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We present an improved version of the algorithm contracting and optimizing finite projected entangled pair
states (fPEPS) in conjunction with projected entangled pair operators (PEPOs). Our work has two components
to it. First, we explain in detail the characteristic contraction patterns that occur in fPEPS calculations and how
to slice them such that peak memory occupation remains minimal while ensuring efficient parallel computation.
Second, we combine controlled bond expansion [A. Gleis, J.-W. Li, and J. von Delft, Phys. Rev. Lett. 130,
246402 (2023)] with randomized singular value decomposition [V. Rokhlin, A. Szlam, and M. Tygert, SIAM
J. Matrix Anal. Appl. 31, 1100 (2009)] and apply it throughout the fPEPS algorithm. We present benchmark
results for the Hubbard model for system sizes up to 8 x 8 and SU(2) symmetric bond dimension of up to D = 6
for PEPS bonds and yx = 500 for the environment bonds. Finally, we comment on the state and future of the

fPEPS-PEPO framework.

DOI: 10.1103/sfxv-fvyc

I. INTRODUCTION

In the past 30 years, tensor networks have become an
increasingly popular tool for calculating quantum many-body
systems [1-3]. The prototype of this family of algorithms
is the density matrix renormalization group (DMRG) [4,5],
which operates on a type of one-dimensional tensor net-
work state called matrix product state (MPS) [6,7]. MPSs
are constructed by factorizing and truncating a many-body
wavefunction and are most suited for one-dimensional quan-
tum systems. Their natural generalization to two dimensions
are projected entangled-pair states (PEPS) [8—11], whose ar-
rangement of tensors matches that of a 2D lattice. While
MPSs are convenient to process due to the existence of a
canonical gauge, working with a PEPS has proven to be much
more complicated due to its loops and the resulting high costs
of tensor contractions, the inability to compute expectation
values exactly, and the poor convergence of variational cal-
culations.

The most prominent variant of PEPS algorithms is the
infinite PEPS (iPEPS) algorithm [12]. It has been successfully
applied to various toy models in two dimensions [13-18],
but is designed to simulate the thermodynamic limit through
a unit cell whose size can not be increased arbitrarily. In
addition, PEPSs have been used in more special applications.
For instance, imposing unitarity along all virtual bonds yields
isometric tensor networks [19-22], which are easier to process
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but also limited to more exotic phases, such as string-net liq-
uids. Gaussian PEPSs have been used as the starting point for
calculating lattice gauge theories [23], d-wave superconduc-
tors [24], and U(1)-Dirac spin liquid states [25]. Furthermore,
PEPSs have been combined with Monte Carlo methods [26],
were shown to represent chiral spin liquids [27], and were
applied to thermal states [28].

In this work, we return to the original idea of calculating a
grid of unbiased tensors for open boundary conditions without
any gauge constraints, called finite PEPS (fPEPS) [29-31].
While the methods listed above are restricted to either small
unit cells or limiting gauges and therefore special phases,
fPEPSs without gauge constraints have at least the theoret-
ical possibility to describe the entire physical behavior of
large, heterogeneous two-dimensional quantum systems in an
unbiased fashion. Section II gives a short overview of the
fPEPS-PEPO methodology that was detailed in the precursor
of this paper [31]. In Sec. III, we describe in detail how
to optimally contract the two dominant tensor clusters that
occur while optimizing fPEPSs. Afterwards, we combine the
controlled bond expansion [32] with the randomized singu-
lar value decomposition [33,34] in Sec. IV and apply it to
both the environment approximation, as well as the energy
minimization within the fPEPS algorithm. Afterwards, we
present benchmark results for the Hubbard model in Sec. V
and comment on the improvements over the previous version
of the algorithm. Finally, in Sec. VI, we comment on the state
and future of the fPEPS-PEPO scheme.

II. THE FPEPS FRAMEWORK

In the following, we briefly sketch how to conduct energy
minimization through finite PEPSs. Figure 1 illustrates the
energy functional £ = (Y|H|Y¥) as a sandwich of a PEPS
|¥), projected entangled pair operator (PEPO) H, and adjoint
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FIG. 1. PEPS-PEPO network for a 4 x 4 lattice. Black lines con-
nect PEPS tensors, blue lines connect PEPO tensors, and green lines
connect PEPS and PEPO tensors.

PEPS (| for a 4 x 4 lattice.The PEPS is a representation of
the wavefunction for a two-dimensional system, where two
adjacent tensors are connected by a black bond of dimension
D. The PEPO is the two-dimensional generalization of a ma-
trix product operator (MPO) and stands for a Hamiltonian in
2D. Its construction follows the ideas of Crosswhite et al.
[35,36], who introduced finite state machines to transform
local operators into their tensor network representation. The
fermionic sign of the Hubbard model is included via the
Jordan-Wigner transformation, which substitutes a cumber-
some bookkeeping by parity operators in the Hamiltonian.
The resulting PEPO tensors are then connected by blue
bonds of dimension w, which remain constant throughout the
simulation. The three layers are connected by green bonds
representing local Hilbert spaces of dimension d.

Due to the loops inherent to an fPEPS network, the costs
of computing expectation values exactly scale exponentially
with system size. Therefore, a feasible way of working with
fPEPSs includes an environment approximation, in which
bundles of three bonds of total dimension D w D are suc-
cessively compressed to a cumulative bond of dimension .
This scheme is structurally identical to the boundary MPO
approach [30], where we initialize with x = 1, start sweep-
ing, successively build up the bond dimension, and find the
most optimal symmetry sectors. In practical simulations, x >
D, w, d for stable ground state calculations.

Given this setup, energy minimization is performed by
choosing one of two optimization schemes. In the first, called
local update, one sweeps over the lattice in both directions to
optimize a single tensor plus an adjacent bond. The second,
called gradient update, allows one to optimize all PEPS ten-
sors simultaneously while keeping the basis along the bonds
fixed.

A thorough explanation of the procedure listed above is
given in Ref. [31].
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FIG. 2. Characteristic contraction patterns appearing in the
fPEPS algorithm, with the environment contraction depicted in
(a) and the contraction of an effective single-site Hamiltonian and a
PEPS tensor depicted in (b). 7', L, B, and R are environment tensors,
while the tensor in the center C is a sandwich of a PEPS tensor, PEPO
tensor, and adjoint PEPS tensor for (a) and a sandwich of a PEPS
tensor and PEPO tensor for (b).

III. OPTIMAL CONTRACTION SEQUENCE

The costs of the fPEPS algorithm are dominated by two
characteristic contraction patterns, depicted in Fig. 2. Figure
2(a) consists of three environment tensors (7, L, B) plus a
PEPS-PEPO-PEPS sandwich (C), and is computed during
the environment approximation, as well as the sweeping pro-
cess at energy minimization. Figure 2(b) consists of four
evironment tensors (7, L, B, R) plus a PEPS-PEPO sandwich
(C), and constitutes the Hg|yr) operation during the David-
son algorithm, where H.s is the effective Hamiltonian of
the single-site Hilbert space and |v¢) is a PEPS tensor. By
removing T and B and the bonds attached, one gets the corre-
sponding operations of the DMRG.

Multiplying one tensor after another and as a whole
generates giant intermediate contraction results of size
O(x*(DwD)?), which can exceed the size of all other tensors
stored in memory. Therefore, we have developed a strategy
for slicing those tensor contractions such that peak memory
usage remains as small as possible, without any loss of speed.
An overview of this algorithm is given in Algorithm 1.

First, we compute and store the sandwich tensor C. At
this point, it is tempting to fuse multiple indices of C to
concatenate some of its dense tensor blocks and accelerate
future contractions with its neighboring tensors. However,
PEPO tensors of local Hamiltonians, which are included in C,
do not just observe quantum number conservation, but exhibit
even more structure as only a small number of symmetry-
preserving hopping terms are actually present. Index fusion
therefore leads to large, highly sparse tensor blocks in this
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ALGORITHM 1: Sliced tensor contraction.

function maketable( X )
Initialize table (q1,q2) — {X},, ,,
for (q1,¢2) in X do
Add entry to table (q1,¢2) = {X}
end function

q1,92

Calculate C'
Initialize table {(gt, ql)}i — {(q, qT)}i
for (qi,qi,qs,qr) in C do
| Add entry to table {(q:,q)};, = {(av,ar)};
end

(qer, qi) — {T}qmqt + maketable(T)
(qo, 1) — {L}%zﬁqz + maketable(L)
(qvi, ) — {B}‘Ibl,a‘Ib + maketable(B)
if R present then

| (gr,qr) = {R},, , ¢ maketable(R)
end

E+0

for all i do

(O} = A wanti t@man)),s
for all q.r do

for all q»; do
if R present then

E+ = (({T},,,. 4 {L}y,,.q)  1C})
'({B}qm b {R}qw \qr )

else
E+=(({T},,, ¢ {L},,.q) {CH)
end ’ {B}qbl¢Qb
end
end
end
return E

case and we recommend to retain C in the form depicted in
Fig. 2(a).

Second, we scan C once and associate bundles of quantum
numbers at the top and left (¢;, g;) with their counterparts at
the bottom and right (g, ¢,). This way, we generate a map
{(q:, g)}i = {(g», qr)}i, where the index i designates a set of
different quantum numbers whose contraction results may add
up to the same final tensor, should ¢, and g;; also be equal.
The number of these sets determines the number of iterations
in the outermost loop of our contraction scheme.

Third, we generate three maps [(g:r, g:) = (T}, .41
[(Gs1. 41) = (Llguq)s @12 @) = (Blgy.q,], plus a fourth
map [(g:, g-) = {R}y,.q ] for the Heg|yr) contraction in
Fig. 2(b). These additional maps associate the external quan-
tum numbers to the dense blocks inside the environment
tensors. After these preparations, we actually calculate the
contraction result by nested looping over i, g,,, g, and com-
puting ((T - L) - C) - B for Fig. 2(a) and (T - L) -C)- (B-R)
for Fig. 2(b). Since contractions for different (7, g;,, g») do
not overlap with each other, this scheme is easily paralleliz-
able.

FIG. 3. Controlled bond expansion for the environment

approximation.

IV. CONTROLLED BOND EXPANSION VIA RANDOMIZED
SINGULAR VALUE DECOMPOSITION

Processing fPEPSs requires two stages at which a bond
between two adjacent tensors is optimized. One takes place
during the energy minimization of the wavefunction (as is
also done in DMRG), the other occurs during the approxi-
mation of each environment and is structurally identical to an
MPS compression. To circumvent the costs associated with a
straightforward 2s-type algorithm, the controlled bond expan-
sion (CBE) [32] allows one to optimize a bond at 1s cost.

Figure 3 illustrates the CBE for the environment approxi-
mation.The upper row constitutes the previous environment in
a mixed canonical form with bond dimension . The middle
row is a sequence of PEPS-PEPO-PEPS sandwiches with D as
the PEPS dimension and w as the PEPO dimension. The lower
row is the new environment to be calculated and is supposed
to have maximum overlap with the two rows above at bond
dimension x. The orthogonal projectors at the bottom are
defined by the completeness relation in Fig. 4. In the language
of projector formalism, x and j are the dimensions of kept
and discarded space, respectively [37].

Contracting and factorizing the entire cluster in Fig. 3
generates the truncated complement, which contains the most
weighty states of the discarded space and is the final output
of the CBE. Processing Fig. 3 in this straightforward man-
ner requires operations that are as expensive as performing
2s optimizations, which is why the CBE was introduced in
conjunction with the shrewd selection [32], a sequence of
contractions and factorizations of smaller tensors. However,
as was pointed out by McCulloch et al. [38], a more effi-
cient factorization of a large matrix of small rank can be
performed using randomized singular value decomposition
(RSVD) [33,34]. For the (x DwD) x (x DwD) matrix A in
Fig. 3, this scheme starts by generating a (x DwD) x () ) ma-
trix Q filled with Gaussian random numbers, where ¥ < x is
the number of states one wishes to extract from the discarded
space. Through repeated application of A and A7 onto €2, one
can extract the dominant subspace within A and perform an

Dw D, DwD DwD
X x2 x

X + X=2)

X X X

DwD DwD DwD

FIG. 4. Completeness relation for environment tensors.
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DwD

FIG. 5. RSVD for the CBE within environment approximation. (a) Initial setup of A Q2. (b) Separation of right orthogonal projector into
identity and tangential projector via the completeness relation in Fig. 4. (c) Contraction of tangential projector and 2. (d) Contraction of both
bracketed clusters. (e) Subtraction of both bracketed contraction results. (f) Contraction of upper four tensors from (e) and separation of left
orthogonal projector into identity and tangential projector. (g) Final contractions and subtraction.

optimized, truncated factorization. In the context of CBE for
fPEPS, % <« xDwD, which is why we empirically found a
single application of A to 2 to be sufficient to extract all
relevant contributions from the entire matrix A.

For all steps of the RSVD, we refer to Example 1.6 in
Ref. [34]. Here, we only detail the individual operations of
A Q in Fig. 5, which are devised such that the most expensive
contraction has O(¥ x2(DwD)?) cost. Figure 5(a) illustrates
the initial setup with the Gaussian matrix €2 as a white circle
on the right. First, we note that one should not calculate the
orthogonal projector explicitly to avoid generating tensor legs
with a dimension of j. Therefore, it is split into the identity
and the tangential projector in Fig. 5(b). Afterwards, €2 is con-
tracted with its adjacent environment tensor, leading to two
structurally identical clusters in Fig. 5(c). Both are processed
according to Fig. 2(a) and subtracted afterwards [Fig. 5(d)].
In Fig. 5(e), the four tensors on top are again contracted
according to Fig. 2(a), leaving only a trivial contraction and
subtraction as shown in Figs. 5(f) and 5(g). Note that this
approach to the CBE renders the operations in Figs. 19 and
20 of Ref. [31] obsolete.

Figure 6 illustrates the CBE for energy minimization. The
PEPS tensors are run through the weighted traced gauge [39],
such that orthogonal projectors can be constructed [31]. Oth-
erwise the same arguments apply as before and we only need
to detail the operations of A 2 in Fig. 7. We again start with
the initial setup in Fig. 7(a), where the white circle in the lower
right corner constitutes the Gaussian random matrix 2. Since
x > D, D, D, the orthogonal projector for PEPS tensors can
be calculated directly and is contracted with €2 on the right,
leading to Fig. 7(b). The right half of the cluster is calculated
according to Fig. 2(a), which leaves the tensors illustrated in

Fig. 7(c). The PEPS tensor and its connected projector are
dislodged, leaving a cluster that is of the structure Heg|y)
and can therefore be contracted according to Fig. 2(b). The re-
maining, computationally inexpensive operations in Fig. 7(d)
yield the final result in Fig. 7(e).

Finally, we note that other less expensive matrix fac-
torizations exist in addition to the RSVD, such as the
Golub-Kahan-Lanczos bidiagonalization [40]. However, since
the RSVD effectively eliminated the costs of factorizations
in the CBE, we felt no need to compare it to other similar
procedures.

V. RESULTS

Given the computational improvements laid out in the
previous chapters, we present benchmark results for ground
state calculations of the two-dimensional Hubbard model.
The parameters are similar to those used in the latest ver-

DwD

PN
N

FIG. 6. Controlled bond expansion for energy minimization.
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FIG. 7. RSVD for the CBE within energy minimization. (a) Initial setup of A Q. (b) Contraction of right orthogonal projector with €.
(c) Contraction of four tensors on the right. (d) Contraction of all tensors modulo the lower PEPS layer. (e) Contraction of remaining tensors.

sion of the fPEPS-PEPO algorithm [31]: Hopping is reduced
to nearest neighbors only, onsite repulsion is set to U = 8§,
and open boundary conditions are implemented. The simu-
lations for the 4 x 4 and 6 x 6 lattices were performed at
half-filling, i.e., 16 and 36 electrons, respectively. For the
8 x 8 lattice, we chose 1/8 filling, i.e., 56 electrons, to induce
a stripe structure of the local density. As PEPS calculations
without symmetries are intractable in practical simulations,
we compared the usage of two different symmetry groups.
For U(D)gpin ® U(1)cparge Symmetry, abbreviated as "U(1)," we
picked PEPS bond dimensions ranging from D = 4 to D = 8.
For SU(2)spin ® U(1)charge Symmetry, abbreviated as "SU(2),"
we picked PEPS bond dimensions ranging from D = 4 to
D = 6. In Ref. [31], we empirically found that during ground
state calculations the symmetry sectors of virtual bonds did
not change significantly after two to three local sweeps, while
gradient descent algorithms tend to saturate after circa 100
global sweeps. We therefore opted for alternating between
three local sweeps and 100 gradient sweeps, constituting one
supersweep. For a proper comparison, we chose the same
ratio in this work. All simulations were initialized by PEPSs
with bond dimension 1, i.e., product states, such that the first
local sweeps would systematically build up the virtual Hilbert
spaces and find the best symmetry sectors. While the envi-
ronment bond dimension ranged from xy = 250 to x = 400
in Ref. [31], we were able to increase it to x = 500 for all
simulations in this paper, as this was the maximum bond
dimension computable. The resulting energies for all lattice
sizes were plotted relative to Ep, which is the final energy
of a DMRG calculation with D = 4000 states. For the 4 x 4
lattice, Ey amounts to the exact ground state energy, whereas
for the 6 x 6 and 8 x 8 lattice, Ej is an upper bound thereof.
Figure 8 depicts the energy convergence for the 4 x 4
lattice. The curves show a clear variational behavior, as the
energy decreases for higher bond dimensions and flatten
for increasing supersweeps. Several notable differences arise
when comparing them to Fig. 38 in Ref. [31]: First, the
[SU(2),D = 4] energies now lie between [U(1),D = 6] and
[U(1),D = 7], whereas previously it seemed to converge to
approximately the same value as [U(1),D = 5]. Second, for
both symmetry groups and most bond dimensions, the energy
exhibits a sharp decline at the beginning of the second su-
persweep, which indicates that after the first batch of gradient
sweeps, a set of local sweeps has been overdue to optimize the

virtual basis between PEPS tensors. Third, the [SU(2),D = 6]
run penetrates the 1% barrier after one supersweep, whereas it
stayed above it after two supersweeps previously. We attribute
all of these differences to the increase of x from 250, 300,
and 350 in Ref. [31] to 500 in this paper. This shows that
choosing a x that is too low can not just lead to numerical
instabilities which yield obvious pathological behavior, but
distort the convergence in subtle ways that are not detectable
in isolation, but only become apparent by comparing different
values of x. While the [SU(2),D = 6] run took four days and
150 GB of memory for y = 300 and two supersweeps, it now
takes five days and 26 GB of memory for x = 500 and 1.5
supersweeps.

We now proceed to the 6 x 6 lattice in Fig. 9. Again, the
energies show a clear variational behavior, although for a
lower number of supersweeps due to the larger system size.
Simulations for larger bond dimensions had to be terminated

+ U(1), D=4 + U(1), D=5
+ U(1), D=6 + U(1), D=7
+ U(1), D=8 +SU(2), D=4
+SU(2), D=5 «+SU(2), D=6
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FIG. 8. Relative error in the ground-state energy of the Hubbard
model on a4 x 4 lattice with open boundary conditions, U = 8, S =
0, and N = 16 (half-filling), calculated with fPEPS with U(1) and
SU(2) symmetry.
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FIG. 9. Relative error in the ground-state energy of the Hubbard
model on a 6 x 6 lattice with open boundary conditions, U = 8, § =
0, and N = 36 (half-filling), calculated with fPEPS with U(1) and
SU(2) symmetry.

early, as the algorithm became numerically unstable and re-
running those jobs for higher values of y was not feasible,
even with the computational improvements presented above.
The dropoff at the beginning of the second supersweep is even
more distinct here, indicating that the proper ratio between the
number of local sweeps and the number of gradient sweeps
ought to be reexamined. The [U(1),D = 7] curve exhibits
a temporary increase at the end, pointing to a temporary
instability from which the algorithm seems to recover after-
wards. The most striking improvement compared to Fig. 39 in
Ref. [31] is that we were able to execute a [U(1),D = 8] sim-
ulation, whose energies approximately coincide with those of
[U(1),D = 7] in the beginning, but then become significantly
lower in the second supersweep. While the lowest energy error
was previously 6.8% for [SU(2),D = 6], we managed to push
this number down to 4.7% in this paper, albeit at a higher
fidelity due to the larger x and half the runtime.

Finally, we comment on the energy convergence of the
8 x 8 lattice at 1/8-filling in Fig. 10. Unfortunately, we were
only able to provide a few data points for the SU(2) simula-
tions, as more were either numerically unstable or took more
than two weeks of runtime. Unlike the energies depicted in
Figs. 8 and 9, the lowest energies are given by the [U(1),
D = 8] simulation, which after one full supersweep and eight
days reached a relative energy error of 11%. This stands in
contrast to Ref. [31], where we were only able to reach an
error of 16% after half a supersweep and 21 days.

To gain some insight into the physical behavior of the Hub-
bard model at 1/8-filling, we also present the local density for
the U(1) symmetric case at bond dimension 8 in Fig. 11. The z
component of the spin is depicted as a blue arrow for positive
values and a red arrow for negative values. The hole density
is represented by green circles. As expected, we observe the

e U(l), D=4 « U(1), D=5
e U(l), D=6 « U(1), D=7
e U(l), D=8 SU(2), D=4
«SU(2), D=5 «SU(2), D=6
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0.1 ] :
0 1 2 3
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FIG. 10. Relative error in the ground-state energy of the Hubbard
model on a 8 x 8 lattice with open boundary conditions, U = 8, § =
0, and N = 56 (1/8-filling), calculated with fPEPS with U(1) and
SU(2) symmetry.
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FIG. 11. Local z component of the spin (S7) = %("M —ni)
(size, color, and direction of arrows) and local hole density 1 — (n;)
(diameter of green-shaded circles) on an 8 x 8 lattice with open
boundary conditions calculated with U(1) symmetry, and bond di-
mension D =8. Here U =8, S, =0, and N = 56 so that (n) =
0.875. The black numbers are the average (S7) for the column of sites
below, and the green numbers on the bottom edge are the average

hole densities for the column of sites above.
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FIG. 12. Local spin density (S?) (size of blue arrows) and lo-
cal hole density 1 — (n;) (diameter of green-shaded circles) for the
Hubbard model on an 8 x 8 lattice with open boundary conditions
and U =8, 5 =0, and N = 56 so that (n) = 0.875, calculated with
SU(2) symmetry, and bond dimension D = 6. The black numbers are
the average spin density for the column of sites below, and the green
numbers on the bottom edge are the average hole densities for the
column of sites above.
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well-known stripe structure [41] of an oscillating charge den-
sity, combined with incommensurate antiferromagnetism. The
charge oscillation is edge centered at the top and bottom of the
lattice, but appears to be site centered in the middle. Since the
algorithm is far from converged, we are unable to determine
whether this behavior is closer to the actual physical setup of
an 8 x 8 lattice with open boundary conditions, or a numerical
artifact.

We also present the local density for the SU(2) symmetric
case in Fig. 12. Since the z component of the spin is zero
by construction and antiferromagnetic order is suppressed,
we depict the total spin component instead. The charge den-
sity exhibits a similar stripe structure as in the U(l) case,
whose distribution is a qualitative improvement over the less
symmetric distribution in Ref. [31]. We again note that the
simulation is far from converged and one should therefore
expect the hole density to shift significantly for a more pro-
gressed simulation.

VI. SUMMARY AND OUTLOOK

In this paper, we explained in detail how to contract fi-
nite PEPSs without any gauge constraints. The first technical
section (Sec. IIT) concerned itself with the optimal contraction

of the two dominant contraction patterns and how to slice
them such that memory usage remains minimal. The second
technical chapter (Sec. IV) illustrated how to combine the
CBE with the RSVD and apply this factorization framework
to the fPEPS algorithm. Finally, we provided some benchmark
results in Sec. V and compared them to the previous version of
the fPEPS framework in Ref. [31]. For all three system sizes,
we were able to reach lower energies, at a higher x and lower
runtime, therefore justifying the technical improvements pre-
sented.

However, as is evident from the data, even these improve-
ments did not yield energies that come close to the upper
bounds provided by the DMRG, meaning that in its current
form, the fPEPS-PEPO scheme is still not a competitive tool
for calculating two-dimensional quantum systems. For future
research, the ideas presented in this paper and its precursor
[31] have to be combined with other lines of inquiry. One
promising option is to incorporate them into the contraction
of fPEPS via Monte Carlo methods [26,42,43], which allow
for a more efficient tensor contraction at the price of another
error. Liu et al. [43], in particular, report relative energy errors
of less than 1%, which is significantly more accurate than the
results presented in this work. We attribute this discrepancy
to our attempt at performing exact contractions, as opposed to
sampling methods. However, since Ref. [43] also relies on the
boundary MPS method, which is structurally identical to our
environment approximation, it could possibly benefit from in-
corporating the CBE4RSVD machinery. Another possibility
would be to apply the recently developed belief propagation
(BP) [44], which makes an attempt at canonicalizing cyclic
tensor networks. Since BP is not guaranteed to converge to an
optimal wavefunction for a given bond dimension, neglected
contributions can be reincorporated through a loop series ex-
pansion [45]. It remains an open question whether these or
other potentially new improvements will yield a breakthrough
and whether fPEPSs have the practical capacity to describe
arbitrary large, heterogeneous, two-dimensional quantum sys-
tems.
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