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Confinement-induced Majorana modes in a nodal topological superconductor
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We investigate the topological phase diagram of an extension of the Haldane model with equal spin pairing
superconductivity. In two dimensions, we find a topological nodal superconducting phase, which exhibits a
chiral Majorana mode propagating along the edges of nanoribbons with cylindrical boundary conditions. This
phase is however unstable in a finite two-dimensional rectangular-shaped lattice, yielding corner states close to
zero energy in a flake with alternating zigzag and armchair edges. When we reduce one of the dimensions,
quantum confinement gaps out the bulk bands faster than the edge states. In this scenario, hybridization
between the edge states can then result in Majorana zero modes. Our results hence suggest quantum con-
finement as a crucial ingredient in building quasi-one-dimensional topological superconducting phases out of
two-dimensional nodal topological superconductors. Furthermore, we characterize the emergence of this novel
topological phase by means of its topological invariant, coinciding with a quantized conductance of 2e2/h in a
normal-superconducting junction.
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I. INTRODUCTION

Majorana bound states (MBS) emerge as zero-energy
excitations at the boundaries of one-dimensional topolog-
ical superconductors. These quasiparticles fulfill the usual
fermionic anticommutation relations {γ , γ †} = 1 [1–3]. How-
ever, in contrast to regular fermions, their creation and
annihilation operators are equal, i.e., γ = γ †. This unusual
property leads to a neutral charge, a badly defined occupation
number and gives rise to anomalous signatures present, for
example, in the electrical [4] and thermal [5,6] conductance,
shot-noise [6], fractional Josephson effect [3], etc. Apart from
their fundamental interest, they have potential applications,
particularly in the protection of quantum information and
fault-tolerant quantum computation [2]; for further informa-
tion, see Refs. [7–13].

Among all possible candidates, p-wave superconductors
are the most widespread platforms hosting topological super-
conductivity [3]. However, the lack of this superconducting
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phase in nature has forced researchers to look for alternative
routes. Early proposals to overcome this difficulty suggested
a conventional proximity effect on one-dimensional spin-
momentum locking states directly on a quantum spin Hall
edge [14], or on Rashba quantum wire under Zeeman fields
[15,16]. Ever since, a huge experimental effort has been
made to bring these systems to the laboratory, where signa-
tures of zero-energy modes compatible with the presence of
MBS were found, for example, in the conductance [17–20]
and the fractional Josephson effect [21–26]. Unfortunately,
the identification of these zero-energy modes with Majorana
bound states is not univocal as the presence of quasi-Majorana
bound states [27–31] or trivial zero-energy Andreev bound
states [32,33] can also give rise to similar features. Hence,
the increasing interest for detection schemes that allow to
distinguish among both scenarios [34–38] and alternative plat-
forms for topological superconductivity that are less sensible
to disorder, like, for example, atomic chains [39,40], two-
dimensional semiconductor heterostructures [20,41], quantum
Hall edge states [42,43], bilayer graphene [44], honeycomb
lattice based nanostructures [45,46].

In this contribution, we investigate a new mechanism lead-
ing to the emergence of Majorana bound states, based on the
geometrical confinement of a nodal topological superconduc-
tor. To illustrate this mechanism, we consider an extension
of the Haldane model for a Chern insulator with equal spin
pairing (ESP) superconductivity. Here, we show that a Z2

topological nodal superconducting phase arises from the in-
terplay between the trivial masses of the model with the ESP
superconducting coupling. In this phase, the model exhibits
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a chiral Majorana mode in zigzag or armchair nanoribbons
with cylindrical boundary conditions. Interestingly, corner
states close to zero energy arise when considering a finite
rectangular-shaped lattice. These corner states result from
the alternating zigzag and armchair boundary conditions,
which impose an infinite (finite) localization length on the
chiral mode along the zigzag (armchair) edges. Similarly to
higher-order topological systems, a topological armchair edge
becomes surrounded by two effective trivial edges, and thus,
the initial chiral Majorana mode becomes localized at the
corners of the flake. In this scenario, Majorana bound states
can emerge at the ends of a quasi-one-dimensional zigzag
nanoribbon, resulting from the reduction of the armchair di-
rections. Here, the mass confinement plays a crucial role as
it opens a gap in the bulk spectrum, providing a finite local-
ization length on the chiral Majorana modes hosted by the
zigzag edges. In narrow zigzag nanoribbons, the reestablished
edge states can thus hybridize and give rise to a complex,
width-dependent phase diagram, whose topological regions
host quasi-zero-dimensional MBSs. We characterize the topo-
logical phase by means of the calculation of the topological
invariant and the conductance quantization, finding an exact
correspondence. Finally, we discuss possible connections with
experimental platforms.

The paper is organized as follows. First, in Sec. II we
introduce the Haldane model together with the spinless super-
conducting model used in the rest of the paper. Furthermore,
we provide insight on the bulk spectrum and the parameter
regime at which the superconducting spectrum develops nodal
points. Then, in Sec. III, we introduce a Z2 topological in-
variant to characterize a topological nodal superconducting
phase emerging in the presence of particle-hole and inversion
symmetry. Furthermore, we show the one-dimensional edge
states with zero-energy Majorana solutions that emerge when
bringing the bulk Hamiltonian into a lattice with armchair
and/or zigzag boundary conditions. In Sec. IV, we complete
our analysis studying the topological phase diagram of a
quasi-one-dimensional zigzag nanoribbon. To this aim we in-
troduce a topological invariant, the Majorana number, adapted
from the one-dimensional Kitaev Hamiltonian. We compare
these results with spectrum and zero temperature conductance
calculations, finding an exact correspondence between them.
Finally, we conclude in Sec. V discussing our results.

II. MODEL AND BULK PHASE DIAGRAM

A. Bulk Hamiltonian

The model considered in this contribution, consists on the
combination of two models responsible for the emergence of
two representative classes of topological states: the Haldane
model [47] and the ESP (spinless) superconductor [3]. To
this aim, we set first the honeycomb lattice with atoms of
sublattice A and B placed at positions

RA
ln = la1 + na2, RB

ln = la1 + na2 + a

(
1

2
,

1

2
√

3

)
, (1)

with the primitive vectors chosen as a1 = a(1, 0), a2 =
a(1/2,

√
3/2), a the second-neighbor distance.

FIG. 1. (a) First-neighbor real hopping, with amplitude t1.
(b) Second-neighbor complex hopping, with amplitude t2 and a phase
eiφ (e−iφ) associated to the hoppings in the (opposite) direction of the
arrows. (c) First-neighbor superconducting hoppings with amplitude
�: a hole is destroyed at the tail of each arrow, and an electron is
created at the corresponding end.

On this lattice, we consider the real-space tight-binding
Hamiltonian

H =
∑
l,n

[t1(a†
lnbln + a†

lnbl−1n + a†
lnbln−1) + H.c.

+ t2e+iφ (a†
lnal+1n + a†

lnal−1n+1 + a†
lnaln−1) + H.c.

+ t2e−iφ (b†
lnbl+1n + b†

lnbl−1n+1 + b†
lnbln−1) + H.c.

+ �(a†
lnb†

ln + a†
lnb†

l−1n + a†
lnb†

ln−1) + H.c.

+ (μ + m)a†
lnaln + (μ − m)b†

lnbln], (2)

with the operators aln (bln) destroying a fermion at the position
RA

ln (RB
ln) and satisfying canonical anti-commutation relations.

The model exhibits three types of hopping amplitudes, illus-
trated in real space in Fig. 1: (a) graphene nearest-neighbor
(NN) hopping, with amplitude t1; (b) next-nearest-neighbor
(NNN) hopping, with amplitude t2, and a phase φ resulting
from a staggered magnetic field with the same symmetries of
the lattice, and zero net flux over the lattice unit cell [47]; (c)
nearest-neighbor equal spin pairing superconducting hopping,
with amplitude �. Furthermore, it presents both a staggered
mass term, assuming opposite values (±m) on the sublattices
A and B, and a chemical potential (μ) term. In what follows,
we fix φ = π/2, set a as the unit of length, and t1 as the (uni-
tary) energy scale. Moreover, we assume the superconducting
gap parameter � to be real. Furthermore, since our study is
conceptual, we fix t2 = 0.3t1 and study the resulting phase
diagrams for a general set of parameters (m,�), with μ = 0
or (μ,�), with m = 0.

Regarding the choice of the mean-field superconducting
term, models presenting ESP superconductivity on bipartite
lattices have already been considered in literature [48–50].
In particular, it has been argued that spin-triplet f -wave su-
perconductivity could be induced in honeycomb materials
[49]. Indeed, it is fully compatible with the lattice sym-
metries, which is not the case, for example, for purely
p-wave superconductivity. On the honeycomb lattice, ESP
f -wave superconducting pairing would manifest in both a
NN and a NNN superconducting hopping term [49,50].
Here however, we neglect the latter. The motivation behind
this choice is twofold: first, in any real-world setup the
typical strength of the proximity-induced superconductivity
is already much weaker than the other relevant coupling
terms in the Hamiltonian, and an NNN coupling is expected
to be even weaker than a first neighbor one. Second, we
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FIG. 2. Low-energy BdG band spectrum for the cases μ = 0, m = 1 at: (a) � = 0.9 < �c,1; (b) � = √
10/3 = �c,1; (c) �c,1 < � =

1.2 < �c,2; (d) � = √
2 = �c,2. The other parameters are set as in the main text, i.e., t1 = 1, t2 = 0.3.

do not expect the addition of an NNN term to qualita-
tively alter our results. Unlike previous works on similar
systems where exact solution along critical lines in pres-
ence of Hubbard interactions were sought [48–50], in this
contribution we focus on exploring the emergence of a
topological superconducting regime in a proximitized Chern

insulator. Moreover, we show that this regime results from
the interplay between ESP superconductivity and trivial
masses.

In the bulk, the Bogoliubov de Gennes (BdG) Hamiltonian
of the NN-ESP superconducting Haldane model is given by
H = 1

2

∑
k �†(k)H(k)�(k), with

H(k) =

⎡
⎢⎢⎢⎢⎣

m + μ + 2t2S(k) t1 f (k) 0 � f (k)

t1 f ∗(k) −m + μ − 2t2S(k) −� f ∗(k) 0

0 −� f (k) −m − μ + 2t2S(k) −t1 f (k)

� f ∗(k) 0 −t1 f ∗(k) m − μ − 2t2S(k)

⎤
⎥⎥⎥⎥⎦. (3)

Here f (k) = (1 + e−ik·a1 + e−ik·a2 ) and S(k) = (− sin(k ·
a1) + sin(k · (a1 − a2)) + sin(k · a2)) arise from the nearest
and next-nearest-neighbor hoppings, respectively. The spinor
�(k) = [a(k), b(k), a†(−k), b†(−k)]T , with the fermionic
annihilation operators a(k) and b(k) acting on sublattice A
and B with momentum k. A complete derivation of the bulk
BdG Hamiltonian, starting from the real-space one given in
Eq. (2), can be found in Appendix A.

B. Bulk spectrum

Henceforth, we restrict our analysis to the situation where
either μ or m are finite, i.e., for μ = 0 and m �= 0 or μ �= 0
and m = 0. In these cases, the spectrum exhibits an additional
inversion symmetry, see Appendix A, which, together with
particle-hole symmetry, yields a symmetric spectrum with re-
spect to zero energy. Under these conditions, we can solve for
the bulk spectrum by squaring the Hamiltonian twice. Specifi-
cally, one finds the following expression for the (squared) bulk
bands for μ = 0,

ε2(μ = 0; k)

= m2 + 4t2
2 S2(k) + (

t2
1 + �2

)| f (k)|2

±
√

[4mt2S(k)]2 + [2m�]2| f (k)|2 + [2t1�| f (k)|2]2,

(4)

and for m = 0,

ε2(m = 0; k)

= μ2 + 4t2
2 S2(k) + (

t2
1 + �2)| f (k)|2

±
√

[4μt2S(k)]2 + [2μt1]2| f (k)|2 + [2t1�| f (k)|2]2.

(5)

Crucially, the spectra in the two cases μ = 0 and m = 0
coincide upon exchanging of μ ↔ m and t1 ↔ �. This cor-
responds to the canonical transformation bi j ↔ b†

i j for i, j in
the model Hamiltonian.

In Fig. 2, we represent the low-energy BdG bands of
Eq. (3) for μ = 0 and m = 1 and different values of �, ex-
hibiting a gapped spectrum (a) or a nodal superconducting
phase with one (b) or six nodal points (c) and (d). We can pre-
dict the appearance of these nodal points in terms of the model
parameters �, t1, t2, μ and m and then map our conclusions to
the m = 0 case by exchanging μ ↔ m and t1 ↔ �.

Starting from the analytic expression of the energy bands
reported in Eq. (4), one can identify the gapped and gapless
regions of the bulk phase diagram. First, one notices that at the
Dirac points (kD = ± 4π

3 (1, 0)), f (k) = 0. Thus, we retrieve
the Haldane gap closing condition,

m = ±2t2S(kD) = ±3
√

3t2. (6)
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FIG. 3. (a) and (b) Topological bulk phase diagram for the case
μ = 0 and m = 0, respectively. The darker regions correspond to
a gapless bulk, with nZ2 = 1, representing a nodal topological su-
perconducting phase. The lighter regions instead correspond to a
gapped bulk with nZ2 = 0. The red lines mark the boundaries of the
regions where the gap is expected to be zero. We set t2 = 0.3 in both
panels. (c) Scheme of the Brillouin zone with the points where the
bulk dispersion relation is gapless highlighted for the different values
of �.

In this sense, the equal spin superconducting pairing consid-
ered here, being proportional to f (k) in momentum space,
does not compete with the Haldane mass at the Dirac point.
In other words, a superconducting gap cannot be opened at
the Dirac points in the present model.

Furthermore, the spectrum presents a nodal superconduct-
ing phase for the superconducting amplitudes between the
critical lines

�c,1 =
√

t2
1 + (�/3)2 and (7)

�c,2 =
√

t2
1 + �2, (8)

which are plotted in red in Figs. 3(a) and 3(b), with � = m
or iμ. For � = �c,1, the gap closes at the 	 point [Fig. 2(b)],
and develops six nodal points that shift toward the M points as
we tune � from �c,1 to �c,2 [Figs. 2(c) and 2(d)]. Then, for
� = �c,2 the gap reopens at the M points. This behavior is
diagrammatically represented in Fig. 3(c). The equations of
the critical lines �c,1 and �c,2, together with an implicit
expression of the nodal points as a function of the model
parameters are derived in Appendix A 1.

III. TOPOLOGICAL PHASE DIAGRAM

We start with the topological characterization of the
NN-ESP superconducting Haldane model described by the
Bogoliubov de Gennes bulk Hamiltonian given by Eq. (3).
The Haldane model without superconductivity, exhibits a
Chern insulating phase with Chern number C = 1 for |m| <

3
√

3t2 and a trivial insulating phase for |m| > 3
√

3t2. The
transition between both phases occurs at m = 3

√
3t2, where

the gap closes at the K/K ′ points.
In the presence of superconductivity, the Hamiltonian is

in symmetry class D and admits a Z topological invariant,
the Chern number C, which characterizes the topology of

the gaped regimes. In this case, C = 2, which is inherited
from the topology of the Haldane Hamiltonian. These gapped
regions extend over |�| < 3

√
3t2, with � = m or iμ, see the

horizontal red lines in Figs. 3(a) and 3(b). Thus, under open
boundary conditions two pairs of chiral Majorana modes are
found on each edge of the open system [50]. However, C = 0
in the gapped regions of the phase diagram satisfying |�| >

3
√

3t2 and, correspondingly, under open boundary conditions
no edge states occur in this phase.

The nodal superconducting phase also exhibits topologi-
cally protected edge states. In contrast to the gapped regions,
the topological invariant cannot be defined globally, but in
terms of momentum dependent topological numbers. To de-
termine it, we need to take into account the position of the
nodal points in the Brillouin zone and the codimension of the
Hamiltonian, namely,

p = dBZ − dn = 2, (9)

with the dimension of the Hamiltonian (dBZ = 2) and the
dimension of the nodal point (dn = 0). Thus, p together with
the fact that the nodal points are placed away from high
symmetry points, sets the topology of the Hamiltonian to be
characterized by a Z2 invariant [51].

The topological invariant Z2 can be in general computed
using the Wilson loop. Here, the idea is to choose a set of
gapped Hamiltonians with k values encircling a nodal point,
see Appendix C. In this sense, the topological invariant signals
whether the nodal point can shrink into points (trivial) or
not (topological) [52]. We can simplify the calculation of the
invariant by noticing that the nodal points lie along the lines
connecting the 	 and Mi points, where we can define a path
that is related by PHS, i.e., k → −k. Similarly as in the Kitaev
model [3,53,54], for each 	-M line we can define a one-
dimensional class-D Z2 invariant as the product of Pfaffians
at the fixed points 	 and Mi points, namely,

(−1)nZ2 = sgn{Pf[A(�)]Pf[A(Mi )]}, (10)

with the antisymmetric matrices A = UH and U the uni-
tary operator part of the PHS operator C = UK. Equa-
tion (10), Pf[A(�)] = 9�2 − 9t2

1 − �2, Pf[A(Mi )] = �2 −
�2 − t2

1 , and nZ2 = 1(0) sets a nontrivial phase coinciding
entirely with the nodal region delimited by �c,2 � � � �c,1;
see Fig. 3(a).

We confirm the presence of a topological nodal phase
(nZ2 = 1) by calculating the energy spectrum of zigzag and
armchair nanoribbons, see, for example, Figs. 4(a) and 4(b)
for μ = 0, m = 1.75 and � = 1.4. Here, one can clearly see
isolated energy modes connecting the projections of the bulk
nodal points in the one-dimensional Brillouin zone.

Surprisingly, when we set the Hamiltonian onto a two-
dimensional lattice cropped with a rectangular shape, result-
ing in alternating zigzag and armchair boundaries, the local
density of states at zero energy is not uniformly extended
along the edges. In turn, it reveals the presence of corner
states; see Fig. 4(d). Here, the resemblance with higher order
topological states origins from the fact that a chiral Majorana
mode propagating along the armchair edges is surrounded by
effectively trivial edge states on zigzag edges. Now, to answer
why the zigzag modes become trivial, we realize that the edge
states of zigzag and armchair nanoribbons cross zero energy
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FIG. 4. (a) Bands of a wide zigzag nanoribbon (edge structure above) with Ny = 4 × 250. (b) Bands of a wide armchair nanoribbon (edge
structure above), with Nx = 2 × 250 + 1. (c) One-dimensional probability density profile associated to the lowest energy eigenstates of a
zigzag nanoribbon with kx = 0 and kx = 0.1/a in the left column and analogous comparison for an armchair nanoribbon in the right column.
(d) Probability density plot associated to the lowest energy eigenstate of a rectangular-shaped flake, with an inset zooming on the bottom left
corner, with Nx = 2 × 100 + 1 and Ny = 4 × 55. In all plots, the parameters are set as μ = 0, m = 1.75, � = 1.4, t2 = 0.3.

at kx = 0 and ky = 0 coinciding with a gapless and a gapped
bulk spectrum, respectively. This difference results on a dif-
ferent localization length of the edge states, becoming fully
delocalized, and thus, trivial in the case of zigzag edge states
and exponentially localized in the armchair case, as shown in
Fig. 4(c). In this scenario, the armchair edge states become
confined among effectively trivial edges, and the presence or
absence of zero-energy states become strongly dependent on
the length of the armchair edge. Such instability is caused by
the presence of the zigzag edge and can be removed using pe-
riodic boundary conditions, see further details in Appendix D.
Alternatively, we can gap out the bulk nodal point responsible
for the observed behavior along the zigzag edges. This will set
a finite localization length on the corresponding chiral mode,
and thus, reestablish the chiral Majorana mode on the zigzag
edges.

In the rest of the paper, we focus on the effect of quan-
tum confinement along the armchair direction, which allows
to open a gap at the nodal points scaling as 1/Ny, yielding
Majorana bound states at the boundaries of the resulting quasi-
one-dimensional zigzag nanoribbons.

IV. QUASI-ONE-DIMENSIONAL STRIP

A. Phase diagram

From now on we consider narrow zigzag nanoribbons. The
derivation of the nanoribbon Hamiltonian, together with its

Majorana representation is given in Appendix A 2. To char-
acterize the topology of the quasi-one-dimensional system as
a function of the nanoribbon width, one needs to compute
the Majorana number, that serves as Z2 topological index.
Alternatively, one could also resort to real-space topological
invariants, such as those based on the Majorana polarizations
[55,56] or those based on multipartite entanglement indicators
[57,58]. However, given that the system we consider is trans-
lational invariant in the absence of disorder, there is no need
to resort to such more sophisticated techniques.

As long as the system is gapped, the Majorana number [3]
is given in terms of the B matrix associated to its Majorana
representation, see Appendix A 2 and Ref. [59],

M(B) = sgn {Pf B(0)} sgn {Pf B(π )}, (11)

where the PfB denotes the Pfaffian of the matrix B, that is
skew-symmetric at the TR invariant points k = 0 and k = π .

In Figs. 5(a)–5(d) are reported the m-� phase diagrams for
nanoribbons with 4, 6, 8, and 10 sites in the vertical direction
and μ = 0. To the phase diagram defined by the Majorana
number (darker regions have M = −1) is superimposed a
density plot of the nanoribbon energy gap. In correspondence
of the darker shades of red the nanoribbon gap is closed.
By comparing with the bulk phase diagram in Fig. 3(a), it
is apparent that the nanoribbon becomes topological across
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FIG. 5. Phase diagram for strips of various widths (respectively,
Ny = 4, 6, 8, 10 going left to right), with t2 = 0.3; μ = 0 in panels
(a)–(d) and m = 0 in panels (e)–(h). The light and dark gray areas
correspond to regions of the phase diagram where the Pfaffian is
equal to 1 (trivial) and −1 (topological), respectively. In the reddish
regions the gap of the strip with periodic boundary conditions is close
to zero: the darker the shade of red the smaller the gap is. In the
resulting dark gray regions MBSs are expected in an open boundary
geometry (flake).

the bulk gap closing defined by the line m = 3
√

�2 − t2
1

(i.e., �c,1 for � = m). In the region to the right of this
line, the phase space is divided in topological (M = −1)
and trivial (M = +1) regions. In the original nodal phase
sector (�c,1 > |�| > �c,2), we observe alternating regions
of trivial and topological regimes. This alternating behav-
ior increases with the strip width because the confinement
potential imposes a smaller level spacing, ∼1/Ny, and there-
fore, becomes energetically easier to change the number of
channels below the Fermi energy as a function of m and
�. This phenomenon is known as the even-odd effect in the
context of topological two-dimensional superconductors [60].
Moreover, the original gapped regions (|�| > �c,2) show
a more stable behavior, since the gap is larger. However,
bears notable differences for m < 1 or μ < 1 between the
two cases Ny = 4M and Ny = 4M + 2, M ∈ Z∗. This differ-
ence can be qualitatively expected as an effective interference
pattern between the paths connecting the two edges, as in
Ref. [61].

In Figs. 5(e)–5(h) are reported analogous plots for the case
m = 0. The phase diagrams are now in the μ-� plane, and
must be compared with the bulk phase diagram in Fig. 3(b). In
this case, the nanoribbon can host a topological phase across
the gap closing line with equation μ = 3

√
t2
1 − �2 (i.e., �c,1

for � = iμ). In the region to its left, the phase space is divided
in topological (M = −1) and trivial (M = +1) regions in a
complicated way. Again, the pattern strongly depends on the
strip width and, showing notable differences for the two cases
Ny = 4M and Ny = 4M + 2, M ∈ Z∗.

The topological classification yielded by the Majorana
number is meaningful only in the regions of the parameter
space where the nanoribbons are found to be gapped, that is,
away from the darker shades of red in the plots of Fig. 5.
In correspondence of the topological regions of the phase

FIG. 6. Representation of the full PBC spectrum plus the four
lowest energy eigenvalues of the OBC spectrum for a nanoribbon of
width Ny = 8 and Nx = 400 as a function of m (μ = 0) in panels
(b) and (c) and as a function of μ (m = 0) in panels (e) and (f). In
panels (a) and (d) are shown zoomed replicas of the phase diagrams
of Figs. 5(c) and 5(g), respectively: the vertical white dashed lines
represent the cuts in the parameter space over which the spectra are
computed. In particular, the superconducting gap � is set to 0.3 in
Panels (b) and (e) and to 1.5 in panels (c) and (f); t2 = 0.3 in all
plots.

diagram, we expect Majorana zero modes to occur at bound-
aries of a (long) finite flake.

B. Emerging Majorana bound states

To verify the validity of the phase diagrams obtained in the
previous subsection, we consider some cuts at fixed values
of � and compute the spectra as a function of m and μ for a
strip of given length, both under periodic boundary conditions
(PBC) and under open boundary conditions (OBC). Then,
we show in Fig. 6 the full PBC spectrum together with
the four lowest energy OBC eigenvalues. Here, we can see
that the OBC eigenspectrum coincides with the PBC one,
except when additional zero-energy modes localized at the
boundaries are present. Therefore, by plotting just the four
lowest energy eigenvalues of the OBC spectrum, we are able
to visualize the intervals in m (μ) where only two zero-energy
in-gap eigenvalues are present. Specifically, intervals in
which the four OBC eigenvalues overlap entirely with the
PBC spectrum do not host boundary states. In contrast, those
where all four OBC eigenvalues are pinned at zero energy,
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FIG. 7. Scheme of the junction between normal part (spinless
graphene) and the superconducting Haldane part. The scattering re-
gion is normal in the left half and superconducting in the right half.
L denotes the total length of the scattering region.

indicate the presence of trivial bound states. Notably, intervals
in which the two lowest-energy OBC eigenvalues lie at zero
energy, while the next two overlap with the PBC spectrum,
indicate the presence of a Majorana bound states localized at
the nanoflake ends.

In Fig. 6 are reported such plots for nanoribbons with
Ny = 8, accompanied by a zoomed replica of the correspond-
ing phase diagram, as a reference. By comparing the plots
of the spectra with the corresponding cuts in the phase di-
agram (indicated by white dashed lines) one finds an exact
correspondence. For the case μ = 0 the cut at �/t1 = 0.3
[Fig. 6(b)] is found to be fully trivial: Indeed, the bound
states occurring between the two gap closings are a total of
four and as such they are not Majorana bound states. The
cut at �/t1 = 1.5 instead [Fig. 6(c)], presents pairs of MBSs
in correspondence of the gapless topological regions of the
phase diagram in Fig. 6(a). An analogous correspondence
can be found between the spectra of Figs. 6(e) and 6(f) and
the phase diagram of Fig. 6(d), obtained for m = 0. The
main difference is that the fully trivial cut here is the one at
�/t1 = 1.5, as expected.

It is worth noting that for small values of � in the case
μ = 0, the gap closings and the presence/absence of (four)
bound states in an open boundary zigzag flake substantially
matches the results reported in Ref. [61]. Indeed, we have
shown in Sec. II that the superconducting term does not di-
rectly interfere with the Haldane coupling, since f (k) = 0
at the Dirac points. Thus, for μ = 0 and small values of �,
the BdG spectra results in a trivial doubling of those that
one would obtain in absence of superconductivity—at least
with this specific superconducting pairing—and the physics
described in Ref. [61] still qualitatively holds.

C. Conductance

It is well-established that the emergence of a MBS at a
junction between a normal metal and a topological super-
conductor can lead to a sharp quantization of the zero bias
conductance to the value G = dI

dV |V =0 = 2 e2

h [4,62]. Although
not conclusive [12], the zero bias conductance needs to be
regarded as a signature of the presence of Majorana zero
modes in our system, to be compared with the phase diagram
of Fig. 5.

The setup we consider consists of a normal lead (spinless
graphene) and a superconducting Haldane lead, connected,
respectively, to the left and to the right of a hybrid scattering
region, as illustrated in Fig. 7. We take the total length of
the scattering region as L = 16 and divide it in two parts
of equal length, the left one being normal and the right one

FIG. 8. Density plots for strips of various widths (respectively,
Ny = 4, 6, 8, 10 going left to right), representing the disorder-
averaged conductance as a function of � and m for μ = 0 in panels
(a)–(d), and as a function of � and μ for m = 0 in panels (e)–(h).
In all plots the Haldane coupling is set to t2 = 0.3. The conductance
is computed by averaging over 10 different realization of random
onsite disorder in the scattering region, with maximum magnitude
V0 = 0.05. The conductance is given in units of e2/h.

hosting the superconducting Haldane coupling. Moreover, we
fix m = 0 and μ/t1 = 0.2 in the left lead and in the left half
of the scattering region; thus, the conductance is computed as
a function of the parameters of the superconducting side only.
Finally, an onsite random potential is added in the scattering
region, of the form

Hdis. =
∑

i∈S.R.

wic
†
i ci, (12)

with wi randomly extracted from the interval [−V0/2,+V0/2].
It is worth noting that various forms of local perturbations
could have been considered (e.g., disorder in the hopping
parameters, or lattice defects). Here, however, disorder is in-
troduced primarily to remove all trivial bound states from zero
energy. This enables a clearer identification of zero-bias con-
ductance quantization as a signature of a Majorana zero mode
(MZM) within our model, and facilitates direct comparison
with the phase diagrams shown in Fig. 5. Moreover, MZMs
have been shown in numerous previous theoretical studies to
be resilient against all types of short-range disorder [12], and
therefore, we expect the same behavior in our system.

To compute the conductance we use the nonequilibrium
Green’s function method [63], which is briefly recalled in
Appendix B 1 and the software used can be found in Ref. [59].
We work at zero temperature. In Fig. 8 are shown density plots
of the conductance obtained by averaging over 10 different
disorder realization, with maximum intensity V0/t1 = 0.05.
The correspondence with the phase diagrams of Fig. 5 is
striking: The comparison between the two sets of plots clearly
shows that in the presence of a Majorana bound state in the
superconducting Haldane zigzag nanoribbon, the conductance
remains firmly quantized to 2 e2

h , while this is not the case in
the presence of trivial bound states. We underline once more
that in the absence of disorder a quantization of the zero-bias
conductance could also be due to the presence of trivial bound
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states sitting exactly at zero energy. This disorder-free case
is explicitly shown and discussed in Appendix B 2. Similar
conductance phase diagrams arise when we switch the bound-
ary conditions, i.e., ZZ ↔ AC, see Appendix D. However, in
this occasion the conductance looses its quantization when
the width of the strips is larger than Nx � 2 × 30 + 1 atoms,
resulting from the reduction of the confinement potential.

V. CONCLUSIONS

In this contribution, we have considered the Haldane model
enriched with a nearest-neighbor equal spin pairing supercon-
ducting term. We have studied both the bulk two-dimensional
phase diagram, which encodes interesting physics per se, and
the quasi-one-dimensional phase diagram in the context of
zigzag nanoribbons.

The two-dimensional phase diagram of the Haldane model
in presence of BCS superconductivity, and in the absence of
chemical potential or staggered mass, had been studied before
[50]. However, it is only when either of these is present that
a nodal topological superconducting phase emerges. Indeed,
the critical lines delimiting the topological region stem from
the point � = t1, m = 0 (� = t1, μ = 0), and extend in the
m-� (μ-�) plane. We have characterized this phase both by
computing the proper topological invariant and by analyzing
the spectrum of wide nanoribbons with armchair and zigzag
edges. We have found that chiral Majorana modes, connecting
the nodal point projections in the nanoribbon one-dimensional
Brillouin zone, are present in both configurations. However,
those hosted by zigzag nanoribbons are effectively trivial
due to degeneracy with the bulk bands at the TR-invariant
momenta. This effective distinction in the topology of the
edge states of the nodal phase has two main consequences:
First, in a rectangular-shaped flake, resulting in alternating
zigzag-armchair edges, corner modes occur. Second, if one
considers thin zigzag nanoribbons, in which the bulk bands
are gapped due to quantum confinement, the edge states cease
to be fully delocalized in the bulk and are thus reestablished.

To explore the topological properties of the model in this
quasi-one-dimensional setup, we have derived the phase dia-
gram in the m − � (μ − �) plane by computing the Majorana
number. In comparison to the bulk phase diagram, here the
emerging patterns exhibit a rather intricate structure. This
complexity arises from the interplay between the equal-spin
superconducting pairing and the staggered mass (chemical po-
tential), in the presence of finite-size effects. In particular, due
to the geometry of the underlying honeycomb lattice, confine-
ment effects in this system couple the Majorana edge modes in
a totally nontrivial way, resulting in the complicated patterns
reported in Fig. 5. Remarkably, the quasi-one-dimensional
phase diagrams present some features that are well known in
the emerging field of finite size topology of gapped phases
[61,64–66]: a reentrant character, with multiple phase transi-
tions; a marked dependence on the nanoribbon width, with
the number of phase transitions increasing with the width; a
clear even-odd character with respect to the nanoribbon width.
However, in the case of this article, such behavior emerges out
of a gapless two-dimensional model.

When considering open boundary flakes with parameters
belonging to the topological region of the phase diagram,

quasi-zero-dimensional Majorana bound states occur at the
two ends of the system. We endorse our results by computing
the zero bias conductance at N-S junctions and finding an
excellent agreement with the phase diagram yielded by the
Majorana number: Indeed, whenever the superconducting side
of the junction is in the topological phase, the conductance is
found exactly quantized to 2e2/h. Moreover, in the presence
of disorder, the conductance sharply drops to zero in the trivial
phase, while preserving its value in the topological one.

In conclusion, we have investigated the topological phase
diagram of the NN-ESP proximitized Haldane model. In two
dimensions, we have found a nodal topological superconduct-
ing phase, with a chiral Majorana mode propagating along
the edges of armchair and zigzag nanoribbons with cylindrical
boundary conditions. Interestingly, this topological phase has
an unstable character since the localization length of the chiral
mode on the zigzag edges is infinite. Thus, when we bring this
Hamiltonian onto a rectangular-shape lattice with alternating
zigzag and armchair edges, corner states close to zero energy
arise. Furthermore, we have found that quantum confinement
in one of the directions can stabilize the topological phase
by opening gaps on the bulk nodal points, leading to the
emergence of Majorana modes in the constricted setup.

Our analysis is mainly a proof of concept that nanos-
tructuring nodal topological superconductors can lead to the
emergence of Majorana bound states. Indeed, given a generic
(point) nodal topological superconductor, in a nanoribbon ge-
ometry the edge modes connect the nodal point projections
(i.e., the points of the one-dimensional Brillouin zone where
the bulk gap closes). Moreover, by confining such system in
a thin nanoribbon geometry, quantum confinement will gap
out the bulk bands. Therefore, whenever the bulk bands are
gapped out faster than the edge states—which is indeed the
case for the model we considered—these may still hybridize
and give rise to a lower-dimensional topological phase dia-
gram. This will most likely be akin to that presented here
and, more generally, present the general features proper of a
confined topological phase [61,65,66].

That being said, the model we inspected might still find
direct relevance for proximitized honeycomb materials with
an intense spin-orbit coupling and in-plane Zeeman fields.
Candidate materials meeting these requirements could be rep-
resented by bismuthene on SiC [67] and germanene [68]. In
fact, the first naturally exhibits topological defects of few
nanometers width within the bulk of the material [69], and
the second has been recently manifactured with atomic level
precision in arrays of narrow zigzag-terminated nanoribbons
[70], showing topological features unique to the quasi-one-
dimensional limit [61]. Both bismuthene and germanene may
hence represent promising platforms for the realization of
Majorana fermions, being less affected from disorder with
respect to spin-orbit coupled nanowires.
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APPENDIX A: BULK HAMILTONIAN

The Bogoliubov de Gennes Hamiltonian is readily ob-
tained by going in k space and rewriting as

H = 1

2

∑
k

�†(k)HBdG(k)�(k), (A1)

where the spinor �(k) is defined as

�(k) =

⎡
⎢⎢⎣

a(k)
b(k)

a†(−k)
b†(−k)

⎤
⎥⎥⎦, (A2)

and the operators a(k) and b(k) are obtained by Fourier trans-
forming the corresponding real-space operators

aln = 1√
NxNy

∑
k

eik·Rln a(k), bln = 1√
NxNy

∑
k

eik·Rln b(k), Rln = la1 + na2. (A3)

Starting from Eq. (2) in the main text, one finds

HBdG(k) =

⎡
⎢⎢⎢⎢⎣

m + μ + 2t2S(k) t1 f (k) 0 � f (k)

t1 f ∗(k) −m + μ − 2t2S(k) −� f (−k) 0

0 −� f ∗(−k) −m − μ + 2t2S(k) −t1 f (k)

� f ∗(k) 0 −t1 f ∗(k) m − μ − 2t2S(k)

⎤
⎥⎥⎥⎥⎦, (A4)

where f (k) = (1 + e−ik·a1 + e−ik·a2 ) and S(k) = (− sin(k · a1) + sin(k · (a1 − a2)) + sin(k · a2)).
The BdG Hamiltonian can be expressed in terms of tensor product of Pauli matrices as follows:

HBdG(k) = mτz ⊗ σz + μτz ⊗ I + 2t2S(k)I ⊗ σz + t1Re( f (k))τz ⊗ σx − t1Im( f (k))τz ⊗ σy

− �Re( f (k))τy ⊗ σy − �Im( f (k))τy ⊗ σx, (A5)

where the τ Pauli matrices act on the particle-hole degree
of freedom, while the σ ones act on the sublattice degree of
freedom. If either μ = 0 or m = 0, then the Hamiltonian has
inversion symmetry 	, given by

	HBdG(k)	 = HBdG(−k), (A6)

with 	 = τz ⊗ σx for m = 0, and τy ⊗ σy for μ = 0. This
implies that, for either m = 0 or μ = 0, ε(k) = ε(−k). Thus,
in the presence of both inversion symmetry and particle-hole
symmetry (C = Kτx ⊗ σ0), we find a symmetric BdG spec-
trum with respect to zero energy.

1. Nodal points

We now want to derive the bulk phase diagram. In light of
the concluding remark of Appendix A, in the following we
focus on the case μ = 0 alone. We will then we map our
conclusions to the m = 0 case by exchanging μ ↔ m and
t1 ↔ �. Starting from the analytic expression of the energy
bands reported in Eq. (4), one can identify the gapped and
gapless regions of the bulk phase diagram.

To this aim, we need to solve the equation[
m2 + 4t2

2 S2(k) + (
t2
1 + �2

)| f (k)|2]2

= [4mt2S(k)]2 + [2m�]2| f (k)|2 + [2t1�| f (k)|2]2.

(A7)

First, one notices that at the Dirac points (kD =
± 4π

3 (1, 0)), f (k) = 0. Thus, we retrieve the Haldane gap
closing condition,

m = ±2t2S(kD) = ±3
√

3t2. (A8)

Thus, the equal spin superconducting pairing considered here,
being proportional to f (k) in momentum space, does not
compete with the Haldane mass at the Dirac point. In other
words, a superconducting gap cannot be opened at the Dirac
points in the present model.

With some manipulation, we can recast the above equa-
tion as[

m2 − 4t2
2 S2(k)

]2 + 8t2
2

(
t2
1 + �2)S2(k)| f (k)|2

+ (
t2
1 − �2

)2| f (k)|4 + 2m2
(
t2
1 − �2

)| f (k)|2 = 0. (A9)

In this form, it is clear that away from the Dirac point the
gap cannot close for � < t1. Sufficient condition to have gap
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closing for � � t1 is that S(k) = 0. In fact, when this is the
case the above equation reduces to

[
m2 + (

t2
1 − �2)| f (k)|2]2 = 0 ⇒ m = ±

√(
�2 − t2

1

)| f (k)|,
(A10)

with k such that S(k) = 0. One can readily check that
S(k) = 0 on the line (0, ky) and on those related to this one
by C3 symmetry. Crucially, on this line

| f (0, ky)|2 = 5 + 4 cos(
√

3ky/2),

so that in the k-region over which S(k) cancels out, | f (k)| is
comprised between 1 and 3. Thus, for m > 0, in the region of
the parameter space defined by√(

�2 − t2
1

)
< m < 3

√(
�2 − t2

1

)
, (A11)

the system is gapless. Specifically, the gap closes at the six
nodal points solving the system

S(k) = 0,

| f (k)|2 = m2

�2 − t2
1

. (A12)

As anticipated, we can draw similar conclusions for the
case m = 0, by simply exchanging m with μ and t1 with �.
By doing so, we conclude that the lines

μ = ±3
√

3t2 (A13)

are still gapless (Haldane model gap closing condition). More-
over, the gap is also closed in the region of the phase space
defined by √(

t2
1 − �2

)
< μ < 3

√(
t2
1 − �2

)
. (A14)

Here, the six nodal points where the gap closes are obtained
by solving the system

S(k) = 0,

| f (k)|2 = μ2

t2
1 − �2

. (A15)

We note in passing that if t2 = 0 then it is not necessary
to restrict to the values of k for which S(k) = 0 to have
gap closing away from the Dirac points. Then, given that
| f (k)| can assume any value between 0 and 3 over the whole
Brillouin zone, in this case the system becomes gapless for
|m| < 3

√
(�2 − t2

1 ) if μ = 0 and for |μ| < 3
√

(t2
1 − �2) if

m = 0.

2. Zigzag nanoribbon

To describe a zigzag nanoribbon we start from the Hamil-
tonian in Eq. (2) of the main text and impose PBC along
the a1 direction only. The Fourier transformation is thus
defined as

aln = 1√
Nx

∑
k

eikxl an(k), bln = 1√
Nx

∑
k

eikxl bn(k),

(A16)

where xl = l (since we set a = 1). The Fourier transformed
Hamiltonian is

H =
∑

k

∑
n

t1((1 + e−ik )a†
n(k)bn(k) + a†

n(k)bn−1(k) + H.c.) +
(

�
∑

k

∑
n

(1 + e−ik )a†
n(k)b†

n(−k) + a†
n(k)b†

n−1(−k) + H.c.

)

+ t2
∑

k

∑
n

−2 sin(k)a†
n(k)an(k) + (i(e−ik − 1)a†

n(k)an+1(k) + H.c.) + t2
∑

k

∑
n

2 sin(k)b†
n(k)bn(k)

+ (−i(e−ik − 1)b†
n(k)bn+1(k) + H.c.) + μ

∑
k

∑
n

(a†
n(k)an(k) + b†

n(k)bn(k)) + m
∑

k

∑
n

(a†
n(k)an(k) − b†

n(k)bn(k)).

(A17)

For future convenience, we recast the nanoribbon Hamiltonian in Majorana representation. We start by adopting the following
notation for the creation and destruction operators

an = c2n−1, bn = c2n. (A18)

With this notation, the Hamiltonian becomes

H =
∑

k

∑
n

t1((1 + e−ik )c†
2n−1(k)c2n(k) + c†

2n−1(k)c2n−2(k) + H.c.) +
(

�
∑

k

∑
n

(1 + e−ik )c†
2n−1(k)c†

2n(−k)

+ c†
2n−1(k)c†

2n−2(−k) + H.c.

)
+t2

∑
k

∑
n

− 2 sin(k)c†
2n−1(k)c2n−1(k) + (i(e−ik − 1)c†

2n−1(k)c2n+1(k) + H.c.)

+ t2
∑

k

∑
n

2 sin(k)c†
2n(k)c2n(k) + (−i(e−ik − 1)c†

2n(k)c2n+2(k) + H.c.)

+ μ
∑

k

∑
n

(c†
2n−1(k)c2n−1(k) + c†

2n(k)c2n(k)) + m
∑

k

∑
n

(c†
2n−1(k)c2n−1(k) − c†

2n(k)c2n(k)). (A19)
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We now define the Majorana operators in terms of the c j

operators as

γ2α−1(k) = i[c†
α (−k) − cα (k)], γ2α (k) = c†

α (−k) + cα (k).

(A20)

By inverting the above definition, it is possible to rewrite the
Hamiltonian in the form

H = i

4

∑
k

∑
α,β

Bα,β (k)γα (−k)γβ (k), (A21)

where the B matrix (nonzero) entries are given by

B4α,4α = B4α−1,4α−1 = −B4α−2,4α−2

= −B4α−3,4α−3 = −2it2 sin(k), (A22)

B4α,4α+4 = B4α−1,4α+3 = −B4α−2,4α+2

= −B4α−3,4α+1 = −t2(e−ik − 1), (A23)

B4α+4,4α = B4α+3,4α−1 = −B4α+2,4α−2

= −B4α+1,4α−3 = +t2(e+ik − 1), (A24)

B4α−2,4α−3 = −B4α−3,4α−2 = (μ + m), (A25)

B4α,4α−1 = −B4α−1,4α = (μ − m), (A26)

B4α−2,4α−1 = t1[1 + e−ik] − �[1 + e−ik], (A27)

B4α−1,4α−2 = −t1[1 + e+ik] + �[1 + e+ik], (A28)

B4α−3,4α = −t1[1 + e−ik] − �[1 + e−ik], (A29)

B4α,4α−3 = t1[1 + e+ik] + �[1 + e+ik], (A30)

B4α−2,4α−5 = −B4α−5,4α−2 = (t1 − �), (A31)

B4α−3,4α−4 = −B4α−4,4α−3 = −(t1 + �). (A32)

In this representation, the (BdG) spectrum can be obtained by
diagonalizing the matrix iB(k).

APPENDIX B: CONDUCTANCE

1. Transport formalism

Here we briefly recall the nonequilibrium Green’s function
method for the computation of the current [63,72] and special-
ize it to the case at hand. Consider a left lead (L) and a right
lead (R) attached to a central region (C). Assuming the two
leads are uncoupled, the Hamiltonian of the full system can
be written as

H =

⎛
⎜⎝

HLL VLC 0

VCL HCC VCR

0 VRC HRR

⎞
⎟⎠, (B1)

where HLL (HRR) is the Hamiltonian of the left (right) lead
and HCC the Hamiltonian of the central scattering region. The
terms coupling the leads with the scattering region satisfy
VLC = V †

CL, VRC = V †
CR. The advanced single-particle matrix

Green’s function is defined by

[ω − H]Ga = I, (B2)

with ω = E − iη, with η = 10−7t1. Given the Hamiltonian in
Eq. (B1), the above equation can be rewritten as⎛

⎜⎝
ω − HLL −VLC 0

−VCL ω − HCC −VCR

0 −VRC ω − HRR

⎞
⎟⎠

×

⎛
⎜⎝

Ga
LL Ga

LC 0

Ga
CL Ga

CC Ga
CR

0 Ga
RC Ga

RR

⎞
⎟⎠ = I. (B3)

By solving for Ga
CC we find

Ga
CC = (

ω − HCC − �a
L − �a

R

)−1
, (B4)

where �a
α = VCαga

ααVαC are the self energies of lead α = L, R,
with ga

αα the advanced Green’s functions of the uncoupled
leads (

gr
αα

)† = ga
αα = (ω − Hαα )−1, α = L, R. (B5)

The corresponding retarded Green’s function is given by
Gr

CC = (Ga
CC )†.

The aim of the NEGF method is determining the current
through the contact due to a constant bias eV = μL − μR. In
the scenario considered in this paper, the left part is normal
and the right part is superconducting and all the matrices are
written in the BdG basis. In the following we will assume
zero chemical potential in the superconducting part, so that
eV = μL. The expression for the current across the junction is
[63,72]

I = e

h

∫ +∞

−∞
dE Tr[G+−

CL (E )VLC − VCLG+−
LC (E )], (B6)

where the trace is computed over the electronic subspace only
[72] and

G+−
LC = g+−

LL VLCGa
CC + gr

LLVLCG+−
CC , (B7)

G+−
CL = G+−

CC VCLga
LL + Gr

CCVCLg+−
LL , (B8)

with

G+−
CC = Gr

CCVCLg+−
LL VLCGa

CC + Gr
CCVCRg+−

RR VRCGa
CC, (B9)

and

g+−
LL = (

ga
LL − gr

LL

)
F (E , eV ), (B10)

g+−
RR = (

ga
RR − gr

RR

)
F (E , 0). (B11)

In the above expressions, F (E , μ) is a diagonal matrix, with
the entries belonging to the electron sector presenting the
Fermi function f (E , μ) = 1

eβ(E−μ)+1 and those belonging to
the hole sector presenting the (hole) Fermi function 1 −
f (−E , μ) = f (E ,−μ). In the present context we are solely
interested in the conductance, that is given by

G = dI

dV
= e2

h

∫ +∞

−∞
dE Tr

[
∂G+−

CL

∂ (eV )
VLC − VCL

∂G+−
LC

∂ (eV )

]
,

(B12)

where
∂G+−

LC

∂ (eV )
= (

ga
LL − gr

LL

)∂F (E , eV )

∂ (eV )
VLCGa

CC + gr
LLVLC

∂G+−
CC

∂ (eV )
,

∂G+−
CL

∂ (eV )
= ∂G+−

CC

∂ (eV )
VCLga

LL + Gr
CCVCL

(
ga

LL − gr
LL

)∂F (E , eV )

∂ (eV )
,
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FIG. 9. Density plots for strips of various widths (respectively,
Ny = 4, 6, 8, 10 going left to right), representing the conductance as
a function of � and m for μ = 0 in panels (a)–(d), and as a function
of � and μ for m = 0 in panels (e)–(h). No disorder is added to the
scattering region. In all plots the Haldane coupling is set to t2 = 0.3
and the conductance is given in units of e2/h.

with

∂G+−
CC

∂ (eV )
= Gr

CCVCL
(
ga

LL − gr
LL

)∂F (E , eV )

∂ (eV )
VLCGa

CC . (B13)

In the case of zero temperature assessed in the present work
one has a major simplification. Indeed,

F (E , μ) = diag(θ (μ − E ), θ (−μ − E ), . . .) ⇒ (B14)

∂F (E , μ)

∂μ
= diag(δ(E − μ),−δ(E + μ), . . .). (B15)

Thus, no actual integral needs to be performed in the numeri-
cal implementation for T = 0. Regarding the surface Green’s
functions of the semi-infinite uncoupled leads (ga/r

αα , α =
L, R), these are computed with the infinite recursive Green’s
function method [73].

2. Numerical results

We compute the conductance in the absence of disorder,
both for the case μ = 0 and for the case m = 0. The results
are shown in Fig. 9, where density plots of the conductance as
a function of � and m (μ) are reported for different widths.
By comparing with the phase diagrams in Fig. 5 of the main
text, one can see that there is only a partial correspondence:
Indeed, though the conductance is exactly 2 e2

h in most of
the topological regions, it retains such value in some of the
trivial ones too. This can be understood by observing that
zero-energy bound states are present in some of the trivial
regions as well. For example, if we compare Fig. 9(g) with
Fig. 5 of the main text, we see that there is a trivial region
where the conductance is quantized to 2 e2

h . By comparing with
the spectrum along the first cut of Fig. 5(d), shown in Fig. 5(e),
we can see that a bound state is present in such trivial region
with quantized conductance. However, these are not Majorana
zero modes and therefore their energy can be affected by the
introduction of random disorder in the scattering region. Thus,
as discussed in the main text, we expect that by introducing

FIG. 10. (a) Local density of states for a semi-infinite nanoribbon
with armchair (zigzag) boundary conditions along y (x) direction for
different widths: Ny = 4 × 1, 4 × 4, 4 × 10, 4 × 22, 4 × 30, 4 × 47.
The parameters used were μ = 0, � = 1.4, and m = 1.75, which set
the Hamiltonian in the nodal phase. (b) Energy of the lowest state in
the zigzag nanoribbon (δkx=0 ) as a function of the width. The fitting
curve corresponds to the Thouless energy h̄vF/Ny.

some form of local disorder in the system the conductance
should remain quantized to 2 e2

h just in the regions that are
topological from the point of view of the superconductivity.
This behavior is clearly shown in Fig. 8 in the main text.

APPENDIX C: WILSON LOOP

The topological invariant Z2 can be in general computed
using the Wilson loop. Here, the idea is to choose a set of
Hamiltonians encircling a nodal point in momentum space,
with C ∼= S1. The resulting set of gapped Hamiltonians in
S1 and symmetry class D, exhibit a Z2 invariant, which can
be calculated by means of the line integral over the path C,
namely,

γ = −Im log det

(∏
j

Fj

)
, (C1)

where Fj are the overlap matrices

(Fj )mn = 〈um(ϕ j )|un(ϕ j+1)〉, (C2)

with j running over discrete values of the path C in momentum
space. The invariant is

nZ2 = γ

π
mod 2. (C3)
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FIG. 11. Zero bias conductance as a function of the armchair
width and disorder, with m = 1.75, � = 1.4, and t2 = 0.3. (b) Line-
cut of panel (a) for a ZZ-boundary condition (ZZ-BC) and periodic
boundary conditions (PBC), blue and red curves, respectively. (c) and
(d) Energy vs kx , for an armchair nanoribbon in the nodal phase with
disorder strength V0 = 0 and V0 = 0.5. (e) Energy as a function of V0

for kx = 0.0. We use � = 1.4, μ = 0, m = 1.75, and t2 = 0.3 for all
panels. In panels (c) and (d) we have used a Nx = 2 × 100 + 1.

APPENDIX D: STABILITY ANALYSIS
OF THE CORNER STATES

The so-called corner states arise when the localization
length of the zigzag edge states—set by the bulk gap at
the 	 point, δkx=0 ∝ h̄vF/Ny, see Fig. 10(b)—is smaller than
the width of the sample. In this situation, the edge states along
the zigzag edges gap out and the remaining states are confined
at the armchair edges and decay exponentially toward the
zigzag direction; see Fig. 10(a).

From a topological point of view, these edge states are
Majorana modes, yielding a quantized zero bias conductance
of G = 2e2/h at zero temperature, which is robust against
perturbations, see Figs. 11(a) and 11(b). From a practical point
of view, however, the crossover between both limits is given
by the ratio between δkx=0 and the temperature.

To see this point, we have calculated the zero bias con-
ductance as a function of Ny and disorder strength V0; see

FIG. 12. Zero bias conductance as a function of m and � for ex-
changed boundary conditions, with t2 = 0.3 and μ = 0.0, for widths
Nx = 2 × 2 + 1 and Nx = 2 × 5 + 1. These calculations have been
done with disorder strength of V0 = 0.2t1.

Fig. 11(a). Additionally, we have repeated the calculations us-
ing periodic boundary conditions to remove the zigzag edge,
which is responsible for the instability of the armchair edge
states as for certain widths, the energy bulk gap at the 	 point
is too small for the MBS to be protected. In the first case, we
observe that the conductance is quantized for specific widths
Ny and is robust against the presence of disorder and zero
for other widths; see Fig. 11(a). In contrast, when we impose
periodic boundary conditions to remove the zigzag edge, we
observe no such Ny-dependence, see red curve in Fig. 11(b),
showing always a quantized value independently of Ny. From
these results we can conclude that the corner states resulting
from alternating zigzag and armchair edges, have a topo-
logical character in a similar way as the MBS observed
in the quasi-one-dimensional nanoribbons; see Figs. 11(c)
and 11(d).

To conclude the analysis, we have performed conductance
calculations exchanging the boundary conditions relative to
the stripe shown in Fig. 7, that is, with zigzag BC at the NS
interface. In this scenario, we find a similar phase diagrams to
those shown in the main text; see Fig. 12. However, when we
increase the width above Nx � 2 × 30 + 1 atoms, we observe
a lack of conductance quantization.
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