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Signatures of unconventional superconductivity have been recently observed in certain transition metal
dichalcogenides (TMDs), including 4Hb-TaS2 and monolayer 2H-NbSe2. While the pairing channel remains
unknown, it has been argued that spin fluctuations can stabilize pairing in the two-component E ′ channel, a
p-wave spin-triplet state which could be consistent with some of the reported signatures. Exploiting the particular
multiorbital character of the Fermi surface and the presence of Ising spin-orbit coupling, which enable finite
optical conductivity in the clean limit, in this work we predict clear-cut optical signatures to detect and distinguish
the chiral and nematic ground states of the E ′ pairing. We quantify how nematic E ′ states produce a diagonal
anisotropy σxx �=σyy due to the broken threefold symmetry (C3), while chiral E ′ states yield a finite optical
Hall conductivity σ H

xy due to broken time-reversal symmetry, and find both signals could be detected in current
experiments. For instance, for realistic gaps in the meV range, we predict a relative anisotropy �σ/σ ∼ 10−5

in the nematic states, and a polar Kerr rotation of θK ∼10−5 rad in the chiral states. These symmetry fingerprints
provide a practical route to distinguish nematic and chiral superconducting order in TMD superconductors.

DOI: 10.1103/s1wd-25dz

I. INTRODUCTION

Metallic transition metal dichalcogenides (TMDs) MX 2

(M = Nb,Ta; X = S, Se) [1], believed to be standard BCS su-
perconductors in their bulk 2H polytype, have recently shown
signatures of unconventional superconductivity [2] when
made into thin films and heterostructures, calling for a better
understanding of their pairing symmetries and mechanisms.
For example, NbSe2 thin films display spontaneous breaking
of threefold symmetry in the superconducting state under
in-plane magnetic fields [3,4], as well as superconducting col-
lective modes [5] and anomalous resilience to magnetic fields
[6]. Evidence for topological edge states, which originate
from unconventional pairing, has also been reported in mono-
layer CrBr3 on bulk NbSe2 [7]. 4Hb-TaS2 [8], which can be
seen as a heterostructure of H and T polytypes, shows anoma-
lous muon spin rotation at the critical temperature Tc which
has been claimed to originate from time-reversal symmetry
(TRS) breaking [9]. Other experiments reported spontaneous
vortices in the superconducting state [10], superconducting
edge modes [11], and anomalous Little-Parks oscillations and
upper critical field anisotropy [12,13]. A chiral supercon-
ducting state has also been reported in 2H-TaS2 intercalated
with chiral molecules [14]. Since a two-component order
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parameter may condense into nematic or chiral supercon-
ducting states, thus breaking threefold and time-reversal sym-
metries, respectively, these experiments represent tantalizing
indirect evidence of two-component pairing. Demonstrating
its existence as a ground state stable phase, however, remains
a major challenge, because so far the evidence of broken TRS
is only indirect, and broken threefold symmetry only occurs
in the presence of an applied field.

The potential candidate channels for unconventional pair-
ing in these TMD systems are strongly constrained by the
presence of Ising spin-orbit coupling (SOC) [15–18], induced
by a crystal structure which breaks inversion symmetry but
preserves a horizontal mirror σh. The pairing problem for
H-TMDs has been studied at length [19–25], in particular
in the presence of two-component order parameters [26–28],
but without identifying a microscopic interaction that makes
these channels attractive. Previous works had, however, iden-
tified that monolayer H-TMDs are near a magnetic instability
toward an antiferromagnetic state with in-plane polarization
[18,29–31], which leads to strong transverse paramagnons
that can mediate unconventional superconductivity. A more
recent calculation reveals that such fluctuations favor the
two-component E ′ triplet state in the presence of Ising SOC
[32,33], although it remains to be established whether this so-
lution is robust in the presence of additional electron-phonon
coupling [34,35]. This E ′ channel, which pairs electrons of
opposite spins, is a p-wave triplet unaffected by Ising SOC
and can condense in nematic (px, py) or chiral px + ipy

ground states. It is thus a strong candidate to explain the
phenomenology observed in TMD systems.

Since the evidence of TRS and threefold symmetry break-
ing in these TMDs is so far indirect, an experimental probe
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that is directly sensitive to both symmetries in the supercon-
ducting state would be desirable to establish the existence of
the E ′ ground state. In this work, we choose the linear optical
conductivity as such a probe. Indeed, it is well known that
conductivity anisotropy σxx �=σyy, which leads to observable
features like linear dichroism and birefringence, becomes en-
abled when perpendicular rotation axes Cn with n > 2 are
absent [36–39], like in nematic states. In addition, Onsager
relations dictate that the antisymmetric (or Hall) part of the
conductivity, which leads to magnetic circular dichroism and
polar Kerr effect [40–46], is only allowed when time-reversal
and vertical mirror symmetries are broken, like in the chiral
superconducting state. Optical conductivity is therefore ide-
ally suited to probe the E ′ state.

Historically, the optical conductivity of superconductors
has been understood in the Mattis-Bardeen, single-band dirty
limit, which is essentially disorder driven and leads to van-
ishing conductivity in the absence of scattering. But more
recently it has been realized that clean multiband supercon-
ductors have finite optical conductivity [47], which is sensitive
to the pairing channel and is connected to the superfluid
weight [48,49]. Previous work has considered the nonlin-
ear optical response of noncentrosymmetric superconductors
[50,51], and recently both linear and nonlinear conductivities
were computed for the H-TMD three band model [52] with the
single-component pairing states proposed in Ref. [22]. The E ′
state [32,33] was not considered.

In this work, we consider the optical conductivity of the
E ′ superconducting state in both its chiral and nematic ground
states, demonstrating that the optical Hall conductivity σ H

xy and
the conductivity anisotropy σxx−σyy, which are zero for all
other superconducting states, serve as unique probes for the
chiral and nematic E ′ states, respectively.

II. MODEL AND PAIRING CHANNELS

The H polytype of monolayer TMDs MX 2 (M = Nb,Ta;
X = S, Se) crystallizes in a trigonal prismatic crystal structure
[Fig. 1(a)] with D3h point-group symmetry. The Fermi sur-
face derives from dz2 , dx2−y2 , dxy-like orbitals centered at the
transition metal positions [20]. We consider a spinful three-
band tight-binding model with up to third-nearest neighbor
hoppings [53] in the orbital basis {dz2 , dx2−y2 , dxy} which reads

hk =
[

hTNN
k + λ

2 Lz 0

0 hTNN
k − λ

2 Lz

]
, (1)

where hTNN
k is the tight-binding Hamiltonian with up to third

nearest-neighbor hoppings, λ is the SOC strength, and Lz is
the matrix of the z component of the angular momentum in
the orbital basis {dz2 , dx2−y2 , dxy}. See Ref. [53] for parameter
details and Fig. 1(b) for the resulting band structure.

Superconductivity is described with the Bogoliubov-de
Gennes (BdG) Hamiltonian defined in terms of Nambu
spinors � = (ψ,ψ†)T as

H = 1

2
�†HBdG� = 1

2
�

†
k

(
hk �k

�
†
k −h∗

−k

)
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FIG. 1. H-polytype of TMDs. (a) Crystalline structure of a single
H layer, corresponding to an ABA stacking of hexagonal lattices.
(b) Band structure of the normal state of the H layer of TaS2. (c) Opti-
cal conductivity in the normal state of TaS2 shown in the range where
it is nonzero.

with �
†
k = −�∗

−k the superconducting gap. For simplicity we
consider only momentum-independent pairing states where
�k = � is a 6 × 6 matrix in spin and orbital space.

The different pairing channels are classified as irreducible
representations (irreps) of the D3h = Mz ⊗ C3v point group,
generated by mirror planes perpendicular to the x axis Mx

and z axis Mz, and threefold rotations C3 around the z axis.
This group contains the Mz-even irreps A′

1, A′
2, E ′, and Mz-

odd irreps A′′
1, A′′

2, E ′′. Since the orbitals that contribute to
the bands at the Fermi level are all Mz even and we only
consider intralayer pairing, odd Mz parity can only come from
the spin part of the pairing. Singlet pairing � = iσy and out-
of-plane triplet � = iσyσz = σx are Mz-even pairings (which
correspond to opposite spin pairing), while in-plane triplets
� = iσy(σx, σy) are Mz-odd pairings (which correspond to
equal-spin pairing). Since D3h does not contain the inversion
operator, singlet and triplet channels can generally mix due to
SOC, and channels are only classified by the global (spin and
orbital) symmetry of the pairing.

Previous works have discussed different unconventional
equal-spin pairing channels driven by the breaking of Mz.
An equal-spin pairing chiral p + ip superconducting state was
predicted in the presence of large Rashba spin-orbit coupling
[21], while Ref. [22] proposed an equal-spin pairing one-
dimensional irrep A′′

2. Extending beyond these works, Ref.
[25] proposed an interlayer spin-polarized pairing state with
odd parity. Given the large Ising SOC, which suppresses
equal-spin pairing, Mz-even states are, however, more likely to
be realized unless the scale of Mz breaking is as large as Ising
SOC. Although the A′

1 channel, which corresponds to the stan-
dard s-wave state (potentially with a symmetry-allowed triplet
admixture), is the most common Mz-even state favored by
electron-phonon interactions, recent works show that strong
spin fluctuations in this system should favor the E ′ channel
[32,33].

In addition to being unaffected by Ising SOC and favored
by spin fluctuations, the E ′ channel has a number of appealing
features. First, as a two-component order parameter it admits
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FIG. 2. Band structure of the BdG Hamiltonian in Eq. (2) for 4Hb-TaS2 with the superconducting pairings (a) �px , (b) �py , and (c)
�p+ip for � = 0.1 eV. The dark (light) gray shading marks the minimal (maximal) gap along high-symmetry directions. Insets show the gap
magnitude across the Brillouin zone; light colors indicate smaller gaps and insets mark the paths used in the main panels. The dotted-dashed
line in (c) marks the energy associated with the van Hove singularity that produces the secondary peak in the absorptive components Reσxx

and Imσ H
xy .

both chiral and nematic ground states, in line with the phe-
nomenology in 4Hb-TaS2 [9–13]. In addition, this state has
interesting topological features. Mz-even pairing with Ising
SOC implies spin rotation invariance around the z direction,
which puts this system in topological class AIII [54], featuring
Z invariants in 1D that can protect nodal points in the case
of nematic ground states. For chiral ground states, each mir-
ror sector realizes a Chern number C = 3 superconductor. In
the case of triplet E ′ chiral state, a C = 6 superconductor is
realized, which could also be consistent with the edge state
phenomenology in 4Hb-TaS2 [11] and CrBr3/NbSe2 [7].

The discussion above motivates us to consider the triplet
E ′ channel, given in the orbital basis {dz2 , dxy, dx2−y2} as the
two-component basis pairing matrices

{
�px ,�py

} = σyσz ⊗
⎧⎨
⎩

⎛
⎝ 0 i 0

−i 0 0
0 0 0

⎞
⎠,

⎛
⎝0 0 −i

0 0 0
i 0 0

⎞
⎠

⎫⎬
⎭.

(3)
This term represents spin-triplet, orbital singlet pairing

between the out-of-plane orbital dz2 and each of the in-plane
orbitals dx2−y2 and dxy. The superconducting phases with pair-
ings �px and �py represent nematic phases, while the chiral
superconducting phase is given by the pairing �p+ip = �px +
i�py .

III. BDG QUASIPARTICLE BAND STRUCTURE

For concreteness, we consider a single layer of H-TaS2 and
use the normal state tight-binding parameters reported in Ref.
[22]. Band structure effects and optical features of the super-
conducting state with realistic values of the superconducting
gap (∼1 meV) are, in principle, quite small. For illustrative
purposes we consider pairings of an artificially large strength
� = 0.1 eV, keeping in mind that experimental features are
to be expected at the real values of the superconducting gap.
We will focus on realistic values of � and the scaling of the
relevant features later on. The three different ground states
with E ′ pairing �px,py,p+ip lead to the three different band
structures in Fig. 2. The �px pairing is gapless along the �M ′
(kx = 0) direction, while the �py pairing is gapless along the
�K (ky = 0) direction. In both cases we see that �M and
�M ′ are not equivalent, a consequence of the breaking of

C3 symmetry. For both nematic phases, the maximum gap is
approximately 1.6� along the �K (�M ′) directions for �px

(�py ). The �p+ip phase, on the other hand, restores C3 sym-
metry (combined with a gauge transformation) so the energies
are C3 symmetric, and it exhibits a full gap ranging in size
from 0.43� along the MK direction to 1.6� along the �M
direction.

IV. OPTICAL CONDUCTIVITY

To compute the optical conductivity, defined from Ji =
σi jE j , we employ the standard Kubo formalism as used
for superconductors in Ref. [47]. Since we consider k −
independent pairings, Peierls substitution couples the electro-
magnetic field �k → �k − e �A through the normal-state Hamil-
tonian hk . The conductivity tensor σi j can be separated into
symmetric and antisymmetric (Hall) parts. For the symmetric
part we only consider the diagonal components. In the main
text we report the absorptive part of the conductivity σ abs

i j =
1
2 (σi j + σ ∗

ji ). For the symmetric part, the absorptive part is
real σ abs

ii = Reσii, while for the Hall part σ H
xy = 1

2 (σxy − σyx ),

the absorptive part is imaginary σ H,abs
i j = Imσ H

i j . The reactive

parts σ rea
i j = 1

2 (σi j − σ ∗
ji ) can be computed through Kramers-

Kronig relations (see Appendixes A and B). The absorptive,
diagonal part is explicitly given by

Reσii = πe2

2ωV

∑
m �=n

vi
nmvi

mn fnmδ(εn − εm + ω), (4)

while the absorptive Hall part is given by

Imσ H
xy = πe2

2ωV

∑
m �=n

Im
[
vx

nmvy
mn

]
fnmδ(εn − εm + ω), (5)

where e is the electron charge, V is the volume of the
system, fnm = f (εn) − f (εm) is the difference of Fermi func-
tions, which depend on the energy εn = En − μ of band n,
the chemical potential μ, and the inverse temperature β =
1/kBT where kB is the Boltzmann constant. We set β =
300 eV−1 (T 	 3.87 K). The velocity matrix elements vi

mn ac-
count for the transition amplitude between states n, m and are
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FIG. 3. Anisotropy of the absorptive part of the optical con-
ductivity at low (main figures) and high (inset) frequencies for the
nematic phases �px and �py with � = 0.1 eV.

defined as

vi
nm = 〈n|∂H

∂ki
|m〉 = 〈n|

(
∂ki hk 0

0 ∂ki

[
hT

−k

]
)

|m〉. (6)

Note that the optical conductivity of clean multiband su-
perconductors [47] as computed here can be reduced in size
for some types of superconductors—but not suppressed—by
the inclusion of vertex corrections [55], which are outside the
scope of this work.

V. ANISOTROPY IN THE NEMATIC PHASE

In the presence of C3 symmetry, the optical conductivity
satisfies σxx = σyy. Since the two-component nematic pairing
breaks this symmetry, we consider the difference σxx−σyy as a
probe of the nematic pairing. Figure 3 shows this difference
in the range of frequencies near the superconducting gap
for both �px and �py . A sizable conductivity occurs due to
transitions near the Fermi level, with significant differences
between �px and �py that can help determine the pairing
anisotropy.

As a further optical signature of the pairing in multiorbital
systems, we also consider higher frequency effects that occur
due to transitions from the Fermi level BdG quasiparticles to
unoccupied electron states, and from occupied electron states
to BdG quasiparticles. These occur in the frequency range
where the optical conductivity of the normal state is finite [see
Fig. 1(c)] and represent the transfer of spectral weight due to
superconductivity as discussed in Ref. [48]. However, here we
consider responses which are zero in the absence of pairing,
due to C3 and time-reversal symmetry. The observation of any
optical conductivity is therefore a signature of multiorbital
pairing, which is shown in the inset of Fig. 3. The anisotropy
of the nematic pairing is reflected in this spectrum as well.

FIG. 4. Hall response in the chiral state. We compare the an-
tisymmetric and symmetric absorptive components of the optical
conducitivty, Imσ H

xy and Reσxx , respectively, for �p+ip at � = 0.1 eV
at low (main) and high (inset) frequencies. The shadowed region
indicates the span of the gap across the Brillouin zone.

VI. HALL CONDUCTIVITY IN THE CHIRAL PHASE

The chiral E ′ state (�p+ip) breaks TRS, enabling a finite
optical Hall response σ H

xy . Figure 4 compares the absorptive
components Reσxx and Imσ H

xy across the gap window. The
Reσxx component exhibits a large peak around 1.6� asso-
ciated with the large JDOS between the closest bands to
the Fermi level along the K� high-symmetry lines and the
positive-defined optical conductivity integrand over the Bril-
louin zone [see Fig. 5(a)]. However, in the case of Imσ H

xy the
velocity matrix elements connecting the closest bands to the
Fermi level over the Brillouin zone can be positive or negative
[see Fig. 5(b)]. This leads to a cancellation of contributions

(a) (b)

(c) (d)

K

M

K

M

K

M

K

M

FIG. 5. Brillouin zone-resolved absorptive part of the optical
conductivity Reσxx (left column) and Imσ H

xy (right) column integrated
between ω = 1.3� and ω = 1.8� (upper row) corresponding to the
low-energy peak in the response in Fig. 4, and ω = 3� and ω = 4�

(lower row) corresponding to the secondary peak in the response in
Fig. 4.
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[eV]

[eV]

FIG. 6. Anisotropy of the absorptive components of the optical
conductivity Re(σxx − σyy ) of the nematic superconducting states
�px and �py for a realistic � = 1 meV in the ω ∈ [0, 2.5] eV (main)
and ω ∈ [2.5, 4.5] eV (inset) regions.

that suppresses the peak that is present in the Reσxx compo-
nent due to the positive value of its velocity matrix elements
over the whole Brillouin zone.

The secondary peak at ω∼3.6�, associated with a higher-
frequency van Hove singularity along K� [Fig. 2(c)], is
similar in size for σxx and σ H

xy [Fig. 4]. Here positive velocity-
matrix contributions dominate, resembling the longitudinal
case [Figs. 5(c) and 5(d)]. The predominance arises from the
large positive weight of the van Hove feature along K� and
the reduced presence of negative contributions in this window
[Fig. 5(d)], in contrast to the lower-energy peak [Fig. 5(b)].

Additionally, the �p+ip also exhibits a finite contribution
to the Hall conductivity at large frequencies due to the elec-
tronic transitions from Fermi surface BdG quasiparticles to
higher-energy unpaired bands, shown in the inset of Fig. 4.
This provides an additional high-energy fingerprint of the TRS
breaking associated exclusively with the chiral phase.

VII. EXPERIMENTAL OUTLOOK

After establishing the general features of the band structure
and optical conductivity for large values of � in the previous
sections, we now focus on the measurability of the optical
properties in the nematic and chiral phases. To do so, we
will consider a realistic value of the superconducting order
parameter � = 1 meV.

A. Nematic phases

In the nematic phases �px and �py , the small gap � =
1 meV results in two well-differentiated ω regions with differ-
ent anisotropy, as we see in Fig. 6. The first region, spanning
from ω = 0 eV to around ω = 2 eV, features an anisotropy
of the absorptive components of the optical conductivity
Re(σxx − σyy) ∼ 10−7e2/h̄. The relevant quantity to consider
experimental feasibility is the relative size of the anisotropy
compared to the optical conductivity in that region, �σ/σ ≡

Re(σxx−σyy )
Re(σxx+σyy )/2 ∼ 10−6.

The second region (inset of Fig. 6) spans from ω = 2.5 eV
to around ω = 4.5 eV. The anisotropy here is more than two
orders of magnitude larger than that in the lower-energy re-
gion described in the previous paragraph, reaching values
of Re(σxx − σyy) ∼ 5 × 10−5e2/h̄. The average value of the
optical conductivity in this region is barely affected by the
nematic phase, and its size is similar to that of the normal
state in Fig. 1(c). Therefore, the relative size of the anisotropy
in this region is �σ/σ ∼ 10−5.

The experimental feasibility of detecting optical
anisotropies of magnitude �σ/σ ∼ 10−6 − 10−5 is well
supported by current instrumentation standards [56,57].
In the specific context of rotational symmetry breaking,
reflectance anisotropy measurements have resolved small
reflectivity features with a relative size of �R/R ∼ 10−6

to characterize anisotropy in nematic superconductors
[57]. Therefore, the expected anisotropy signature of the
nematic superconducting phases discussed here for a realistic
� = 1 meV is experimentally accessible with the current
techniques.

B. Chiral phase

The chiral E ′ phase produces a finite optical Hall conduc-
tivity σ H

xy , which is most directly accessed via the polar Kerr
effect (rotation of the reflected polarization) measured in a
normal-incidence setup [40,42]. The Kerr angle is given by
[40,42]

θK = −Im

[
ñL − ñR

ñLñR − 1

]
, (7)

where ñ ≡ n + iκ is the complex refractive index for left ñL

and right ñR circularly polarized light. In the case of a 2D
sample with no substrate, the Kerr angle can be approximated
by [42,58]

θK ≈ tan θK = Re

[
σ H

xy

σxx

]
, (8)

where σxx and σ H
xy are the complex conductivities, and we have

used the fact that θK � 1 in tan θK ≈ θK .
The Kerr angle for TaS2 with � = 1 meV in the chiral

superconducting phase is shown in Fig. 7. Remarkably, the
Kerr angle in this setup is in the 10−5 − 10−4 radians range,
considerably larger than the resolution limit of 10−9 radians
measured in other setups using Sagnac interferometry [41,42].

The large size of the Kerr rotation angle is due to the
simultaneous scaling of both components, σxy and σxx, with
� in the described range. For values of � ∈ [1, 10] meV
we observe a strong peak at ω = 330 meV for all � values
considered, indicating an interplay between superconductivity
and the intrinsic features of the band structure that do not
depend on the size of �, leading to an observable feature in
the Kerr angle. This is the same feature that gets displaced
to ω = 360 meV for � = 100 meV, as discussed in Figs. 4
and 5, due to the large value of �. This means that the cause
of the persistent peak at ω = 330 meV in Fig. 7 is the same
physics discussed in Sec. VI.

Finally, we see that the size of the Kerr rotation angle in the
Kerr-active region scales quadratically with � over a range of
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ω        [eV]

FIG. 7. Kerr angle θK (ω) for TaS2 with chiral p + ip pairing with
� = 1 meV. For ω < 0.2 eV the small size of � results in a large
numerical noise and an absence of distinguishable features.

1−10 meV (see Fig. 8), providing an estimation of the order
of magnitude of the angle for setups with similar properties
and different superconducting pairings.

VIII. DISCUSSION

In our work, we have predicted the optical conductivity of
single layers of an H polytype of a TMD with D3h symmetry.
These results most directly apply to single layers of NbSe2,
where signatures of a nematic pairing channel have been ob-
served in Refs. [3] and [4]. Our results also bear relevance
to 4Hb-TaS2, where superconductivity is dominated by the H
layers in the T/H bulk structure. It should be noted that this
structure has an extra inversion center between the H layers
and there are therefore two possibilities for inversion-even and
-odd versions of the E ′ state, which correspond to irreps E2g

and E1u of the group D6h and should remain nearly degener-

ate if the pairing is mainly intralayer. Finally, we speculate
that our results may also be relevant to the superconducting
state observed in CrBr3/NbSe2 [7], which coexists with ferro-
magnetism and shows chiral edge modes corresponding to a
topological chiral superconductor.

Our quantitative outlook indicates that chiral E ′ order in
H-TaS2 should produce Kerr rotations of θK ∼10−5 rad for
realistic gap sizes, well within the sensitivity of modern
Sagnac interferometry [41,42]. Additionally, the nematic E ′
state yields a relative diagonal anisotropy Re(σxx−σyy)/σxx ∼
10−5 without a Hall response, well within current experi-
mental limits, enabling an optical symmetry diagnostic using
polarization-resolved reflectivity. Likely, the experimental
feasibility of the optical responses discussed here extends to
other TMDs with superconducting gaps in the order of meV.

In summary, our results chart a concrete experimental
pathway to help establish whether unconventional supercon-
ductivity in different TMD platforms is due to E ′ pairing: use
linear optics to distinguish nematic versus chiral E ′ order, and
quantify chiral TRSB via Kerr rotation.
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FIG. 8. Persistent features and scaling of the Kerr angle for � ∈ [1, 10] meV. (a) Kerr angle θK (ω) for a single H layer of TaS2 with
chiral p + ip pairing for different values of �. The position of the persistent peak at ω = 330 meV is indicated by the dashed gray line. For
ω < 0.2 eV there is a strong numerical noise background covering any discernible features. (b) Scaling of the integrated Kerr angle θK ∼ �b

in the range ω ∈ [0, 0.7] for different values of �. The least squares fit of the shown data shows a quadratic exponent.
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APPENDIX A: REAL AND IMAGINARY PARTS
OF THE OPTICAL CONDUCTIVITY

The complete expression for the interband optical conduc-
tivity, containing real and imaginary parts, can be derived
using standard Kubo formalism and reads

σi j = πe2

2ωV

∑
m �=n

vi
nmv

j
mn fnm

εn − εm + ω + iδ
(A1)

→
δ→0

πe2

2ωV

∑
m �=n

[P − iπδ(εn − εm + ω)] (A2)

×[
Re

(
vi

nmv j
mn

) + iIm
(
vi

nmv j
mn

)]
fnm, (A3)

where we have used the Dirac identity

1

z + iδ
→
δ→0

P
∫ ∞

−∞
dz

1

z
− iπδ(z), (A4)

where P is the Principal value of the integral and δ(z) is the
Dirac delta function.

Taking the real part of Eq. (A1) and noting that vi
nmvi

mn =
|vi

nm|2 is a real quantity, we obtain the expression in Eq. (4)
for the real part of the diagonal components of the optical
conductivity.

Likewise, taking the imaginary part of Eq. (A1) for the
antisymmetric, off-diagonal terms i �= j we obtain the expres-
sion for the Hall conductivity in Eq. (5).

APPENDIX B: KRAMERS-KRONIG RELATIONS

The real and imaginary parts of the optical conductiv-
ity tensor Reσ + iImσ are related by the Kramers-Kronig
identities:

Reσ (ω) = 1

π
P

∫ ∞

−∞
dx

Imσ (x)

x − ω
, (B1)

Imσ (ω) = − 1

π
P

∫ ∞

−∞
dx

Reσ (x)

x − ω
. (B2)

Noting that Reσ (ω) is even and Imσ (ω) is odd in fre-
quency, and following the standard derivation [60], we obtain

Reσ (ω) = 2

π

∫ ∞

0
dx

xImσ (x) − ωImσ (ω)

x2 − ω2
, (B3)

Imσ (ω) = −2ω

π

∫ ∞

0
dx

Reσ (x) − Reσ (ω)

x2 − ω2
. (B4)

Since the bandwidth of the model used in the main text
is finite, the absorptive components of σ (ω) computed in the
main text are supported on a bounded frequency window and
the integrals in Eq. (B3) converge without ad hoc truncations.
To ensure convergence and numerical stability, the integrals in
Eq. (B3) are computed for a maximum ωcutoff = 50 eV.
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