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Berry curvature of low-energy excitons in rhombohedral graphene
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We investigate low-energy excitons in rhombohedral pentalayer graphene encapsulated by hexagonal boron
nitride (hBN/R5G/hBN)), focusing on the regime at the experimental twist angle 6 = 0.77° and with an applied
electric field. We introduce a new low-energy two-band model of rhombohedral graphene that captures the band
structure more accurately than previous models while keeping the number of parameters low. Using this model,
we show that the centres of the excitron Wannier functions are displaced from the moiré unit cell origin by a
quantized amount—they are instead localized at Cs;-symmetric points on the boundary. We also find that the
exciton shift is electrically tunable: by varying the electric field strength, the exciton Wannier center can be
exchanged between inequivalent corners of the moiré unit cell. Our results suggest the possibility of detecting
excitonic corner or edge modes, as well as novel excitonic crystal defect responses in hBN/R5G/hBN. Lastly, we
find that the excitons in hBN/RSG/hBN inherit excitonic Berry curvature from the underlying electronic bands,
enriching their semiclassical transport properties. Our results position thombohedral graphene as a compelling
tunable platform for probing exciton topology in moiré materials.

DOL: 10.1103/shrm-4swg

I. INTRODUCTION

The study of Berry curvature effects has played a cen-
tral role in advancing our understanding of noninteracting
electrons in condensed matter systems [1]. More recently,
there has been growing interest in extending this frame-
work to interacting systems. Efforts in this direction include
the topological classification of ground states in the pres-
ence of interactions [2-5], as well as the investigation of
Berry curvature effects and the topological classification of
interaction-induced excitations, such as excitons [6—11].

Rhombohedral graphene has emerged as a compelling plat-
form for studying nontrivial ground-state topology induced
by interactions. Experiments have found that rhombohedral
graphene exhibits both the integer and fractional quantum
Hall effects [12], and a comprehensive theoretical understand-
ing of these phenomena remains an area of active research
[13-20]. In this work, we take an alternative approach and
focus on the excitations rather than the ground state, specifi-
cally the excitons at charge neutrality. We study rhombohedral
pentalayer graphene (R5G) encapsulated by hexagonal boron
nitride (hBN), shown in Fig. 1(a). When an electric field
is applied, we can obtain two well-gapped electronic bands
around the Fermi level at charge neutrality [13]. Since the
bands immediately above and below the Fermi energy are
layer polarized, the twist angle of the hBN on either side
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of the R5G strongly influences the topology and dispersion
of these electronic bands. The electronic bands are therefore
highly tunable making hBN/R5G/hBN an ideal testbed for
studying the topology of low-energy excitons emerging from
topological electron bands.

In this paper, we show that, at the experimentally rele-
vant twist angle 6 = 0.77° [12], the exciton Wannier states
are shifted to the edge of the moiré unit cell, and their
Wannier center depends on the electronic potential applied
across the rhombohedral graphene layers. They are therefore
analogous to obstructed atomic insulators in noninteracting
electron systems [21]. We note, however, that this shift is
inherited from the electronic bands and so is not like the
shift excitons described in Ref. [6] where the excitons have
maximally localized exciton Wannier centres [22,23] shifted
with respect to the electronic Wannier centres. Despite this,
we expect that rhombohedral graphene still exhibits novel
“excitonic” defect and edge responses. We also find that the
Berry curvature of the excitons can be tuned using the applied
electric field, allowing for an experimental exploration of the
role of Berry curvature on excitonic properties. Given these
attributes, rhombohedral graphene presents a unique system
to explore the effects of exciton Berry curvature on exciton
transport properties, both experimentally and theoretically.

This paper is structured as follows. We begin by outlin-
ing the noninteracting physics underlying the band dispersion
and Berry curvature distribution. In Sec. II, we introduce
a new simple low-energy two-band model of rhombohedral
graphene that better captures the dispersion shape around the
Dirac point compared to the well-studied k> model [18,24].
In addition, we show how the moiré potential modifies the
dispersion and band topology. In Sec. III, we detail our
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FIG. 1. Rhombohedral graphene encapsulated between two hBN
layers. The hopping parameters of our tight-binding model are la-
beled #; .4 in (a). The A sublattice of graphene is shown in red and
the B sublattice in blue. (b) Dispersions of the low-energy model and
the full model of the free-standing rhombohedral graphene (with dis-
placement field up = 20 meV). (c) The Berry curvature [B(k,, k,)]
distribution of the low-energy model.

methodology for calculating the exciton dispersion and ex-
citon Berry curvature. Our findings indicate that the applied
electric field can be used to tune the lowest-energy excitons
to regimes where the exciton Berry curvature is enhanced.
We predict that this could lead to a measurable thermal Hall
effect [25]. Additionally, we identify regimes where the ex-
citon Wannier centres are obstructed from the center of the
moiré unit cell, with the Wyckoff position they are centered
at tunable using the applied electric field. In Sec. IV, we
discuss the experimental consequences of this exciton shift
in terms of defect responses detectable using electron energy
loss spectroscopy (EELS) [26,27].

II. BAND STRUCTURE

We first derive an economical model that captures the band
structure of RSG as well as that of hBN/RSG/hBN with a
moiré twist.

A. Low-energy model

We begin by formulating a new low-energy effective model
for isolated pentalayer rhombohedral graphene, which serves
as the basis for all subsequent analysis. Our starting point
is the full ten-band tight-binding model previously studied
in Ref. [14], with interlayer and intralayer hopping param-
eters as illustrated in Fig. 1 (see Appendix A for a full
description). This model includes an external perpendicular
electric field, known as the displacement field. To model
this, we add a layer-dependent onsite potential, where the

potential difference between adjacent layers is uniform and
denoted by up [14].

When up is nonzero, and for momenta near the Dirac point,
the electronic wave functions associated with the conduction
and valence bands closest to the Fermi level become strongly
localized on sublattice A of layer 1 and sublattice B of layer
5 [14]. This layer polarization enables a projection onto the
corresponding subspace, yielding a reduced two-band model
that captures the low-energy physics at charge neutrality (see
Appendix A for detailed derivations). With our method, we
can systematically include higher-order corrections beyond
the simpler two-band models studied previously [18]. In par-
ticular we incorporate a key correction absent from previous
work: namely, the intrinsic quadratic dispersion that domi-
nates at small momenta k near the Dirac point [see Fig. 1(b)].
We show that this curvature can be systematically retained
within the effective theory by including a correction quadratic
in the momentum. This results in the following two-band
Hamiltonian that more accurately reflects the low-energy be-
havior of rhombohedral graphene,

hegr (k)
1)5 .
N 2"{D + V- (k)% + k)%) #(kx - lky)s (1)
- 5 ’
o Gk + iky ) —2up + v (K + &7)
where vp = ‘/Tgtoa and a is the graphene lattice constant. The

numerical values of the hoppings are given in Appendix A
[14,28]. The yy take a simple form if we assume small up
(specifically up < t3 < ty) and expand to first order in up,

2004 UpV>
Ye N + —=L, (2)
h I

where vy = */7§t4a. This simplified model predicts that, for
up > 0, the curvature of the higher-energy band’s dispersion
(at the Dirac point) changes sign when the displacement field
reaches up = 25—;" ~ 35 meV. In contrast, the curvature of the
lower-energy band at the Dirac point remains unchanged for
all up > 0. This sign change is absent in the model presented
in Ref. [18], which neglects this diagonal quadratic correction.
Figure 1(b) compares the band dispersions of the full and
simplified models for a representative set of parameters. As
expected, both models closely agree near the Dirac point, with
increasing deviations at larger momenta. In addition to captur-
ing the band dispersion, the simplified model also reproduces
the Berry curvature distribution of the full model [18]. As
shown in Fig. 1(c), the Berry curvature in the simplified model
is concentrated in a ring around the Dirac point. This ring
occurs at the momenta where the band dispersion transitions
from being nearly flat to rapidly increasing or decreasing.

B. Moiré Hamiltonian

We investigate pentalayer rhombohedral graphene (RSG)
encapsulated between two layers of hexagonal boron nitride
(hBN), as illustrated in Fig. 1. In contrast to most previous
work, which has considered coupling of the R5G to hBN
on only one side [13,14,17], we assume that both the top
and bottom hBN layers couple equally to the RSG (as also
studied in Ref. [13]). Due to the lattice parameter mismatch
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FIG. 2. The mini Brillouin zone (a) and unit cell (b) for
hBN/R5G/hBN with twist angle 6 = 0.77°. The moiré reciprocal
lattice vectors are labeled g1, g», and the high symmetry points are
¥, k4, k_ and . The real space unit cell (b) shows the lattice vectors
L,, L, and maximal Wyckoff positions 1a, 1b, lc.

between hBN and graphene, a moiré pattern folds the bands
into the mini BZ (mBZ) [shown in Fig. 2(a)]. The (real
space) unit cell is enlarged compared to the isolated R5G
unit cell [Fig. 2(b)]. The moiré unit cell has a periodicity
[@moire = |L1/2| in Fig. 2(b)], which depends on the relative
twist angle 6 between the primitive lattice vectors of the hBN
and R5G and the lattice constant mismatch between graphene
and hBN [28]. We study the regime where both the top and
bottom hBN layers are aligned at the same angle relative to
the graphene, thereby avoiding the formation of a supermoiré
pattern. This double alignment is possible experimentally, for
example, in Ref. [29], graphene is encapsulated in hBN with
the two hBN sheets aligned. This is achieved by aligning the
exfoliated straight edges of each flake using images from an
optical microscope. We model the hBN layers as an effective
potential acting on the outermost layers of the rhombohedral
graphene [28]. Here we summarize the method used to model
the moiré system, see Appendix B for the full details. Since
our effective Hamiltonian retains only the A sublattice in
the bottom layer and the B sublattice in the top layer, we
apply the moiré potential exclusively to these sites. For layer
I, we use [28]

Vi) =Vo+Vi Y expling; - r+ve+¢)l.  (3)

ne{l, -1}
je(1,2,3)

Here, the sum runs over moiré reciprocal lattice vectors g i
using the “first harmonic” approximation where we retain
only the first shell of reciprocal vectors surrounding the first
moir€ Brillouin zone [13,28]. There is a phase shift 1z which
depends on the stacking configuration, for example, the A
sublattice of graphene may lie above either a boron atom
(¢ = 0) or anitrogen atom (£ = 1), and this leads to differing
phases for the effective potential [28]. We restrict our study
to £ = 0 stacking for both the top and bottom layers (for
which ¥ = 223.5°) [28]. The layer dependent phase factor is
only nonzero on the top layer, ¢; = @81,4 [13]. This phase
accounts for the relative shift in the moiré potential between
the A sublattice on the bottom layer and the B sublattice on
the top layer [13].

We define the fermionic creation operators, c,T(, 01= c,t vy
where the momentum k is in the mBZ, Q are the moiré
reciprocal lattice vectors, and / is the layer index. The total
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FIG. 3. Electronic (noninteracting) dispersion at § = 0.77° for
displacement field up = 20 and —20 meV. The C; symmetry eigen-
values are shown at the high symmetry points in terms of w =
exp(i2mr /3).

moiré Hamiltonian is

Hy = Hy + Hy
_ (m) T
= Z ZZh(Q,w,(Q',lv(k)"’k,g.lck»Q@f" S
kemBZ Q.9 LI
where
hig .y ®) = Theie (k + Q)i+ Vod1.110.9
+Vi Z ‘SQ,Q’fng,,»' ®)
nefl.~1)
je{1,2,3}

Here the first term A (k) represents the original low-energy
rhombohedral graphene model without the moiré coupling.
Although the low-energy two-band model has a continuous
rotational symmetry, the hBN moiré potential breaks this but
retains C3 symmetry. As shown in Fig. 2, in the presence of
the Cs; symmetry, there are three high symmetry points: y, k.
and «_. To obtain a finite matrix size, we truncate the set of Q
vectors in the moiré Hamiltonian to those within a ring around
the y point with |Q| < 5[27 - (Amoire) 1.

C. Noninteracting band structure

Using the model outlined above, we calculate the elec-
tronic dispersion of the hBN/R5G/hBN stack. Examples of
the noninteracting band structures for 6 = 0.77° and up =
£20 meV are shown in Fig. 3. The hBN layers fold the bands
of isolated rhombohedral graphene into the moiré Brillouin
zone (mBZ) and hybridize the folded bands, resulting in two
gapped bands immediately above (labeled c¢) and below the
Fermi level (labeled v) at charge neutrality. The hBN moiré
potential preserves C3 symmetry, allowing us to use symme-
try indicators to compute the Chern number (mod 3) of the
electronic bands. The C; eigenvalues can take the values 1,
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FIG. 4. Electronic Berry curvature for the occupied (v) and
empty band (c) for parameters 6 = 0.77° and up = £20 meV.

w, or w*, where w = ¢'% . The Chern number C is related to
the product of the C; eigenvalues (Akc3) at the high-symmetry
points as follows [30]:

dC= ] & (©6)

kely.spn)

For up = 20 meV, we find that the empty (conduction) band
has a Chern number of 1, while the occupied (valence) band
has a Chern number of 0. For up = —20 meV, both bands
have Chern number 0. In Appendix C, we show that a variety
of possible Chern numbers for both bands can be achieved
in this model by tuning the displacement field up and twist
angle 6. In addition, we show explicitly how tuning the moire
potential gaps out the bands folded to the mBZ to generate a
band with Chern number 1 at up = 20 meV. Figure 4 shows
the Berry curvature of the noninteracting bands for the chosen
parameters, revealing that it is concentrated at the edges of the
mBZ. At up = 20 meV, the maxima and minima of the bands
are also at the edge of the mBZ, indicating that low-energy
charge-neutral excitations are dominated by states near the
mBZ edges. We therefore expect this large electronic Berry
curvature to also be visible in the exciton Berry curvature.

III. EXCITONS

We next study the exciton bound states of hBN/R5G/hBN,
their dispersion, and Berry curvature.

A. Methods

We calculate the exciton dispersion and wave functions in
hBN/R5G/hBN stacks that form from the two well separated
bands shown Fig. 3. At charge neutrality, the ground state has
the lower band (v) occupied and the upper band (c¢) unoccu-
pied. We will consider excitons formed from these two bands
where ci . (cx,) annihilates an electron in the conduction
(valence) band at crystal momentum k. We restrict our cal-
culation to just these two bands since we are interested in the

low-energy spectrum, which will not be affected significantly
by the inclusion of higher and lower energy bands. The wave
function of an exciton at momentum p is expressed as

W) = Y ¢hch .k |GS), (7)

kemBZ

where |GS) denotes the noninteracting ground state, projected
onto the two bands of interest (e.g., |GS) =[], c,:’u |0)). We
study the spin-valley polarized regime, and so we restrict
our focus to excitons at just one valley and a single spin
species [14].

To model the excitons, we project both the kinetic and in-
teraction Hamiltonians into the basis c;‘) k.cChv |GS) [31,32].
The resulting exciton Hamiltonian, detailed in Appendix D, is
written in terms of noninteracting single-particle energies and
the products of the noninteracting electronic wave functions
(the “form factors”). These products are given by

’

U;f".l;;.ﬂ/ = ZV(I’ +0) ("‘:+k+Q|”Z/)<”§’|”§+k/+g)* ®)
0

where |uj) represents the eigenvector of the moiré Hamil-
tonian [Eq. (5)] for momentum p and band «. We use
the double-gated Coulomb potential, which accounts for the
screening effects introduced by the metal electrodes either
side of the sample. This potential is given by

Vo tanh(|p|d)
p| ’

where d is the metal electrode gate distance. We use d =
250 A [14] for the following calculations. The interaction
strength Vy = 52_: depends on the relative permittivity €,, we
use €, = 6 [16]. We calculate the exciton Berry curvature
using the gauge invariant method of Refs. [23,33] (see Ap-
pendix F for details).

V(pD = ©))

B. Exciton dispersion and Berry curvature

Figure 5 shows the exciton dispersions at a twist angle
of & =0.77° under a displacement field of up =20 and
—20 meV. For both parameter choices, the exciton binding
energy is largest around the y point since the interaction
potential V (p) peaks at p = 0. The excitons in both cases are
fully gapped across the mBZ but the maximum binding energy
for up = —20 meV is substantially larger at ~17 meV com-
pared to ~11 meV for up = 20 meV. We can use symmetry
indicators to study the exciton band topology. We note that
in Ref. [23] we found that there were an infinite family of
exciton Berry connections which give different (but related)
exciton Berry curvatures. However, we showed that, despite
this, the exciton Chern number is still uniquely defined. We
compute the total C; eigenvalues of the many-body exciton
wave function at the high-symmetry points in the Brillouin
zone (see Fig. 5). In both parameter regimes, the exciton
Chern number of the band is 0. However, despite the trivial
Chern number, there is interesting crystalline topology. The
symmetry indicators of the excitons can be used to calculate
the center of the maximally localized exciton Wannier states
for the exciton band [6,22,23]. In Table I, we show the shift
of the maximally localized exciton Wannier function from the
center of the moiré unit cell s.x. (see Appendix E for details
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FIG. 5. Exciton dispersion (in red) with particle-hole continuum
above (in blue) for & = 0.77° (a) up = 20 and (b) —20 meV. In
both cases the C; symmetry eigenvalues of the excitons are marked.
The dispersion of the excitons throughout the whole BZ for both
parameter choices is shown in (c).

of this calculation). In both cases, the exciton Wannier center
is not at the center of the moiré unit cell. In addition, the
exciton Wannier center varies between the two configurations:
at up = 20 meV, it sits at the 1c¢ Wyckoff position but for
up = —20 meV, it is at the 15 Wyckoff positions. Beyond
the global topology of the exciton band, the exciton Berry
curvature (Fig. 6) reveals marked differences between the
two displacement field values. For up = 20 meV, the curva-
ture exhibits pronounced minima and maxima, despite the
total Chern number of the exciton band being zero. These
features originate from the underlying electronic Berry curva-
ture. Specifically, the enhanced excifon Berry curvature near

TABLE I. C; eigenvalues of the exciton wave function at high-
symmetry points in the Brillouin zone for two different parameter
choices. The exciton Wannier center s, is stated in terms of the
Wyckoff positions [see Fig. 2(b)].

up A‘;"C ki’f A Sexc
20 meV w 1 w* lc
—20 meV w* 1 w 1b

the y point can be seen to be inherited from the electronic
Berry curvature. In Fig. 3(a), we can see that the lowest
energy particle-hole excitations take an electron from the
k4 point in the lower band to p in the upper band. Since
the electronic Berry curvature is strongly concentrated at x4
[Fig. 4(a)], excitons with momentum p ~ u — k4 (or C; rota-
tions of this momentum) inherit this curvature. In contrast, for
up = —20 meV, the exciton Berry curvature is nearly uniform
and vanishing [Fig. 6(b)]. This occurs because the electronic
bands do not have as pronounced maxima at the edge of
the mBZ compared to the up = 20 meV case. Therefore the
exciton bands are mainly composed of electronic states from
the center of the mBZ. The Berry curvature of the electronic
bands at the center can be seen to be very close to O [see
Figs. 4(c) and 4(d)] and so the exciton Berry curvature is
similarly small in magnitude.

Excitons will thermally occupy the exciton band leading
to an enhanced population at the band minimum. Therefore,
whilst the overall exciton band is topologically trivial, the
locally enhanced Berry curvature in the vicinity of the band
minimum (at up = 20 meV) will influence exciton transport
behavior. The integrated exciton Berry curvature, as a function
of the energy cutoff, is shown in Fig. 6(c). Due to the pres-
ence of both minima and maxima in the Berry curvature, the
integrated value oscillates for up = 20 meV. This will lead
to a temperature dependence of response functions sensitive
to the exciton Berry curvature, as thermal excitation allows
excitons to occupy states beyond the band minimum, altering
the Boltzmann-weighted Berry curvature. In contrast, the flat
exciton Berry of the up = —20 meV will not have such oscil-
latory exciton Berry curvature effects. Hence, rhombohedral
graphene provides a platform in which it is possible to electri-
cally tune between regimes with and without excitonic Berry
curvature effects.

(a) 0.0 (®) 010 (©)
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FIG. 6. Exciton Berry curvature for the lowest energy exciton band for 6 = 0.77°, (a) up = 20 and (b) —20 meV. (c) is the exciton Berry
curvature integrated up to the given energy cutoff for up = 20 meV (not shown for full mBZ).
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IV. DISCUSSION

The response and transport properties of electrons in non-
interacting bands are well known to be influenced by the
electronic Berry curvature [1]. Fully elucidating the transport
effects of exciton Berry curvature represents a new frontier
in the study of quantum transport phenomena. Our work
implies that rhombohedral graphene is a possibly important
material for exploring the interplay of excitons and topology.
For up = —20 meV, the Berry curvature of the single electron
dispersion of rhombohedral graphene is concentrated at the
edge of the mBZ, exactly where the low-energy excitons are
formed, meaning that the lowest energy excitons in rhombo-
hedral graphene inherit the Berry curvature of the electronic
bands. The transport properties of excitons are likely to be
influenced by this exciton Berry curvature. One possible mea-
surable consequence of the enhanced Berry curvature at a
displacement field of up = 20 meV is a thermal Hall effect
[25]. Applying an in-plane temperature gradient to the sample
would generate a transverse exciton current, i.e., most clearly
visible as a chiral exciton current at the edge of the system.
Typically such exciton currents are hard to measure because
excitons are neutral, however, as we have seen, the conduction
band and valence band electronic wave functions are layer
polarized. Hence, the exciton flow could be detected by mea-
suring the electron or hole current on either the top or bottom
layer of the sample similar to a drag current [34,35]. We note
that in general the thermal hall effect is suppressed by the
gap from the ground state to the excitation band. Despite this
the thermal Hall effect can still be measurable experimentally,
e.g., for topological magnons [36]. However, observing the
thermal Hall effect with excitons may in fact in general be
easier than for magnons because excitons are easy to pump
unlike magnons.

We have also predicted that the maximally localized ex-
citon Wannier states are shifted away from the center of the
unit cell, directly analogous to the concept of an obstructed
atomic insulator in noninteracting electron systems [21]. Ob-
structed atomic insulators are known to possess crystal defect
responses that depend on the Wannier state shift, as well as
corner or edge polarization [37]. Hence we expect that the
exciton Wannier state shift in rhombohedral graphene could
analogously lead to new excitonic crystal defect responses
and exciton corner or edge modes [6]. The current spatial
resolution of exciton probes would not allow it to be possible
to detect these effects in bare graphene with a unit cell of order
2.46 A, but the enhanced moiré unit cell size increases the
shift to within the resolution range of techniques like EELs,
which can achieve spatial resolutions on the order of ~nm
[26,27]. Moiré systems such as hBN/R5G/hBN therefore of-
fer a promising platform for experimentally probing exciton
crystalline topology. However, understanding the full range
of experimental signatures, beyond edge states [6], remains a
compelling and open direction for future research.
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APPENDIX A: PENTALAYER RHOMBOHEDRAL
GRAPHENE

We derive the low-energy model for pentalayer rhombohe-
dral graphene (R5G) introduced in the main text. The model
is derived from the full ten-band model used by Ref. [14].
We begin by summarising this full ten-band model before
introducing the low-energy two-band model we use for the
remainder of the paper.

1. Full pentalayer model

We describe the full model of R5G, see Ref. [14] for more
details. Graphene has a lattice parameter a = 2.46 A and lat-
tice vectors

R, = (a, 0), (A1)
1 V3
R2 :LZ(E, 7) (AZ)
The corresponding reciprocal lattice vectors are
2 1
G = — 17 =) (A3)
T ( ﬁ)
2w 2
G,=—10,— ). (A4)
" a ( ﬁ)
The high symmetry points of graphene are
2 1
Ks = =G| + =Gy, A5
ar =361+ 36 (A5)
, 1 2
KGr = §G1 + §G2 (A6)

We can write the Hamiltonian for R5G in layer space as

Y hd @ 0 0
[AD]F hio) 3] el 0

hesok) = | 1@ [AOT A9 ph @
0 [h(Z)]’r [h(l)]’r h;o) jAey;
0 0 (K@ [hO] hfto)

(A7)

where the rows and columns correspond to different layers of
graphene. The hl(o), hY | and @ matrices are written in the
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basis of the graphene sublattice orbitals for each layer (/) of
graphene in the pentalayer stack. These matrices are

1#ka=(_fﬁ _3ﬁ), (A8)
0w = (fe 5, (A9)
h<2>(k)=<0 %) (A10)
We define
ﬂ=i¥ﬁ (A11)
pary

with 6, defined as the vectors between nearest neighbor car-
bon atoms in each layer [14]. We use the hopping values
to =3.1eV, t;y =380 meV, r, = —21 meV, 3 =290 meV,
and t4 = 141 meV [14,28]. The applied electric field gives a
layer dependent electric potential

u; = upl (A12)

with the layer index / and the tunable displacement field up.

2. Low-energy model

We now derive the low-energy model of pentalayer
rhombohedral graphene. For finite up there are two bands
immediately above and below the Fermi energy at charge
neutrality. These two bands are layer polarized around the
K, point. The band which is layer polarized to layer 1
has most of the wave function weight on the A sublattice
whereas the layer 5 polarized band is on the B sublattice.
The low-energy physics, around Kg,, can therefore be well
described by a model solely in the subspace 1A, 5B (where
we label the positions in the unit cell by the layer 1,5 and
the sublattice A, B). We rewrite the equation for the energy
dispersion €(k) as

(h(k)ll h(k)l2) <01(k)) _ E(k)(cl(k)>
h(k)y  h(k)xn J\c2(k)) c(k) )
where the matrix h(k);; represents the block of the full ma-
trix h(k) in the subspace 1A, 5B, h(k), is the high energy
subspace (i.e. 2B, ..., 5A), and h(k), and h(k),, represents
the coupling between the subspaces. The components of the
Bloch function in each subspace are given by the functions
ci(k) and c,(k). We wish to find a 2 x 2 effective Hamilto-
nian in the low-energy subspace [39]. To do this we expand
Eq. (A13) to give two relations,

(e — h)) ™ hik)iaea (),

(A13)

cik) = (Al4)

c2(k) = (€ — h(k)n) " h(k)ci (k). (A15)

Combining these, we obtain an equation for the wave function
components in the low-energy subspace c; (k),

[h11 (k) + Ry (k) (haa (k) — €)™ hay (k) — €lei (k) = 0.
(A16)

We expand to first order in energy € and obtain the effective
Hamiltonian [39]

hegr (k) = {1 — h(k)12[h(K)2n] 2 h(k )21}~

x {h(o)1 + h()ph()] ™ hk)a ). (A1)
We consider small momenta around the K, valley of the
R5G, and so we Taylor expand /e (k) in powers of k about
Kg,. For pentalayer thombohedral graphene, the dominant
off-diagonal terms in heg(k) go as ~|k|° (as described in
Ref. [18]). When we expand the diagonal elements to zeroth
order in k we also obtain a contribution from the applied
displacement field up. We introduce a further correction be-
yond the model described in Ref. [18]; the full model has a
characteristic quadratic curvature which dominates at small
momenta k from the Dirac point K,. We find that this effect
can be captured in the low-energy model by expanding the
diagonal components to second order in momentum k. This
gives an effective Hamiltonian in the low-energy subspace
which is

heff (kx s ky)
2up + y- (ki + k3)

v} .
t_f(kx - lky )5
vy NS °
t_f(kx + iky)
% )

—2up + vy (k + &3)
(A18)

The yp,1 take a simple form if we assume small up (specifi-

cally up < v3/a < vp/a) and expand to first order in up,
2VF Vs uDv%

f i

ve ™ (A19)

This simplified model predicts a sign change in the curvature
of the higher-energy band at the K, point at a displacement
field of up = 2”4" ~ 35 meV, while the band dispersion cur-
vature at the KGr point of the lower-energy band remains
unchanged for all up > 0. This behavior in good agreement
with results from the full model. Note that this curvature
sign change is not captured in the simple model described
in Ref. [18] so this model more accurately describes the
low-energy physics of R5G. A comparison between the dis-
persions of the full and simplified models for a representative
parameter set is shown in the main text. As expected, the two
models agree well at momenta close to K,, with increasing
deviation at larger momenta. Notably, the full model lacks
inversion symmetry about the K, point—i.e., it is not sym-
metric under (k, k,) — (—kx, —k,)—unlike the low-energy
approximation. This asymmetry arises from the inclusion
of intra-layer hopping #;. When #3 is neglected, the system
possesses a unitary symmetry U = EB?];SI (=)o, obey-
ing Uh(k)U" = h(—k). This makes the spectrum symmetric
about about the K¢,. Since the low-energy 2 x 2 model does
not include f3, it is symmetric about the K¢, point. In addition
to capturing the low-energy dispersion, the low-energy model
derived above also captures the Berry curvature distribution of
the full model (as the model without the quadratic correction
does too [18]).
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APPENDIX B: MOIRE HAMILTONIAN

We study R5G between hBN layers, i.e., hBN/RSG/hBN
stacks. We use the same model as Ref. [14]. The lattice mis-
match between the hBN and the R5G leads to a moiré pattern.
There are two sources of the lattice mismatch: firstly there
is a lattice constant mismatch between hBN and graphene,
€ = appn/agr = 0.018. Secondly we can rotate the hBN by
some angle 0 to change the moiré periodicity. We define a
rotation matrix Ry to describe rotation of the hBN graphene
by angle 6 with respect to the R5G. Similarly, the matrix
M = (1 + €)I can be used to calculate the effects of the lattice
constant mismatch. The moiré reciprocal lattice vectors are

=[I — M~'Rs]G;, (B1)

for j € {1, 2} [14,28]. In addition, we define
8 =8 1&- (B2)
The high symmetry points in the new moiré Brillouin zone are
Yy =Kar, (B3)
=y~ 38 + 38, (B4)

- _ 2 1

K =Y —38 — 38 (B5)
h=y—3ig. (B6)

We model the effect of the hBN layers as an effective
potential acting on the outermost layers (/ = 1, 5) of the R5G.
This moiré potential can be written as

Hy= Y Vi) e (B7)

r
le{top,btm}

r goes over all unit cells and ¢ ., creates an electron at position
r and layer /. Since our effectlve Hamiltonian retains only the
A sublattice in the bottom layer and the B sublattice in the top
layer, we apply the moiré potential exclusively to these sites.
The moiré potential has the moiré periodicity so we can write
the potential as

Vig) =Y Vi expling - rl. (BS)

ne{l, -1}

je(1,2,3)
Here, the sum runs over the first shell of moiré reciprocal
lattice vectors around the first moiré BZ. This is known as
the “first harmonic” approximation. We use values for the
prefactors Vlm& introduced in Ref. [28] such that the potential
can be expressed as

=Vo+Vi Y explin(g; -r+v: + ). (BY)

ne{l,—1}
je{1,2,3}

V()

There is a phase shift ¥z which depends on the stacking con-
figuration, for example, the A sublattice of graphene may lie
above either a boron atom (§ = 0) or a nitrogen atom (§ = 1),
as described in Ref. [28], and this leads to differing phases
for the effective potential. We use the values in Refs. [28] and
restrict our study to the & = 0 stacking for both the top and
bottom layers, for which v, = 223.5°. The additional phase
factor ¢ is O for the bottom layer but for N, layers of graphene,

the top layer gains a phase ¢ = 2% N’ . This phase accounts for
the relative shift in the moiré pattern that arises because, in
a given unit cell, the B sublattice site in the top layer is not
directly aligned above the A sublattice sites in the bottom layer
[13]. Note that the moiré coupling does not couple the top and
bottom layers. We use Vp = 28.9 meV and V| = 21.0 meV
following Refs. [14,28].
We rewrite the Hamiltonian in momentum space using

o1 ikt
Cr,l_LE:e Cro
k

where the sum over k goes over all momenta in the R5G BZ
and the system consists of L? unit cells. This gives

(B10)

HV — Z Z Ei(kik#gj)'rvl,ng/C;; lck’,l~ (Bll)
Lrkk nefl,—1}
jet1,2,3)
Performing the summation over r gives
Hy =" " SkingVirg i Cu.i- (B12)
Lk .k nefl,—1}
jel1,2,3)

We now express all momenta in terms of the momentum in
the mBZ (k) and a moiré reciprocal lattice vector (Q), i.e.,
c;Q’ = c,t o We obtain

Hy = Z Z Z Z (8Q,Q’fng,Vl,ng,»)cz,g,zck,g’,l- (B13)

Ik Q.0 ne(l.—1}
jell,2,3)
The sum over @, Q' is over all moiré reciprocal lattice vectors,
i.e., not restricted to the first ring about the mBZ. We obtain
the full moire Hamiltonian

Hy =Hy + Hy
(m) il
Z ZZ%» 0. ®kg ko, (Bld
kemBZ .0’ LI
where
I s, iy ®) = lhest (k + Q)i + Vod1 1.0
+ Y (S.0-ngV1)- (B15)
ne{l,—1}
je{1,2,3}

Here the first term heg(k) represents the low-energy R5G
without the moiré coupling. The moiré system retains Cs
symmetry and so there are three high symmetry points y, k4,
and k_. To obtain a finite matrix size, we truncate the set of Q
vectors in the moiré Hamiltonian to those within a ring around
the y point with |Q| < 5[27 (amoire)~'1, where amoire is the
moiré lattice parameter.

APPENDIX C: CHERN NUMBERS
OF NON-INTERACTING MODEL

We plot the Chern numbers of the conduction and valence
bands (e.g. see Fig. 4 in main text) as a function of applied
field up and twist angle 6. The resulting phase diagrams are
shown in Fig. 7. We see that both bands can have Chern
numbers 0, 1, and 2 (mod 3). We choose to study excitons
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(a) valence band (b) conduction band

20 20
15 15 %
10 10 003
% 5 5 0.25 5
g 0 0 0.00 §_
S -5 -5 o S
-10 -10 ’g
-15 -15 s B
-20 -20 N

0.0 0.2 0.4 0.6 0.8 1.0
6 (deg)

0.0 0.2 0.4 0.6 0.8 1.0
6 (deq)

FIG. 7. Chern numbers (mod 3) of the valence and conduction
bands as a function of the twist angle of the hBN with respect to the
R5G and the applied potential up.

at the experimental angle 8 = 0.77° at the displacement fields
up = 20 meV.

We will now show an example of how the moire potential
alters the band structure of the free-standing rhombohedral
graphene model. We demonstrate this by slowing turning
on the moire potential and seeing how the bands gap out
to generate the Chern number 1 band at up = 20 meV. We
tune the moire potential by multiplying the moire potential
strengths (Vo, V}) by a parameter . When o = 0, the moire
potential is turned off, when o = 1 the potentials are at their
full values given by Ref. [28]. At « = 0, we plot the bands
folded into the smaller mBZ (Fig. 8(a)). However, since there
is no moire potential applied, the folded bands do not yet
hybridize. Note that the states at x4 and x_ (above and below
the Fermi level) are three-fold degenerate. Adding the moire
potential allows these degenerate states to gap out. We see
that in the conduction band, at « the state with C; eigenvalue
o™ becomes lowest in energy. The conduction band states at
k_ remain (close to) degenerate until large «, but by o = 0.8,
we see that the state with C; eigenvalue 1 becomes lowest in
energy. The resulting C; eigenvalues for the upper band imply
that the conduction band has Chern number 1 (mod 3). We see

(a) a=0
T T T
< 1 1 1
= 100 i i i
= 1 1
= 1
> [ 1 1
20 I 1 1
;g’ 0 I 1 1
1 1 1
K Ky K
Momentum
(c) a=05
o) T W 1N
1
R N T e R
= ot .
aﬁ
P R T e
€2 1
“ 1 Vi < 1 /]
K_ ~ Ky 1 K
Momentum

then that the Chern number 1 band was induced by the moire
potential via band folding and then hybridization.

APPENDIX D: EXCITON HAMILTONIAN

We calculate the exciton spectra and wave functions using
the following method. We project the fully many-body Hamil-
tonian into the variational basis,

P k) = ¢} v |GS). (D1)

The total momentum of the above state is p, the relative
momentum is k.

We project the full Hamiltonian onto the variational basis
and calculate its matrix elements,

(p.k|H |p,K).

We have a contribution from the kinetic Hamiltonian
[Eq. (B14)],

(p.k|Hy |p. k') = S n (EGs. — €xv + €pthe)s

where €, ., are the single particle energies of the kinetic
hamiltonian for the conduction/valence bands at momentum
p. The ground state energy is Egs. = )  €k.v-

We also project the interaction term into this basis. We
first derive the general form of the matrix elements before
showing the results for the moiré Hamiltonian. We begin with
the general form of a translationally-symmetric interaction
Hamiltonian,

(D2)

(D3)

Hine = E Ur—r i jMR.iAR s (D4)

RR.ij
where 7ig ; is the number operator at unit cell R and i labels the

sublattices. Now we write this in the momentum basis. First
note that

1 .
T Z ik-R T
.= —) "%l (D5)
k,i R.i°
NA
(b) a=02
T T T \
- 1
= 100 |
= |
= ¥
2 jw* :a) I
g Oro* | T I
Lﬁ [0
N 1 ] 1
K y Koy m K
Momentum
(d) a=0.8
T T T
) 1 1 |
= 100/ i
2 1w* jo* 1
> % I I I
g 02 ) 1 |
= I ST ]
k 1 1 1
K_ y Ko I K_

Momentum

FIG. 8. Tuning the moire potential to show the formation of a conduction band with Chern number 1. The o = 0 plot shows the effects of
band folding without hybridization. When « # 1 hybridization can occur to gap out the conduction band. We plot the C; eigenvalues at the

high symmetry points with w = exp(i%” .
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1
T Z —ik-R T
Cp: = —— e c .. (D6)
R,i 7 k,i
VR
We rewrite the number operators as
nR,i = C;g iCR.i (D7)
= — Ze"(” q)RJ iCq.i- (DS)
Equation (D4) becomes
Hy = Z Z UR 4 o~ P~ R—i(p'—q R
RRi,jp.q.r.q
X c;icqic;,jcq/ j (D9)

Z Z UR oI P—OR—i(p'~¢'+p'—q) R

R.R.i.jp.q.P.q

(D10)

i i
X €piCqiCpy iCqjs

where we set R — R’ — R. This can be further simplified by
perforrning the sum over R’ and ¢’ to give

R T
A = Z > Urije PR cqich icpgip.j. (D11
R i,j pqp'
Let Up,ij = % ZR UR’l‘jeiipAR,
g T
A=Y Upijch,,icqich icorai- (D12)
Pqq'ij

To calculate the matrix elements

(p,k|Him |p1 k,) ) (D]3)

we express the interaction Hamiltonian in the band basis. The
Bloch function for band «, is ul."“ meaning that

k.o T
Cka z :M Ckl’
—k,a
Cka = E u;" Cki,
i

(D14)
(D15)

where i sums over the sub-lattices, and « € {c, v}. We use
the notation @*“ = (u¥*)*. Plugging this relation into equa-

tion (D12), we obtain

4 S 2 N AT )
Hyy = Up,l]Cp+q’icqqlcq/’jcp+q/’j (D16)
Paq'ij |

(nvetoxTyate)

= (o) (e (e ya™y — (x’
+ (1Y) (=M erT) (x o) +

p+q.o qo’ —q'.p p+qﬂ
Up,ijit; wp w;u; cerqa

- ¥

paq'ijac’ BB

X CqarChy gCpiq - (D17)

ot J B prd B
Defining U" vy = i WUp ity % j’“ i ﬁu’j’ 77 we can
write
Paq ¥
Y UM ChigaCanCy pCpia - (DIB)
pqq' o’ B’
The matrix elements are
5 I
(P klH P, k) = D" UM (G|} Cpine
lqq'ac’ B’
X Cl+q e O"cq pCl+q.p c! P, e Y IGS) .
(D19)

Wick’s theorem can be used to simplify the expectation value,

(GS| c;(',vcp+k,cc;'+q7acq,a/c;,, ﬂc,ﬂ,,ﬂrc;k/,cck,,v IGS). (D20)
For readability, we simplify the notation to
uh=cf . (D21)
V= Cpikes (D22)
=, g’ (D23)
o= Ca (D24)
xF= c;,’ 4 (D25)
Y = Clig.ps (D26)
M=cl (D27)
E=cp,. (D28)
The expectation value becomes
(n'viloxyr'le). (D29)
This can be expanded using Wick’s theorem as
WETE ATy — AN TE) (xTy) — (T (T
v (¢TEN oAy — AN (Tl (xTE) + (&) o X))
+ (1 Ts>(<v;*><<a>ﬂ><wﬁ> + @) + wxH Tl yah) — (cTy)orT))
x"). (D30)

+ AN (¢ To) (o Ty) +

(¢'y)o
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We simplify the expression using the values of the two particle correlators. After performing the sum in equation (D19), we

obtain

<p’ k| ﬁinl |pa k’)

- Ycvve veev vvee

cecee ccov vvce

4+ yrtk-a9q 4 yOrtiq | 70.q.ptk _ Uq,p+k,p+k) + S p § : (Uﬂ,q,q’ + Uq,q’,tl’)_

Finally we note that the final term is equal to the shift of the
ground state energy due to the interaction, i.e.,
(GS| Hip IGS) = Y " (UNS8 + ULLA).

vvvv veev

(D32)

q9.9

Therefore, to find the exciton spectrum compared to the mod-
ified ground state energy, we subtract this term from the
exciton Hamiltonian.

For a moiré Hamiltonian [e.g. of the form Eq. (B15)] the U
matrices become

ULl s = D V(0 + @ i aoluy ) (1) o) (D33)
0

RNN

where |ug) is the eigenstate of the moiré Hamiltonian
[Eq. (B15)] with momentum p and for band « € {c, v}. The
interactions are modelled as a double-gated Coulomb poten-
tial as in Ref. [14],

Vo tanh(|p|d)
Ip| ’

where d is the gate distance. We set d = 250 A [14] for the
following calculations. The interaction strength V) = 520—7; de-
pends on the relative permittivity €,, for which we use €, = 6.
Note that the expression is in Gaussian units.

V(p) = (D34)

APPENDIX E: EXCITON WANNIER STATES

We now use symmetry indicators to calculate the exciton
Wannier centres. We label the exciton eigenstates in the exci-
ton band of interest as |?). The maximally localized exciton
Wannier states then take the form

1 . .
wh = —= D e PRIP) |y (E1)
14

where ¢ is a gauge transformation that maximally local-
izes the exciton Wannier state [22,23]. The C; eigenvalues of
the exciton bands are shown in Table II. Since the exciton
band is trivial, the exciton Wannier states are exponentially
localized. The C; symmetry then requires that the exciton

TABLE II. C; eigenvalues of the exciton wave function at high-
symmetry points in the Brillouin zone for two different parameter
choices. The exciton Wannier center §.,. is stated in terms of the
Wyckoff positions [see Fig. 9(b)].

up AJe Ai’f A Sexc
20 meV w 1 w* 1c
—20 meV w* 1 w 1b

ccov vvvve vvvv vvvvr vceev

, , / Y
— yPkK 4 yoppikptk _ K —kkptk _ k=K prk' K S Z (Uq,k,k _yYka _ 0ak _ r7qk—qk—q

q

veev Y veev (D3 1)

q.9

(

Wannier centres sit at one of the maximal Wyckoff positions
[la, 1b, 1c in Fig. 9(b)]. We calculate the C; eigenvalues we
expect for exciton Wannier states localized at each of these
locations.

1. Wyckoff position: 1a

The Wyckoff position 1a lies at the center of the moiré unit
cell. We wish to determine the relationship between the exci-
ton Wannier center and the exciton C; eigenvalues. We first
express our exciton wave function in terms of the maximally
localized Wannier functions,

1

Py = — ) PR |\wky. E2
[Za) W;e |Wk) (E2)

Next we consider how the C; operator acts on this wave
function. The Cs operator rotates real space positions by 2 /3
about the la Wyckoff position within the R = 0 unit cell.
Therefore, under Cs, the exciton Wannier state for unit cell
R is mapped to unit cell Ug,R (the U, operator rotates real

space positions by 27 /3). Applying Cs to the exciton wave
function gives

G lyP) = % ; PRy WE) (E3)
- xw% D et i (E4)

- xw% > U Ry (ES)
(E6)

1 .
= —= ) elerT W),
2

where Ay is a phase such that C; [WR) = Ay [WUeR) | Since
[C3]? is the identity, therefore, Ay € {1, w, w*}. At the high

(a) (b)

0.1 5 1b
< 00 S 0 ICLZ
§—01 5*25

. L

—25 0 25

Ty (aGr)

FIG. 9. (a) is the mBZ of hBN/R5G/hBN for 6 = 0.77°, moiré
reciprocal lattice vectors gy, g2, and high symmetry points p, k., k—
and p. The real space unit cell (b) shows the lattice vectors Ly, L,
and maximal Wyckoff positions la, 1b, lc.
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symmetry points p € {y, k4, k_} (see Fig. 9), the exciton
wave function is an eigenfunction of the C3 operator,

a - 1 A
G lyP) = aw—= ) eValkwk) (E7)
7
1 o
= ’\Wﬁ XR:el’R W) (E8)
= Ay [¥P). (E9)

We see therefore that, when the exciton Wannier centres are
at the 1a Wyckoff position, the Cs eigenvalues are the same at
all high symmetry points (and equal to Ay ). This is not true
for either of the bands in Table II and so their exciton Wannier
centres are not at the 1a Wyckoff position.

2. Wyckoff position: 15

We now find the symmetry eigenvalues of the exciton
wave function if the exciton Wannier states sit at Wyckoff
position 1b (Fig. 9). The C3 operator rotates about the la
Wyckoff position. Therefore, when the exciton Wannier state
is centered at 1b, the exciton Wannier center is transformed
R — Uc,R — L, under the action of C3 [see Fig. 9(b)].

We consider the action of the C; operator on the exciton
wave function

G ly?) = % ;e"""és W) (E10)
= L > PR |y leR-la) (E11)

W
_ lw% XR: o0 REL2) gy R (E12)
= Ay % ; lUcsp- R+Ly) Ry (E13)

Hence at the high symmetry points p,

G lyP) = AW% ; P U Wk (B14)
= (awe?™2) |y ). (E15)

The C; eigenvalues at the high symmetry points are, therefore,
e, (P) = dwePTe. (E16)

Using w = e71%, we can write the C; eigenvalues of the ex-
citon wave function at the high symmetry points as Ac,(y) =
Aw, Aoy (ky) = Aww and Ac, (k=) = Awow™. For Ay = 0™ we
see that this gives identical symmetry indicators to those
shown for the excitons at up = —20 meV (see Table II).
Therefore the exciton Wannier centres at up = —20 meV are
at the 15 Wyckoff position.

3. Wyckoff position: 1¢

The same method can be used to calculate the symmetry
eigenvalues for exciton Wannier states that sit at the 1¢ Wyck-
off position. Here we find that under C; the exciton Wannier
state at unit cell R transforms to UQR — L,. The symmetry
eigenvalues, therefore, are

A, (P) = Aweh. (E17)

We find that Ac,(¥) = Aw, Ac,(k+) = Awow™ and A, (k_) =
Aww. For Ay = w this gives the symmetry indicators we
found for the exciton band at displacement field up = 20 meV
(see Table II). Therefore the exciton Wannier states at this
displacement field are centered at the Wyckoff position Ic.

APPENDIX F: EXCITON BERRY CURVATURE

In Ref. [23], we derived two exciton Wilson loops which
relate to the projection of the electron and hole position oper-
ator into the exciton band. For 1D systems, we obtain the two
exciton Wilson loops for the conduction (c) and valence bands
(v) respectively,

Wexe.c = l_[ |:Z¢p+A¢k » (Ui n e, c>:| (F1)
Wexew = 1_[ |:Z¢F+A¢k+A U Ao | Uk o) :| F2)

with A = 27 /L for system size L. We note that these can both
be written as a product of projectors,

Wexe /v = (Z,{CXC L/v| hm 1_[ |uexc c/v) (uexc c/v} |uexc c/u)

(F3)
using
US) = 3" QF 1K) @ lupiie) @ IB) . (Fd)
k
U =SB 1P+ K) @ i) ® 1) . (ES)
k

See Ref. [23] for details of the derivations.

Following the method introduced by Ref. [33], we can use
these Wilson loop expressions to construct expressions for the
flux through loops in the BZ. We consider the exciton wave
functions which we have calculated on a grid with spacing d,
in direction w. We can define the link variables

(uexc.c/v(k)luexc,c/v(k + dﬂ»

Uner® = peseigoueracraon
We then calculate the lattice field strength,
Fepy(k) = —iln[U; oy (k +d1)Us )y (k +d2)
X Ut,epo(b) ™ Unepo®) '] (F7)

For small |d |, F.,(k) is proportional to the Berry curvature
[33] and the Chern number of the band can be calculated as

1
= 5= 2 Fenb). (F8)
k

This gives us a method to calculate the exciton Berry cur-
vature without having to first find a smooth gauge. We have
two expressions for the Berry curvature but for the system
studied in this paper, they both give similar Berry curvature
distributions. In addition, as expected, they both integrate to
the same value and so give the same Chern number [23]. In the
main text, we, therefore, only plot one of the possible Berry
curvature plots that calculated using [L£*¢).
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