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Generalized incommensurability: Role of anomalously strong spin-orbit coupling for the spin
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We study 2D spin and orbital systems, in a classical limit, in a regime where their coupling is so strong that
orbital fluctuations are able to change the sign of spin exchange. Our aim is to understand how different phases
in the orbital sector determine the ordering in the spin sector. The existence of intermediate vortex crystal (VC)
phases, beside the canonical Kosterlitz and Thouless (KT) phases is now a well-established fact. Recently, we
found [Phys. Rev. Res. 6, 043154 (2024)] that such a phase can explain the phase diagram of FeSe, specific
parameters used here come from that ab initio work. Motivated by this, here we develop a renormalization group
(RG) method which can capture the formation of the VC phase. We achieve it by incorporating orbital vortex-
vortex interactions through space-dependent incommensurability. Simultaneously, we incorporate the coupling
with the spin sector for both short- and long-range interactions. We then derive a phase diagram including
the effects of long-range interactions and spin-orbit coupling. The presence of the intermediate VC phase in
the orbital sector changes the scaling of long-range spin-spin interactions, making them relevant under specific
conditions. We thus find a way to bypass the Mermin-Wagner theorem: the regular arrangement of orbital vortices

can induce a long-range order in the 2D spin system.
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I. INTRODUCTION

The Kosterlitz and Thouless (KT) phase transition [1]
offers a way to bypass the Mermin-Wagner theorem in a two-
dimensional (2D) system with a continuous symmetry and is
one of the most inspiring discoveries in the field of correlated
systems. In the KT transition, at a given finite temperature,
topologically bound vortex-antivortex pairs unbind into a free
gas due to entropic effects. A half-century after its theoretical
discovery, the two-dimensional systems have been realized
and the KT transition confirmed experimentally in different
settings; at the interface of two solids, in liquid crystal layers
and even in cold atomic gasses. Further research explores how
to amend the model to enrich its phase diagram beyond just
two phases, enabling other, quasiordered phases [2—4]. Partic-
ular focus has been on intermediate vortex crystal phases, that
is on inhomogeneous phases where vortices are bound (e.g.,
by strings [5,6]) and arranged in large-scale patterns [7—14].

Such intermediate vortex crystal phases are possible thanks
to vortex-vortex interactions, as postulated already in 1987 by
Minhagen [15] and later proven both by mean-field arguments
[16] and by exact analytic [17] and numerical [18] methods.
An intriguing but not so much explored aspect is whether
these intermediate vortex crystal phases are relevant in real
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materials. In our recent work [19], we identified FeSe—a
quasi-2D, iron-based high-7; superconductor—as a candidate
material where the vortex crystal phase may play a crucial role
in defining the phase diagram. In the present work, we address
the questions on (i) how the transition into the vortex crystal
phase proceeds and, for the case of FeSe, and (ii) whether
we can identify experimentally measurable quantities that can
serve as a hallmark of this new physics. We wish underline
that our theory is applicable to many microscopic models,
basically to any system that can be described by two coupled
Villain models, the example of FeSe will be used to show that
our results are not purely of mathematical interest, but can
actually be measurable.

In our ab initio study on FeSe [19], we have uncovered
an extraordinary dependence of spin-exchange parameters on
orbital composition at each Fe site. Based on that result, we
proposed the following mechanism: a long-range order in the
spin sector arises due to 2D vortex crystallization in the orbital
sector. The loophole of this conjuncture is that the relation
between the vortex crystal formation in the orbital sector and
the long-range order in the spin sector has not been established
so far. The renormalization group (RG) is perfectly suited to
describe the relation between the spin and orbital sector as it
can simultaneously capture both phenomena. Solving the RG
equations would allow to observe the gradual change in the
relevance of spin long-range interaction as the orientational
order sets in the orbital sector at increasing characteristic
distances. Through the solution of RG equations one could
answer the highly nontrivial issue of whether vortex crystal-
lization will be fast enough to ensure spin-long range order.
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Deriving such an RG procedure is the aim of the current
study.

However, before we focus on the issue of orbitally induced
spin order, we need RG equations that capture the existence of
vortex crystal on equal footing with the other two canonical
KT phases. In fact, while the existence of the vortex crystal
phase is a well-established [17] fact, deriving the system-
atic RG procedure that would capture the new, generically
inhomogeneous phase has turned out to be a hard task. An
integrodifferential formulation of RG has been put forward
by Minhagen and collaborators [20,21] when looking into a
single mode of self-localizing bosonic fluctuations. The pro-
posed procedure is quite complicated and lead to ambiguous
results: the correct flow has to be chosen a posteriori among
several trajectories, some of which flowing backwards in RG
time [22]. These works were dedicated to a single mode of
bosonic fluctuations which self-localize itself.

In our approach, we extend the problem by including two
modes of bosonic fluctuations, i.e., spin and orbital. More-
over, the spin sector is permitted to have several minima,
several orderings, in its potential energy landscape. These
extensions both bring the model closer to the realistic FeSe
platform and make the solution more straightforward and
physically transparent despite the apparent higher level of
complexity. Now, there is one unambiguous decoupling chan-
nel. We propose that a vortex crystal phase (in the orbital
sector) can be captured by a spatially inhomogeneous land-
scape potential (due to the spin sector), in effect a mean-field
treatment of the vertex function. We call it a generalized
incommensurability that is emergent due to the orientational
order present in a vortex crystal phase. Notice that this is
distinct from the canonical understanding of incommensura-
bility in low-dimensional systems, which is usually associated
with missing carriers and prevents ordering—Ilike in a doped
Mott system. The generalized incommensurability is a spa-
tially varying incommensurability that instead facilitates the
developing of a long-range order. This is a new mechanism
of a phase transition in a low-dimensional system, possible
whenever two collective systems are coupled and one of them
hosts the right number of vortices.

In what follows, we introduce the model and discuss its
consequences for FeSe (Sec. II). We then derive theoretical
frameworks to describe the mobile vortex regime (Sec. 111 B)
and the vortex crystallization (Sec. III C). The latter frame-
works are used to obtain a RG flows, and we provide a proof
that intermediate vortex crystal phase does exist in the orbital
sector and can lead to long-range spin order (Sec. IV). Finally,
we identify measurable quantities to experimentally verify
the proposed mechanism (Sec. V) and discuss the broader
consequences of our results (Secs. VI and VII).

II. STATEMENT OF THE PROBLEM
A. The model

In what follows, we consider a two-dimensional (2D) peri-
odic system, with a substantial density of states at the Fermi
energy—this is the case of metals or Mott insulators. For
such systems, the spectral function of the material cannot be
fully interpreted in terms of a single (quasi)particle: instead

a sizable part of the weight is moved to collective bosonic
modes of orbital and spin degrees of freedom. These collec-
tive bosonic modes, and their coupling are the focus of this
section and central to this work. In Appendix A, we show
how these modes can be introduced formally through the
appropriate Hubbard-Stratanovich transformations.

To describe the dynamics of the orbital and spin compo-
nents of the collective modes, we introduce the following
Hamiltonians (in what follows, the subscript L indicates the
orbital component and s the spin component):

Hylb] = / / W (Vb () + Ta(e)E (1)

Hilby] = / / Priln (Vb)) + Knlnel(ns PP (2)

Equation (1) depends on by, the field operator that creates
orbital fluctuation at a given point 7 = (x, y). The density ny
of orbital fluctuations in terms of the corresponding boson
creation/annihilation operators is

ny(F) = b (Fbr(F). 3

The first term on the right-hand side of Eq. (1) corresponds
to the kinetic part, with the material-dependent parameter
W, being—in analogy with tight binding—the “bandwidth of
orbital excitations.” The second term describes the density-
density interaction, which is in fact a four-fermion term
known from Hund’s rules, and the Hund’s Jy is a material-
dependent parameter. In analogy, Eq. (2) depends on b;, the
field operator that creates spin fluctuation at a given point
7 = (x, y) and the corresponding density of spin fluctuations,
n,, defined in analogy with the orbital counterpart [Eq. (3)],
in terms of the corresponding boson creation/annihilation
operators. Again, the first term on the right-hand side of
Eq. (2) corresponds to the kinetic part, tuned by the ex-
change parameter J, and the second term KCp; describes the
density-density interaction. Here, we made the Ansatz that
the material-dependent parameters, J and KCp;, depends on the
density of orbital fluctuations, n;. Crucially, this dependence
is what provides the coupling between the orbital and spin
degrees of freedom. This Ansatz is justified by first-principles
simulations of FeSe: the exchange parameters obtained from
density-functional theory have a strong dependence on the
orbital configuration of the Fe atom (determining the system
magnetization), as seen in Fig. 1(a).

We further assume classical degrees of freedom, so their
dynamics, in the continuum limit, can be described by the
angles, 6, 6, between pairs of the orbital momenta and of
spin vectors, L and §. Correspondingly, we introduce the
canonically conjugated scalar fields of phase ¢;, and ¢s. Then,
the density of orbital and spin fluctuations [Eq. (3)] can be
expressed as ny () = € - Vo, (#) with @ = L, s and where we
project onto & = A1, (1 +£¢)] where ¢ < 1 is the orien-
tational order parameter defined later in the text and N is
the appropriate normalization factor. Then, in the small-angle
limit, we can rewrite the Hamiltonians in Egs. (1) and (2) as

1
HI 0, o] = vy / / LrRVO) + - (ToF, )

HYTLL[OSa ¢v] = Vs // derv(vex)z + KL(V(pS)z’ (5)
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FIG. 1. First-principles results of FeSe that inspired this work.
Dependence of (a) nearest-neighbor J; /2 (red dots) and next nearest-
neighbor J, (blue dots) spin exchange parameter on the average
spin amplitude (S); and (b) energy difference between ferromag-
netic (FM) and striped antiferromagnetic (SAFM) phase for FeSe
at 1 GPa pressure. Below 0.6 up/Fe, the stable magnetic phase is
FM, above the SAFM. All calculations were carried out within the
density functional theory at the generalized gradient approximation
level. J; and J, have been obtained by fitting the results with a
Heisenberg-like model Hamiltonian. We use the same approach and
computational parameters as in Ref. [19].

where we understood the spatial dependence of ¢y, @1, 6, 6L
and the functional dependence of K; on ¢,. Equations (4) and
(5) describe Tomonaga-Luttinger liquid (TLL) for the orbital
and spin components. In a classical 2D context, this is thus a
model of two elastic membranes each defined by characteris-
tic velocity and compressibility of acoustic waves v, and Ky,
a = L, s. The compressibility parameters K, are nontrivially
related to Wy, J, Jg and K in Egs. (1) and (2). In particularly,
when the interaction terms are neglected K, = W; /T and
K, = J/T, where T is the temperature.

While the small angle approximation is justified by the
slow variations of 6, at low temperature, Eqs. (4) and (5) are
missing the essential low-energy physics in 2D systems from
vortex-type excitations (see, e.g., Ref. [23]). We thus include
in the model large angles terms cos 2¢,—topological excita-
tions that induce 27 vortices in the canonically conjugated 6,
field,

HYoner — // d*ry, cos2¢y(F), a=s,L. (6)

In Eq. (6), y, is the density of vortices, called fugacity, with
temperature dependent amplitude,

w/T), )

where p(@ is the vortex core energy. For the spin channel, an
expression for the vortex core energy was given by Kosterliz

Yo ¢ exp (—

and Thouless, 1 = e,J with €, = 7%/2. This is the zeroth
order approximation which includes the normalized energy
cost € of creating the vortex pattern of spins due to the ex-
change interaction J in Eq. (2) (in the sine-Gordon model this
energy is also equal to the soliton mass of a given mode). By
including screening [23] in vortex gas, one finds instead €; =
3/m. As discussed previously, in the model, we proposed, J
has a functional dependence on the orbital fluctuations n,
thus on ¢, namely, J[ny] = Jycos ¢, where Jy is the bare
amplitude of exchange. Then,

¥s o exp(—pBeJo(cos ¢r)). (8

Equations (4) and (5) together with Eq. (6) constitutes a
standard description of classical 2D spin system in the con-
tinuous limit. It is known that the only phase transition it
supports is the famous Kosterlitz-Thouless phase transition:
the vortex unbinding into free gas. This is supported by the
Mermin-Wagner theorem, which states that when spin-spin
interactions are short range there is no phase transition at
any finite temperature for a classical 2D systems. Then, to
introduce spin ordering and thus, a mechanism for a phase
transition in the classical 2D spin system of Eq. (5), we need
to introduce in addition the long-range (LR) interaction term

HLR // d%r YLr[PL] cos O (r)’ ©)

|r

where y; g is the amplitude of the process that has been written
as a spin-tunnelling term [24] (i.e., proportional to cos 6;), and
the parameter y sets the decay rate of the long-range spin-
spin interaction. In order to induce the long-range order, the
exponent y must be equal or smaller than the dimensionality
of the system, y < 2.

We sum the vortex [Eq. (6)] and long-range [Eq. (9)] terms
to Egs. (4) and (5) and obtain our final model Hamiltonian
H, for the coupled spin- and orbital-collective modes,

1
Heo =y / / d*rK (VO + K—(V¢L)2
L

v / / d*rK[¢r1(Ve,)* + : (Vo,)*
Kv[¢L]

+ // d?ryi cos 2¢ + ys[¢r] cos 2¢,

// Pr yir[¢L] cos O, ’ (10)

o

where we understood the spatial dependence of 6, ¢y, o =
s, L.

Note that, since we are considering nonlinear cosine terms
in the Hamiltonian, the spin and orbital fluctuations have both
a plane-wave and a soliton-like—carrying a localized angular
momentum—components. In what follows, we address the
soliton-like bosonic fluctuations of spin origin as solitons ad
of orbital origin as orbitons. When the boson-boson coupling
is of a local displacement type, which should hold for small
displacements, then V;5(q) ~ g. Thus interaction with small
momenta exchange, i.e., interaction of densities Vo, V¢, is
of a minor importance. Anyway, including them would only
re-diagonalize the bosonic modes, leading to hybrid spin-orbit
modes. It is well known how this can be accommodated, but
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for now we neglect it. In this work, we shall focus on local
excitations with large momentum exchanged, that is coupling
between topological excitations, solitonic waves.

Some observations on how the model Hamiltonian relates
to the target material, FeSe. first, the long-range term propor-
tional to y g in the Hamiltonian is particularly relevant for
FeSe, for which several works [25-29] have emphasized the
importance of the long-range nature of spin-exchange interac-
tions. In fact, from ab initio results, we found [19] that spin
fluctuations dispersion strongly depend on the orbital degree
of freedom, and that orbital fluctuations have finite dispersion.
This implies that spin-spin interactions can be long-range and
mediated by orbital degree of freedom. Then, the characteris-
tic decay exponent of spin-spin interactions is determined by
the orbiton propagator:

Yir & (BT (Mb(r)) = exp(—(0(rO ().

Second, it is experimentally well-established that only the
high-pressure phase of FeSe is magnetically ordered [29].
From ab initio results [19], we observed that the principal dif-
ference between low- and high-pressure phases is the twofold
reduction of W, defined in Eq. (1). Such reduction substan-
tially changes the fugacity y; . In turn, when the orbital content
changes, then the fugacity of the spin sector y, changes be-
cause J depends on the orbital content, see Fig. 1(a).

B. Expected results: Qualitative description
1. RG equations: General idea

The Hamiltonian [Eq. (10)] for the spin and orbital degrees
of freedom consist, for both sectors, of density wave fluctua-
tions (V¢)? and a cosine term describing topological vortex
excitations. The first term is solvable by Gaussian averages
while for the second term we use the RG method, which
is a well established tool in this context (see Appendix B 1
for details). Within the RG, short range fluctuations, with
“<” index, are gradually averaged out to produce an effective
theory at macroscopic scales. For instance, the compressibility
(we understood the L/s subscripts) changes like:

SK[A] =y? f

A
x exp(0=(r1) = 0=(r2)))a

A

drldr2 COS(9>(}’1) — 9>(r2))(

A/
= / drr? (0= (0= adu(Ar), (1)
A

where r = (r; — rp), the J, is the Bessel function of the nth
order (the choice of n depends on whether we intend to
compute monopole, dipole, quadrupole correlations on the
plane) and the key quantity that contains the physics of the
problem is (0 =(7)0=(0)). Note that for a 2D classical system,
contrary to 1D quantum system, the RG flow does not probe
decreasing energy shells. Instead, for a given temperature
Ty, one increases the characteristic length on 2D plane from
A = agexp(l) to A’ = agexp(l 4 dl), where qay is the crystal
lattice constant (the UV cutoff) and / is the running variable
in the RG equations. By this process, one examines if the
effective density of free vortices increases or decreases. If it
increases, y; is relevant and the effective theory is ultimately

given by vortex gas. Instead, if the effective density decreases,
y; is irrelevant and the effective theory is defined only by den-
sity waves because any remaining vortices are bound. This is
a standard KT picture. What is less known, although proposed
more than three decades ago [30], is that an intermediate phase
of vortex crystal with a constant y; is also possible. In this
phase, vortex-antivortex excitations still form bound pairs, but
the density of these “dipoles” is so large that their interactions
matter and a crystal of dipoles is formed. We shall investigate
the effects induced by the presence of this phase in one of the
sectors of the theory, in the orbital sector to be specific.

The crucial microscopic mechanism of the system under
consideration, that lays foundation for our field theory, can be
read out from Fig. 1(a): varying the orbital occupancies of d
orbitals ng; = (d; d;), which is equivalent to change the n;, or
01, away from its optimal value, i.e., reducing (S) from high
to low spin value, lowers the spin-exchange J parameter, thus
reducing the core energy u. for the spin vortex. Whenever an
orbital vortex-antivortex pair appears in the 2D plane we shall
have approximately an ellipse with eccentricity ¢ and inside
this ellipse the parameters of the spin system are different than
outside. The spin-orbit coupling is thus quite unusual: the ap-
pearance of an orbiton increases the probability of spin vortex
appearance in the orbiton’s core. The presence of the spin vor-
tex, ocexp(igy), affects the long-range spin-spin interactions
that are proportional to the canonically conjugate 6; field.

2. Initial flow

The RG flow starts at the shortest, atomistic scales with
certain initial values for g,; and K. These values depend
on the temperature of the system. We a choose temperature
T; € (80K, 200K), as this is the temperature range of the
parent state of the nematic/magnetic transitions in FeSe, the
material of our interest [31]. At this temperature, the spin
system is well below the KT temperature, 7; < T, o J; [see
Fig. 1(a)]. This is because we take the value of J; & 50meV,
i.e., the value found [Fig. 1(a)] for the high-spin (HS) striped
antiferromagnetic (SAFM) phase. On the other hand, when
T = T; the orbital system is in the regime close to the KT
transition with rather large fugacity of orbital vortices, this
is because of large Hund’s Jy that lowers the value of the
effective K; .

The RG flow is schematically illustrated in Fig. 2. In the
beginning of RG, that is close to the UV (short distance)
limit, where one consider distances of order of few lattice
sites, the RG flow proceeds along the standard KT trajectories.
Because J (and thus vortex core energy) is large there are not
too many spin vortices in the uniform, energy-favored SAFM
(HS) phase, the long-range coupling yr r is expected to grow.
On the contrary, in the orbital sector there is a substantial, rele-
vant number of orbital vortices. Inside orbital vortices we have
a spin ferromagnatic (FM) phase, hence AFM waves are pro-
hibited from entering inside. Furthermore due to smallness of
J locally, the spin vortices may be present inside these orbital
vortices, these are spin-vortex excitations within FM phase.

3. Two possible outcomes

The second stage begins when the RG procedure (the
flow) reaches the scale of orbital vortex size. The flow of
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Case /

FIG. 2. Schematic view of RG procedure. The characteristic size
of the system (green ellipses) is increased to investigate the behav-
ior of the system at increasing length-scales. Top panel (2D plane
zoomed in): the initial flow, when the size is smaller than the low-spin
(LS) zones. Bottom panels (2D plane zoomed out): two variants of
the flow for larger length-scales when the densities of the LS zones
are small (left panel) or large (right panel). The blue background
indicates the high-spin (HS) zones, while the orange ellipses are the
LS zones. The LS is equivalent to large distortion of 6, value, that
is the orbital-vortex core. In the left panel, the ellipses orientation
is random thus the orientational parameter ¢ = 0, while in the right
panel ¢ # 0 has the same value in entire area shown.

FM zones is now complete because we reached maximal
size of these regions. The flow of SAFM and orbital sector
continues, but with a different boundary conditions and initial
conditions set by the 1st stage of the flow. A more compli-
cated set of RG equations is now needed, we derive them in
Secs. III B and III C and write the entire system of equa-
tions explicitly in Sec. IV. There are two possibilities for the
flow.

(1) Orbitons are diluted. Then, orbitons act as random
impurities in an otherwise homogeneous medium. Orbitons
and spinons are localized. If orbitons mediate long-range spin-
spin exchange interactions, then this long-range part y g is
suppressed. This case (shown in the left panel in Fig. 2) is
tackled in Sec. III B.

(2) The distances between orbitons are only one order
of magnitude larger than the orbital vortex size. Then the
system enters an intermediate range of RG with inhomoge-
neous, gradually changing local chemical potentials. Within
this phase orbitons’ fugacity can grow and then saturate, thus
leading to substantial ¢ (the anisotropy which corresponds to
the orbital vortex crystal parameter) and smaller exponent y
[Eq. (9)]. Then yir can grow. This case (shown in the right
panel in Fig. 2) is tackled in Sec. III C.

When case 1 is realized the last stage of the flow is spin
system with short-range interactions (thus no order, or at best
nanodomains of long-range order [32]) and orbital system’s
flow stops at a small fugacity of orbital vortices.

When case 2 is realized the last stage of RG leads spin
system towards long-range order. The two stage mechanism
is as follows: when orbital vortex lattice form the background
8t(r) experienced by the ¢, field is oscillating, the fugacity
inside crystal phase stays in average constant. We develop
formalism to capture this in the beginning of Sec. III C. If the
spin system is coupled with orbital system and the orbital sys-
tem develops crystal vortex phase then spin-spin interaction
can be mediated through the vortex lattice. We take ¢ to be
the amplitude of orbital vortex crystal, finite £ means that the
ellipses are oriented in the same direction over a finite area,
however the distortion can be primarily either along x or y
direction, which leaves us with 2D Ising variable, known [33]
to be decaying as (1/r'/8)? = 1/r!/*. Thus the effective decay
exponent of y g can be approximated as = 3(1 — ¢) + ¢/8
(see Appendix B 2). The system indeed moves towards a spin
long-range order (LRO) phase, provided that we can prove the
existence of a finite ¢.

III. EXPLICIT SPIN-ORBIT COUPLING

In order to solve the problem, we need to express the
implicit spin-orbit coupling in the last two terms of Eq. (10)
in the explicit form, i.e., to write explicit expressions for the
following terms in the Hamiltonian:

H*"*[ny(x, )] > Hyu(+1)» (12)
H™ [n(x, )1 = Hirin)s (13)
His[s(x, y)] = His(ts).- (14)

where the terms in the right column contain an explicit func-
tional dependence on ¢ of the spin compressibility K; and
fugacities y; and y;r in Eq. (10). The explicit form of the
coupling between the orbital and spin fluctuations is needed
for developing the RG, a necessary step to understand the
phase diagram of the problem.

The simplest solution to the problem when there is a de-
pendence on J[n] is through a weak-coupling approach, that
is with the two bosons weakly mixing. This is however not
the regime we work on: in our case, AJ[Ang] is of the same
order of magnitude as J[n; = 0] itself (see Fig. 1). Then, the
system can reach the regime with either (A) / — 0 so that a
substantial spin vortex fugacity is present or even with (B) J
changing sign and thus with the spin character of the ground
state |W,) being affected. In the latter case, to account for
the changing spin character of the ground state, we define a
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range rpyv such that when r belongs to this range it fulfills the
following condition:

re€rem = np(r) > ngo : Jng > ngpl <0,

where ny is the amplitude of orbital fluctuation for which J
changes sign. In what follows, we investigate how the pres-
ence of finite rpy ranges affect the orbital degree of freedom.

A. UV limit, initial parameters for the second
stage of the RG flow

Let’s focus on a situation with strong spin-orbit coupling,
that is a large An,. We can employ an analog of Migdal’s
theorem (since the velocities of the two modes are quite
different) and consider two velocities separately. A change
in orbital density causes large change in the parameters of
spin Hamiltonian. We thus reach case B with a number of
long-living quasistatic FM cores distributed in the system.
The RG procedure below assumes a given ground state |\Wy)
around which 6,(r) fluctuations are possible. Here, we have
topologically different fluctuations in the sense that for a given
range rry, as defined above, the ground state around which
fluctuations are defined is different:

WM € rev)) # WM & re)), (15)

This local difference can be distinguished only at the micro-
scopic level and thus it needs to be accounted for in the UV
limit, in the initial parameters of the RG flow.

In the strong-coupling atomistic limit—the UV limit of
our theory, one predicts that any finite value of Jy results
in what is called the Hund’s superexchange. Namely, if the
electrons on two neighboring sites have the same spin ori-
entation they can swap through hybridization and due to the
indistinguishability principle gain energy from a nonlocal
exchange. This process, through a Hartree diagram, is also
associated with the spin-orbital dependent hybridization [34]
(see also Appendix B), f15 o< Jy. Then, an additional term
should be added to single-particle Hamiltonian (as written in
Appendix A):

dd i
Hlap = Z Z tsloi, o, m, n]cinoicjmaj’ (16)

i,j m,n,0;,0;

where m, n are atomistic orbitals and o indicates local expec-
tation value of spin, the hybridization may depend in general
on both these degrees of freedom.

If the neighboring sites’ spins are antiparallel, then there
is no energy gain. This implies the existence of an additional
potential experienced by fermions that depends on spin orien-
tation of sites coupled by the hybridization:

Vis(r,r') = %ﬂsua(r) o)+ o),

where the prefactor has been computed in a similar manner as
for the superexchange (see Appendix B for details). Indeed,
the existence of such an additional term can be also inferred
from first-principles results, Fig. 1(b), where the energy of
orbital-fluctuation changes, depends on the |W!) phase.

The Hf‘dd term distinguishes between various magnetic
phases that are coupled with orbital degree of freedom: for
SAFM itis t;5/2, while for FM it reaches the maximum value,

orbital ¢,

FIG. 3. Schematic view of two overlapping vortices in spin (top)
and orbital (bottom) sectors. For the orbital ¢; the value is encoded
in color: from Fig. 1, we deduce that the orange area inside red circle
is in |WF) state, while in between red and purple circles J — 0
and thus also vy — 0. In other words, the coordinates of orange area
inside red circle fulfill the condition to be rpy.

trs. Thus the energy levels of FM and AFM phases split and
fluctuations between them are blocked. Since the Jy-driven
mechanism is the only source of a finite amplitude 7,5 con-
sidered here then in what follows we address its variation
as 8t(r). Following the above given extra potential Vg we
deduce that

8VLS(-X7 )’) 0.8 8t(-x7 )’)7

that is, moving between different magnetic phases changes the
local configuration of the orbital field.

We now move to vortex physics. With several possible
ordering phases predicted in the spin sector, it is easier to
begin with the orbital sector. It should be noted that usually
too large (local) density of spin vortices is prohibited due to
high energy cost: in an AFM environment, some spins would
need to be nearly parallel, which in a typical case is costly.
However, the presence of an FM core changes the situation:
the parallel arrangement of spins will actually be preferable in
such a region. Moreover, in the area where J changes sign, the
spin-vortex core energy goes to zero. Thus spin vortices are
attracted towards the orbital vortex as shown in Fig. 3.

To substantiate this conjecture we follow this self-
consistent procedure.

(1) we assume that in a strong coupling regime there is
a number of spin vortices in the system. They form a qua-
sistatic configuration because |W™) states are topologically
protected at microscopic, UV level.

(2) We explore how the existence of these spin-vortices
affects the orbital system: in a dilute case (Sec. IIIB) we
can solve correlation functions exactly, while in a dense
regime (Sec. Il C) we derive the Hjg(+s) Hamiltonian and its
renormalization.

(3) Based on that, we derive the effective Hy,4r) and
Hig+1), study their impact on the RG and confirm the con-
jecture from step 1.

In step 1, we compute an average of any measurable O
in the orbital sector in the presence of the spin sector and the
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spin-orbital coupling:

A

1
(Or) = Z/d¢i0L[¢i] exp(—=Sc[¢il), 17

where Sy, is the corresponding action. We assume that orbital
field is perturbed by an averaged quasistatic vector field pro-
file ¢p(x,y) = ¢r(x,y) + 8t(x, y)n(x, y)—a correction that
is coming from the spin degrees of freedom in an (initial)
mean-field approximation. To find the optimal solution for the
energy expectation value we extremize the action Sy (x, y): fol-
lowing the textbook procedure, it is equivalent to the solution
of the Euler-Lagrange equations with a variation:

1
d*r—v Voo (x,y)Vn(x,y) > 0,  (18)
C(x,y) KL

dt(x,y)

where, as usual, through integration by parts the term ~n(x, y)
appears. Assuming that boundary contribution on the contour
C(x,y) is zero, one finds that the Euler-Lagrange equation for
the orbital sector stays unaffected, only the elastic part is
present. This is the case for the density waves profiles, i.e.,
n(x,y) is a plane wave with amplitude going to zero. The
situation changes when there is a topological excitation, a
spin-vortex texture enclosed inside the loop (this is the case
A with potentially large vortex fugacity), since then, by the
Stokes theorem, V X 7j(x, y) # 0 and the boundary integral
produces a finite value. An additional boundary contribution
to Lagrangian «V¢, arises. This adds a term §z(x, y)V¢, to
the TLL Hamiltonian of the orbital sector. This extra term
gradually increases as the contour shrinks towards the center
of the vortex. Two situations are possible: (i) the field 6z(x, y)
consists out of “rare incursions,” which can be treated as Dirac
deltas; (ii) the field is dense thus the internal structure of
8t(x,y) matters. These two cases correspond to cases 1 and
2 in the qualitative description in Sec. II B 3.

B. Mobile vortices: Disordered case

In the case i, the extra term can be treated following the
same lines as for the standard forward-disorder term in the
TLL: we introduce a phase shift:

¢L(r) — ¢L(V)/ dr'st(r')

that allows to gauge out the additional spatially varying field
8t(r"). Upon this shift, we see that all correlation functions
that contain the ¢ (r) field decay exponentially because of an
extra prefactor

<¢L(r/)¢L(r)> X exp (/ dr/dr/(SID(r— r/)>

= exp(=8t|r —7'|)

where we assumed that the &6z(r) field is uncorrelated,
random and thus (§¢(r)8t(r')) = §tD(r — r') with §t ampli-
tude of hopping fluctuations and D(r — r’) the Dirac delta
distribution.

We now look how the spin sector is affected by this weak
localization of the orbital ¢, field. We have two nonlinear in-
teraction terms in the spin sector: the spin-vortex term Hy, and
the long-range interaction term Hg, each should be treated

separately. For Hy,,, we know [19] that in FeSe there is a strong
dependence J (& (bz (x)br(x))), to be precise,

Js o {cos[@r(x,y) — ¢r.(x', Y)]).

In taking this particular Ji[¢;] dependence, we have made
an explicit connection with our recent ab initio study [19].
Actually, the fact that J; o< cos ¢y, can be used as an argument
supporting the conjecture that J; o< pr(2kr ). To continue with
the spin-vortex term, we rewrite the cos ¢ (7p) as

2cos(¢r(r)/2) cos(gr(r')/2) — 1,

with (r + ') /2 = ry such that the extended vortex becomes a
point localized at ry at large distance. Thus there is a constant
term and a term accounting for a spatial spread, the latter one
is affected by the extra prefactor:

(cos(@r(r)) cos(¢pr(r))) o exp </ dr/dr’atD(r — r’))

= exp(=8t|r — r'|), (19)

and from the screened-Coulomb gas picture, we take that
condensation energy has logarithmic corrections due to the
spatial spread of vortex, the interaction with “phonon” gas,
then

J = 0 exp(=8t|r — r'|). (20)

This additional exponential can be incorporated as an extra
phase shift inside the cosine, so the entire term reads

Hyir) = f drdr'y? cos(¢s + idt|r —r'l),  (21)

where there is a shift i§t|r — #/| in the argument of the co-
sine. This is precisely the same term that has been treated in
Horowitz [35], where it was shown that this term leads to, e.g.,
an extra rescaling of the K; TLL parameter in the equation for
¥s, namely,

y'=y(2—K)=>y'=y<2— (22)

=)

where 0 = iét. This rescaling is a result of an integral

/ dx cos(6x)Ky(x),

which is the Fourier transform of a modified Bessel function
of the second kind. This factor multiplies the TLL propagator
at a given energy shell, very much like (for the second order
terms) the f; » functions defined in that work and generalized
here in Eq. (31) [those are second-order terms, so they also
have the angular Jy(x) part].

From Ref. [35], we know that the presence of the phase
shift d|r — /| in Eq. (21), which is equivalent to incommensu-
rability, modifies the RG flow for y g: —K — —K/+/1 — 02.
Curiously, when 0 = ié¢, i.e., it is imaginary, its influence
is opposite than usual because 1/4/1 — (i8t)? is now a de-
creasing function of §¢. This means that the term cos(¢y) is
becoming more relevant, i.e., spin vortex fugacity is increas-
ing in the presence of mobile orbital vortices. The imaginary
character of the extra shift is a manifestation of the fact
that momentum nonconserving processes in the orbital sector
modify condensation energy in the spin sector. Overall, this
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can be thought as another version of order stabilized by a
dissipation.

The situation is different for long range interactions, the
Hyr. The interaction is mediated by the 6, field fluctuation,
so it would seem that an anomalous propagator of the ¢
term would not affect this term, although this is a quite
counterintuitive result. However, for the H;g, in each RG
step not only fields but also the vertex, which is proportional
to yr|r — r/|7%, is affected. In a mean-field approximation
Jr(r — ') = (yLr cos O, (r) cos 6.,(r"))s,,,, — the parameter of
the spin long-range term is determined by averaged propaga-
tor of the orbital term. As usual in RG, we split the short (“<”
and longer (“>") distance physics, both in the spin and orbital
sectors, and average the short distance action, namely,

SLR(+L) = /D¢3~>D¢L>{S>[¢f;¢fl
+ fdrdr/(j}LR(r - r,)>§L(+s)ml

X (cos(Os(r — r')))§ } (23)

where Jir(r — ') = yLr cos(0,) is from the orbital degree of
freedom, it contains the vertex and the propagator. The cosine
in Eq. (23) is nonlocal so it has to be evaluated more carefully.
We use the fact that the orbital action is a sum of TLL and
vortex parts Srior = Sr—TLL + SL(+s)vor» heNce,

(yLRr €08 O (F) €08 OL(F)) 5, 10100

= (c0s Or.(F) €08 OL(F)) s,z IR(T = 7)) s, pors (24)

where we included the fact that correlators of 6;, field do not
contain the vortex factor, so these factors, together with the
cross-correlation with the spin-vortex sector enter only the
vertex y r. The first term is a spatial average over 6, and
produces a known propagator G (7 — 7') of the bare field 6,
the power law |7 — 7/|~® in the Hamiltonian. The TLL part
does not contain neither the vertex correction (by virtue of the
Dzyaloshinskii-Larkin theorem [36]) nor the cross-correlation
with the spin sector. The vertex correction to y g comes from
an average of the total vortex part: since from Ward identity
the vortex yi g = I'rs(x = 0) ~ stl and Gy, is a copropagator
of the spin and orbital vortex fluctuation. Here, the orbital part
that contains (exp(¢p,(r)¢L(r'))) and the spin propagator of
the vortices are contributing to the modified Bessel function
of the second kind. We find that at each RG step there is a
factor,

1
1 ) sty = /0 dxexp(=5()Ko(x),  (25)

with x = |r — #/|, which, from the Laplace transform of a
modified Bessel function of the second kind evaluates to

(VLR) Syoul) = v 1 — (i821)?, (26)

with again the same imaginary factor 0 = iéz.
Overall the short distance average of nonlocal interaction
term produces:

=1 —(8)2GL(F —F). (27)

{cos BL)s;;

L(+s)tot=

Upon substitution of this orbital average in Eq. (23), we obtain
the usual cosine term but with a rescaled parameter in the spin
sector:

K K

1 V1 =22

This enters as the last term in the last equation in the set of
RG equations Eq. (38). Thus we observe that in the pres-
ence of mobile orbital vortices the spin-LRO cos 6 terms
are becoming less relevant. This is what we expect for the
ambient pressure phase in FeSe where there is a small density
of mobile bounded vortex-antivortex pairs, increasing as we
approach Tkr.

C. Generalized incommensurability for the vortex crystal phase
Strong coupling of spin and orbital sectors

In the previous section, we showed that rare and random
distribution of 7j(x, y) increases the number of orbital vortices.
In the strong coupling limit, we need to understand what
happens when the vortices get close enough such that their
overlap: that is, when vortex-vortex interaction matters. This
is the case ii defined in the end of Sec. IIT A.

Our system is such that whenever there is an orbital vortex,
there is simultaneously a preference for the FM phase in
the spin system. More precisely, at finite temperature there
is a mixed state with a higher probability of the FM phase,
pem- The ppy probability increases towards the center of the
vortex, and decreases as we move away from it. As ppm(r)
increases also the expectation value (Vi g(r)) increases. In
what follows, we approximate this energy landscape with a
set of linear potentials. In fact, a set of linear potentials is
the simplest form that captures presence of space dependent
(Vis(r)) o< 8t ppm(r), thus a generalized form of a background
potential V (r) = (V.s(r)) where an average is taken over any
slow-motion of vortices.

The presence of a background potential V (r), results in
an additional term in the Hamiltonian which has a form of a
generalized “chemical potential.” It is known that such terms
can be absorbed by an appropriate shift of the bosonic field:

7

.(F) > () + / PRV (7). 28)

—00

So far this procedure has been applied to either a constant
potential, for doped Mott insulator, and for a deltalike poten-
tial, for forward scattering disorder. A generalization merging
these two procedures for coupled modes was presented in
Sec. III B. Here, we need to tackle the situation of an in-
homogeneous potential V (7). Instead of a constant chemical
potential, we apply the reasoning, Eq. (28), for an (infinite)
set of linear potentials which constitute an array of orbital vor-
tices. To obtain the total potential we need to add contribution
from neighboring vortices

V(iry~ar —b(r—r)—b(r—r_;)+---,

where a, b are constants. We see that we obtain a linear
potential in the nearest vicinity of a chosen point, namely,
V(r)=(a—Db)r.
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The term in the Hamiltonian, that results from the Eq. (28)
transformation, reads

Hisits) = /dzryL cos(¢r (7))

- / d*ry, cos(¢r(F) + ADFP).  (29)

This term has a slightly different form than those consid-
ered previously because incommensurability induces a shift
fdrV(r) ~ A(I)7*, which scales with a higher power of r
(and not linearly with r as for doped Mott insulators). Here
72 = x> 4 ¢y? is an elliptical surface that encodes the ori-
entational order of quantum wells (¢ is the eccentricity, that
can be either along y, like above, or x directions). However,
just like in Horowiz et al. [35], one expands the cosine and
performs the angular integral. This results in the inclusion of
extra integral coefficients in each RG equation to account for
the shift. For instance, the RG equation for compressibility
becomes

dk,
dl
that is the standard KT equation multiplied by a function
f1(1). The functions f; contain an integral analogous to the

one defined in Eq. (11). These integrals that need to be solved
read

=K, =), (30)

fl)= f drr’ Ky (mr)Jo(A(Dr?), @31

Hl) = / drr’ Ky (mr)J(A(Dr), (32)

where J; and K; are Bessel function of the first kind and the
modified second kind, respectively. The K;(mr) is a correla-
tion function of the vortices in the massive phase (with the
Ising “mass” m = y;), and Bessel functions JO,Z(A(l)rz) come
as aresult of integrating out the angular variable for monopole
and quadrupole configurations, respectively.

Recent advances in the theory of Mejer functions [37,38],
enabled us to find an explicit analytic form for these integrals:

fil) = ciRe| Gy} |
51
6,1 6’ 6
G\ ¥ 111115
6’ 6’67226

2c=5/6 ’
where s = (v /A(l ))? contains the [ dependence, to be pre-
cise [as we show later in Eq. (35)], the linear / dependence
but only when ¢ # 0. The ¢ and ¢, are constants that are
chosen in a way to ensure that f; = 1 when ¢ = 0, that is in
the absence of vortex crystal the RG flow is the KT flow.

We now need to connect the A(l) with parameters of
the theory. The coefficient A(/) ~ (a — b) comes from the
vortex energy landscape, which consists out of two forces
in a Coulomb gas, as defined in a seminal paper by
Minhagen [30].

; (33)

Bl W

£1) = cIm

(34)

0

-2

-100 -50 0 50 100
X

FIG. 4. Extra functions fj (blue line) [Eq. (33)] and f, (orange
line) [Eq. (34)] that multiply the RG equations, shown as a function
of ». We see that for sufficiently large positive > we have f; = 1
and f> = 0, i.e., the KT flow, but once finite n sets-in it will push s
to smaller values leading to a noncanonical RG flow.

(1) The bare interaction, which in our case is defined by
the background field Vy(r), so that it is proportional to a slope
A for dilute vortices which in turn is proportional to y; .

(2) The vortex-vortex correlation energy with its di-
rect and orientational parts that have been expressed as
/Ky [dr'r x,(r') and 7w /Ky [ dr'r'Ln(r' [ry) x.(r), where
r’ are positions of the dipoles in the gas.

Minhagen states [30] that including only the bare inter-
action reproduces the KT RG ordinary differential equation,
while the vortex crystal phase arises when the vortex-vortex
correlation is included. Indeed, since the argument of Eq. (33)
depends on y;/V, if we take only the first term, V(r)/r =
Vo = yL, then s = 1 and thus (see Fig. 4) the flow with con-
stant fi = 1, o = 0, i.e., unaffected KT flow. The m? can be
interpreted as an inverse full (sine-Gordon) propagator minus
inverse free TLL propagator m> = G~! — G;LIL, i.e., the bare
vertex function I'g. This observation enables us to make a
straightforward generalization: to include the interaction with
the surrounding environment (namely interaction with other
vortices), we use an expression derived in Ref. [39] for the
inverse propagator I' = Ty 4+ I'§G2;, where the second term
comes from integrating out the auxiliary mode. To truncate
an infinite series of equations, we assume that the dynami-
cally generated mass term in G is equal to a bubble Ge_ff1 =
G”l_“IIL + G;}.. This is equivalent to the ladder approximation.

vort*

We then conclude that

i _ 1
2 1+yG?

vort

~ 1 _inzort’ (35)
where the last approximation holds in a physically relevant
range of nearly unitary scattering I' &~ 1. We next need to
evaluate Gy Which is equivalent to the generalized force of
Minhagen in point II above. The calculation is given in the
Appendix B 1 b. Ultimately, we obtain the following formula
for the generalized vortex-vortex “force”:

2(1 + Ln[1/(27>
r(l) =y, +; ( (J;{n[lé)( nny)])
L~ — JL

+rel,  (36)
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where the vortex lattice misfit depends on the lattice distortion
¢ times the characteristic scale of RG. The anomalous RG
flow, the [ dependence of I'(/), begins only when ¢ # 0 and,
from the first two terms in Eq. (36) (see Fig. 4), we see that
this is possible only in the vicinity of KT separatrix, for a suffi-
ciently large y; when (/) becomes small. In order to estimate
when the ['(I = 0) crosses value I'(/) = 0 (on the separatrix
when y; = Kj — K) we need to solve the following equation:

2
Ly, 20 D@D a7

(Kf = K) =
The latter is solved by y; = 0.056, a value quite close to
Minhagen’s prediction y; = 0.054.

The idea that there is an extra renormalizable parameter
that determines the “running variable” of the RG flow is in
fact in close analogy to what has been done in doped Mott
insulator (under constant chemical potential condition). Here,
we have generalized it to the case of an inhomogeneous po-
tential that mimics the vortex-vortex interactions.

IV. RENORMALIZATION GROUP

We are now in a position to write down the RG equations.
For the sine-Gordon model, the RG equations were derived
by Kosterlitz and Thouless for two phases: either with the
fugacity of vortices increasing or decreasing in the infinite
size limit. The generalized RG equations should capture a
third phase, the vortex crystal, that is present in the vicinity
of the separatrix, i.e., The line in between the two phases.
Far away from the separatrix, the flow should be the KT
flow. Moreover, in the vortex crystal phase, the flow must
be horizontal (constant fugacity) and must gradually slowing
down as we approach the new separatrix. We incorporate all
effects discussed in the previous Section within a perturbative
RG approach to study if the formation of the vortex crystal
can be captured.

A. The orbital sector and spin-long range interactions

The set of differential equations that describes the flow, the
Callan—Symanzik equations of the system, reads

. K
=2 ] — ——, 38
ye(D) YL< m) (38)
K (D)= —y; i), (39)
c() = YK (fo(l) — ¢ fi(D)), (40)
V1 — (i)
yLR(l)ZYLR<4_a(1_§)_%_#)7 (41)

where in Eq. (41), we took into account the propagation of
G|, through ordered zones as well as the rescaling of K; in the
presence of 6;, disorder (see Appendix B 2). From the propa-
gator of a free boson, we have that the bare « = 4 — 1/(2K,).
The G, propagation makes y g more relevant (« is effectively
smaller), while the rescaling of K; (i.e., increasing numerator
in the last term) makes y;r less relevant. The competition
of these two phenomena, described in Secs. IIIC and IIIB
respectively, clearly manifests in this equation.

Yo 06
04 g

15

10
K~ 05

FIG. 5. The blue surface shows [for chosen values of (y., K. )] an
initial value of the vertex function »(®(blue surface), that multiplies
the RG time /, as given by Eq. (36). By comparing with functions
shown in Fig. 4 (yellow plane indicates the value s,,x for which the
function |f,(5¢)| has a maximum) we observe that strong deviations
from canonical KT flow will appear when the blue surface lies below
the orange plane. This happens only in the vicinity of the KT RG’s
separatrix, where indeed the vortex crystal phase is expected to
emerge.

We thus see that the way to establish a long-range order
in the spin sector is through ¢ # 0. The nonzero ¢ also affects
the first equation: instead of simple KT flow, now the K}, has to
be re-scaled and depending on ¢ value the separatrix between
relevant and irrelevant y; is shifting. The system may start on
irrelevant side, but later continue on the relevant side with a
horizontal flow that corresponds to a constant fugacity in the
orbital sector. The equation for ¢, taken together with Eq. (36),
is the one that determines whether or not the system will fall
into the intermediate VC phase. As it can be seen in Fig. 5,
usually the sz &~ —1 and then from Fig. 4 one deduces that
there is a substantial, positive f; which (due to second term)
suppresses any nonzero ¢. However for large enough second
term in Eq. (36), i.e., for large enough y;, the ¢ > 0 where
f> # 0. Then the first term in RG equation for ¢ appears,
inducing growth of |¢|. From last term in Eq. (36) (the I-
dependent), we see that ¢ quickly drops below zero again and
then the term ~ f; suppresses the flow of ¢ again. But now the
finite value of ¢ sets in, and the orbital sector flow is modified,
deviating from the simple KT picture.

From Fig. 6, we immediately notice how the flow is af-
fected by the generalized incommensurability. For small y;,
(left panel) the s stays close to one and f; — 1 while f, — 0.
Thus equation for K, is unaffected and we have a standard RG
flow as expected with irrelevant y; . For large y; > K[ (right
panel), the »r goes to infinity and again f; — 1 while f, — 0.
Thus equation for K} is still unaffected and we have a standard
RG flow but this time with relevant y;,. When y; ~ K then
equation for Kj start to deviate from the standard KT and the
¢ variable becomes finite. Once ¢ # 0 the functions fj , start
to flow as a function of the variable /. This will ultimately,
for | — oo, gradually suppress flow in orbital sector, locking
it inside the crystalline VC phase. The critical slow down of
the flow is due to both the mean-field energy landscape (thus
values of f] ) and the vertex-vertex interactions [encoded in
the propagator that leads to Eq. (36)]. Such a slowdown of
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FIG. 6. Three flows possible in our system. The standard KT
irrelevant (a) and relevant (c) flows, where the fugacity y; (blue line)
goes either to zero or infinity, respectively. (b) The vortex-crystal
phase where the fugacity stays constant, the orientational order pa-
rameter ¢ (red line) becomes finite and the spin sector long-range
order (yellow) sets in. The difference between the three cases stems
from an initial ratio of y, (blue) and compressibility K, (green line).

dynamics with increasing characteristic length-scale is remi-
niscent of a glassy phase transition.

B. The spin sector

For the spin sector we have additional equations:

K,
() =2y 1 — —— ], 42
Ys() y( 1—(i5t)2> (42)
K,() = =4y + yix- (43)

These equations do not influence much the RG flow in the bulk
of the system because of the smallness of the spin fugacity—at
least in the case of FeSe which serves as a potential platform
of our model. Further, the presence of y; r increases K; further
reducing probability of spin vortices, i.e., the fugacity y;.

However, the behavior may be different inside the core of
orbital vortex (or in the vicinity of it) where J is small and
so the spin fugacity y; is large to begin with. We see that the
randomness in orbital sector does increase even further the
spin fugacity in this region. Ultimately, we reach the regime
described in the Sec. III C, but with the role of orbital and
spin-sector swapped. This will result in a periodic arrange-
ment of spin vortices around the location of the orbital vortex.
Thus the program of reaching the self-consistence proposed
in Sec. IIT A has been achieved.

C. Discussion

In the work of Orignac et al., Ref. [40] an additional spin-
orbit term, due to oscillatory parts of respective density terms,
was included. The term reads

Hasg = Jis [ rsin(9.)sin () (44)
This term can appear only when the two terms
" (F) = sin (¢s(x)) exp(—iaJ (F)-F)  and  n,%(F) =

sin (¢ (x)) exp(—iaJ (¥) - 7) cancel their oscillatory parts,
that is when Jp(F) & J(¥), or more generally (to capture
higher order harmonics) J,(¥) = nJ(¥), n is odd.

When it happens then J.s will modify RG equations nonlo-
cally, i.e., in the areas where spin and orbital vortices coexist.
The modified RG equations read

yis() = ys(2 — Ky — Ky) — (s + yo)yLs, (45)

Ky
(1) =2y, 1 — ————
ys() y( =@

L) —y? 47)
/;1 — ;_2 LS

. yZ

K () = —(yi + %)fl(l), (48)

) — s (46)

() = 2}’L<1 -

where the first equation is the RG equation of the LS addi-
tional term itself.

In the limit y; — 0, the canonical phase diagram (based on
the anomalous dimensions only) of the model that includes
yrs was given in Ref. [40]. Clearly the model is symmetric
with respect to exchange g; <> g, and K; < K, so without
loss of generality we can focus here only on the regime that
is of our interest, namely small spin-vortex and large orbital-
vortex fugacity in the bulk (close to each orbital-vortex core
we will have enlarged spin-vortex fugacity). From the above
equations, Eq. (45), we deduce that finite, substantial y; s in
the vicinity of orbital-vortex core (where the commensurabil-
ity criterion can be met) limits the growth of other fugacities.
Furthermore, it can speed up the variation of K (/), but the
limiting factor f;(/) is still there (one still needs to compute
an average of (0. (r)0.(r')) in the vicinity of the vortex). The
limiting factor induces the RG slowdown, the glassy behavior
but whether it still works can be checked only numerically
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which we did for y;g < y.. On the other hand the limit of
large (relevant) y;s can be inferred from results of Ref. [40]
where it was shown that the phase with irrelevant y; (i.e.,
under the separatrix) can then be described as intertwined
spin and orbital vortices, where any dislocations can lead to
a glassy phase. This is not in contradiction with our proposal
of orbital vortex crystal, it is worth reminding that the spin
long-range order y g was not considered in Ref. [40], but a
question whether there is a smooth cross-over between the two
pictures is open for further studies.

V. MEASURABLE QUANTITIES

The model proposed above allowed us to write down the
RG equations, and ultimately obtain the phase diagram for
the strongly coupled spin-orbital system. A relevant question
at this point is whether the proposed model can be in any way
verified experimentally. One of the hallmarks of the model is
that any quantity that contains the average of orbital fluctu-
ations’ field, the (¢, (x, y)¢.(0, 0)), acquires an exponential
decay. We thus need to identify some observables containing
the average of orbital fluctuations’ field. Our formalism is
quite general and can cover many systems: any (quasi)2D
multiferroics, 2D arrays of Josephson Junctions, cold atoms
and many others. However, for the purpose of being specific
in this section, we shall focus on the case of spin and orbital
degrees of freedom in FeSe.

A. ARPES measured band structure

A possible situation that allows to probe for the orbital
sector, is when an electron, in its motion through the system,
becomes dressed with orbital fluctuations. To model this situ-
ation, we consider the single-particle Hamiltonian [Eq. (A1)],
the Hamiltonian for the orbital collective modes [Eq. (1)] and
add a term coupling the electron with the orbital modes,

Hep = e(k)cfex + Y Wibjbg
k q

+ 8> > e yulby + b1y (49)
q k

In Eq. (49), g is the momentum-independent electron-boson
(orbiton) scattering parameter and we take W, introduced in
Eq. (1), to be energy associated with the boson.

We apply to H,_;, the Lang-Firsov unitary transformation
[41] to absorb the electron-boson interaction by a unitary
transformation that “dresses” the free electrons with the boson
cloud—producing orbital polarons. It reads

- £ by—b!.
Cr = cpevy™ 2 qersunz(by ,,)’ (50)

where for characteristic energy of the bosons we can take the
energy of orbital fluctuations wy = W,. The expectation value
of the two overlapping clouds is

X(r—r)

8 +
= e b
eXp /(UO Z( -4

q

— by =Y bl =bp| | )
q ”
(51)

where the function X (x) can be interpreted as an envelope
that modifies electronic wave functions. Using the relation
between bosonic operators and fields (in the limit of local
small fluctuations):

O(r) = im Y (bL, —by)l,, (52)
q

and the Debye-Waller relation

(exp(—i(OL(r) = 6L07)))) = exp(=2(6L(OL(F))?), (53)

= & i i
where A = Ty 18 the prefactor in the exponential of the

Eq. (51), we can reduce the problem to a computation of the
bosonic field’s expectation value—precisely the expectation
value that we identified as a possible hallmark of our model.
In other words, the coupling g — 2 is effectively modified
because the static quantity is renormalized by an extra factor:
the by boson propagator (bi(x, »)br(0, 0)).

Irrespectively of what is precisely the b, boson propagator
in our theory, i.e., irrespectively of the phase in which the
system is located, there will be an extra exponential factor in
real space, the exp(—&t|r — r’|) as identified in the very be-
ginning of Sec. III B. This is an extra factor that enters the real
space hybridization of polarons ¢.,, = t - exp(—ét|r — r'|). To
obtain the reciprocal space expression, f,» can be Fourier-
transformed to obtain a Lorentzian with a width §t ~ 2W,, (see
Appendix B):

1
—
1+ (5%7)

This renormalization has a measurable consequence. Consider
a measure of the electronic dispersion (k) of our system.
Since the velocity is renormalized, following, e.g., Feynman
path integral approach [42], there is an energy dependence
[43] from the real part of the corresponding self-energy. The
latter dependence has the form of a Lorentzian £y,

e  £p = (54)

8(k) = e(k) x (55)

In our system, due to its peculiar spin-orbit coupling
and the resulting disorder, we have the specific real-space
t,» dependence derived above, so the textbook result in
Eq. (55) must be convoluted with the Lorentzian from
the orbital vortex disorder [44] £p. A convolution of two
Lorentzians produces another Lorentzian £y @ £p = £x4p,
albeit with a complex width that shifts £x(w) singularity
away from real/energy axis. Then, overall, we predict the fol-
lowing energy dependence of the orbital-polaron dispersion’s
modification,

2

_ Wi
[E(k) — e(b)](w) m: (56)

where we assumed that acoustic b;, bosons have much lower
energies than Wy. The relation (56) derived here is precisely
the one that has been used in Ref. [19] to provide interpre-

tation of experimental findings in FeSe. Furthermore, from
Eq. (53), we deduce that upon entering VC phase the spectral
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weight of d,, band will be reduced. At the same we predict
that there will be transfer of spectral weight to from waves to
solitonic states (or optical modes of VC). This is in agreement
with experiments: the replica bands have been first observed
[45] in FeSe/STO, while the hole band has been found to be
noticeably weaker [46] in this system where SDW is indeed
stronger. Similar changes in “polaronic”-type bands’ inten-
sities have also been experimentally observed upon varying
substrate’s lattice constant [47].

B. Other experimental probes

To conclude this section we wish to discuss whether emer-
gence of VC, or finite anisotropy order parameter ¢, will be
directly detectable in other probes. To be specific we con-
sider probes of magnetic signal: neutron scattering and NMR.
Important aspect is that because finite local ¢ is responsible
for emergence of the spin order, thus SDW ordering should
be accompanied with some anisotropy, more precisely may
emerge even slightly above Tspw. The observed diffraction
peaks should be elliptical and also the NMR’s FWHM should
be anisotropic. It should be emphasized that past NMR studies
in FeSe have been looking for peaks splitting due to nematic-
ity [48,49], i.e., the lowest temperature signal, and remarkably
even the local signal from mesoscopic domains has been
successfully detected [50]. Here we propose to investigate
another source of anisotropy, present at temperatures of order
100 K.

VI. DISCUSSION

The model considered in this work assumes the coupling
between the orbital and spin sector. A natural question is
whether it is possible to model an orbital vortex crystalliza-
tion without the spin sector. In the weak coupling limit, spin
degrees of freedom add extra fluctuations into the system but
their velocity difference prohibits the emergence of any bound
states. The picture changes substantially when we consider
the presence of quasistatic FM regions. The spin sector is
what justify the assumption of a spatially dependent “chem-
ical potential” V(r), and of the long-range coherence among
orbital vortices contributing to the formation of a stable energy
landscape.

An open question remains whether an orbital vortex crys-
tallization can be sustained by one mode system. Such
question is not merely theoretical, in the case of FeSe, it could
determine whether the vortex crystal phase persists above a
pressure of 6 GPa, where the spin sector vanishes and we
are left only with the orbital sector. In fact, the VC phase
was originally predicted in a single mode sine-Gordon model
[30]. In such a case, all bosons have the same velocity, so the
Migdal theorem does not apply and the interacting modes are
not separable. Additionally, the Dzyalosinskii-Larkin theorem
[36] prohibits vertex corrections to the TLL part, but vor-
tices are free to interact. A recent work [51] using extended
nonperturbative RG has shown that the TLL parameter K
does depend on an amplitude of bosonic field. While this
result is promising, further research is needed to fully explore
its implications for the vortex dynamics. The more complex
two-modes model proposed here has enabled progress, in the

sense that we found the way to obtain the VC phase, but
this is because of a slower spin sector that creates the energy
landscape for the orbital sector.

Though we explicitly reference to FeSe, the model pro-
posed here is general and may be applied to diverse (quasi)2D
systems such arrays of Josephson junctions or incipient ferro-
electrics. The application to a different system only requires
to change the initial parameters of the RG flow. For this work,
the initial parameters allow to study FeSe properties around
the temperature of the parent state of any ordering (=100 K).
In principle, taking the 7 — 0 would allow, in the absence of
instabilities, to reach the 2D ground state. Nevertheless, if y; g
remains large at large distances, the spin system tends towards
an instability and at lower temperatures the system is describe
by a different Hamiltonian.

As a final point, Eq. (56) has the form of a coupling with
a system characterized by an imaginary frequency. This fea-
ture highlights a connection to the well-known Hatano-Nelson
model [52], as we also analyze vortex-vortex interactions and
independently derive a term resembling an imaginary elec-
tromagnetic potential. This connection places our findings in
Sec. III B within a broader context.

VII. CONCLUSIONS

From a theoretical point of view, the key contribution of
this work is the derivation of a RG scheme capturing the
intermediate vortex crystal phase that exists at large enough
fugacities. The existence of this phase was already inferred
three decades ago [30] and a mean-field analysis was per-
formed [16] shedding light on the properties of this phase.
However, to our knowledge the unifying RG has been miss-
ing. To formulate a unifying RG, we treated the problem
of generalized incommensurability and uncover the orienta-
tional variable that drives the RG flow. The observation that
the orientational variable ¢ governs the switching between
the minima of the cosine potential aligns our work with the
recently proposed picture in Ref. [18] for an intermediate
hexatic phase.

From an experimental point of view, when considering
FeSe—the study case of this work—the most significant re-
sult is the influence of the orbital sector on the spin sector,
and its consequences. Specifically, the model here presented
detailed how the spin LRO and the orbital vortex crystal are
intertwinned and support each other. In 2D, fluctuations that
typically destroy any form of order are suppressed, absorbed
into topological orbital-vortex states that subsequently orga-
nize into a regular pattern. This stabilization allows the system
to develop long-range order in the spin sector. Thus the model
proposed explains why in FeSe a proper spin order appears
only at finite pressure and predicts that a nanoscopic size do-
main of spin LRO can appear at ambient pressure. Finally, we
found that the presence of orbital fluctuations can be probed
experimentally measuring the electronic dispersion.
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APPENDIX A: DERIVATION OF THE MODEL

The Hamiltonian of our interest, Eq. (10) can be real-
ized in various physical realizations: two coupled distortive
modes (of the quasi-2D incipient ferroelectric lattice) or
2D Josephson junctions array with pair tunneling depend-
ing on the charge state of each Cooper box, to name a few
examples.

While the formalism proposed in this paper is completely
general, for concreteness we focus on FeSe, a multiorbital
quasi-2D periodic crystal where unusual coupled spin and
orbital physics has been found in ab initio studies. From DFT
Kohn-Sham (KS) calculations, one obtains an effective single
particle description diagonalized in a momentum space:

_ +
H,, = E :8l,kcl,kcl,kf
K

(AD)

where ¢; k are the KS eigenenergies and c;k, c1 x the creation
and annihilation operators corresponding to the KS eigenstate
with spin-band index / and crystal momentum k.

By moving to basis of Wigner states this kinetic part maps
the Kohn-Sham results into a tight-binding Hamiltonian,

_ t t
Hyp = Z € Z CigoCito — s Z CigoCeo
& io

ij,o

(A2)

where i, j indicate the unit cell, o € {1, |} indicates the spin,
& indicates the band index. €; and #¢ are, respectively, the
on-site and hopping constants for each band &. c;a andc
denote the creation and annihilation operator for a fermion at
unit cell i, with spin o and band £. We see that the single-
particle eigenenergies € x can be in principle parameterized
by a set of tight-biding parameters tr(i) .

We know that electrons do interact with each other and full
model has to take into account these correlation effects. The
above given, essentially mean-field description, cannot cap-
ture all interaction effects thus there should be an additional

term in the complete Hamiltonian:

Hip =y / d*rel Vi (7 aByd)eycs,
aByd

where a8y é summation runs over all spin, orbital degrees of
freedom. One way to capture effect of interaction is to select
a decoupling channel, e.g., density-density, define a bilinear
boson b, x p, and then perform the Hubbard-Stratonovich
transformation. This is equivalent to completing a square
Hyy — Hy — Dbosb}:bv where the propagator Dﬁ is propor-
tional to inverse interaction V,”!. In general p, can be any
linear combination of p,g thus in choosing the vth decou-
pling channel we anticipate which density fluctuations are
presumably important in the system. Choosing p, also de-

termines Vi, (7, v) and in turn the dispersion of the collective
modes.

From the theoretical point of view computing directly the
part of interaction that has been absorbed by a given decou-
pling Vi (7, v) is a quite difficult task. Fortunately one can
apply the opposite method: compute the dispersion of fluctu-
ations that correspond to a given modification of the density.
If the dispersion can be fit well with a cosine, then a tight
binding model description for bosons, an analog of fermionic
Eq. (A2), can be made. This also builds a connection with a
local density displacement.

We now aim to identify the p,, for orbital degree of
freedom v = 1, 2(orb). To this end we consider the local
displacements. We assume that on the atomistic level the two
relevant states are two degenerated d,., d; atomic Fe orbitals
(with L; = 1) and d,, atomic Fe orbitals (with L, = 2), thus
we may consider it either as a two-state system with an
action Syp[p,] that changes the value of v/ — v + 1 keep-
ing it in L, = 1, 2 manifold, or as an effective pseudospin
IL| = 1/2 with p) = L = ¢} djc,,, where D; is a Pauli ma-
trix in the two-orbital space. The second model has been
studied quite intensely in the field of magnetism. One way
of treating such a pseudospin problem is through Holstein-
Primakoff transformation, with an advantage that the relevant
L* simply corresponds to creation/annihilation of a local
boson b! (x;), br(x;) on the site x; of the lattice. This is the
boson that decouples interaction in the Hubbard-Stratonovich
transformation. In this way, we establish the connection be-
tween collective modes characteristic of itinerant system and
pseudospins that can be also used to characterize localized
carriers. In the itinerant regime, the boson description is that
of a screened interorbital plasmon, i.e., acoustic w.(q) ~ g,
while in the presence of spin-orbit coupling (and an under-
lying AFM phase) in the localized regime one also finds
wr(q) ~ q.

In the presence of electron-electron interactions, there will
be two-body contributions to total energy of the system, that
depends (in the simplest case) on densities p,g. This justifies
the choice of p,, namely, if energy depends on orbital config-
urations then fluctuations encoded by b, bosons ought to be
taken into account. Let’s define the bosonic operator,

b (e, y) =Y ¢l (e )6 herk(x, y), (A3)
k

where 6, is a Pauli matrix acting in the space of orbitals.
The fact that overall energy depends on orbital occupancy,
Ei[n.], withn;, = bIbL, indicates that there is a correspond-
ing nonzero term in the Hamiltonian of the system that we
should account for.

APPENDIX B: RG EQUATIONS DETAILS
1. Orbital sector

Incommensurability in terms of Meijer G function. In order
to arrive at Eq. (32), we separate the part of action for the
highest energy degrees of freedom:

S=8_+S., (B1)
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where each of the action reads

S=—— [ (V) + (V,0)] +y/d2rcos(0),
2nK ’
(B2)
but the shortest-range fluctuations are separated:
0.(x,y)= Y explig-P)o@). (B3)

A <|gIA

For the quadratic part of action, the procedure is straight-
forward, the action is separable, but the cosine need careful
attention. We use the formula for the cosine of a sum of two
angles, then expand the latter part to average out (see Ap-
pendix E in TG book for details) shortest distance fluctuations.
The first-order term ocy gives renormalization of g while the
second order term, that leads to f; » functions is of the form

51 — / a7, / dF, cos(O-(Fy) — 0-(F2))

x [exp ((0=(F1) — 0= (F2))")],

that we have integrate out to obtain a given RG step. One
makes a change of coordinates (x,y) — (r,¢) and then
integrate over the angular variable ¢. In case of incom-
mensurability, one has to substitute 0 (x, y) — 0(x, y). In the
standard case [chemical potential inducing cos(§x) under the
integral Eq. (B4)], there is simply x> — y* = r? cos(2¢) which
upon angular variable integration leads to J»(87).

Here however there is a lattice of vortices which implies
that there is a skew (;r/2 phase shift) between distortion ¢
along x and y directions. We need to add and extra factor
exp im /2 = i. Moreover, assuming linear potential V (x) (saw-
tooth), we notice that contributions along x and y cancel at
this order, hence for this relative average, we need to take
the second order V (r) ~ r2. This leads to Eq. (34) for the
function f5.

Another generalization in our reasoning is that we need to
distort the space itself » — 7, i.e., the angle ¢ now describes
rotation on an ellipse instead of a circle. In our reasoning
so far, we assumed that direction of ¢ (the eccentricity of
ellipses) is fixed. This is not true, in fact we have a degree
of freedom associated with the versor ¢ that is described by
Ising model:

(B4)

Hy =J; Y &8, (B5)
7

where j index counts the vortices and the variable  can
take only two values. We see that continuous rotation invari-
ance [the U(1) symmetry] has been reduced to a discrete Z,
variable, an intermediate stage before complete gaping these
fluctuations.

Vertex correction due to vortices. We now need to evaluate
Gyore Which proceeds along the similar lines like computations
in Sec. IIIB (i.e., propagator convoluted with exponential
decay). This quantity is actually equivalent to the generalized
vortex-vortex force of Minhagen if one notices that y, =
(n(r)n(0)) = Gyore (the boson propagator is a two body prop-
agator in an underlying Coulomb gas model of Minhagen).

In order to evaluate the integral that gives boson prop-
agator, we notice that the susceptibility x,(r') ~ y, times

fluctuations around minima and the distance between vortices
changes with the length scale as r, + exp(¢!) so if we expand
then we shall have a term y; ¢/ (times a constant) plus a term
from the regular vortex lattice. The positions of vortices inside
the vortex crystal can be approximated as a cosine function.
We then arrive at integral of the form [ dr’ cos(r'/r,)K(m,r’)
which can be well approximated by a Fourier transform of the
Bessel function of the second kind ~/1 + m2.

The mass m, that enters in the argument of Bessel func-
tion is a soliton mass of orbital breather which is known
to be proportional to y./(Kf — K;) (where we expanded
the sin(nK/ (I?LC — K1)), since we are interested in the low-
est energy excitation). Moreover we take into account Ising
fluctuations of massive phase (so the orbital sector is not
completely frozen) by shifting Kf — Kf — 1/8, i.e., it is as
if the dimensionality power counting was modified.

2. Spin sector

The ¢ dependence in yrg. In the main text, we write an
equation

yir = yr(4 —a(l =) — /8 — 1/(2Ky)),

which is similar to the one obtained in Ref. [53], but with some
notable differences.

(1) The scaling dimension is 4 instead of 3, this is
because we compute interaction with relative 2D distance
variable (r; — r,) which implies a four dimensional integral
[ dxidy dx,dy», this change follows the same argument as it
has been advocated in Ref. [24] where the correspondence be-
tween 2D classical and 1D quantum systems with long-range
interactions was established.

(2) Instead of «, we have now more complicated expres-
siona(l —¢)—¢/8.

In order to understand the second modification, we need to
remind ourselves that in our model « is not a free parameter
but, when orbitons are mediating spin-spin interactions, the
a is equal to spatial decay of orbiton propagator. Thus it
emerges from averaging over Sz r(+1). Following path integral
formulation, we divide the path into N sections and then the
overall time evolution operator is T = [T} % T % ... = Ty]'/V,
which in the case of the same power-law law decay in each
section gives T; = Ty, where Ty is a free particle decay. The
situation becomes more complicated when vortex crystal sets-
in in a fraction ¢ of the sample (or it is present at a given
site with probability ¢ in a quantum mechanical framework).
Then some of the time-evolution operators will be those of a
free propagator, while some will be those of a vortex crystal.
Naively, the orbiton should not decay inside VC, however in
our case we have two possible orientations of distortion (x
or y), just like in a twinned crystal, hence there is an Ising
variable, see Eq. (B5). The additional Sy g7 is now an action
of the 2D Ising model. Its correlation functions decay is as
usual following 1/r!'/® power-law dependence. In general it
would be hard to argue that time evolution operators 7p and
T; commute, however here we are only averaging out the
effect at a given shell of distances which limits phase space
for any interference effects. We then group the time evolution
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FIG. 7. Phase diagram on the W, -Jy plane, with the colored area
showing the range of existence of the intermediate VC phase. Color
coding indicates the distance from the edge of the phase with the red
color the closest and blue the furthest. Both axes are given in units of
temperature 7', it is because in 2D classical model the parameter K
depends on temperature.

operators as follows:

N—(N  a¢Nq1/N
§*T1§]/’

7 =[f
which directly leads to an effective exponent of the spin-spin
interactions’ decay included in RG equation.

Remark. For a free theory the orbitons decay is o =
4 —1/(2K.) and since K, is relatively small (to access the
vortex crystal phase, in the vicinity of separatrix), certainly
K; < Kg, then exponent is reduced slightly below the critical
value, because 1/K; > 1/K;. This last relation may change if
we change —1/K; — —/1 + (i6t)?/Kj, thus increasing the
orbital motion pushes the long-range spin interactions ypg
towards irrelevance.

APPENDIX C: VC PHASE DEPENDENCE ON HUND’S Jy

The emergence of the VC phase is a quite general phe-
nomenon. In the main paper we showed how to design an RG
procedure that captures this intermediate phase and further
illustrated the resulting phase diagram on the K-g plane, see
Fig. 5. This is the most appropriate parametrization to present
the results: various microscopic models will lead, one way or
another, to a given value (K;, g;)—a point which has a well
defined location either inside or outside the VC phase. How-
ever, it might be also instructive to investigate a given, specific
microscopic model. One example of such a Hamiltonian that
we gave in the beginning of the paper, for a spin-orbital system
is Eq. (1), which is parameterized by (W, Jy ). We thus replot
the main panel of Fig. 5 showing the zone of existence of the
VC phase but now with (W, Ji) on the axis. The connection
g(Wy, Ji) and K, (W, Jg ) has been chosen to be the same like
in Ref. [19], namely, with vortex-vortex screened interactions.
The result is shown on the figure below, Fig. 7.

In Fig. 7, we observe that by increasing the Hund’s Jy one
increases the width of the VC phase and also pushes it towards
smaller values of W;.

APPENDIX D: PREDICTION FOR §¢ INSEC. V A

Let us assume that there exists a finite amplitude of nonlo-
cal exchange Jyonioc that is proportional to Jy times a coherent
spread of the electronic orbital. Actually, it has been shown
[34] that this term is related to, proportional to (for the time-
reversal invariant case equal to) the pair-hopping probability
which justifies our notation §z. In principle, it can be taken as a
free parameter, but it ought to be also related to the dispersion
of orbital fluctuations. We shall elaborate on this connection
here.

As stated in the main text: if two carriers located on neigh-
boring (more generally covalently bound) sites have parallel
spins then thanks to indistinguishability principle they can be
exchanged and energy can be gained. This is encoded in a
finite Jhonioc. Of course, what is assumed here is that these two
carriers will stay for an infinitely long time in this bound state.
Let us assume that the local FM state is long-lived and entire
time evolution is coherent. Even then the effective exchange
coupling will read

8 = Jhontoe (1 — pesc)s (DD
where pes. is the escape probability that in the zeroth order is
equal to (1 — prn)/2, where the 2 in the denominator is due to
neighbors on two sides and py, — probability of return to pre-
vious orbital configuration is Wy /Jyontoc times Wy /Jponioc (like
an orbital superexchange with an energy cost, the interaction,
equal to Jponloc)-

From now on the procedure can be continued recursively:
the two in the denominator is there because of two potential
escape paths, but each of these is reduced due to the return
probability. One continues this procedure towards further and
further neighbors, which results in a continued fraction:

n _(1 - (WL/Jnonloc)z)
Pesc = ) s

(D2)

where K7 _, is a Gauss continued fraction symbol. Remark-
ably, the above given infinite expression simplifies to

Pesc = 1- A% (WL/Jnonloc)z» (D3)
which immediately implies that
ot = Jnonloc\/ (WL/Jnonloc 2= W. (D4

Thus indeed there is a simple relation between the ampli-
tude of orbital fluctuations and the nonlocal tunneling. The
above expression is in fact a limiting value in the case when
FM domains are infinitely long-lived and exchange processes
continue to propagate coherently throughout the lattice. In
fact the largest value of 6t is Wy. For any larger value,
the two minima swap and the role of the two phases is
exchanged.
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