®)}, which satisfy the Silver-
Miiller radiation boundary condition, the Fourier coefficients
in this case being {b%, ay}. Furthermore, the summation over
the multi-index v combines summations over the orbital and
azimuthal indices / and m, respectively, so that the sum-
mation over this index should be understood as }_ -, =

2121 anZJ. Since the incident field is known, the corre-
sponding Fourier coefficients are known physical quantities.
In particular, they are given in Appendix B for the specific
case of an incident linearly polarized plane wave. On the other
hand, the expansion coefficients of the internal and scattered
fields are unknown quantities, and their calculation is the main
goal of the TMM.

The expanded incident, scattered, and internal magnetic
fields oscillating at frequency w can be obtained directly from
the electric fields (9) by dint of the Maxwell-Faraday equa-
tion for harmonic fields, V x E = iwB:

1
Hi) = — > [PMP(ker) + giNP (ker) ], re Ve,

¢ v>1
(10a)
HY () = — Y [@MPRr) + NP (k). x e Ve
1Ze v>1
(10b)

HO(r) = lsz > [deM®P (ker) + N (ker) . € Vi
S|

(10c)

In these equations, Z, = 4/po/€. and Z® = ,/juo/€’ are the
impedances of the background and the medium inside the
particle, respectively. In the derivation of Egs. (10), we have
relied on the curl identities that relate the VSWFs, given in
Appendix B.

The dyadic Green function G¢ is the fundamental solution
of the vector Helmholtz equation in 3D and can be expanded
in a sum of dyadic products of VSWFs [53]:

G ) = ik 3 [MO (k)M (k)

v>1

+ NO(ker)NO(ker)], el < ), (11a)
Gr(ex') = ik Y M (k) MO (k)
v>1
+ NOEe)ND (ker)], el > ], (11b)

where the multi-index D combines the indices (I, —m).
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In the absence of nonlinear optical interactions, the tangent
components of the electric and magnetic fields are continuous
functions across the surface of the particle, a property that is
expressed as

A x [E¢(r) —EP(r)] =0,
A x [H(r) — H(r)] =0,

res,

resS.

(12a)
(12b)

Now we turn our attention to Eq. (7a), and we plug in this in-
tegral equation the VSWF-expansions of the internal electric
field (9c), internal magnetic field (10c), the incident electric
field (9a), as well as the dyadic Green function (11a) defined
at points just inside the particle. Equating the coefficients
multiplying regular spherical harmonics M(" and N{" with
the same multi-index v, we obtain a matrix equation relating
the Fourier coefficients of the internal and incident fields [41]:

Q(u(l,3)hw — _gw (13)

In this equation, the (unknown) internal field coefficients
{c?, d?} are assembled in the vector h®, whereas the (known)
incident field coefficients {g{’, p’} are stacked up in the vector
g“. The superscript (1,3) is used as a reminder that the matrix
elements of Q¥ are expressed as combinations of regular
and outgoing VSWFs. The specific mathematical expressions
of these matrix elements are provided in Appendix A.

We now consider the second of Egs. (7), from which one
can establish a relation between the expansion coefficients of
the internal and scattered fields. Analogously to the process
just described, we first use the field boundary conditions (12)
to substitute in this equation the external fields with the inter-
nal ones, and then we insert the expansions of the internal and
scattered fields as well as the expansion of the dyadic Green
function (11b). Finally, in the resulting expression we equate
the coefficients of the like-terms M(> and N¥) that correspond
to the same multi-index v. As a result of these mathematical
manipulations, we are left with the matrix equation connect-
ing the Fourier expansion coefficients of the internal and
scattering fields:

Q" =f*. (14)

In this relation, the (unknown) scattering Fourier coefficients
at the FF, {b“, a?}, are collected in the vector £, and the
superscript (1,1) in Eq. (14) indicates that the matrix elements
of Q"1 contain only regular VSWFs.

Combining Egs. (13) and (14), we arrive at the 7 -matrix
that maps the Fourier coefficients of the incident field to those

of the scattering field,
T"g” =1, (15)

with the 7-matrix of the particle given by the product of Q-
matrices [41]:

T® = _Qw(l,l)[Qw(l.?))]—l' (16)

Although in principle this formalism can be applied to
scatterers of practically any shape, because of the spherical
nature of the underlying expansion functions, the TMM is
especially suitable for the analysis of optical wave scattering
from particles with axial symmetry, such as ellipsoids and
cylinders. In these cases, the numerical method converges
relatively fast. More precisely, both the near- and far-field

physical quantities can be accurately calculated using a fairly
small number of VSWFs in the field expansions. Moreover,
the VSWFs can be viewed as entire-domain basis functions,
i.e., they are defined irrespective of the surface discretization
mesh, so that the constraints pertaining to the mesh generation
process can be more relaxed when compared to the MoM.
Specifically, the RWG basis functions are defined over two
adjacent triangles, so that the underlying surface discretization
mesh has to be conformal with all pairs of adjacent facets
sharing a certain edge. On the other hand, the surface dis-
cretization mesh needed for the evaluation of the elements of
the 7 -matrix can be nonconformal as well, where adjacent
triangles may not share single edges. This is a truly significant
alleviation on the mesh generation constraints. However, if the
shape of the particle is highly irregular, with sharp corners,
tips, and deep corrugations, strongly inhomogeneous near-
fields are induced. In such cases, MoM could be preferable to
TMM since the flexibility provided by the RWG basis func-
tions allows one to accurately interpolate the rapidly varying
surface current densities [54].

B. Wave scattering at the second-harmonic

Unlike the linear electromagnetic field, whose sources are
not contained in the physical domain of interest, the nonlin-
ear fields are generated by sources (nonlinear polarization)
distributed inside the particle or at its surface. Hence, the elec-
tromagnetic fields oscillating at the SH frequency, €2, must
satisfy the following inhomogeneous Maxwell equations valid
inside the particle:

V x H(r) + iQe B (r) = —iQP (r),
V x EX(r) — iQuoH?(r) = 0,

reV, (17a)
rev, (17b)

and the homogeneous system of equations defined in the sur-
rounding medium:

V x H2(r) + iQe,ES (r) = 0,
V x EZ(r) — iQuoH?(r) = 0,

reVv, (18a)

reV,.  (18h)

The external field solutions {E, HY} at the SH must satisfy
in the far-field region the Silver-Miiller radiation condi-
tion, whereas on the boundary of the particle the system of
Maxwell equations is supplemented with a set of nonlinear
tangential field boundary conditions:

fi x [EZ(r) — Ef(r)] = —-M?,
i x [H(r) - H2(r)] = T9,

resS,
recsS.

(19a)
(19b)

It can be seen from these equations that, unlike the linear
case described by Eqgs. (12), the tangent fields at the SH are
discontinuous. These field discontinuities are induced by the
surface nonlinear polarization, and they can be described by
introducing nonlinear surface electric and magnetic currents,
T and M®, respectively. Specifically, these nonlinear sur-
face currents are related to the surface nonlinear polarization
density as [55]

T(ry) = iQh x [A x PE(ry)], (20a)

MU (r,) = eiﬁ x Vs[f - P(ry)], (20b)
0
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where the operator Vy is defined on a plane tangent to the
surface at the field evaluation point.

We follow the well-known technique of solving inhomoge-
neous systems of partial differential equations by seeking the
solution as the sum of the general solution of the associated
homogeneous system satisfying the homogeneous boundary
conditions (12) and a particular solution of the inhomoge-
neous system obeying the nonlinear boundary conditions (19).
Applying this procedure to the Maxwell equations at the
SH (17), we look for the electromagnetic fields {Eig, I:IiQ}
satisfying the homogeneous system of equations obtained
from Egs. (17) by setting P;? = 0, and a particular solution
{Ef?p, H{zp} that satisfies the inhomogeneous system (17).

As can be easily verified by direct substitution into
Egs. (17), one particular solution to Egs. (17) is

H? (r)=0, reV, (21a)
Q 1 Q
E; ,(r)= —G—QPb r), rey (21b)
so that the full solution to the system (17) is
H(r) = H}(r) + HY (r), reV, (22a)
E2(r) = EX(r) +EL(r), reV. (22b)

Solutions {Ef, H?} and {E$}, HY} of the corresponding ho-
mogeneous systems of equations valid inside and outside the
particle, respectively, must obey the following boundary con-
ditions on the particle surface, S:

i x [ES(r) —Ef(n)] = -M () +a x ES (r), res,
(23a)
A x [H'(r) - H’(r)] = J%r), res. (23b)

Analogously to the integral field representations (7) derived
for the fields at the FF, following the equivalence principle,
we introduce the Stratton-Chu integral equations for the SH
fields:

# {iQ,uo(A}f(r, r)- [ﬁ’ X H?(r’)] + [V X (A}f}(r, r’)]
5

[0 x EZ(r)]}dS =0, reV (24a)

# [iQuoGl(r,r) - [f' x HE(®)] + [V x G¥(r,1)]
S

[0 x EZ()]}dS =EZ(x), reV, (24b)

where Gf (r, ') is the unbounded dyadic Green function at
the SH. It is given by Eq. (8), in which we replace k2 — k$%.
In a similar way to that described by Eqgs. (11), this dyadic
Green function can be expanded in VSWFs:

G, ) = ik > [MP (k2r' )M (k'r)

v>1

+NOEEF)ND ()], 1l < 1], (25a)
G20 1) = i 3 MO (k)M (k7)
v>1
+NPEEF)ND ()], x> ). (25b)

The relations expressed in Eqgs. (24) are conceptually similar
to the corresponding integral equations at the FF, with the

operators mapping the rotated tangential traces of the total
external SH fields {fi’ x Ef} i x H?} to the SH electric field,
E$(r), outside the particle [as per Eq. (24b)], and to the zero
field inside it—see Eq. (24a). It is important to stress that there
are no SH excitation field sources in the exterior region, thus
the total fields outside the particle are equal to the scattered
fields. As we will see later on, the SH excitation sources are
introduced in the integral formalism via boundary conditions
and the particular solution given by Eqgs. (21).

We now proceed with the expansion of SH electric fields,
which are solutions of the homogeneous Maxwell equations at
the SH, into Fourier series of VSWFs:

EZ(r) = ) [bIMP (kIr) + afNP (kPr)]. reV..

v>1
(26a)
E2@) = Y [ 2P () + a2 ()], re v
v>1
(26b)

with k¥ and k{* representing wave numbers associated with
the exterior and the interior regions calculated at the SH
frequency, respectively. The corresponding Fourier series ex-
pansions of the SH magnetic fields are derived from Eqgs. (26)
combined with Eqgs. (17b) and (18b), and can be written as

1
H(r) = 7 Z; [a8MD (kr) + bING (kr)], r € Ve,

(27a)

_ 1
AY%(r) = —a > [dIMD (kr) + NS (kPr) ], e Vi
top>1

27b)

Regular spherical harmonics are used in the expansion of the
internal SH fields {EI»Q, I:IiQ}, as they must be finite at the
origin, whereas the external SH fields {ES?, HS}} are expanded
in the basis of outgoing vector spherical harmonics. The
Fourier expansion coefficients {c}, d*?} for the internal fields
and {b%?, a?} for the external ones are the unknown physical
quantities that we need to calculate. These physical quantities
will be determined by solving a certain linear system of equa-
tions that we will construct in what follows.

In the construction of the 7 -matrix at the SH, which re-
lates the Fourier expansion coefficients of the excitation and
external (scattering) fields, we employ the SH integral relation
(24a), which is valid in the interior of the particle, in which we
replace the external field traces {i’ x E$, i’ x H?} with the
homogeneous internal field traces {f’ x EZ, i’ x H?}. This
latter step is performed by taking into account the boundary
conditions (23). After these mathematical manipulations, we
arrive at the following integral equation:

# {iQuoGl(r, r) - [A' x HE ()]
S
+ [V x GZ(x,x)] - [0 x EZ(r))]}dS
= —iQuo # Gor.r) T )dS+ # [VxGE(r, )]
S S

MO — i x EP,(r)]dS, reV, (28)
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where the right-hand side (r.h.s.) of this equation represents
the contribution of the SH polarization sources. Substituting
in the equation above the VSWF-expansions of the internal
homogeneous fields at the SH, described by Egs. (26b) and
(27b), as well as the expansion in VSWFs of the dyadic Green
function at the SH and valid for the points inside the particle,
given by Eq. (25a), and equating the coefficients multiplying
regular spherical harmonics with the same multi-index, we are
left with a linear system of equations represented in matrix
form as

QQ(],S)hQ — gQ(3). (29)

The matrix elements Q13 are of a form similar to that
of the FF matrix elements Q! but computed at the fre-
quency 2. Their specific expressions are given in Appendix A.
Moreover, the unknown Fourier coefficients of the internal
homogeneous fields, {c?, dVQ}, are stacked up in the vector
h*. The nonlinear excitation source components are collected
in the vector g and are defined by surface integrals of
products of tangential components of the nonlinear current
sources and outgoing VSWFs. The specific formulas of the
components of g are provided in Appendix A, too. Note
that g*® can be computed once the fields at the FF are
determined, so that as far as the calculation of the nonlinear
fields is concerned, the vector g**® should be viewed as a
known physical quantity.

To evaluate the Fourier coefficients {5, a!} of the external
fields at the SH, we use Eq. (24b), from which again the
external fields are eliminated with the help of the boundary
conditions (23). The resulting equation can be cast in the form

# [iQuoGl(r, r) - [ x HE ()]
S
+ [V x GZ(x,x)] - [0 x EZ(r)]}dS

=EX(r) — iQuo # G(r, ') T )dS
S

+ # [V x G&(r, )]
S
M) — i x EPP()]dS, reVe.  (30)

After replacing the external and internal fields with their
corresponding spherical harmonic expansions, then substitut-
ing Eq. (25b) for the dyadic Green function (A}i2 valid for the
points in the outer region, and finally collecting the Fourier
coefficients multiplying radiating spherical harmonics M
and N of the same multi-index v, we are left with the
following matrix equation:

fQ + gQ(l) — QQ(L’l)hQ. (31)

Here, the vector < contains the unknown coefficients of the
SH external fields, {b%, @}, and g®) is the source vector
with components expressed as surface integrals of products
involving tangential components of the nonlinear current
sources and regular VSWFs.

Finally, we eliminate the vector h? between Eqgs. (29) and
(31), and so we arrive at the following matrix equation relating
the vector containing the expansion coefficients of the external
(scattering) field, £, and the vectors g** and g**!) holding

FIG. 2. Schematic illustration of a distribution of particles, the
global coordinate system with its origin at O, and local coordinate
systems attached to each of the particles.

the expansion coefficients of the nonlinear excitation sources:
2 — _g®D | QRUD[QR1I|~1g23) (32)

This formula can be used to define the 7 -matrix of the particle
that characterizes the nonlinear scattering wave interaction at
the SH:

TQ — QQ(I,I)[QQ(I,S)]fl. (33)

Similarly to the TMM formulation at the FF, the SH TMM
developed here can in principle be used to analyze nonlinear
wave scattering from particles with arbitrary morphologies.
One important idea related to the nonlinear field calculations,
which we want to highlight here, is that in this two-step pro-
cedure the accurate evaluation of the linear near-field on the
inner side of the particle surface is of paramount importance,
as these linear near-fields fully determine the polarization
sources at the SH. This aspect of the TMM should be con-
sidered carefully, especially when studying metallic particles
or particles with a surface that deviates significantly from
a sphere, as it is well known that in these cases the TMM
calculation of the linear near-fields converges slowly.

IV. FORMALISM EXTENSION TO MULTIPARTICLE
SYSTEMS

In this section, we generalize the formalism introduced in
the previous section, valid for a single particle, to an arbitrary
distribution of particles. This extension is readily achieved by
dint of translation-addition matrices [43—45], which are used
to capture the multiple wave scattering nature of the physical
processes investigated.

A. Linear wave scattering

The physical system under investigation is schematically
depicted in Fig. 2. It consists of a general distribution of N
particles whose shape and material parameters are given but
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arbitrary otherwise. We associate with each particle a (local)
coordinate system with its origin at O,,n = 1, ..., N, and we
describe the entire cluster of particles in a (global) coordinate
system with its origin at point O, chosen in such a way that
the particles are arranged around it in some loosely defined
balanced way.

We can express the field exciting the nth particle, n =
1,..., N, as the sum of the incident field at the location of
the particle and the fields scattered from all the other parti-
cles (after possibly being scattered multiple times among the
particles):

EY. () =[MP (k¢r), N (k¢r)]g”
N
+ 3 [MP (kere), N (k) I8
o
n=1,...,N. (34)

To simplify the notation, in this equation and in what follows,
the summation over the multi-index v is omitted. This field
can be expanded in the local coordinate system associated
with the nth particle as

EY . (r,) = [M“)(k‘”rn), NV (kor,) ] B2 08"

n Z MO (k

k;én
n=1,...,N. (35)

k) NUP (ke e o

Here, the matrix o, is the FF irregular translation-addition
operator mapping the radiative VSWFs defined in the local
coordinate system with its origin at Oy to the regular VSWFs
expressed in the local coordinate system with its origin at O,
(see Fig. 2). Similarly, B}, is the regular translation-addition
matrix computed at the FF w, which maps the regular VSWFs
defined in the global coordinate system with its origin at O to
their expansion in the local coordinate system with its origin at
0, associated with the nth particle. The total field incident on
the nth particle, E’ . (r,), can itself be expanded into a series
of regular VSWFs expressed in the local coordinate system
with its origin at O,, and weighted with coefficients stacked
up in a vector denoted by eZ. Therefore, we are left with the
following equation containing only Fourier expansion coeffi-
cients:

N

€ =poog"+ Y al e, n=1....N  (36)

n

Note that e;; describes the field incident onto the nth particle
of the cluster, so that it plays the role of g for an isolated
individual particle labeled by n, in the absence of other par-
ticles. The key difference between these two vectors is that
e/ consists of both the field directly incident onto the cluster,
which reaches the particle n without being scattered by any
other particle in the cluster, and the field that reaches the
particle n after being scattered (possibly multiple times) by the
other particles in the cluster; g7, on the other hand, consists
simply of the incident field exciting the cluster. With this in

T“e® holds,

mind, it should be clear that the relation f* = T%e

where T is the 7 -matrix of the nth particle.

Multiplying Eqgs. (36) with the 7T -matrices of individual
scatterers {T{, ..., Ty}, respectively, which are precomputed
and stored beforehand, we are left with a linear system of
equations whose solution gives us the scattering field Fourier
coefficients:

g2, n=1,...,N. (37

N
o8 + Z T, o,

k=1
k#n

fr =T,

This linear system of equations can be cast in the following
matrix form [41]:

I —Tfay, TPy || T
—TSas I =TSy || 15
—They, —Tyey, - 1 fy
T(f)lg(f,ogw
Twﬂlzuogw
=| (38)
Tﬁﬁj\u/,ogw
or in the more condensed form,
S“F® = G®. (39)

The matrix S® is the scattering matrix of the system of par-
ticles. It contains all the information regarding the geometry
and material parameters of the cluster. The unknown scatter-
ing field coefficients corresponding to all of the particles are
collected in the vector F“ and are retrieved by solving the
linear system (39). The corresponding expansion coefficients
associated with the fields internal to each of the particles are
obtained with the help of Eq. (14). After the scattering and
internal field expansion coefficients are computed for all of
the particles, the corresponding fields can be directly obtained
from Egs. (9b) and (9¢) (electric fields) and (10b) and (10c)
(magnetic fields). Finally, the scattering cross-section spec-
trum of the cluster of particles, olf (w), is easily obtained
using the scattering field coefﬁ01ents of all of the particles:

R _
F@)=—= ) Re(f"By,£7), (40)
(kg)) n,k=1

where the symbol “7” denotes Hermitian conjugation, and
Re(z) is the real part of the complex number z. To obtain
this expression, one integrates over the scattering angles the
differential scattering cross-section of each particle and then
sums the results over the particles (a detailed derivation of this
formula can be found in Ref. [56]).

B. Wave scattering at the second-harmonic

The analysis of the wave scattering at the SH follows the
same main steps as in the case of the linear wave scattering
we just discussed. The main difference between the linear and
nonlinear wave scattering amounts to the fact that the sources
of the SH field are not located at an infinite distance from the
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cluster of particles but inside the particles and at their surface.
To account for this key difference, we add to the right-hand
side of the integral equation (24a) the excitation field at the
SH, representing the source field for the nth particle. This
excitation field consists of the sum of the fields scattered from
all the other particles.

This excitation field at the SH can be expanded into a series
of regular VSWFs around the origin O, associated with the
nth particle, so that we can establish a relation between the
expansion coefficients of the SH internal homogeneous fields
corresponding to the nth particle and the expansion coeffi-
cients of the total nonlinear field impinging on the particle:

QNI IpS = g9 Zankfk, n=1,....N. (41)

k#n

In these relations, the translation-addition matrices c;’, are
evaluated at the SH frequency, 2. Substituting the internal
SH field expansion coefficients h$ into Eq. (31) governing
the Fourier coefficients of the scattered field at the SH, and
iterating through all of the particles, we obtain

£ = g% L T2 _ ZTQ S8 =1, N

k;én
(42)

These relations can be expressed in matrix form as

I TPa?, T2a®, ] [£2
T?“?l I Tg“%N f5?
Tz%“%,l Tz%“ﬁz I fz§/2
—g? 4 72g20)
Q(1) Qo203)
-g +1Tg
_ 2 . 282 ’ (43)
gN(l)—l—TQ Q(3)
or, more concisely,
SUF¢ = G%, (44)

Similarly to the wave scattering at the FF, S® represents the
system scattering matrix at the SH, the vector F* holds the
Fourier coefficients of the scattering field corresponding to all
of the particles, and the vector G* contains the information on
the nonlinear polarization sources responsible for the genera-
tion of the optical field at the SH. After the SH scattering field
expansion coefficients corresponding to all of the particles are
computed by solving Eq. (44), for each particle one can com-
pute via Eq. (31) the expansion coefficients corresponding to
the internal homogeneous SH field. The associated scattering
and internal homogeneous fields are computed, respectively,
from Egs. (26a) and (26b) (electric fields) and Egs. (27a) and
(27b) (magnetic fields). Finally, in order to compute the total
fields inside each particle, the particular (inhomogeneous) so-
lution defined by Eqs. (21) must be added to the homogeneous
one. This is conveniently done by expanding the product of

linear electric fields inside the particle into Fourier series of
VSWFs [36]. The SH scattering cross-section spectra are then
calculated in an analogous fashion to the procedure used at the
FF, as per (40), with all the physical quantities being evaluated
at SH frequency.

Let us now briefly discuss the particular case in which
the nanoparticles are located on a planar substrate. This is an
important case from a practical point of view, as the substrate
can affect the optical response of the cluster of nanoparticles.
The influence of the substrate can be taken into account in
two ways. In a first approach, one can use image techniques,
whereby for each nanoparticle lying on the substrate one adds
its image located inside it. Then, using the method developed
in this work, one can treat this new, larger cluster. In an
alternative, more rigorous approach, one would replace in
our formalism the free-space Green function with the Green
function of an optical slab with finite thickness, for which
there is a well-known analytical formula [37].

Before ending this section, we would like to say that
we have implemented in a freely available high-performance
computational (HPC) code, OPTIMET-3D [57], the numerical
method we just described. The computer program is a fast,
parallel, and highly scalable C++ code, which has been in-
stalled and extensively tested on several local HPC clusters,
as well as ARCHER2, UK’s national HPC platform. The linear
systems of equations at the fundamental frequency and second
harmonic are solved using routines available in SCALA-
PACK and the parallel iterative generalized minimal residual
method. Moreover, the coupling submatrices representing
interactions between nanoparticles were approximated and
compressed via the low-rank adaptive cross-approximation
algorithm. This speeds up the computations significantly, es-
pecially when a large number of nanoparticles is considered.
These code optimizations allowed us to consider the linear and
nonlinear optical response of clusters of hundreds and even
thousands of nanoparticles.

V. APPLICATIONS AND DISCUSSION

In this section, we will illustrate how the numerical method
developed in the preceding section can be used to compute the
scattering cross-section spectra of systems of particles with
different morphology, the calculations being performed both
at the fundamental and second-harmonic frequencies. In the
case in which the particles are spherical, we compare our
results with analytical solutions [19] (for a single sphere),
or predictions of the TMM with analytically computed 7 -
matrices (for a multiple sphere system). Because in this latter
case the analytic calculation of the matrix elements is based
on the Mie theory [58], we call it Mie-TMM [21]. In the
case of particles with a nonspherical shape, we validate our
results against results obtained using CST Studio® [59], a
commercial software based on the FEM. We consider particles
made of two centrosymmetric optical materials widely used
in nanophotonics, namely silicon (Si) and gold (Au). Our
choice was guided by the fact that both these optical mate-
rials present challenging testing conditions for any numerical
method, namely silicon particles have large electric permittiv-
ity and hence scatter significantly the incident field, whereas
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(plasmonic) particles made of Au possess plasmon resonances
that induce strongly inhomogeneous, enhanced near-fields.
The cluster of particles is assumed to be embedded in
vacuum, whereas the excitation field is a f-polarized plane
wave whose propagation direction is defined by the incident
angles 0, = /4 and ¢y, = 7 /2. The frequency-dependent
permittivity of silicon and gold is interpolated from the ex-
perimental data provided in Refs. [60] and [61], respectively.
The tensor components of the nonlinear surface susceptibility
5(§2) of gold, as well as its bulk nonlinear susceptibility y, are
calculated using the free-electron hydrodynamic model [49]:

a e

X1 = —gle@) — 11—, (452)
b e
2 2

X;”)l” = X;,H)lli = _E[Er(w) - 1]_mw2 , (45b)

d e
y = —g[ér(w) —1]—F, (45¢)

maw

where the Rudnick-Stern coefficients [62] are a =1, b=
—1, and ¢ =1 [49], whereas e and m denote the charge
and the mass of the electron, respectively. The correspond-
ing nonlinear susceptibilities of silicon are assumed to be
constant in the whole frequency range of interest, with val-
uesequalto x| | =65 x 1072 m2 V=l @ = x& =
3.5x 107 m? V™! and y = 1.3 x 107! m?> V~! [63]. For
both optical materials, gold and silicon, we set Xﬁ)”” =0,
which is a commonly used assumption [64,65]. Y

A. Convergence tests

We begin our investigation of the properties of the numer-
ical method developed in this study with an analysis of its
convergence characteristics. For this purpose, we choose two
representative numerical examples and monitor the evolution
of the relative scattering cross-section error with the maxi-
mum expansion order, In,x. This analysis was performed for
several values of the frequency of the incident wave. In the
first example, we considered two silicon nanospheres with
radii Ry = 250nm and R, = 200 nm centered at O(0, 0, 0)
and 0(0, 0, 550nm). In the second example, the particle
system consists of two spheroids, a prolate spheroid with
equatorial and polar radii a¢; = 200 nm and ¢; = 300 nm, re-
spectively, and an oblate spheroid with radii a, = 320nm
and ¢, = 230nm. The two spheroids are made of gold and
centered at O(0, —350nm, 0) and O,(0, 350 nm, 0), re-
spectively.

We define the relative scattering cross-section error as
UJ::XQ — oxtr

w/Q
OREF

Ve = (46)

The reference scattering cross-section, O’l;)él? , is calculated
within the Mie-TMM formalism [21] for nanospheres, and,
for the case of spheroids, with the TMM method introduced in
this work and expansion order /[, = 10. According to Figs. 3
and 4, a reduction in the relative scattering cross-section error,
both in FF and SH regimes, is observed as the number of
spherical harmonics included in the Fourier expansion in-
creases. This is the usual trend observed when a numerical
method converges. We also note a general trend, more evident

T
—0— )\inc=500 nm

—o— )\inc=720 nm -
—— )\inC:QOO nm

0.2e

o

T
—e— )\inc=500 nm
—e— )\ =720 nm

—— )\inc=900 nm |

Relative scattering cross-section error
o
om -
.

(b)

FIG. 3. Relative scattering cross-section error of two Si spheres
at (a) FF and (b) SH.

in the case of scattering cross-section error evaluated at the
FF, namely that the error is smaller for larger values of the
wavelength of the incident wave. This is explained by the fact
that as the wavelength increases, the wave scattering process
approaches the quasistatic regime described by the first order
of the series expansion. This conclusion is not necessarily
valid at the SH, as in this case the nonlinear source distri-
bution can be markedly affected by the excitation of optical
resonances of the particles, a phenomenon that is strongly
dependent on the wavelength.

It should be noted that these convergence tests can be used
to infer the values of critical parameters, such as the maximum
expansion order, /y.x, and the number of triangles used to
produce the meshes covering the particles, that lead to accu-
rate results. Importantly, we considered the most challenging
cases, namely dielectric and metallic particles with large elec-
tric permittivity. This means that modeling particle systems
with smaller refractive index contrast, such as colloidal sys-
tems, would require smaller computational resources.

1 T
—e— )\mc=400 nm

—e— )\mc=700 nm

— )\mc=1000 nm |

T
b —e— )\, =400 nm
—— Ainc=700 nm

—— AinC:mOO nm |

Relative scattering cross-section error
N

FIG. 4. Relative scattering cross-section error of two Au
spheroids at (a) FF and (b) SH.
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FIG. 5. Scattering cross-sections at FF (left panels) and SH (right
panels) for a gold (top panels) and silicon (bottom panels) sphere
with radius R = 50 nm.

B. Wave scattering from nanospheres

In this numerical example, we choose a nanosphere made
of either gold or silicon and of radius equal to R = 50 nm
in both cases. Nanospheres of this characteristic size are
commonly used in different applications, including plasmonic
sensing and colloidal chemistry. Although it is a simple phys-
ical system, it has the advantage that analytic solutions to
the linear and nonlinear scattering problems exist, so that it
provides an effective validation test of our numerical method.
Thus, for this system we calculated the spectra of the scat-
tering cross-section, at both the FF and SH, in a spectral
domain of practical interest. We meshed the surface of each
nanosphere into 2000 triangles, which was enough to reach
convergence. The scattering cross-section spectra were ob-
tained with the method introduced in this study, where the
corresponding surface integrals were computed numerically
over the boundary tessellation, and the results were compared
to the conclusions derived from the analytical Mie theory
[19]. In both approaches, numerical and analytical, we used
a maximum expansion order of /,,x = 6, which corresponds
to a total of 96 VSWFs per sphere at the FF and SH.

The spectra computed using this procedure are plotted in
Fig. 5. It is interesting to notice that the FF and SH scattering
spectra of the gold particle exhibit a narrow spectral peak
at the incident wavelength Aj,c = 520nm, as per Figs. 5(a)
and 5(b). These peaks can be attributed to the plasmonic
resonances of a gold nanosphere. On the other hand, Mie res-
onances, characteristic to dielectric particles, are not observed
for the silicon nanosphere in the frequency range considered
here, as for particles with size considered in this example
they exist for shorter wavelengths. Furthermore, according to
the data presented in Fig. 5, there is a good agreement, both
at fundamental and second-harmonic frequencies, between
scattering cross-section spectra obtained with the analytical
and numerical procedures.

In Fig. 6 we show the spatial distribution of the amplitude
of the electric near-field for the silicon and gold nanospheres,
computed at the FF and SH. We choose the incident wave-

%1073

100

FIG. 6. Electric field amplitude in the y = 0 median plane of a
Au (top panels) and Si (bottom panels) sphere with radius of 50 nm,
at FF (left panels) and SH (right panels).

length Aj,c = 520nm for the gold particle so as to excite
the plasmonic resonance seen in the spectra of the scattering
cross-section corresponding to the FF and SH. In the case
of the silicon nanosphere, we pick an off-resonance incident
wavelength Ai,. = 1100 nm for our field plots, since Mie reso-
nances are not present in the frequency range considered here.

There are several ideas illustrated by these field profiles.
First, the near-field distribution at the FF shows the dipolar
character of the scattering process at the wavelength consid-
ered. At the SH, on the other hand, the near-fields in the
two cases are of a different nature, namely the field in the
case of the Au nanosphere is quadrupolar, whereas for the Si
nanosphere it is almost radially symmetric. Second, in both
cases the SH near-field is confined primarily at the surface of
the nanosphere, suggesting that the contribution of the nonlin-
ear surface polarization dominates when compared to that of
the bulk polarization. Moreover, if only the contributions of
the bulk SHG are compared, it appears that it is significantly
larger in the case of the Au nanosphere. This conclusion can
be inferred from the spatial distribution of the electric field
inside the particle at the FF, as the gradients of its components
determine the nonlinear bulk polarization. Thus, since the
wavelength is much larger than the size of the sphere, the
quasistatic regime is valid and hence one can view the particle
as if it were placed in a uniform electric field. Consequently,
the electric field inside is practically uniform and the bulk
nonlinear polarization vanishes.

As part of the second validation test, we analyze the lin-
ear and nonlinear wave scattering from three nanospheres
made of gold or silicon, with centers located at O;(—100 nm,
—100nm, 100nm), O,(—150nm, 150nm, 100nm), and
03(200nm, 200 nm, 100 nm), and corresponding radii equal
to Ry =50nm, R, = 100nm, and R3; = 150 nm. Following
the numerical scheme presented in this work, we meshed each
sphere with 2000 triangles and expanded the fields associated
with each sphere into 160 VSWFs. As a result, we have used
a total of 480 harmonics for both the FF and SH frequency.
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FIG. 7. Scattering cross-section spectra at the FF (left panels)
and SH (right panels) for three nanospheres made of Au (top panels)
and Si (bottom panels).

With this surface discretization and field expansions, we then
computed the surface integrals defining the 7 -matrices at the
FF and SH and subsequently evaluated the spectra of the
corresponding scattering cross-sections. Alternatively, we cal-
culated analytically the elements of the 7 -matrices, which is
possible in the case of spherical particles, and then the spectra
of the scattering cross-sections. In other words, we employed
what we call the Mie-TMM approach [21]. The results ob-
tained using the two methods are compared in Fig. 7, where
an excellent agreement between the predictions of the method
developed here and analytical calculations can be observed
both at the FF and SH.

C. Wave scattering from prolate spheroids

We now consider more challenging examples, which are
not amenable to an analytical treatment. The first such numer-
ical example consists of linear and nonlinear electromagnetic
wave scattering from prolate spheroids made of either gold or
silicon and with different aspect ratio, & = ¢/a, where ¢ and
a are the polar and equatorial radii of a spheroid, respectively.
In this numerical experiment, we keep the equatorial radius
constant, @ = 50nm, and vary the polar radius from cp;, =
50 nm (sphere) to cpmax = 100 nm. The numerical results for
high aspect ratios, & > 2, are not presented because of the
slow convergence, especially in the case of SH frequency.
This problematic behavior arises from the fact that the elec-
tric fields at the FF evaluated on the surface of the particles
converge very slowly as the number of spherical harmonics in-
creases [66]. All the spheroids under consideration are meshed
in approximately 2800 triangles and analyzed with 70 vector
spherical harmonics each, both at the FF and SH frequency.
To give a better sense vis-a-vis the resources required by our
method, the PMCHWT integral formulation employing dis-
cretization with RWG-MoM on the same computational mesh
would require just for solving the linear scattering problem
around 4200 basis functions per equivalent current densities
(electric and magnetic) totaling 8400 unknowns.
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FIG. 8. Scattering cross-sections at FF (left panels) and SH (right
panels) for prolate spheroids made of Au (top panels) and Si (bottom
panels), computed for a = 50 nm and different values of the aspect
ratio £ = c/a.

The spectra of the scattering cross-sections corresponding
to these spheroids are presented in Fig. 8. It can be seen in
this figure that, as the aspect ratio & — 1, both at the FF
and SH, the scattering cross-section spectra of the spheroids
converge to that of a sphere, depicted with red lines in Fig. 8
and computed analytically. This is the expected evolution
because as £ — 1 the spheroids become less elongated and
approach a spherical shape. Moreover, the scattering cross-
sections increase as the radius ¢ increases, which is explained
by the fact that the geometrical area of the spheroids increases,
too. Importantly, it can be seen in Figs. 8(a) and 8(b) that
the wavelengths of the corresponding plasmonic resonances
are redshifted as & increases, which is a well-known size-
dispersion property of plasmonic resonance wavelength of
nanoparticles.

In Fig. 9 we plot the spatial profile of the electric near-field
amplitude, |E|, computed in the y = 0 plane passing through
the middle of a prolate spheroid with radii a = 50 nm and
¢ = 80nm. The spheroid is centered at the origin of the co-
ordinate system, and the plots are evaluated at the incident
wavelengths A, = 580 and 1020 nm for the gold and silicon
spheroids, respectively. These wavelengths correspond to the
peaks in the SH scattering cross-section spectra indicating
the excitation of plasmonic and Mie resonances, respectively.
The most important conclusion revealed by these field profiles
is that, as in the case of a sphere, most of the SH field is
generated at the surface of the nanoparticles.

D. Wave scattering from a dimer of spheroids

The next particle system we considered consisted of two
identical prolate spheroids with radii a = 50nm and ¢ =
70 nm located at O,(0, 0, 0) and O,(0, 0, 200 nm). Thus, the
spheroids are separated by a gap with size g = 60nm, the
center-to-center distance being d = 200 nm. We considered
only the case of spheroids made of gold, because in this case
the presence of the narrow gap between the spheroids can lead
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FIG. 9. Spatial distribution of the electric field amplitude eval-
uated in the y = O plane passing through the middle of a prolate
spheroid with radii @ = 50 nm and ¢ = 80 nm, at the FF (left panels)
and SH (right panels) for Au (top panels) and Si (bottom panels).

to interesting phenomena, such as the formation of hot-spots
inside the gap between the two spheroids. Note that such hot
spots can also form at the two ends of the two spheroids.
As in the previous cases, we computed the scattering cross-
section spectra and spatial field profiles both at the FF and SH.

The scattering cross-section spectra are plotted in Fig. 10
for the fundamental and second-harmonic frequencies. We
calculated these spectra using the TMM presented in this
study and compared the results to the spectra obtained using
CST StuDpIO. We meshed each spheroid in 2800 triangles,
and in both the FF and SH regimes we decomposed the
electromagnetic fields by employing a total of 140 spherical
harmonics (i.e., 70 harmonics per spheroid). This is a sub-
stantial reduction of unknown quantities as compared to the
approach based on the FEM, in which case about 67 000 ele-
ments were necessary. Figure 10 illustrates a good agreement

x10*
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FIG. 10. Scattering cross-section at (a) the FF and (b) SH for two
prolate spheroids made of Au.
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FIG. 11. Electric field amplitude at FF (a) and SH (b) computed
in the y = 0 plane passing through the middle of two identical prolate
Au spheroids with radii ¢ = 50nm and ¢ = 70nm located on the
Z-axis.

between the results obtained by the two methods, both at the
FF and SH and in the entire frequency range considered in
our simulations. Despite this rather good agreement, it can be
seen in Fig. 10 that there are some differences between the
predictions of the two methods. However, it should be noted
that the scattering cross-sections can be viewed as physical
quantities that describe the overall optical response of the
cluster, and therefore the corresponding error in the compu-
tation of these quantities represents a cumulative error given
by the summation of the error in the differential scattering
cross-section over all possible directions. In other words, the
error in the computation of the scattering cross-section is a
maximal error characterizing our numerical method.

We stress that this large difference between the number of
unknowns needed to represent the electromagnetic fields in
the two methods makes the TMM the clearly preferred choice
when one is interested in the optical response of clusters con-
taining a large number of particles. In particular, whereas the
use of the FEM becomes problematic even for a few particles,
the TMM can be used to investigate clusters with hundreds or
even thousands of particles.

One interesting phenomenon can be observed when one
compares the spectra in Figs. 8(b) and 10(b), which corre-
spond to the SHG spectra of a single and dimer of prolate
spheroids made of Au, respectively. More specifically, the
spectrum of the single particle shows a single resonance,
whereas the dimer spectra have two resonances, one at
roughly the wavelength of the single-particle resonance and
another one at almost twice this wavelength. The latter res-
onance corresponds to the overall optical response of the
ensemble of the two particles, whereas the spectral shift of
the former is due to interparticle interactions.

In Figs. 11(a) and 11(b) we present the spatial profile of
the electric field magnitude at the FF and SH, respectively,
computed in the y = 0 plane passing through the middle of
the dimer of spheroids. These field profiles correspond to
an incident wavelength Aj,c = 550 nm, for which plasmonic
resonances can be observed in the spectra of the scattering
cross-sections at the FF and SH. Since the dimer is not sym-
metrically located with respect to the origin of the coordinate
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FIG. 12. Scattering cross sections at (a) FF and (b) SH for three
Au particles with different shapes.

system, the spatial profiles of both the linear and nonlin-
ear fields exhibit a certain asymmetry. Moreover, there is a
significant optical near-field in between the particles, which
facilitates their optical coupling. Importantly, one can observe
in these field profiles the hot spots created at the sharper ends
of the spheroids. The hot spots at the FF and SH are due to
the well-known effect of strong field enhancement near the
edges and corners of metallic particles, whereas the ones at
the SH are due to the enhanced nonlinear polarization in-
duced by the strong surface field associated to the hot spots at
the FF.

E. Wave scattering analysis of three particles

As the last example that illustrates some powerful fea-
tures of our numerical method, we consider the linear and
nonlinear wave scattering from a cluster of three particles
with different morphologies. We assume that the particle clus-
ter comprises an oblate spheroid with radii a; = 50 nm and
c1 = 30nm centered at O;(0, —100nm, 100nm), a prolate
spheroid with radii @; = 50 nm and ¢, = 70 nm and center at
0,(0, 100nm, 100 nm), and a sphere with radius » = 50 nm
and located at O3(150nm, 100 nm, 100 nm). The spheroids
are oriented such that the z-axis is parallel to their polar axis.
All the particles are assumed to be made of gold, so that
the resonant nature of the scattering process would be more
apparent.

The scattering cross-section results used to benchmark our
method are computed with CST STUDIO using a finite-element
mesh containing 42 400 tetrahedra. In our calculations based
on the TMM developed here, each nanoparticle is meshed
using about 2500 triangles and analyzed with 96 spherical
harmonics, hence leading to a total of 288 degrees of freedom
for the FF and SH computations. This again represents a
substantial reduction of memory requirements as compared to
the resources needed in the FEM computations.

In view of Fig. 12, where the data obtained using the two
numerical methods are summarized, there is a good agree-
ment both in the linear and nonlinear regimes between the
FEM and TMM predictions in the entire frequency range.

As it transpires from these plots, the differences between the
results obtained with the two methods are more noticeable
near the plasmonic resonances. This is explained by the slow
convergence of the near-field, which is the main physical
quantity that determines the nonlinear optical field. Whereas
the accuracy of the FEM results could have been improved by
further increasing the number of finite elements used in the
computations, we were precluded to do this given the extent
of the computational resources available to us.

VI. APPLICATION TO NANOPARTICLE CLUSTERS
POSSESSING DUAL OPTICAL RESONANCES

After investigating the convergence properties of our nu-
merical method and how it performs in several well-known
particle configurations, in this section we illustrate its power
and versatility by applying it to a particle configuration that
is practically intractable with currently available numerical
methods. To this end, we proceeded to design an optical
cluster for SHG enhancement by choosing its geometrical
parameters such that it possesses optical resonances both at
the FF and SH. To achieve this dual-resonance property in
a particle cluster that is relevant from an experimental point
of view, we considered a planar distribution of 177 silicon
nanospheres with radius R = 250 nm placed at the vertices
of a square lattice lying in the (x, y)-plane. Specifically, the
cluster was constructed by placing a nanosphere at the origin
of the lattice, then adding four nanospheres at the location of
the nearest neighbors, then placing four nanospheres at the
location of the next-nearest neighbors, and so on, until all 177
spheres were placed in the cluster.

To investigate the optical properties of this nanosphere
optical cluster, we first considered an infinite periodic dis-
tribution of silicon nanospheres. For this metasurface, we
computed the photonic band structure and the spatial field
distribution of certain optical modes. In particular, using COM-
SOL MULTIPHYSICS [67], a commercially available software,
we have computed the resonance wavelength of the optical
modes corresponding to the I'-point (k, = k, = 0) for differ-
ent values of the metasurface period, p. We performed these
computations in the spectral domains where the FF optical
beam is injected and the SH is generated. Among these modes,
there are some with nontrivial topological properties, the so-
called bound-states in the continuum (BICs) [68,69]. They
are characterized by a nonzero topological charge, which is
defined as

1
9=5- yg dk - Vio(k), (47)
T Jc

where ¢(K) is the angle of the polarization vector and C is a
closed simple path in k-space that winds in the counterclock-
wise direction around the BIC.

The results of these calculations are summarized in Fig. 13.
Thus, Figs. 13(a) and 13(c) show the dependence of the res-
onance wavelength of the optical modes that exist at the FF
and SH, respectively, on the period of the square lattice, p.
The resonance wavelength of the modes is calculated at the
I'-point and the BIC bands are labeled by numbers rang-
ing from / to 5. At the FF there are three BIC bands with
the following properties: the bands / and 3 are symmetry-

035426-14



T-MATRIX METHOD FOR COMPUTATION ...

PHYSICAL REVIEW B 112, 035426 (2025)

1264 nm 1273 nm
(@)1320 ; (b)
1280 {2 :
I S
£ : =
E 1240 : 1273 nm 1296 nm
= !
1200 /
/
1160 :
540 560 580 600 min max
p Il 642
(c) 655 . (d) 632 nm nm
_ 645 4// (o \
E 1
£ 635 |
SesET L — N—y/
625 —————
615 L
540 560 580 600 min max
p [nm]

FIG. 13. (a) Resonance wavelength vs period, p, determined for
an infinite nanosphere metasurface at the I"-point. (b) Field profiles
of the BIC modes, determined for p = 570 nm. (c),(d) The same as in
(a) and (b), respectively, but calculated in the spectral region where
SH is generated. The vertical green dashed lines indicate the period
p = 570 nm. The numbers / through 5 label the BIC bands.

protected BICs with a diverging Q-factor at the I'-point and
topological charge ¢ = —1 and 1, respectively, whereas band
2 is a double-degenerate BIC with topological charge g = —1,
which is formed via parameter tuning (its Q-factor diverges at
the I"-point when p = 602 nm). Moreover, at the SH there are
two symmetry-protected BIC bands with a diverging Q-factor
at the I"'-point, labeled 4 and 5, their topological charge being
g =1 and —1, respectively. The spatial field profiles of the
BIC bands at the FF and SH, calculated for p = 570 nm, are
presented in Figs. 13(b) and 13(d), respectively.

The dispersion of the BIC bands shown in Figs. 13(a) and
13(c) suggests that it is possible to design a metasurface made
of silicon nanospheres that possesses BIC modes both at the
FF and FF. More specifically, it can be seen in these fig-
ures that the resonance wavelength of BICs / and 2 decreases
with p, whereas the resonance wavelength of BICs 4 and 5
increases when p increases. Therefore, there is a value of p for
which these BIC bands cross, a period for which one expects
a strong enhancement of the SHG. Whereas these conclusions
hold for an infinite periodic metasurface, in the case of an
optical cluster the finite-size and edge effects can change the
linear and nonlinear optical response of the cluster, so that this
physical configuration has to be further investigated.

To this end, we considered a cluster made of 177 silicon
nanospheres placed in the (x,y)-plane at the vertices of a
square lattice with period, p. The cluster is illuminated by an
x-polarized plane wave propagating along the z-axis. For this
configuration, we determined the scattering cross-sections at
the FF and SH when the wavelength of the incident wave,
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FIG. 14. (a),(b) Dispersion maps of the scattering cross-
section at the FF and SH, respectively. The cluster consists of 177
silicon nanospheres with radius R = 250 nm arranged in a square
array, with the distance between adjacent nanospheres being p.

Aine, varied from 1270 to 1300 nm, and the distance between
adjacent nanospheres p changed from 570 to 600 nm. In these
computations, we used 336 vector spherical wave functions
per nanosphere, namely, we set /,.x = 12.

We present the results of these calculations in Fig. 14,
whereby we plot the dependence of the scattering cross-
sections at the FF and SH on the wavelength of the incident
wave and the distance between adjacent nanospheres. The plot
in Fig. 14(a) clearly shows the resonant enhancement of the
scattering cross-section at the FF upon excitation of the BICs
1 and 2. Thus, as in the case of an infinite metasurface, we
can see that the resonance wavelength of the two BIC bands
decreases when the p increases, with the BIC band 2 being
much less dispersive. Moreover, as expected, as the distance
between adjacent nanospheres increases towards the value
p = 602 nm, where the Q-factor diverges, the width of the
BIC band 2 decreases.

The existence of BICs at the FF and SH has a strong
influence on the SHG, too, a fact clearly underlined by the
dispersion map shown in Fig. 14(b). Thus, it can be inferred
from this figure that the resonant excitation of BICs forming
bands / and 2 results in a significant enhancement of the
SHG from the optical cluster. This phenomenon is explained
by the fact that the excitation of BICs at the FF leads to the
enhancement of the local linear field, which in turn induces a
marked enhancement of the nonlinear polarization at the SH.
In addition, the existence of a BIC at the SH facilitates the ra-
diation in the continuum of the SH, thus increasing the amount
of the generated SH. Somewhat counterintuitively, it can be
observed in Fig. 14(b) that the intensity of SHG corresponding
to BIC 2 is much larger than the one corresponding to BIC
1, despite the fact that the Q-factor of the former is merely
0 =~ 2000 whereas the Q-factor of the latteris Q ~ 1.1 x 10°.
This apparent contradiction is explained by the fact that the
very large Q-factor of the BIC / implies that only a small
amount of light at the FF can couple into this resonance, and
therefore a reduced amount of light is emitted at the SH.

Further insights into this double-resonance mechanism for
the enhancement of the SHG in our optical cluster can be
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FIG. 15. (a),(b) Spatial distribution of the optical near-field in the cluster corresponding to the FF and SH, respectively. (c),(d) Spatial
distribution of the optical near-field in the unit cell containing the central nanosphere of the cluster and corresponding to the FF and SH,
respectively. The wavelengths of the FF and SH are A = 1276 and 638 nm, respectively. In all panels, the optical near-field is computed in the

plane defined by z = 0.

gleaned from the spatial distribution of the linear and non-
linear optical near-fields. To this end, we have determined the
spatial distribution of the amplitude of the electric field at the
FF and SH, the numerical results being plotted in Fig. 15. The
spatial distribution of the linear field in the cluster, depicted
in Fig. 15(a), indicates a strong interaction between the in-
coming plane wave and all nanospheres in the cluster, with
an enhancement of the optical field by more than an order of
magnitude being observed. At the SH, on the other hand, the
nonlinear field is generated primarily around the nanospheres
located near the edge of the cluster, as per Fig. 15(b). This
interesting result can be understood on the basis of the sym-
metry properties of the cluster. In particular, the arrangement
of the nanospheres forms a structure that possesses inversion
symmetry and therefore “bulk” SHG is suppressed. In other
words, similarly to the suppression of bulk SHG in optical
media whose crystalline atomic structure possesses inversion
symmetry, so that SH is only generated at the surface, the SHG
in the “bulk” of our planar cluster of silicon “meta-atoms” is
suppressed, being chiefly generated at the edge. Pushing this
analogy even further would allow one to introduce an edge
SHG, similarly to the surface SHG in nanoparticles made of
centrosymmetric materials.

Finally, the field profiles presented in Fig. 15 confirm that
the linear field at the FF is primarily the result of the exci-
tation of the BIC 2, whereas the nonlinear field at the SH is
emitted chiefly from the BIC 5. To demonstrate this, we plot
in Figs. 15(c) and 15(d) the spatial distribution of the optical
near-field in the unit cell containing the central nanosphere of
the cluster and corresponding to the FF and SH, respectively.
It can be easily seen that these spatial field profiles are very
similar to the field distributions presented in Figs. 13(b) and
13(d), corresponding to the BIC 2 (the degenerate band) and
BIC 5 of a periodic, infinite metasurface. The small differ-
ences between these field profiles are possibly due to the
finite-size and edge effects.

VII. CONCLUSION

To summarize, in this manuscript we have extended the
T-matrix numerical formalism to the analysis of second-
harmonic optical wave scattering from clusters of arbitrarily

shaped particles made of centrosymmetric optical materials.
The mathematical apparatus developed in this study is general
in purpose, as it can be applied to an arbitrary distribution
of dielectric, metallic, polaritonic, or semiconductor particles,
as well as a mixture of such particles. In this work, we
considered primarily particles with axial symmetry, a case in
which the transfer matrix method performs the best due to
the underlying spherical symmetry of the expansion functions
employed. Despite this, our computational method performs
well when applied to particle configurations that depart signif-
icantly from a spherical shape, although larger computational
resources are required in such a case.

The numerical technique introduced here is derived from
the integral representation of the optical fields at the fun-
damental frequency and second-harmonic, in conjunction
with the null-field conditions within the extended boundary
condition method. The corresponding integral operators are
discretized using vector spherical harmonic basis functions,
thus establishing a matrix equation that relates the expansion
coefficients of the unknown scattered fields to those of the
known source fields. The nonlinear optical response of the
optical cluster of particles is introduced in our analysis via
second-harmonic polarization sources located in the bulk and
on the surface of the particles under investigation.

To illustrate the versatility and strength of our numeri-
cal method, we applied it to a series of relevant scattering
configurations, including a single and multiple nanospheres,
prolate spheroids, a dimer of spheroids, and a cluster of
three particles. In all these cases, the scatterers were made
of either gold or silicon. In addition, we also considered a
much more complex configuration, namely a large cluster of
silicon nanospheres, and we investigated the nonlinear optical
interaction of bound-states in the continuum supported by the
optical cluster.

These investigations revealed several advantages of our
method as compared to the current state-of-the-art [70],
whereby only a few particles can be investigated. In particular,
our method requires only modest computational and mem-
ory resources as the optical scattered fields and scattering
cross-sections are determined by a relatively small number of
Fourier expansion coefficients. Moreover, since our method is
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not limited by the size of a computational domain, it can be
used to solve the linear and nonlinear wave scattering problem
in physical situations in which optical clusters of thousands or
even tens of thousands of particles are considered. Given all
these advantages and key valuable features that our method
possesses, we expect it to prove to be instrumental in the
design of optical clusters of nanoparticles, building blocks of
linear and nonlinear metamaterials and metasurfaces with ad-
vanced functionalities, as well as other photonic nanodevices.
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APPENDIX A: FORMULAS FOR Q-MATRIX ELEMENTS

In this Appendix we provide the mathematical expressions
for the elements of the matrix Q*"¥, p € {w, }, at FF and
SH frequency, as well as the components of the excitation
vector g at the SH. The corresponding elements of the
matrix Q”":1 and components of the vector g**() are obtained
by replacing in these expressions the outgoing vector spheri-
cal harmonics, (3), with the regular ones, (1). Furthermore,
we assume that a boundary mesh of the particle at hand is
available, and defined as the union of N; nonoverlapping flat
triangular facets § = U,]\f=1 Sy

The matrix Q”"*) can be written as a combination of four
submatrices, Q7''', Q7'12, Q”2!, and Q*?, i.e.,

0,11 0,12
Qp(1,3) = (8}0’21 8‘)’22)’ (A1)
with the elements given by
0" = i)’ fpa ML (7r) x N (ko) Jas
N
+ ik k! # fi- [NOO(kfr) x MY (kfr)]dS,  (A2a)
N
0% = (k2)’ b - [N (kfr) x N () s
N
+ikk! # i [M(D(kr) x M) (kfr)]dS, (A2b)
N
05" = (k)" 8 M (47e) > M i) s
N
+ikOk! # A [NOO(kfr) < NS (kfr)]dS,  (A2¢)
N
002 = i(ke)? # i [NO (k1) x M) (kfr)]ds
N
+ikOk! # fi- MO (klr) x N (kfr)]dS,  (A2d)
N

where v and ji are the combined indices (I, m) and (I, —m'),
respectively.

The components of the excitation vector g are defined
by surface integrals of products between tangential source
currents and VSWFs. More specifically, the vector g can
be decomposed into a stack of vectors gff defined as

B) (@
g = #cﬂ(r). M(f;) (kr) ds,
s Ni (ke'r)
where the 2 x 2 matrix C**(r) is defined in terms of the elec-

tric and magnetic currents, J 2(r) and M%(r), respectively,
and the internal field E?p(r):

CY = C5 = noQUL T,
C?z = ngl = i(keﬂ)z(MQ —f Ezg,zp)'

(A3)

(Ada)
(A4b)

The integrals in Eq. (A3) are of three different types, namely

I = Q%S f/{% Tr) - MY (k¥r) ds, (A5a)
I = ok y% Tr) - NS (kr) ds, (A5b)
L =i(k?)? %lé ME(r) - NP (kr) s, (A5c)
L =i(k?)’ ﬁé ME(r) - MP (kfr) dS, (A5d)

L= i(k?)’ # [A x EP,(r)] - N (k?r) dS, (ASe)
N

L =i(k?)’ # [8 x EP,(r)] - M (kr) dS.  (ASf)
N

First, let us consider the evaluation of the integral 7;. With the
help of Egs. (20a) and (2), we can write

L =2ix5) kS (ko) ﬁé E“(r)

A[h x A x E?(0)] - M (k) }ds, (A6)

where the fields are evaluated on the inner side of the surface
of the particle, and ké2 is the wave number in vacuum at
frequency 2. Written in this form, the integral /; is suitable
for the numerical evaluation.

Now we turn our attention to the integral I, and use
Eq. (20b) defining the nonlinear magnetic surface current in
terms of the normal component of the surface polarization
density source, P2 (r) = fi - P{(r):

i) g ) 3 (0
=k 5?% [ x VsP2 )] NO(kOr)dS. (A7)

We break this integral over the triangular patches as

55 P2,(r)NS (k&r) - dl
p=1

G

- // P2,(r)[Vs x N& (kr) | -ﬁdS}. (A8)

s,
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In this equation, C, = 95, is the boundary of the pth tri-
angle in the mesh, and the direction of integration along
the path C, is chosen in such a way that the right-hand-
screw rule gives the direction of the outwardly oriented
normal, fi. To derive Eq. (A8) from Eq. (A7), one first uses
the vector calculus relation [fi X Vgyr(r)] - A(r) = {Vs x
[¥(r)A(r)] — ¥ (r)Vs x A(r)} - fi, where ¥ (r) and A(r) are
arbitrary smooth scalar and vector functions, respectively, and
then employs the Stokes theorem.

The numerical evaluation of the integral I, is greatly sim-
plified by the realization that the contour integral on the
right-hand side of Eq. (A8) is equal to zero when it is eval-
uated on a closed mesh without cracks and slits. Under these
circumstances, the final expression for the integral , is

= i) XL PO ) s 40

In the derivation of this expression, we took advantage of
the curl identities in Eqs. (B2) satisfied by the VSWFs, as
well as the fact that the surface tensor component X.V(,ZL)”H is
vanishingly small and thus its contribution to the SHG can be
disregarded. As such, the normal component of the surface
polarization density is P2, (r) = € ij L EC()T?
The last integral, I3, is written as
2
i(k$) e
L= Lﬂ‘”’ # [ x V[EZ(r) - EP(r)]} - ND (k) dS,
€; 5
(A10)

l

where we have used the particular electric field solution given
by Eq. (21b) of the inhomogeneous system of Maxwell equa-
tions at the SH. This integral can be calculated using a similar
method to that used to calculate /,, the end result being
3
i keQ i €y ” w R
I = _% # [Ef(r) - E2(0)][MS (kr) - h] dS.
5

I
(Al1)

1

Finally, the primed integrals, I{, I;, and I3, can be obtained
from I, I, and I, respectivel?/, by interchanging the spherical
harmonics MS’)(kfr) < Ng’ (k%r) in Egs. (A6), (A9), and
(A11). All of the integrals can be computed numerically using
Gauss-Legendre quadrature in six points.

APPENDIX B: DEFINITION AND FORMULAS FOR
VECTOR SPHERICAL HARMONICS

In this Appendix, we introduce the definition and main
properties of vector spherical harmonics (VSHs) used in our
study to represent the electromagnetic fields, as well as to
expand the plane waves.

1. Definition of vector spherical wave functions

Given the unit vector £ = r/r, where r is the position vec-
tor of a point, P, we define three sets of mutually orthogonal
VSHs: longitudinal VSHs, Y;,,, which are oriented along f,
and two sets of transverse VSHs, X;,, and Z;,,,, oriented per-
pendicular to £ [36,56]. The triplet {X;,,, Y;m, Zim} of VSHs
form a right-handed system of vectors and are defined as

Yim(0, @) = Yim (0, §)F, (Bla)

Xim(0. ¢) = £ x ViYin(6,¢),  (Blb)

I(I+1)

20, ¢) = ViYim (6, ¢). (Blo)

II+1

Furthermore, we define the regular VSWFs Ml(}:f and Nl(:n)
as follows:

MO (kr, 6, ¢) = —jikr)Xim, (B2a)
1

N}, (kr. 0, ¢) = AR M), (B2b)
1

M) (kr,0,¢) = -V x N{)) (B2¢)

k Im>

where k is the wave number calculated at the particular fre-
quency in the medium of choice, and j;(kr) are spherical
Bessel functions of the first kind and order /. The radiative
(outgoing) VSWFs M;i) and N;?n) are defined by substituting
the spherical Bessel functions in (B2) with (outgoing) spheri-
cal Hankel functions, hl(l)(kr), of the first kind and order /.
Scalar spherical harmonics can be defined in terms of as-

sociated Legendre functions P/" as [56]

Yim(0, ) = yimy/1(1 + DP"(cos 0)e™?, (B3)

where yy,, is the normalization coefficient given by

21+ 1) — !
y,m=\/( + 1) —m) B4

Al + 1) +m)!

In these definitions, the scalar spherical harmonic functions
Y, (t) and the three kinds of VSHs are normalized to unity
over a sphere:

/ Y[;(f')yl’m’(f)dgf‘ = 5[[’8mm’, (Bsa)
Qp

/ A}km (f) . Bl’m’(f)dgf‘ = Sll’smm’BAB, (BSb)
Q;

where A and B can be any of the functions X, Y, and Z.
Finally, the normalized VSHs can be defined in terms of
associated Legendre functions as

Ylm(e’ ¢) = VYim l(l + 1) [m(cos Q)Eim¢f',

im A
Xm0, ) = Vim |:—,—le(COSG)elm¢0
S

(B6a)

ind

d S n
+ —Bm(cose)e’”’¢¢], (B6b)

do

d N
Z,,(0,¢) = Vzm[ﬁl’,'"(cose)e”"%

+ _liP,m(cose)e"'"%]. (B6¢)
sin 6

2. Expansion of plane waves in series of vector
spherical wave functions

The series expansion of a plane wave in terms of VSWFs
is given in (9a) and (10a), with the expansion coefficients g;,,
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and p}, calculated as follows [56]:

G = _47”'ZX7m (Rinc) * €inc, (B7a)
p(ll;‘n = _471il+1 Z;Fm (Rinc) . éinc» (B7b)

9

where the symbol “x” denotes complex conjugation,
K is the unit vector in the direction of the wave
propagation, and &, is the polarization direction of the plane
wave.
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