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The β ensemble is a prototypical model of a single-particle system on a one-dimensional disordered lattice
with inhomogeneous nearest-neighbor hopping. The corresponding nonergodic phase has an anomalous critical
energy scale, Ec: Correlations are present above and absent below Ec, as reflected in the number variance. We
study the dynamical properties of the β ensemble where the critical energy controls the characteristic timescales.
In particular, the spectral form factor equilibrates at a relaxation time tR ≡ E−1

c , which is parametrically smaller
than the Heisenberg time, tH, given by the inverse of the mean level spacing. Incidentally, the dimensionless
relaxation time, τR ≡ tR/tH � 1 is equal to the Dyson index, β. We show that the energy correlations are
absent within a temporal window tR < t < tH, which we term as the correlation void. This is in contrast to the
mechanism of equilibration in a typical many-body system. We analytically explain the qualitative behavior of
the number variance and the spectral form factor of the β ensemble by a spatially local mapping to the Anderson
model.

DOI: 10.1103/s2d6-wkz9

I. INTRODUCTION

In an isolated quantum-mechanical system, the nonequi-
librium dynamics of an observable is dictated by the energy
correlations and the nature of hybridization among the en-
ergy eigenstates. Particularly, in ergodic systems [1,2], Haar
distributed bulk energy eigenstates exhibit strong mutual hy-
bridization, leading to diffusive dynamics, thermalization of
local observables [3–6] and quantum chaos via correlated
energy levels [7,8].

In nonergodic systems, loss of ergodicity leads to a rich set
of behaviors: (multi)fractal scaling of the eigenstate fluctu-
ations [9–15], violation of thermalization [16–19], emergent
integrals of motion [20–24], anomalous diffusion [25–28],
heterogeneous energy correlations yielding critical energy
scales [29–31]. Specifically, the long-range energy correla-
tions manifest as a dip in the time evolution of an observable
below its equilibrium value, known as the correlation hole
[32–38]. Such nonequilibrium features are accessible in vari-
ous experimental setups, e.g., ion trap [39], superconducting
qubit [40], molecular spectroscopy [32], elucidating the role
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of energy correlations in strongly correlated many-body sys-
tems [41–44].

A random matrix model with an explicit control over the
energy correlations is the β ensemble, with a joint density of
the energy levels [45–47]

P(E1, E2, . . . , EN ) = 1

Zβ

e
−

N∑
i=1

E2
i
2 +β

∑
i< j

log |Ei−Ej |
(1)

where Zβ is the normalization constant and the Dyson’s index
β, dictates the energy correlation via pairwise logarithmic
repulsions. Equation (1) describes the energy levels of the
β ensemble, a disordered single-particle system on a one-
dimensional (1D) lattice, which exhibits two second-order
phase transitions despite having uncorrelated short-range hop-
pings. Moreover, an extended parameter regime exhibits
nonergodicity along with nontrivial long-range energy corre-
lations [14,48–51]. The dynamical signatures of such energy
correlations and the associated timescales are the focus
of this paper.

In a nonergodic many-body system, the interplay of disor-
der and interaction may yield critical energy like the mobility
edge [29,52], or critical energy scales, e.g., Thouless [30,53–
55], Altshuler-Shklovskii energy scale [31,56,57]. In particu-
lar, any two energy levels with gap smaller than the Thouless
energy, ETh, are correlated as in the random matrix mod-
els and uncorrelated otherwise. Since energy and time are
Fourier dual to each other, the presence of Thouless energy
scale is reflected in the dynamics of a system. For example,
dynamical measures of energy correlations, e.g., the spectral
form factor (SFF), exhibit a universal behavior predicted by
the random matrix theory between the Thouless time, tTh
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FIG. 1. Schematics of energy correlations governing spectral form factor (SFF). Dimensionless time τ is Fourier dual to the unfolded
energy level E . (Top) Red energy levels are mutually correlated but uncorrelated to any blue energy level.(Bottom) Red bold curve shows the
time evolution of the connected SFF, Kc in log-log scale where the straight dashed (horizontal dot-dashed) line corresponds to GOE (Poisson
value). (a) Typical many-body system: given an energy E0, any energy level within [E0 − ETh, E0 + ETh] is correlated to E0 and uncorrelated
otherwise. (b) β ensemble in the nonergodic phase: any energy level within [E0 − Ec, E0 + Ec] is necessarily uncorrelated to E0 while correlated
levels exist outside the energy window. Corresponding SFF equilibrates at τR. The interval [τR, τH] is denoted as the correlation void.

(inverse of the Thouless energy) and the Heisenberg time,
tH, (inverse of the mean level spacing) while equilibrating
beyond tH in case of typical many-body systems. In contrast,
the nonergodic phase of the β ensemble exhibits a multiscale
energy spectrum with a critical energy scale Ec, behaving as
a counterpart to the Thouless energy. The partial long-range
correlations present above Ec leads to a correlation hole in
the SFF but the absence of correlation below Ec leads to an
equilibration long before tH, producing a correlation void, see
Fig. 1. Thus, the relaxation mechanism of the β ensemble is
different from that of a typical many-body system [37,53,58]
or random matrix models like the Rosenzweig-Porter ensem-
ble [59–64].

In this work, we look at the SFF as a dynamical quantity
reflecting the energy correlations across all possible length
scales [47,65], hence, an efficient probe of quantum chaos
[41,66–70]. Such a dynamical measure has also been used to
probe the stability of the many-body localized phase [71], and
breaking of ergodicity [53,72–74]. The SFF is experimentally
measured in atomic and molecular spectroscopy [32,35,75],
Floquet superconducting circuit [40], and nonlinear optical
platform [76]. In a generic many-body setup, SFF can be
measured via nondemolition measurement of ancilla qubit
[77] and randomized measurements [78]. We will show that
the correlation hole of the SFF serves as a dynamical quantity
to identify the delocalization-localization transition in the case
of the β ensemble.

The organization of the paper is as follows: in Sec. II,
we introduce the β ensemble and discuss its spatially local
equivalence to the 1D Anderson model to explain the phase
transitions. In Sec. III, we show the multiscale structure of
the energy spectrum leading to the critical energy scale, Ec.
In Sec. III B, we demonstrate how Ec dictates the long-range
energy correlations while behaving complementary to the

Thouless energy. In Sec. IV, we discuss the SFF, its nonequi-
librium features like the power-law decays, correlation hole
and characteristic timescales. Importantly, we show that the
relaxation time of the SFF is dictated by the inverse of Ec

obtained from the spectral statistics. Our concluding remarks
are given in Sec. V.

II. β ENSEMBLE

The energy levels of the β ensemble correspond to the
equilibrium configuration of a classical 2D Coulomb gas
confined on a line at an inverse temperature β [79,80], as
shown in Fig. 2(a). Such a static lattice gas model has been
widely studied [46,81,82] with a focus on the extreme eigen-
values [83–86], connection to stochastic differential operators
[87–90] and the density of states [91–95]. The Coulomb
gas analogy puts the normalization constant in Eq. (1) as a
canonical partition function [96,97] such that starting from a
random configuration of Coulomb gas particles and minimiz-
ing the associated free energy via Monte Carlo simulations,
one can obtain the energy levels of the β ensemble [98,99].

Dumitriu and Edelman proposed an ensemble of real sym-
metric random tridiagonal matrices {Hβ} with the same joint
density of energy levels as in Eq. (1) [45]. For β = 1, 2 and
4, Hβ is the Krylov space representation of a Wigner-Dyson
matrix from the orthogonal, unitary and symplectic symmetry
classes, respectively [100,101]. The tridiagonal matrix Hβ can
also be understood as the single-particle representation of the
Hamiltonian

Ĥ =
N∑

k=1

εkn̂k +
N−1∑
k=1

hk
(
ĉ†

k ĉk+1 + ĉk ĉ†
k+1

)
(2)

where ĉ†
k (ĉk) is the creation (annihilation) operator and

n̂k ≡ ĉ†
k ĉk is the number operator acting on the kth site of a
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FIG. 2. (a) 2D Coulomb gas confined on a line under a harmonic
potential with equilibrium configuration given by Eq. (1). (b) 1D
lattice corresponding to the Hamiltonian in Eq. (2). Disordered on-
site potential is homogeneous while the nearest-neighbor hopping
terms increase along the lattice (thickness, color of links). (c) Shaded
region shows 95% confidence interval of the random hopping terms,
with a typical behavior shown via red line. Black step function
shows the local approximation of the hopping terms, leading to the
emergence of spatial blocks as in Eq. (5), shown via vertical bars.

disordered 1D lattice with open boundary, see Fig. 2(b). The
random on-site potential εk follows the normal distribution
such that 〈ε2

k 〉 = 1. The random nearest-neighbor hopping
strength hk is such that

√
2hk follows the Chi-distribution

with kβ degrees of freedom and increases on average with
k. Such an inhomogeneous 1D lattice can be experimentally
realized in superconducting processors with individual mi-
crowave controls [19], cold atoms in a tunable trap [102,103],
coupled oscillators [104], and synthetic optical waveguides
[105,106].

In a typical 1D disordered system with uncorrelated short-
range hopping, the energy states are exponentially localized
with uncorrelated energy levels [107] while phase transition
is forbidden [108]. However, the inhomogeneity in the β

ensemble yields second-order phase transitions in the typical
bulk properties [48]:

(i) γ = 0 corresponds to β = 1, i.e., the Gaussian orthog-
onal ensemble (GOE). At this point the spectrum follows
Wigner-Dyson statistics and the energy states are ergodic.

(ii) γ = 1 is the delocalization-localization transition
point. Shannon entropy and inverse participation ratio (IPR)
show criticality at γ = 1, i.e., their distribution is independent
of system size.

(iii) For γ > 1, the system is in the localized phase with
the energy spectrum following Poisson statistics that reflects
the absence of correlations while the energy states are local-
ized in space.

The energy levels of the single-particle model in Eq. (2)
follows the same joint density of energy levels as in Eq. (1),
where the energy variance is (1 + N1−γ )/2 [45]. In order
to make the global mean level spacing unity, we scale the
Hamiltonian from the β ensemble with the following factor:

σγ = N

2
√

4 + 2N1−γ

⇒ σγ ∼ N
1+γ

2 for 0 < γ < 1. (3)

Then, all the on-site potentials ∼O(
√

N1+γ ) while the hop-
ping amplitudes typically behave as [49]

〈|hk|〉 ∼
{√

N1+γ exp
(−Nγ−1

)
, k < Nγ√

kN, k > Nγ
. (4)

Above equation implies that for the lattice indices within
[k, k + δk], the hopping amplitudes are approximately con-
stant provided δk � k and γ > 0, as shown in Fig. 2(c). Then,
the lattice governed by Ĥ can be split into nearly independent
spatial blocks �0,�1, . . . ,�lmax where �0 = [1, Nγ ] and 1 �
l � lmax ≡ (1 − γ ) ln N/ ln c,

�l ≡ [Nγ+ζl , Nγ+ζl+1 ], ζl = (l − 1) ln c/ ln N (5)

given a constant c ∼ O(1) [49]. Within the first spatial block
�0 hopping terms are negligibly small compared to ε

typ
k ∼

O(
√

N1+γ ) such that the respective lattice sites are decoupled
and spanned by δ-localized eigenstates. Corresponding energy
levels are uncorrelated and approximately equal to the on-site
potentials. The energy levels coming from �0 lie within an
energy window of size O(

√
N1+γ ) centered around the zero

energy.
For l � 1, �l approximately describes a 1D Anderson

model on Nγ+ζl number of sites with uncorrelated diagonal
disorder and homogeneous hopping strength N (1+γ+ζl )/2. The
energy states with support over �l decay exponentially with a
localization length [109]

ξl ∼
(

�(1/4)

�(3/4)

)2 〈
h2

k

〉
〈
ε2

k

〉 	 8.75

〈
h2

k

〉
〈
ε2

k

〉 ∼ Nζl . (6)

Thus, the block �l can be further separated into Nγ sub-
blocks of length Nζl . The energy states with localization
centers within each sub-block hybridize with each other, lead-
ing to a density of states (DOS) of bandwidth

σl 	
√

1

Nl

∑
m∈�l

|Hmn|2 ∼ N
1+γ+ζl

2 . (7)

Then, the mean level spacing of the lth spatial block is [49]

δl ∼ N
1+γ+ζl

2

Nζl
= N

1+γ−ζl
2 . (8)

The emergent blocks and sub-blocks in a 1D lattice from the
spatially local mapping of the β ensemble to the 1D Anderson
model are schematically shown in Fig. 3.

For an eigenstate |�〉, the qth moment of the intensities
scales as ∑

n

|�(n)|2q ∼ NDq (1−q) (9)

where �(n) ≡ 〈n|�〉 is the nth component in the basis {|n〉}
and Dq is the qth fractal dimension. Such scaling exponents
can be analytically estimated from the spatially local mapping
of the β ensemble to the Anderson model for 0 < γ < 1.
Equations (5) and (6) imply that the spatially largest block
�lmax has the maximal energy bandwidth σlmax ∼ N , hosts a
finite fraction O(N ) of all the states with localization length
N1−γ and thus, dictates the typical behavior of the β ensem-
ble. Then, a typical bulk energy state of the β ensemble decays
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FIG. 3. Spatially resolved spectrum structure. Emergent blocks
(blue partitions on the light blue horizontal line) and sub-blocks
(orange partitions) in a 1D lattice governed by the β ensemble in the
NEE phase (0 < γ < 1). Nl is the number of sites in the lth block
�l given in Eq. (5). Typical bulk localization length ξl of the block
�l determines the number of sites in the respective sub-blocks as
Nl/ξl . Corresponding local spectrum in each sub-block (ticks on the
corresponding vertical dark green line) contains correlated energies,
shown via same color. In the global spectrum with mean level spacing
δ, any two energy levels with different colors are uncorrelated.

exponentially over a localization length N1−γ . Such energy
states are extended over an extensive part but vanishing frac-
tion of all sites (i.e., nonergodic). Thus, the regime 0 < γ < 1
is the nonergodic extended (NEE) phase of the β ensemble,
where a typical bulk energy state is fractal with a dimension
Dtyp

q = 1 − γ for all values of q > 0 [48].
In the next section, we look at the nature of energy cor-

relations across all length scale to understand the spatially
resolved energy spectrum shown in Fig. 3.

III. ENERGY CORRELATION

In a spectrum with N energy levels {En}, the DOS is de-
fined as ρ(E ) = N−1 ∑N

n=1 δ(E − En). For β ensemble, the
ensemble averaged DOS is [93,110]

〈ρ(E )〉 =
√

2

πασγ

exp
(
− Ẽ2

2

)
f (α, Ẽ )

, α ≡ Nβ

2
, Ẽ ≡ E

σγ

f (α, Ẽ ) = �
(

α
2

)
�

(
1+α

2

) 1F1

(
α

2
,

1

2
; − Ẽ2

2

)2

+ 2Ẽ2 �
(

1+α
2

)
�

(
α
2

) 1F1

(
1 + α

2
,

3

2
; − Ẽ2

2

)2

(10)

where 1F1 is Kummer confluent hypergeometric function.
Equation (10) converges to the Wigner’s semicircle law
(normal distribution) for α ≡ Nβ/2 → ∞ (α → 0). In the
thermodynamic limit (N → ∞), the DOS of β ensemble fol-
lows semicircle (Gaussian) distribution for γ < 1 (γ > 1).
The tridiagonal structure of a matrix from the β ensemble
implies that the DOS can be obtained using Sturm sequence
without doing exact diagonalization [111]. The standard devi-

ation of energy with respect to the DOS in Eq. (10) is [49]√
〈E2〉 − 〈E〉2 = N

4
,

〈
Ek

〉 ≡
∫

dE Ekρ(E ). (11)

In the NEE phase (0 < γ < 1) of the β ensemble, the
local mean level spacings of the spatial blocks, �l [Eq. (8)]
decrease with l with the smallest value δmin = Nγ present in
�lmax . However, the global mean level spacing δ ∼ 1 as the
energy spectrum of the β ensemble is the superposition of
the local spectra from all possible sub-blocks. As δ < δmin,
neighboring energy levels in the global spectrum tend to come
from different sub-blocks, thus remain uncorrelated, as ex-
plained schematically in Fig. 3. Only above the energy scale,
δmin ≡ Ec, two energy levels may come from the same spatial
sub-block and become correlated. Hence, the β ensemble has
a critical energy scale Ec.

Upon unfolding, the energy becomes dimensionless, keep-
ing unit mean level spacing while the DOS becomes uniform
[65]. Then, the unfolded spectrum {E j} has the critical energy
scale

Ec ∼ Ec

δ
= Nγ . (12)

So, unfolded bulk energy levels with gap smaller than Ec are
necessarily uncorrelated as in the Poisson ensemble. The mea-
sures of short-range correlation (e.g., ratio of level spacing
[112]) exhibit a second-order phase transition at γ = 0, indi-
cating that the short-range correlation is absent for γ > 0 in
the thermodynamic limit [48]. However, two unfolded energy
levels with gap larger than Ec may be correlated as well as
uncorrelated in case of the β ensemble, leading to an over-
all weak long-range correlation on average. Contrarily, in a
typical many-body system and random matrix models like the
Rosenzweig-Porter ensemble [59,113–121], the energy states
hybridize with correlated energy levels forming a miniband
[122] below the Thouless energy scale [37,53,55,123]. Con-
sequently, the energy correlations are similar to that of the
GOE below the Thouless energy scale. Hence, the β ensemble
exhibits an anomalous long-range correlation complementary
to that of a typical many-body system [124].

A. Two-level form factor

The long-range energy correlation can be extracted from
the two-point energy correlation

R(2)(E1, E2) ≡ 〈ρ(E1)ρ(E2)〉, (13)

where ρ(E ) is the DOS of unfolded spectrum. R(2)(E1, E2)
is the probability to find unfolded energy levels at E1 and
E2. The two-point correlation has translational invariance,
i.e., R(2)(E1, E2) = R(2)(�E ) where �E ≡ |E1 − E2|. A re-
lated quantity is two-level cluster function, Y2(�E ) ≡ 1 −
R(2)(�E ). For Poisson ensemble, Y2(�E ) = 0 at any energy
gap. The Fourier transform of the two-level cluster function
Y2(�E ) gives the two-level form factor b2(τ ), where τ = t

tH
is

the dimensionless time,

b2(τ ) =
∫ ∞

−∞
d�E Y2(�E ) cos(2πτ�E ), (14)

where the complex integral reduces to a real one due to the
symmetry Y2(�E ) = Y2(−�E ) [125]. The two-level form fac-
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tor controls the long time dynamics of a generic observable
[37]. For Poisson ensemble, b2(τ ) = 0 at any time while for
GOE [47]

bGOE
2 (τ ) =

⎧⎪⎨
⎪⎩

1 − 2τ + τ log(1 + 2τ ), τ � 1,

τ log

(
2τ + 1

2τ − 1

)
− 1, τ > 1.

(15)

In the time evolution of a generic observable, the largest
possible timescale is the Heisenberg time, defined as the in-
verse of the mean level spacing [37,126]. For an unfolded
spectrum, the mean level spacing is unity, hence, the di-
mensionless Heisenberg time, τH = 1 for any discrete energy
spectrum. Consequently, we expect the two-level form factor
to vanish at a sufficiently long time, i.e., b2(τ > τH) = 0, to
account for the absence of the energy correlation. However,
the two-level form factor of GOE [Eq. (15)] has a quadratic
decay at long time, bGOE

2 (τ 
 1) ∼ τ−2. Then, we define a
tolerance value as

ε ≡ bGOE
2 (τH) = log(3) − 1 ≈ 0.0986, (16)

such that for an arbitrary energy spectrum, whenever the two-
level form factor falls below ε, we expect the dynamics of
a generic observable to equilibrate from a vanishing energy
correlation. Then, the dimensionless time where the form
factor reaches the tolerance value is the relaxation time τR,
i.e., b2(τR) = ε.

In Fig. 4(a), we show the time evolution of the two-level
form factor for various values of γ and fixed system size,
along with the tolerance value, ε from Eq. (16) shown via
horizontal dashed lines. We identify the intersection of the
two-level form factor with the tolerance limit from Eq. (16)
as τR, which are shown via markers.

We observe that the two-level form factor exhibits a power-
law decay at long time, b2(τ > τR) ∝ τ−ζ (N )

. We extract the
finite-size power-law exponents for various values of γ , as
shown in Fig. 4(b) via solid lines with error bars for various
system sizes. From a linear extrapolation of the values of
ζ (N ) with respect to N−1, we extract the intercepts, i.e., the
thermodynamic exponents, ζ ≡ lim

N→∞
ζ (N ) and show them in

Fig. 4(b) as a function of γ via a bold line. It shows that the
long-time power-law decay of the two-level form factor slows
down as we go towards the localized regime. We also observe
that away from γ = 1, 1 − b2(τ ) has a linear decay at times,
small compared to the relaxation time. Since, the two-level
form factor equilibrates at τ = τR, we can approximate the
behavior for γ < 1 as

b2(τ ) ∼
{

1 − τ

cτ τR
, τ � τR

τ−ζ , τ > τR

. (17)

where cτ ∼ O(1) is a function of γ but independent of system
size. In particular, cτ = 1/2 and ζ = 2 for GOE (γ = 0).
The linear behavior of b2(τ ) for τ � τR can be understood
as follows: from the spatially local equivalence of the β

ensemble to the Anderson model, we expect the typical en-
ergy correlations to be determined by the largest block, �lmax .
Corresponding energy spectrum is a superposition of O(Nγ )
number of independent spectra following the same statistics
as GOE, each coming from an independent sub-block. The

FIG. 4. Two-level form factor. (a) Evolution with respect to di-
mensionless time, τ for N = 1024 and various values of γ . The
analytical expression for GOE [Eq. (14)] is shown via dashed lines.
The vertical line denotes the dimensionless Heisenberg time, τH ≡ 1.
The horizontal line denotes the threshold, ε [Eq. (16)] and the mark-
ers denote the relaxation time τR. The black dashed line shows the
power-law decay of b2(τ > τR ) for a fixed value of γ according to
Eq. (17). (b) Exponent of the asymptotic power-law decay of the
two-level form factor, b2(τ > τR ) ∝ τ−ζ (N )

, vs γ for various system
sizes. The thermodynamic (N → ∞) extrapolation of the exponents
is shown via bold curve. Asterisks indicate the analytically estimated
values of γ∗(N ) [Eq. (20)] for the smallest (N = 1024) and the
(N = 16384) system sizes. The corresponding collapse of b2(τ/τR)
for γ � γ∗(N ) is shown in the inset.

resultant two-level cluster function is

Y mix
2 (�E ) =

Nγ∑
k=1

f 2
k Y (k)

2 ( fk�E ), (18)

where Y (k)
2 (�E ) = Y GOE

2 (�E ) and fk = N−γ is the fraction of
energy levels in a single sub-block. Thus, the two-level form
factor becomes

b2(τ ) =
∫ ∞

−∞
d�E N−γY2

(
�E
Nγ

)
cos(2πτ�E )

= bGOE
2 (Nγ τ ) ≡ bGOE

2

(
τ

2cτ τR

)
, (19)

which corresponds to the asympototics given by Eq. (17).
From the local equivalence to the 1D Anderson model the
typical block of the β ensemble has a localization length
ξ ∼ 8.75N1−γ [Eq. (6)]. This localization length becomes
comparable to the system size N at

γ∗(N ) = ln 8.75

ln N
. (20)

For finite system sizes, the block Hamiltonian structure should
be clearly visible for γ > γ∗(N ) and one should observe both
ζ and cτ to be independent of γ and N . We show that the
two-level form factor collapses as a function of τ/τR and
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exhibits a universal behavior for γ > γ∗(N ), as shown in the
inset of Fig. 4(b). Note that Eq. (20) estimates the finite-size
effect while the block picture is valid for any γ > 0 in the
thermodynamic limit.

B. Number variance

The spatially local equivalence of the β ensemble to the
1D Anderson model (Fig. 3) shows a multiscale local spec-
tra manifesting into an atypical long-range correlation in
the global energy spectrum. Corresponding critical energy
Ec [Eq. (12)] is reflected in the heterogeneous behavior of
the measures of long-range energy correlations, e.g., number
variance [127],

�2(�E ) = 〈
[N (E0,�E ) − �E]2

〉
E0

N (E0,�E ) = I

(
E0 + �E

2

)
− I

(
E0 − �E

2

)
(21)

where I (E ) is the cumulative distribution of the unfolded
energy levels, N (E0,�E ) is the number of energy levels in the
window of span �E and centered at E0. The number variance
is related to the two-point energy correlation as [47]

�2(�E ) = �E − 2
∫ �E

0
dx(�E − x)Y2(x). (22)

For GOE, the energy spectrum is rigid so that any two energy
levels are correlated with a logarithmic number variance [47]

�2
GOE(�E ) ≈ 2

π2

(
ln(2π�E ) + γE + 1 − π2

8

)
, (23)

where γE is the Euler-Mascheroni constant. In the Poisson
ensemble, the number of unfolded energy levels are free
to fluctuate around their mean position, 〈N (E0,�E )〉E0 =
�E and the number variance exhibits a linear behavior,
�2(�E ) = �E .

In Fig. 5(a), we show the ensemble averaged number
variance of the β ensemble for N = 32768 and various val-
ues of γ along with the analytical expressions of the GOE
and Poisson ensemble. For sufficiently small energy inter-
val �E , �2(�E ) has a linear behavior as in the Poisson
ensemble. Upon increasing the energy interval, the number
variance deviates from the Poisson behavior and indicates the
presence of long-range correlations. In Fig. 5(a), we show
that the inverse of the relaxation time τR obtained from the
two-level form factor [Fig. 4(a)] determines the critical energy
Ec, above which the long-range correlation exists. Such a crit-
ical energy can be clearly identified from the heterogeneous
behavior of the power spectrum of noise [48,49], also useful
to identify the Thouless energy scale [55,128].

The system size dependence of the critical energy is shown
in Fig. 5(b) in log-log scale, which indicates a power-law
dependence, i.e., Ec ∝ Nη where the proportionality constant
is O(1) and independent of γ . The inset of Fig. 5(b) shows
that the power-law exponent, η ≈ γ and validates Eq. (12),
i.e., Ec ∝ Nγ . Thus, the dimensionless relaxation time has the
following behavior:

τR ≈ E−1
c ∝ N−γ . (24)

FIG. 5. Long-range energy correlation. (a) Number variance for
N = 32768 and different values of γ . The red (blue) dashed curve
describes the GOE (Poisson ensemble). The markers denote the
critical dimensionless energy Ec [Eq. (12)]. The gray dashed lines
correspond to the analytical prediction for �E > Ec of Eq. (26).
(b) Critical energy vs. system size, N for various values of γ where
the solid lines denote linear fit in the log-log scale. Inset shows the
system size scaling exponent of the critical energy, i.e., Ec ∝ Nη

where the solid line denotes η = γ . Data are averaged over 1024
disorder realizations. Error-bars in the insets denote 95% confidence
interval.

Above relation is a consequence of the Fourier duality
between energy and time, where the absence of energy corre-
lation for �E < Ec translates into the relaxation of dynamics
for τ > τR. Equation (24) implies that in the NEE phase of
the β ensemble, the relaxation time is much smaller than the
Heisenberg time and decreases with system size.

From the schematic in Fig. 3, we see that similar to the
two-level cluster function, the typical behavior of the number
variance is also governed by the largest block �lmax . For any
energy interval of width �E < Ec, the number variance grows
linearly due to the contribution of O(1) levels from each of
the O(Nγ ) independent sub-blocks. However, at larger en-
ergy intervals (�E > Ec), each of the sub-block contributes
O(�E/Ec) 
 1 number of correlated energy levels as in the
GOE. Such a superposition of uncorrelated spectra has the
number variance

�2
mix(�E ) =

Nγ∑
k=1

�2
(k)( fk�E ), (25)

where �2
(k)(�E ) = �2

GOE(�E ) and fk = N−γ . Combining the
short- and long-range behaviors discussed above, we get the
number variance of the β ensemble as [129]

�2(�E ) ∼

⎧⎪⎨
⎪⎩

�E, �E � Ec

Ec

π2

(
ln

2π�E
Ec

)
, �E � Ec

(26)
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where Ec ∼ Nγ is the unfolded critical energy [Eq. (12)]. In
Fig. 5(a), we plot the numerically obtained number variance
averaged over ensemble and spectrum along with the ana-
lytical prediction from Eq. (26) via dashed gray curves for
different values of γ and find an excellent agreement.

So, a weak long-range energy correlation persists despite
the absence of any short-range correlation in the NEE regime
of the β ensemble. In contrast, the number variance of a typi-
cal many-body system away from the localized phase behaves
as in the Rosenzweig-Porter ensemble [130]

�2(�E ) ∝
{

log �E, �E < ETh

�E, �E > ETh
(27)

such that the energy levels are correlated below the Thou-
less energy scale, ETh and uncorrelated otherwise. Comparing
Eqs. (26) and (27), we observe that the critical energy Ec of the
β ensemble behaves complementary to ETh and presents an
anomalous long-range energy correlation. Similar anomalous
critical energy is also expected in constrained matrix models
with correlated entries [131].

In the next section, we look at the spectral form factor,
whose nonequilibrium features are controlled by the long-
range energy correlations discussed so far.

IV. SPECTRAL FORM FACTOR

The SFF can be defined in terms of the energy levels
{En} as

K(t ) =

∣∣∣∣ N∑
n=1

e−iEnt

∣∣∣∣
2

N2
= 1

N2

N∑
n,m=1

e−i(Em−En )t .
(28)

Then, the ensemble averaged SFF can be expressed as
[37,47,74]

〈K(t )〉 ≈
∣∣∣∣
∫

dE e−iEt 〈ρ(E )〉
∣∣∣∣
2

+ 1

N

(
1 − b2

(
t

tH

))
, (29)

where the first term is the disconnected SFF, Kd(t ) and the
last term is the connected SFF, Kc(t ). In Eq. (29), 〈ρ(E )〉
is the limiting DOS, b2(t ) is the two-level form factor. The
disconnected part of the SFF determines the initial decay,
slope while the equilibrium value, plateau, is N−1. The
SFF asymptotically approaches the plateau at the relaxation
time tR.

The connected part of the SFF reflects the energy cor-
relations and forces the SFF to be below the plateau at an
intermediate time window, known as the ramp or correla-
tion hole. The interplay between the slope and ramp part
of the SFF leads to the minimum, which is called the dip,
observed at

dip time ≡ tdip. (30)

Hence, the SFF in a generic system exhibits a slope-dip-ramp-
plateau structure [41]. Such features are most prominent in
case of a chaotic system, e.g., the ensemble averaged SFF of
GOE is [74,132]

〈KGOE(t )〉 = 16J1
(

Nt
2

)2

N2t2
− 1

N
bGOE

2

(
t

tGOE
H

)
+ 1

N
, (31)

where bGOE
2 (t ) is given in Eq. (15) and tGOE

H = 2π . The SFF
of GOE exhibits a prominent correlation hole, as shown in
Fig. 6(a). Contrarily, in a uncorrelated spectrum, the corre-
lation hole is absent, e.g., the average SFF of the Poisson
ensemble is [133–135]

〈KP(t )〉 ≈ exp

(
−N2t2

16

)
+ 1

N
, (32)

where following the initial Gaussian decay, the SFF equi-
librates at tP

R = 4
√

ln N/N without forming any correlation
hole. Therefore, a dimensionless dynamical measure of the
energy correlation is the relative depth of the correlation hole

dhole = K(tR)

K(tdip)
= 1

NK(tdip)
(33)

as well as the relative width of the correlation hole

whole = tR
tdip

(34)

where tdip denotes the intersection of the slope and ramp
part of the SFF. For localized systems, the correlation hole is
absent, so both the relative depth and width of correlation hole

is unity. In contrast, for GOE, the dip time is tGOE
dip ≈ 4 3

1
4√
2N

where the SFF has a value KGOE(tdip) ∼ N− 3
2 [74]. Then,

using Eqs. (33) and (34), we get the relative depth and width
of the correlation hole for GOE as

dGOE
hole ∼ N

1
2 , wGOE

hole ∼ N
1
2 . (35)

Thus, for a correlated spectrum, both the relative depth
and width of the correlation hole increases with system
size. Both the quantities approach unity as we approach the
delocalization-localization transition, beyond which the en-
ergy correlation is absent at all possible length scales.

In Fig. 6(a), we show the ensemble averaged SFF of the
β ensemble for a fixed system size and various values of γ

along with the analytical expressions of the GOE [Eq. (31)]
and Poisson ensemble [Eq. (32)]. The Heisenberg time for
GOE, tGOE

H = 2π is shown via vertical dashed line in Fig. 6(a),
while the relaxation times for different γ values are shown via
markers. Our analyses of the dimensionless relaxation time
[τR ∝ N−γ ; Eq. (24), Fig. 4(a)] obtained from the two-level
form factor in the NEE phase of the β ensemble, shows that
the relaxation time of the SFF scales as

tR ∝ N−γ (36)

since tH ∼ O(1). Hence, the relaxation time decreases as
we approach the localized regime. In Fig. 6(b), we present
the SFF for γ = 0.4 across different system sizes, with the
time axis scaled as Nt/2 to ensure a collapse of the initial
oscillations.

In Fig. 7(a) we plot the ensemble averaged disconnected
SFF as given in Eq. (29) for a fixed value of γ and different
system sizes. We show the decay of the envelope via dashed
lines. The initial decay, i.e., slope of the SFF (∼(Nt )−λ) is
dictated by the scaling at the edge of the DOS [44,134–137].
In case of the GOE, the slope of the SFF exhibits a power-law
decaying envelope, ∼(Nt )−3 [37]. In case of the β ensemble,
the DOS exhibits a second-order phase transition at γ = 1
from semicircle law to Gaussian distribution [49]. Hence, in
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FIG. 6. Spectral form factor. (a) Time evolution of the SFF for N = 16384 and various values of γ , where the data is averaged over
105 realizations. The gray dashed (dotted) curve denotes the SFF of GOE (Poisson ensemble) given in Eq. (31) (Eq. (32)). The horizontal
(vertical) dashed line denotes the asymptotic equilibrium value, N−1 (Heisenberg time tGOE

H = 2π ). The triangular (circular) markers denote
the relaxation (dip) time tR (tdip). (b) SFF for γ = 0.4 and various system sizes with time axis scaled as Nt/2. Markers denote the characteristic
timescales as in (a). The inset shows the collapse of the ramp of NK(t ) with respect to t/tR. (c) Dip time tdip ∝ Nαdip and (d) relative depth of
the correlation hole dhole ∝ Nαhole vs system size in log-log scale for various values of γ along with linear fit. The insets in (c) and (d) show
αdip ≈ − 1

2 − γ

4 and αhole ≈ 1
2 − 3γ

4 , respectively, while gray vertical dashed line denotes γT = 2/3 [Eq. (42)].

the thermodynamic limit, the DOS of the β ensemble fol-
lows Wigner’s semicircle law in the entire nonergodic regime,
yielding ∼(Nt )−3 decay of the slope independent of γ , as
shown in Fig. 7(b) where we plot λ − 3 as a function of 1/N
in log-log scale to see the convergence of λ towards 3. At the
localization transition point, γ = 1, the DOS is system size
invariant such that the initial decay of the SFF is independent
of N . Moreover, the two-level form factor, b2(τ ) collapses for
different system sizes with respect to τ/τR such that ramp
of the SFF collapse with respect to t/tR as shown in the
inset of Fig. 6(b). Such scale-invariant dynamics is previously
observed at the critical point of quasi-periodic and disordered
single-particle models [58] as well as interacting many-body
systems [138].

The two-level form factor given in Eq. (17) implies that
the ramp of the SFF has a linear growth at small time, t � tR.
Since the slope [∼(Nt )−3] and ramp intersects at the dip time,
we can estimate the same as

(Ntdip)−3 ∼ 1 − b2(tdip)

N
⇒ tdip ∼ N− 1

2 − γ

4 (37)

where the SFF has a value

K(tdip) ∼ (Ntdip)−3 ∼ N
3γ−6

4 . (38)

Then, the relative depth of the correlation hole scales as

dhole ∼ 1

NK(tdip)
= N

1
2 − 3γ

4 (39)

while the relative width scales as

whole ∼ tR
tdip

= N
1
2 − 3γ

4 . (40)

Both of these scalings are consistent with the GOE limit given
in Eq. (35). In Figs. 6(c) and 6(d), we respectively show the
dip time tdip and the relative depth of the correlation hole as a
function of system size for various values of γ with the scaling
exponents given in the insets as a function of γ . We find that
close to γ = 0, Eqs. (37), (39), and (40) capture the system
size scaling of the dip time, relative depth, and width of the
correlation hole. However, the deviations from our analytical
predictions close to γ = 1 indicate a strong finite-size effect.

It can be noted from Fig. 7(b) that depending on N , there
exists a point γ∗∗(N ) beyond which the decay of the envelope
is not (Nt )−3 because of the finite-size effect. We estimate
γ∗∗(N ) as

λ(N ) − 3 > ε, ∀ γ > γ∗∗(N ), (41)

where ε is the threshold value that we set as 0.1. The estimated
values of γ∗∗(N ) are shown via circular markers in the inset of
Fig. 7(b). However, in the thermodynamic limit, γ∗∗(N ) → 1
in the entire NEE phase.

The relaxation time tR is always expected to be larger than
the dip time tdip, and K must be less than the asymptotic value
of the SFF 1/N , therefore Eqs. (36), (37), and (38) are valid
only for γ < 2/3. From Fig. 6(a) it is observed that because of
the interplay of the connected and disconnected SFF parts the
ramp is hidden behind the initial slope part after this certain
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FIG. 7. Disconnected part of SFF. (a) Time evolution of the
ensemble averaged disconnected SFF of Eq. (29) for γ = 0.5 and
different values of N . The time axis is scaled by a factor of N/2.
The dashed lines correspond to the power-law decays (∼(Nt )−λ).
(b) Power-law exponent λ subtracted by 3, plotted against 1/N for
various values of γ . The horizontal dashed line corresponds to a
threshold value of 0.1. In inset circular markers denote γ∗∗(N ) es-
timated using Eq. (41).

value of γ ,

γT = 2
3 . (42)

This threshold is also marked in the insets of Fig. 6(c), 6(d),
and 8(b). However, it is important to emphasize that γT is spu-
rious and does not correspond to any genuine phase transition,
and the connected part itself still shows the ramp behavior, see
Fig. 4 [139]. We find that both dhole and whole shrink in the
NEE phase of the β ensemble as we increase γ . So, monitor-
ing the relative depth and width of the correlation hole of the
SFF, we can detect the localization transition point of the β

ensemble, i.e., γ = 1. Equation (28) implies that the SFF is
a two-point correlation function. In a similar manner, one can
define the ensemble averaged 4-point SFF as [140,141]

〈K4(t )〉 =

∣∣∣∣ N∑
n=1

e−iEnt

∣∣∣∣
4

N4
.

(43)

The 4-point SFF is related to the out-of-time order correla-
tor of a generic observable in case of a chaotic system. Hence,
the short-time decay of the 4-point SFF is important for
understanding early-time chaos, for example, the Lyapunov
exponent obtained from the growth rate of the out-of-time-
order correlator.

In Fig. 8(a), we show the time evolution of the 4-point SFF
for various values of γ , where the equilibrium value is 2/N2

[140]. We observe a slope-dip-ramp-plateau structure of the
4-point SFF similar to its two-point counterpart in the NEE
phase of β ensemble. We also observe that the characteristic
timescales of the 4-point SFF behave similar to their two-point

FIG. 8. 4-point SFF [Eq. (43)]. (a) Time evolution of 4-point SFF
for N = 16384 and various values of γ , averaged over 105 realiza-
tions. The horizontal dashed line denotes the asymptotic equilibrium
value 2/N2 and the vertical dashed line denotes tGOE

H . The triangular
(circular) markers denote the relaxation (dip) time. (b) dip time tdip ∝
Nαdip , and (c) relaxation time, tR ∝ NαR vs system size in log-log
scale for various values of γ along with linear fit while the inset
shows the scaling exponents as a function of γ . The gray vertical
dashed line in the inset of panel (b) denotes γT = 2/3 [Eq. (42)].

counterparts

tdip ∝ N− 1
2 − γ

4 , tR ∝ N−γ (44)

as shown in Figs. 8(b) and 8(c), respectively.

V. DISCUSSION

In this work, we investigate the dynamical properties of the
β ensemble, focusing on how anomalous energy correlations
manifest in the number variance and the spectral form factor
(SFF). In the nonergodic phase of the β ensemble, a spatially
local equivalence to the 1D Anderson model reveals a multi-
scale spectrum and a critical dimensionless energy Ec ∼ Nγ ,
where N is the system size and the Dyson index β = N−γ .
The number variance �2(�E ) deviates from the Poisson be-
havior at Ec and we verify its system size scaling. The critical
energy Ec behaves complementary to the Thouless energy
scale observed in typical many-body systems: weak long-
range correlations [�2(�E ) ∼ Ec ln(2π�E/Ec)] exist above
Ec but energy correlations are absent below Ec (Fig. 1). We
numerically obtain the two-level form factor as a function
of the dimensionless time τ and show that the dimensionless
relaxation time τR is the inverse of Ec.

In a typical nonintegrable interacting many-body system,
the energy correlations follow Eq. (27) away from the many-
body localization. As a result, the ensemble averaged SFF
exhibits a universal behavior dictated by GOE above the
Thouless time [126,142]. Beyond the Heisenberg time, the
discreteness of the energy spectrum ensures the equilibration
of the ensemble averaged SFF such that the relaxation time
coincides with tH. This is schematically explained in Fig. 1(a),
where we show the connected SFF [Eq. (29)]. As the many-
body localized phase is approached, the Thouless energy gets
smaller, the Thouless time increases and eventually merges
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with the Heisenberg time, and the correlation hole vanishes.
Such a behavior is observed in various spin-chains [37,133],
3D Anderson model [53], and random matrix models [138].

Contrarily, in the NEE phase of the β ensemble, the
time evolution of a generic observable equilibrates at the
relaxation timescale tR, which is parametrically smaller
than tH, as schematically shown in Fig. 1(b). Following the
global scaling of the Hamiltonian as in Eq. (3), tH ∼ O(1)
irrespective of γ such that tR 	 τR ∼ β � 1 where β is the
Dyson index. Below tR, the SFF exhibits a correlation hole
reflecting the presence of long-range correlation. We show
that by monitoring the gradual depletion of the correlation
hole, we can identify the localization transition at γ = 1. We
also look at the 4-point SFF, whose nonequilibrium features
and scaling of the characteristic timescales are similar to its
two-point counterpart. As we approach the localized regime,
the relaxation time shifts away from the Heisenberg time, in
stark contrast to the typical many-body systems. The absence
of energy correlation below the critical energy Ec is reflected
in the time window [tR, tH], which we term the correlation
void. The anomalous critical energy found in the β ensemble
is also expected to be present in other random matrix models
like banded matrices [74], constrained ensembles with
correlated entries [131] and physical systems like the kicked

rotor [99,143], complex atoms [144], and isolated thick
wire [145,146].

The behavior of the SFF provides experimentally
accessible signatures of nonergodicity, offering pathways
to probe thermalization in synthetic quantum platforms. As a
future direction, we would like to study the finite-temperature
SFF in the β ensemble, with particular emphasis on the effect
of temperature on the timescales and equilibrium behavior of
the SFF.
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