PHYSICAL REVIEW B 112, 075430 (2025)

Vibrational instabilities in charge transport through molecular nanojunctions:
The role of nonconservative current-induced electronic forces
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Understanding the current-induced vibrational dynamics in molecular nanojunctions is critical for gaining
insight into the stability of such systems. While it is well known that Joule heating at higher bias voltages
plays an important role for the stability of the nanojunction, a different mechanism caused by current-induced
nonconservative forces has been reported to cause vibrational instabilities already at much lower voltages.
In this paper, we apply a mixed quantum-classical approach based on electronic friction and Langevin dynamics
to a model system for which vibrational instabilities have previously been reported. The electronic friction and
other electronic forces can be calculated exactly using nonequilibrium Green’s functions. We perform Langevin
simulations of the vibrational dynamics to calculate the steady-state vibrational excitation and compare the
results to a simplified eigenmode analysis, identifying the parameter regimes in which runaway modes appear.
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I. INTRODUCTION

Molecular nanojunctions are devices built by attaching sin-
gle molecules to two or more metallic leads and have been
considered as potential candidates to replace silicon-based
devices, allowing for further miniaturization of electronic cir-
cuits [1-8]. Moreover, molecular nanojunctions can be used
to investigate novel transport phenomena stemming from the
quantum mechanical nature of such systems [9-16].

An important concern regarding the operating ability of
molecular nanojunctions is their stability under nonequi-
librium conditions at finite bias voltage. This is largely
determined by the interaction between the vibrational and
electronic degrees of freedom (DOFs) within the molecule.
It is well known that this electronic-vibrational interaction
can lead to current-induced or Joule heating and, at suffi-
ciently high bias voltages, to vibrational instabilities [17-26]
and current-induced bond rupture [27-36]. Beyond current-
induced heating, recent investigations have also highlighted a
different mechanism causing vibrational instabilities in nano-
junctions that arises from nonconservative current-induced
forces [37,38]. This proposed mechanism is based on a clas-
sical treatment of the vibrational DOFs, where the influence
of the quantum electronic degrees of freedom appears via
current-induced forces, and should be influential when mul-
tiple vibrational modes are involved in transport. Essentially,
the highly nonconservative landscape of electronic forces in
out-of-equilibrium scenarios [39-44] can induce “runaway”
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vibrational eigenmodes at much lower bias voltages than that
required for instabilities caused by simple Joule heating, espe-
cially when the vibrational dynamics are pulled into elliptical
trajectories via the nonadiabatic Berry force [37,38,45-47].

Understanding the connection between the vibronic dy-
namics of molecular nanojunctions and corresponding vibra-
tional instabilities is evidently crucial in creating mechani-
cally stable molecular-based devices. However, simulating the
full nonequilibrium quantum mechanical dynamics of molec-
ular nanojunctions is a difficult task, as one must include not
only the interaction between electronic and vibrational DOFs
within the molecule, but also the interaction of the molecule
with the continuum of electronic states in the leads. Although
there exist fully quantum mechanical methods for such sys-
tems, they often rely on a perturbative treatment of either
the molecule-lead coupling, as in the case of Born-Markov
master equations [10,48-53], or the electronic-vibrational in-
teraction, such as in nonequilibrium Green’s function (NEGF)
theory [19,54-58]. There exist also approaches that treat the
vibrational DOFs quantum mechanically and numerically ex-
actly, such as the hierarchical equations of motion (HEOM)
approach [59-64] and the multilayer multiconfigurational
time-dependent Hartree method [65-67]. However, they can
become computationally challenging in regimes which are
dominated by strong correlation or require a large number of
vibrational basis states.

To overcome this limitation, one can employ a mixed
quantum-classical approach, in which the vibrational DOFs
within the molecule are treated classically while being in-
fluenced by quantum mechanical electronic DOFs, both
in the molecule and the leads. A widely used mixed
quantum-classical method is based on electronic friction
and Langevin dynamics [45,68-80]. For systems without
strong intrasystem interactions, NEGFs are an accurate and
numerically efficient method for calculating the electronic
friction [70,71,73,78,81,82]. Moreover, recently, the theory of
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electronic friction has also been extended to the HEOM
method, which allows for the description of strong intrasystem
interactions [83-85].

In addition to numerical efficiency, describing the vibra-
tional dynamics using Langevin dynamics can offer valuable
insight into the electronic forces acting on the molecular
vibrations [86,87], which otherwise can be challenging to
extract from a fully quantum mechanical description of the
system. This is highly relevant to this work, as the vibra-
tional instabilities arising specifically from nonconservative
electronic forces have been identified from and explored
solely within the Langevin dynamics picture [37,38,43—45].
Furthermore, these previous investigations relied on addi-
tional approximations, calculating eigenmode solutions to the
Langevin equation by neglecting the stochastic force and eval-
uating the current-induced forces at the Fermi energy only.
These have been successful in identifying the possibility of
new mechanisms for vibrational instability, with even some
potential experimental evidence [15], but a key remaining
question is whether these instabilities appear in the full dy-
namics obtained by solving the Langevin equation directly.

With this motivation in mind, in this work, we apply the
combined NEGF and Langevin dynamics (NEGF-LD) ap-
proach to a two-level, two-mode system for which vibrational
instabilities caused by nonconservative current-induced forces
have previously been reported [45]. We perform Langevin
simulations of the vibrational dynamics to calculate the vibra-
tional excitation in both modes, which we then use to char-
acterize the junction stability. Contrary to previous reports,
these simulations show that instabilities only occur for degen-
erate vibrational modes and that the Berry force plays only
a minor role in the vibrational dynamics. Additionally, we
perform an eigenmode analysis motivated by the work from
Refs. [37,38,45] and demonstrate under which conditions
such reduced pictures are reliable predictors of instability.

The paper is structured as follows. In Sec. II, we introduce
a general model of a molecule interacting with metal leads.
In Sec. III, we give a short overview of the NEGF approach
and show how to describe the vibrational dynamics using a
Langevin type equation and the calculation of the correspond-
ing electronic forces using NEGFs. In Sec. IV, we apply the
approach to a model system for which vibrational instabilities
at low bias voltages have previously been reported.

Since we have to differentiate between classically and
quantum mechanically treated coordinates and momenta, we
will explicitly denote the vectors of position and momentum
operators as X and P, while their classical counterparts will
be denoted by x and p. Moreover, in this work, we use units
wheree =7 = 1.

II. MODEL

In this section, we introduce the general model of a molec-
ular nanojunction considered within this work. The total
Hamiltonian of the setup is

H = Hmol + I'Ileads + Hmol—leads» (1)

where H,, is the molecular Hamiltonian, Hje,qgs is the Hamil-
tonian of the leads, and Hpo.1cads describes the interaction
between the two.

We are specifically interested in a vibronic model con-
taining two harmonic vibrational modes linearly coupled to
two electronic degrees of freedom without electron-electron
interactions. The corresponding molecular Hamiltonian takes
the form,

Hyol = Z hmn(j‘\j)d;ldn + Z %()’5[2 + ﬁtz)’ (2)
mn i

—pgel —pvib

mol mol

which has been written in mass- and frequency-scaled di-
mensionless vibrational coordinates. Here, Hrf]iobl contains not
only the vibrational kinetic energy, but also the potential en-
ergy of the vibrations without electronic influence, while H? |
contains the electronic energy and the electronic-vibrational
interaction.

The ith vibrational DOF has frequency w;, coordinate %;,
and momentum p;, which are collected into the vectors X =
(X1, %) and p = (p1, p»), respectively. The energies of the
electronic degrees of freedom, are contained in the matrix of
single-particle energies and interactions, #(X), which in the
single-particle basis and for this work has the form

() = (80+A2X2 t+ A X ) 3)

F+ a8 —(e0 + A2%2)
Here, the operators d; and d,, create and annihilate an electron
at the mth energy level with energy &,,(X) = hyn(x2), respec-
tively. The off-diagonal terms, 7, 2 (X), describe hopping
between the mth and nth levels, and depend on some direct
hopping component with strength ¢ as well as vibrationally
assisted hopping, A ;.

The left (L) and right (R) leads are modeled as reservoirs

of noninteracting electrons,
Hieaas = Z 8kaC,;aCka. 4

a€lL,R} k

Here, the energy of state k in lead « is given by &,, while
the corresponding creation and annihilation operators are cza
and ¢y, respectively. The leads are held at local equilibrium,
such that they have a well-defined chemical potential, (e,
and temperature, 7. We apply nonequilibrium conditions via
a bias voltage across the junction, ® = u; — ug, which is
applied symmetrically, such that u; = —pug = e®/2.

The interaction between the molecule and the leads is
given by

Hmol—leads = Z Z Vka,m (Cliadm + d,LCkQL (5)

ko m

where Vi, describes the coupling strength between state
m in the molecule and state k in lead «. For noninteracting
reservoirs and a linear molecule-lead coupling, the influence
of the leads on the molecular dynamics is completely de-
scribed by two-time correlation functions, which are in turn
characterized in terms of the spectral density of each lead:

Lo (€) =27 Y Vio Vig (€ = Eka)- (6)
k

To connect with previous investigations of runaway modes
in charge transport through molecular nanojunctions, we will
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exclusively work in the wideband limit, such that the spec-
tral density is a constant: I'y yu (€) = g mw. Additionally,
we couple only level 1 to the left lead and level 2 to the
right lead, such that i =Tri1=T42 =Ta12= 0, and
further assume that the remaining coupling strengths are the
same: 'z 11 = 'r22 = I'. Henceforth, we will refer to I' as
the molecule-lead coupling strength.

III. NONEQUILIBRIUM TRANSPORT THEORY

In this section, we introduce and discuss the approaches
we use to investigate vibrational instabilities in nonequilib-
rium charge transport through molecular nanojunctions. First,
in Sec. Il A, we briefly outline how one obtains a mixed
quantum-classical Langevin equation from the full quantum
dynamics, and give expressions for the resulting electronic
forces in terms of nonequilibrium Green’s functions. Then,
in Sec. III B we discuss the numerical details of solving the
Langevin equation and how one obtains expectation values
of observables in the steady-state. Finally, in Sec. IV B, we
introduce how one can analyze the Langevin equation via an
approximate eigenmode picture.

A. NEGF and Langevin dynamics (NEGF-LD)

For a comprehensive review of how a mixed quantum-
classical Langevin equation for the vibrational degrees
of freedom is obtained, we refer the interested reader
to Refs. [45,76,77,83]. Here, we will briefly outline the
approach, arriving at the final equation of motion and ex-
pressions for the electronic forces within the framework of
Keldysh NEGFs.

To start, without any approximations and under a com-
pletely quantum treatment, the time evolution of the vibra-
tional degrees of freedom can be written via the Feynman-
Vernon influence functional, which incorporates the effect of
the electronic degrees of freedom in the molecule and leads
via an effective action. As shown in Refs. [45,76], a classical
equation of motion for the vibrational DOFs is obtained by
transforming to Wigner coordinates and expanding to second
order in the quantum difference to the classical path,

OH o1 (x (2
X = —a)izx,- — w,‘Trel{%

per[x(1)] } +fi(0), (D

i

=Flx(1)]

where x; represents the classical or average path of the quan-
tum vibrational coordinate %;, and where we have explicitly
used the mass- and frequency-scaled units from Eq. (2). Here,
F;[x(t)] contains the average electronic force as well as the
force due to the vibrational potential, and f;(¢) is a Gaussian
stochastic force describing fluctuations away from the average
force. The electronic density matrix at time ¢, pg[x(?)], is
a functional of the vibrational trajectory. Note that one can
also obtain this equation by starting with the Liouville-von
Neumann equation for the total density matrix and performing
a second-order approximation to the partial Wigner transform
with respect to the vibrational degrees of freedom [75,83].

For the model introduced in Sec. II, one can write the av-
erage electronic force in terms of Keldysh NEGFs [69,73,81],
| Oh(x)
Flx()] =iTr a—G 0y,
X

1

®)

where the Tr(...) indicates a trace over the single-particle
Hilbert space upon which A(x) acts, and the lesser Green’s
function is defined in the Heisenberg picture as
Gt 1) = Tt {d} (1) (1) per (1)} ©)
The density matrix for the electronic subsystem, pej, iS as-
sumed to be factorized at time 7, as
Pe1(f0) = Pmolel(f0) Preads.e1 (F0)- (10)

Here, pmole1(fo) is the initial electronic state of the molecule
and pjeads e1(fo) 18 the initial state of the leads, which is a tensor
product of Gibbs’ states:

e*(Hlsuds,n( Mo )/kBT

Trleads @ [e_(H]eads.u —Ita)/k T] ’

pleads,el(tO) = 1_[ (1 1)

o

In the Keldysh formalism, we take 7y — —o0, such that cor-
relations between the molecule and leads are accounted for
explicitly within the theory [88], before numerical simulations
are initiated at r = 0.

The correlation function of the stochastic force is similarly
expressed in terms of NEGFs as [74,82]

Dyj(t,t") = Tra{ fi(t) f;(t ) pe(to)} (12)
_ r{—ah(x(t))G>(t,t’)—ah(x(t/))G<(t’,t)}, (13)
3)6,‘ 8)Cj

where the greater Green’s function is defined as
G (1, 1) = —iTra{dn(t)d; (1) pa(i0)}. (14)

Although we have closed expressions for the electronic
forces, at this point the dynamical problem is still quite dif-
ficult to solve, since the electronic degrees of freedom rely
explicitly on the history of the vibrational trajectory, as does
the correlation function of the stochastic force. However, if
one takes the limit of weak nonadiabaticity in the form of
a near-adiabatic approximation, F;[x(¢)] can be expanded in
powers of the momenta and Eq. (7) takes the form of a
Langevin equation [75,82,89]:

Y= —ox+ F®) = ) y@5 + i), (15)
J

where f;(¢) is now a Gaussian random force with white noise,
D;j(t,t") = D;j(x)8(t —t'). (16)

The second term on the right-hand side of Eq. (15) is the
average adiabatic electronic force, which is calculated for a
frozen vibrational frame x. It can be written in the language
of Keldysh NEGFs as

Fadoy — * de oh(x) ~_
x) =i N gTr a—XiG(O)(e,x) , a7n

where G(<0;> is the adiabatic lesser/greater Green’s function in
the energy domain, defined as

</> _ /AR </>/A
o =00x"" Gy (18)

G
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For the sake of brevity, we have subdued the dependence
of the Green’s functions on (€, x). The retarded/advanced
Green’s functions take the standard form,

Gt = (el —h — SR, (19)

By taking the wideband limit for the leads, the self-energies
for an individual lead, «, take the form,

£f =3l £=3l. (20)

o

(€)= ifu(@ly, (€)= —ill = fu()ITy, (21)
with the Fermi-Dirac function given by
1

O (22)

The total self-energy, which is a sum over the self-energy con-
tributions from each lead, is written without a lead subscript,
SR _ 3 $R
o o ’ . . .
The correlation function of the stochastic force can also be
written in terms of adiabatic Green’s functions [82],

) 0h(x) ~ oh(x)
D,»j(x)=/; _ET{ (x)G<o>( X) ()G(O)( )}

21
(23)

The electronic friction arises as a first-order nonadiabatic
correction to the adiabatic electronic force, taking the form

) > de oh(x) .
Vij(X) = —iw; [W ET { o G(l)x (e, x)} (24)

where G(ﬁ)’xj is the first nonadiabatic correction to the adia-
batic lesser Green’s function due to the motion of x;. The first
nonadiabatic corrections to the lesser and retarded Green’s

functions are given by [78]

1 o Oh
Gl = 5:60 | Z7Cl) Y0 5y,

o .p 3E<  __ 0k
* gy, O T Gig,, the Gy (25
"
G(l)xj G(O) G(O)’ X; G(O) (26)

Note that in applying the time-scale separation assumption,
the electronic forces transform from functionals of the history
of the vibrational trajectory to merely functions of the current
vibrational coordinate. This reflects that in these limits the
electronic forces are calculated in the instantaneous electronic
steady state. In these equations, we have also included the
vibrational frequency in the definition of the friction tensor in
Eq. (24), which originates from the dimensionless coordinates
chosen for this work.

Generally, the electronic friction approach is justified if
there is a time-scale separation between the electronic and
vibrational DOFs within the system, so that electronic DOFs
reach their steady state significantly faster than the vibrational
DOFs. The electronic time scale is mostly determined by the
strength of the molecule-lead coupling I', while the time scale
of the vibrational DOFs is determined by their frequencies
w;. Since we investigate parameters such that I' > w; (see

TABLE 1. Vibronic parameters for the two-level, two-mode
model introduced in Eq. (2). The parameters are the same as in
Ref. [45].

Vibrational parameters

o 20 meV

A 0—5 meV

w; wo + A / 2
Electronic parameters

&1 0 meV

& 0 meV

t —-0.2 eV

kgT 25.8 meV

| 1 eV
Electronic-vibrational interaction parameters

A 4.3 meV

M 4.9 meV

Table 1), there is a clear time-scale separation between the
electronic and vibrational DOFs, and the electronic friction
approach is valid.

The time-scale separation also influences the validity of the
white noise or Markovian approximation in Eq. (16). Here, it
is assumed that the stochastic force acting on the vibrations
can be treated as completely uncorrelated (Markovian) over
vibrational time scales and is thus delta correlated. One could
also think about it as the force acting exclusively in the instan-
taneous electronic steady state for each vibrational coordinate,
where only time differences matter and not the initial time.
Evidently, this approximation is better satisfied with a larger
time-scale separation.

Physically, the electronic friction describes dissipation of
vibrational energy via coupling to the creation of electron-
hole pairs (EHPs) in the leads, while the stochastic force
describes the opposite process of energy being injected into
the vibrational degrees of freedom via the decay of EHPs.
In equilibrium, at zero bias voltage, these two processes are
balanced via the fluctuation-dissipation theorem,

D;j(x) = kpTy;(x). (27)

Furthermore, at equilibrium, it has been shown that, for
real-valued electronic Hamiltonians, F?(x) is conservative,
and the electronic friction tensor is symmetric and positive-
definite for all x,

D divi (% > 0, (28)
ij

indicating that it has an overall damping effect on the vibra-
tional dynamics.

In contrast, none of these properties are guaranteed out
of equilibrium at a finite bias voltage. For example, in
the electronic forces picture, Joule heating manifests itself
as a breaking of the fluctuation-dissipation theorem, where
the correlation function of the stochastic force is larger
than the electronic friction at vibrational coordinates for
which the electronic energies lie within the bias window.
Essentially, the stochastic force describes the transfer of en-
ergy to the vibrational modes not only from the decay of
electron-hole pair excitations around the chemical potentials,
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but also from electrical current through the junction [83,84].
Additionally, F2(x) generally has a nonconservative compo-
nent in nonequilibrium, and the electronic friction tensor is
not necessarily symmetric or positive definite.

Consequently, at finite bias voltage, we can split the fric-
tion tensor into a symmetric and antisymmetric part

+ T _ T
== 29)
»S A

The antisymmetric part of the friction tensor describes a
Lorentz-type force arising from the Berry curvature, which,
although it does no work, pulls the vibrational dynamics into
curved trajectories.

B. Langevin simulations and observables

We simulate the vibrational dynamics, by solving the
Langevin equation in Eq. (15). In this work, we exclusively
use the ABOBA algorithm, which belongs to a stable and ef-
ficient family of approaches for solving stochastic differential
equations, in which the generator of the Langevin equation is
split via a Trotter decomposition into three parts (A,B,O) and
applied in a specific order. For a more comprehensive outline
of the method, see Ref. [90] and also the summary in Ref. [84]
as it pertains to charge transport in molecular nanojunctions.

To calculate expectation of observables, we need to average
over many trajectories, Ny,;j, generated via the Langevin equa-
tion. We assume that the molecule is initially in its vibrational
ground state, such that we can sample N, initial conditions
from the Wigner distribution of the ground state of a two-
dimensional harmonic oscillator,

1 2 2
=—[[e". 30
pw(x, p) - ie (30)

These Ny, initial conditions are then propagated to a time
ti in which the vibrational steady state is reached, which we
check by observing the time evolution of the average kinetic
energy of the vibrational modes.

Once the steady state is reached, we propagate further
and sample Ngmple equally separated points, for a total of
Niot. = Nyaj X Neample total points from which we calculate
expectation values of observables. With this procedure, we
can calculate the expectation values of adiabatic electronic
observables as

1 MO!.
(0) = . j=21<0>el<x_,-). (31)

Here, (O).(x) refers to the quantum expectation value of the
electronic operator O evaluated adiabatically at vibrational
position x and in the corresponding electronic steady state.
For example, the electrical current from lead « is

(I)a(x, p) = (I3%), (o) + (1%, (x. ). (32)

It has been separated into an adiabatic contribution, (de(x)),
that depends instantaneously on the molecular coordinates,
and a first-order nonadiabatic correction, (I}*(x, p)), that ad-
ditionally accounts for the nonzero momenta of the molecule.

The adiabatic term is given by [91]

1 00 A< N ~ <
=1 [ dere(rGy 2+ G, @D
while the nonadiabatic correction is [46,81]

na _l
=

o]

de ZX]
o0 J
x Re(Tr{GG, 24 + G E5)). (34

One can use a similar expression as Eq. (31) to calcu-
late expectation values of vibrational observables, the only
difference being that (O).(x;) are replaced by their classi-
cal vibrational counterparts. We are most interested in the
steady-state excitation of the vibrational modes, (N;)*. Since
we model our vibrational degrees of freedom as harmonic
oscillators, we can approximate the excitation directly from
the kinetic and potential energies as

Ess )+(E;;l,l> _ 1

e S+ @) 6

w;

C. Eigenmode analysis

Many previous investigations of vibrational instabilities via
Langevin equations have not solved for the full stochastic
dynamics directly, but rather reduced the problem to one solv-
able by an eigenmode analysis [37,38,45]. In order to connect
with these previous works and also to contrast with our direct
solution, we will outline here how one can apply a similar
approach to solve the Markovian-Langevin equation we in-
vestigate. As we discuss in more detail in Sec. IV B, this is not
the same eigenmode analysis as in previous work, as we start
with a Markovian-Langevin equation in which the electronic
forces depend on the vibrational coordinates.

We start by neglecting the stochastic force, such that
the Langevin equation reduces to a deterministic differential
equation

A = ofx + BN =Yy (0. (36)
J

At this point, we still cannot perform an eigenmode analysis of
the problem, as the electronic forces are complicated functions
of the vibrational coordinates. Therefore, the next step is to
choose some point xy = (xj o, X2,0) around which we expand
the forces. We seek a form of the adiabatic force linear in x,
so we approximate F(x) as

F(x) N Fi(xo) + 81F1ad’x0 alFlad}xo X
and(x) and(x()) 82 and’xo 82F23d|x0 X .

:Fad 0)

—Fad.)

(37

Given that the constant force F**® does not affect the long-
time dynamics, we will neglect it from here on.

Using the same expansion point, we could also linearize
the electronic friction. However, since an eigenmode analy-
sis requires an equation of motion linear in the vibrational
velocities, we will actually take the zeroth-order contribution
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instead:

y(x) ~ yxo) = p©, (38)

such that the deterministic approximation to the Langevin
equation linearized at the point x is

0] _[~oterst RO M
X ol —} 4 BV || %

(0) 0) ;
Yir Y || M 39
T ,© Ol | (39)
211 Yo 2
We now proceed to solve Eq. (39) with the ansatz
x(t) = Re{ue'®™0}, (40)

where Q(x) is the frequency of an eigenmode depending on
the choice of the expansion point, x, and u is the correspond-
ing eigenvector, normalized such that

21'2:1 u; = 1. Inserting Eq. (40) in Eq. (39), we obtain

K(Q)x = —Qx, (41
where the dynamical matrix is
—w? — iQyy + F

K@) = i
—iQyy + Fi

—3 — iQyn + Fy"
(42)

We rewrite the two vibrational frequencies by renaming
w) =w and defining w, in terms of some detuning, A =
| — w;, which in our work is always much smaller than
the frequencies themselves: A « w. Furthermore, in the limit
of small damping due to electronic friction, the eigenmodes
must be close to the undamped frequencies, 2 ~ w, such that

K(2) ~ K and
|:—a)2 —iwyy + Flald’(l)
—iwys + Fy "

—iwyr, + F5 O

—(@ — A)? — ioyn + F;’;*“}
(43)

K~

As aresult, in this limit we can combine Eq. (43) with Eq. (41)
to calculate two eigenmodes for the deterministic problem,
and their corresponding eigenfrequencies, 2, (x(), which will
depend on the choice of expansion point, x(. Note that for-
mally we would obtain four possible solutions for €2, but that
we only retain the two solutions satisfying Re(£2,) > 0.

As a measure of instability in the eigenmode picture, we
will use the inverse Q factor,

Im(£2,(x0))
Re(Q,(x0))’

which describes the rate at which energy is lost from the
eigenmode. If the inverse Q factor of an eigenmode is neg-
ative 1/0Q, < 0, this implies that xy is a point in space at
which energy is being pumped into eigenmode v. This ap-
proach to understanding instabilities in molecular junctions
is potentially highly useful and has been previously explored
for two-level, two-mode systems. Particularly interesting are
reports of so-called runaway modes, where the inverse Q
factor of one eigenmode is positive (stable) while the inverse
Q factor of the other eigenmode is negative (unstable), as

1/Q,(x0) = =2 (44)

these would be experimentally accessible signatures for insta-
bilities arising from nonconservative current-induced forces
[37,38,45].

IV. RESULTS

In this section, we will investigate a model system with
two electronic states and two vibrational modes for which
vibrational instabilities have previously been reported [38].
In the first part of this section, we perform full Langevin
simulations of the vibrational dynamics, analyzing the in-
fluence of different electronic forces and the occurrence of
vibrational instabilities. In the second part, we perform an
eigenmode analysis motivated by the work in Refs. [37,38]
and investigate the reliability of such approaches in predicting
vibrational instabilities, especially for approaches in which
the electronic forces depend on the vibrational coordinates.

A. Nonequilibrium transport observables in the steady-state

We first discuss steady-state expectation values of observ-
ables for the two-level, two-mode model in Eq. (2), calculated
by numerically solving the full Langevin equation in Eq. (15)
with the algorithm outlined in Sec. III B. Specifically, we
are interested in investigating regimes in which there have
previously been reports of instabilities arising from noncon-
servative current-induced forces. To this end, we focus on
the parameters previously considered in Ref. [45], which are
outlined in Table I. Previous mixed quantum-classical investi-
gations of these parameters have predicted strong instabilities
at bias voltages much lower than that predicted solely by
current-induced heating [37,38,45]. Since these analyses have
largely relied on an eigenmode picture similar to that outlined
in Sec. III C, a natural question is whether these instabilities
are also present in the full treatment.

Note that in many previous investigations of runaway
modes, the term vibrational instability is only used to refer
to a diverging vibrational excitation of the eigenmodes. Con-
sidering that we will discuss not only a simple eigenmode
analysis but also the true vibrational excitation of the unper-
turbed modes, which cannot formally diverge, we will instead
use vibrational instability to refer to vibrational excitations
far beyond of what could be observed in a stable nano-
junction. Such instabilities can arise from nonconservative
current-induced forces, but also from simple Joule heating.
Indeed, this definition is also much closer to other work on
the mechanical stability of molecular nanojunctions, such as
in Refs. [12,26].

We start with the case of degenerate modes, A = 0, for
which the steady-state transport observables as a function of
bias voltage are shown in Fig. 1. First, we will analyze the
vibrational excitation, shown in Fig. 1(a). We see that there
is indeed a vibrational instability for degenerate vibrational
frequencies. The excitation of both vibrational modes exceeds
100 at very low bias voltages, 0.15V < ® < 0.2 V, and con-
tinues to grow as a function of bias voltage well beyond the
limits of what is considered stable for a molecular nanojunc-
tion. Note that this is not evidence of a runaway mode, as
we have plotted the vibrational excitations of the unperturbed
vibrational modes, not the eigenmodes of the problem.
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FIG. 1. Steady-state expectation values of transport observables
as a function of bias voltage for degenerate vibrational frequencies:
A = 0. In (a), the excitation of both vibrational modes is shown,
(N;)*, while (b) contains the adiabatic electrical current through
the left lead, (24)*. Blue lines correspond to the full solution of
the Langevin equation, while red lines correspond to turning off the
Berry force Fpeny by setting y = y5 [see Eq. (29)]. The green lines
correspond to the deterministic solution when the stochastic force is
removed: f(z) = 0. Other parameters are listed in Table I. Note that
in (b) the green line and the blue line lie almost on top of one another
for ® > 0.18 V.

This instability has a different origin than simple current-
induced or Joule heating. First, one sees that it occurs at a
much lower bias voltage than that which is typical for current-
induced heating, and, second, that it is not influenced by the
inclusion of the stochastic forces. This is shown in the green
lines of Fig. 1(a), which are the transport observables obtained
by solving the deterministic equation resulting from setting
f(r) =0 in Eq. (15), and lie almost directly on top of the
observables obtained from the full calculation. As discussed
in Sec. IIT A, in the NEGF-LD picture, Joule heating mani-
fests itself in nonequilibrium charge transport as a breaking
of the fluctuation-dissipation theorem at finite bias voltages
and transfer of energy from electrical current to the vibrations
[83.,84]. For these parameters, however, we observe that re-
moving the stochastic force does not decrease the vibrational
excitation, indicating that the instability does not arise from
current-induced heating.

As discussed in Refs. [38,45], the mechanism for this in-
stability is instead the nonconservative current-induced forces
that arise even at low bias voltages. Indeed, one observes
from the green lines of Fig. 1(a) that for voltages below
® = (0.17 V, the vibrational excitation in the steady state is
zero. In this voltage range, the instability caused by non-
conservative current-induced forces is not present and the
vibrational modes continuously lose energy due to the damp-
ing caused by the electronic friction, which the stochastic
force cannot compensate since it has been artificially turned
off. When the instability due to the nonconservative electronic
forces turns on, then, we observe a kink in the steady-state
expectation values of observables. Finally, we observe that the
instability arises not just from the nonconservative current-
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FIG. 2. Time evolution of the vibrational positions of a single
trajectory in the x;-x, plane for different times and A = 0. The
trajectory has been initialized with initial position x = (0, 0) and
momentum p = (0, 0). The voltage is & = 0.3 V. For the sake of
better visualization we have not propagated the trajectory fully to the
steady state.

induced forces, but specifically from the nonconservative part
of F2(x). This is shown by the red lines of Fig. 1(a), which we
obtained by removing the antisymmetric part of the friction
tensor and leaving only the symmetric, dissipative part, y°5.

In order to explicitly illustrate the influence of the adiabatic
force on the vibrational dynamics, we plot the time evolution
of a single trajectory in the x;-x; plane in Fig. 2. The adiabatic
force pulls the trajectory into a near-elliptical shape, similar to
previous reports in Ref. [39]. Moreover, the stochastic force
has no significant influence of the dynamics, which is in
agreement with our findings in Fig. 1(a).

A key concern surrounding mechanical instabilities in
molecular junctions is that they can significantly impact the
conductance, which we explore in Fig. 1(b) via the steady-
state adiabatic current. Despite the high vibrational excitation,
the corresponding steady-state current remains stable. Since
the molecule-lead coupling is large I' = 1 eV, the current does
not display steplike behavior when a new electronic transport
channel opens, but rather increases steadily as a function of
the bias voltage. Additionally, since the vibrational modes are
treated classically and therefore can essentially continuously
exchange energy with transporting electrons, the current also
does not show any steps due to vibrational quantization [84].

We note that this behavior is atypical for a nanojunc-
tion experiencing instability; one would instead expect that
such large vibrational excitations would cause the junction to
break, which is not incorporated in this harmonic model. More
realistic models would have anharmonic potentials, allowing
for bond rupture, and a position-dependent molecule-lead
coupling, such that the conductance decreases for high vi-
brational excitation [28-30,92,93]. This remains the focus of
future work.

Given that the vibrational energy and corresponding mo-
mentum are so large after the onset of the vibrational
instability, we must also check the nonadiabatic correction to
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FIG. 3. Adiabatic current (I]"j“)SS plus its first order nonadiabatic
correction (I#9)% + (I")*. The nonadiabatic correction is negligible
below the onset of the instability.

the current, which describes the backaction of the vibrational
dynamics on the electronic current and is directly proportional
the vibrational momentum. In Fig. 3, we plot the adiabatic
current (Ifd)SS alongside the total current (Ifjd)SS + (I[*)%. We
observe that the nonadiabatic correction is negligible below a
bias voltage of ® < 0.17V due to the clear timescale separa-
tion (I" > w;) between the electronic and vibrational DOFs.
The correction only becomes non-negligible after the thresh-
old voltage, where the instability turns on and the nuclear
momenta p; become very large, which is in agreement with
our previous analysis in Fig. 1(a). Even after the instability
turns on, the correction is still relatively small, reflecting that
electronic quantities like the forces and current are dominated
by their adiabatic contributions.

Next, we consider the case of nondegenerate modes,
A =5 meV, shown in the blue lines of Fig. 4. In contrast to
the case of degenerate frequencies, the steady-state dynamics
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FIG. 4. Similar analysis as in Fig. 1, except with detuned vibra-
tional frequencies: A = 5 meV. Other parameters are the same as in
Fig. 1. Note that a larger voltage range has been used than in Fig. 1,
as the dynamics remains stable.
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FIG. 5. Position of a single trajectory in the x;, x, plane for
different times and A = 5meV. The trajectory has been initialized
with initial position x = (0, 0) and momentum p = (0, 0). The prop-
agation time is the same as in Fig. 2. The voltage is ® = 0.3 V.

are now much more stable. The vibrational excitation of both
modes remains relatively small, even in the high-bias regime:
(N;)*® < 40. Although not shown here, the steady-state vi-
brational excitation reduces to zero without the inclusion of
the stochastic force, f(¢) = 0, indicating that current-induced
heating is the dominant effect. Evidently, the mechanism of
vibrational instability arising from nonconservative current-
induced forces disappears when the vibrational modes are
detuned.

Similar to Fig. 2, in Fig. 5 we show the time evolution of a
single trajectory for the case of a detuning of A = 5meV. In
contrast to the case of degenerate modes, shown in Fig. 2 and
where the trajectory traced an ellipse with increasing width,
here there is no discernible preferred direction, which can
be attributed to the influence of the stochastic force on the
vibrational dynamics.

The stability of the vibrational dynamics also clearly af-
fects the current, which is seen in Fig. 4(b). Here, (Ifjd)SS is
consistently larger than its counterpart for the case of degen-
erate modes in Fig. 1(b). The instantaneous adiabatic current,
(I*)¢1(x), depends on the electronic eigenenergies, which in
turn are functions of the vibrational coordinates: E4(x). At
vibrational positions where the electronic energies sit inside
(outside) the bias window, (Igd)el(x) is large (small). Since a
large vibrational excitation corresponds to a large variance in
the vibrational coordinates,

(Ax;)? = ()" = () > 1, (45)

in regimes of high vibrational excitation the electronic
eigenenergies are, on average, located outside the bias win-
dow and the corresponding average current is smaller.
Finally, in this subsection, we note that our result for the
detuned case contradicts previous investigations of this model,
which found instabilities in the form of runaway modes even
for A = 5 meV [37,38,45]. The key difference to our results
is that these investigations relied on a similar eigenmode anal-
ysis as that outlined in Sec. III C, albeit with a weak coupling
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FIG. 6. Inverse Q factor, 1/Q,, for both eigenmodes as a function of the expansion point, xy. The detuning is A = 0, the voltage is
@ = 0.2V, and all other parameters are the same as in previous plots. Note the asymmetry of both plots along the x, = 0 axis, which is caused

by the hopping constant 7 in Eq. (3).

as opposed to Markovian approximation for the vibrational
dynamics. The proposed mechanism relied on the Berry force,
arguing that at finite detunings it was critical in pulling the
vibrational dynamics into elliptical rather than linear trajecto-
ries, allowing the nonconservative current-induced adiabatic
force to produce a runaway vibrational eigenmode, similarly
to the case of A = 0. However, not only do we not observe a
vibrational instability at these parameters, but we also only
observe a minimal influence of the Berry force on the de-
tuned vibrational dynamics. This is shown in the red lines of
Fig. 4, where the steady-state expectation values of the vibra-
tional excitation and current are almost identical between the
dynamics with and without the Berry force.

B. Eigenmode analysis

In this subsection, our goal is to analyze the vibrational dy-
namics from the simplified eigenmode perspective, comparing
and contrasting this with the dynamics obtained from the full
solution of the Langevin equation. To this end, we will analyze
the same parameters and detunings as in Sec. IV A using the
approach outlined in Sec. III C.

Again, we start with the degenerate-mode case, shown in
Fig. 6, where we have plotted the inverse Q factor, 1/Q,, for
both eigenmodes as a function of the expansion point, xg. The
inverse Q factor measures the rate at which energy is lost from
eigenmode v. As shown in Sec. III C the vth eigenmode is a
solution to the deterministic equation of motion obtained by
neglecting the stochastic force and linearizing the electronic
forces at coordinate x(. Consequently, if the vth inverse Q
factor is negative, it implies that the vth eigenmode of the
deterministic dynamical problem in the immediate vicinity of
Xy is unstable, as this mode will gain energy per cycle rather
than lose it.

This is what we observe for eigenmode 1 in Fig. 6(a),
where the inverse Q factor is either close to zero or negative

for the entire vibrational coordinate space. In regions where
the inverse Q factors are zero the current-induced forces have
anegligible impact on the dynamics and the problem becomes
undamped: Im{€2,} — 0. Consequently, at this voltage the
deterministic approximation to the full dynamics accurately
predicts a vibrational instability as this eigenmode is either un-
damped or unstable for the entire coordinate space. Although
not shown here, the inverse Q factors for all voltages greater
than ® > 0.2 V also display this behavior.

Next, consider what would happen to our analysis if we
were to pick a single point and approximate the forces for the
entire vibrational coordinate space as those expanded around.
In Fig. 7, we show the inverse Q factor for different bias volt-
ages at the expansion point xo = (0, 0). First, we note that the
Berry force has no visible impact on the onset of the runaway
behavior for all voltages, indicating again that the dominant
effect on the instability arises from the nonconservative part
of the adiabatic contribution to the mean force.

Second, the inverse Q factor of eigenmode 2 becomes
negative for voltages ® > 0.17 V. Based on this analysis,
this mode should display runaway behavior for bias voltages
® > 0.17 V. This runaway mode evidently translates to an
instability in the full vibrational dynamics, which we see when
comparing with the results shown in Fig. 1(a). There, we
observed an immense excitation of both of the unperturbed
vibrational modes at this bias voltage.

Each choice of x, represents a different eigenmode, formed
by a different linear combination of the x,. Therefore, when
one runs the full deterministic calculations, the long-time dy-
namics is some mixture of the dynamics approximated at each
point in the vibrational coordinate space. Since all choices of
x( produce either undamped or runaway modes, the instability
observed in the individual 1/Q, extends to the unperturbed vi-
brational modes and we conclude that the eigenmode analysis
is reliable for degenerate modes, A = 0. However, in regimes
where 1/Q, is positive for some regions of the vibrational
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FIG. 7. Inverse Q factor, 1/0Q,, calculated at x, = (0, 0), for dif-
ferent bias voltages. The gray line is at 1/Q, = 0. Blue lines include
the Berry force, while red lines correspond to removing the Berry
force. The detuning is A = 0. All other parameters are the same as
in previous plots.

coordinate space and negative for others, x( and negative for
others, such an analysis is difficult to apply. This is exactly
what we observe for the case of finite detuning, A =5 meV,
which is shown in Fig. 8. In the upper row, at a voltage
of ® =0.2V, the inverse Q factors of both eigenmodes are
positive for all xy, suggesting that the eigenmodes and thus
the unperturbed vibrational modes are damped. This is in
agreement with the vibrational excitation of the individual
vibrational modes calculated from the full dynamics in Fig. 4,
where we observed (N;)* < 5 at this bias voltage. However,
the situation changes when we increase the bias voltage to
® =1V, which is shown in Figs. 8(c) and 8(d). Here, 1/0;
remains positive for the entire grid, but 1/Q, is negative for a
certain region in the vicinity of x = (50, 55), which we have
highlighted with a dashed red border.

Here, eigenmode 2 is damped by current-induced elec-
tronic forces when the vibrational dynamics is outside the
zone outlined in red, but negatively damped and driven to
instability when the vibrational dynamics is within the red
region. Considering that in a dynamical calculation, there will
be times for which the vibrational dynamics is in this region
and also times for which the vibrational dynamics is outside,
it is hard to predict a priori from the eigenmode analysis alone
whether this is a runaway mode and whether it translates into
an instability in the unperturbed vibrational modes.

In Fig. 9, we show the inverse Q-factors for different bias
voltages, where the electronic forces have been approximated
from two different expansion points. The first expansion point,
xo = (0, 0), lies outside the region of negativity in Fig. 8(d),
predicting that eigenmode 2 is damped for all bias voltages,
and, thus, stable under this approximation. In contrast, the sec-
ond expansion point, xo = (50, 55), lies inside the region with
negative inverse Q factor in Fig. 8(d). One observes that, for
this expansion point, there is a critical voltage, @ ~ 0.6 V
at which 1/Q, becomes negative and the dynamics would
exhibit a runaway mode. Evidently, then, a simple eigenmode
analysis yields conflicting predictions for the vibrational sta-

bility depending on the choice of the expansion point. Note
that also in Fig. 9 the Berry force has no significant impact on
the stability of the system.

We now compare this to the results of the full dynamics
from Fig. 4, where we observed only a moderate vibrational
excitation for finite detuning as a function of bias voltage.
Unlike the case of degenerate modes, it is clear that here we
cannot use the eigenmode analysis as conclusive evidence of
vibrational instabilities. The vibrational trajectories might not
spend enough time in the region of vibrational coordinates
where the inverse Q factor is negative; they might be strongly
damped in other parts of the grid; or they might not even
reach this part of the grid at all. This example shows that
this simple eigenmode analysis, in which the full nonlinear,
coordinate-dependent dynamics is approximated at a single
vibrational point, are insufficient in describing the complexity
of the full nonequilibrium problem.

We will end this subsection with a discussion of the con-
nections between our results and previous investigations of
this model [45], which also relied on an eigenmode analysis
to predict the appearance of runaway modes. First, we note
that most investigations of charge transport through two-level,
two-mode models relying on current-induced forces have used
a slightly different version of the Langevin equation, derived
under different approximations [37,38,45,76,77]. Specifically,
if one assumes weak nonadiabaticity by enforcing the limit of
small electronic-vibrational coupling rather than the adiabatic
approximation, one obtains a generalized Langevin equation,

miX; = —wiXx; — E / dt H,‘j(l — 'L')Xj('[) + ﬁ(l), (46)
. 0
J

where the memory kernel, II(r — t), does not depend on
the vibrational coordinates. Under a Fourier transform, the
memory kernel can be split into the friction, the Berry force,
and a nonconservative force proportional to the vibrational
coordinate. Crucially, these forces are often approximated at
the Fermi level only, reducing the problem to the same form as
that given in Eq. (39), which can be treated via an eigenmode
analysis. The key here is that, although the approximations
and Langevin equation are slightly different than in our
approach, previous investigations have also relied on a simpli-
fication of the full current-induced electronic forces to make
predictions about the stability of the junction, in this case by
taking only a single frequency. As we have shown above, it
appears that such analyses can predict different dynamics than
what is obtained from the full Langevin simulation.

C. Influence of vibrational detuning on instabilities

In the previous two subsections, we have shown that the
instability induced by nonconservative current-induced forces
at zero detuning disappears for a detuning of at least A =
5 meV. In this subsection, we investigate exactly how sensi-
tive the mechanism for these instabilities is to the detuning.
To this end, we simulate the full Langevin dynamics for the
same parameters as in Sec. IV A, but now for a variety of A.

In Fig. 10, we show the vibrational excitation of both
modes calculated for different detunings and different
electronic-vibrational couplings at a voltage of ® = 1 V. For
the electronic-vibrational coupling used in Sec. IV A (blue
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FIG. 8. Inverse Q factor, 1/Q,, for both eigenmodes as a function of the expansion point, x¢, and at two different voltages. The detuning

is A = 5 meV and all other parameters are the same as in previous plots. The upper row, (a) and (b), are calculated at & = 0.2 V, while the
bottom row, (c) and (d) are calculated at & = 1 V. The regions where 1/Q, becomes negative have been highlighted by a red dashed line. Note
that in (c) and (d) a larger grid has been used compared to (a) and (b). Again the plots are asymmetric along the x, = 0 axis, which is caused

by the hopping constant ¢ in Eq. (3).

lines), we see that the vibrational excitation is highly sensitive
to the detuning of both frequencies and decays to values of
(N;)*® < 50 already at a detuning of A =0.1meV. As we
showed in Sec. IV A, the immense vibrational excitation for
detunings A — 0 is caused by the nonconservative part of
the adiabatic force. By increasing the detuning, however, the
influence of this force becomes less dominant, resulting in
the decreasing excitation. We, therefore, conclude that for
the parameters used here, both modes have to be essentially
degenerate for the system to exhibit vibrational instabilities.
In the following, we show that when increasing the
electronic vibrational coupling, we can observe vibrational
instabilities even for detuned modes. In Fig. 10, we show
the vibrational excitation of both modes when increasing the
electronic-vibrational couplings used in Sec. IV A by a factor

of 5, A; & 5A;. Again we observe a immense vibrational
excitation for A — 0, clearly indicating a instability of the
junction. Even though the vibrational excitation is signifi-
cantly lower than in the previous case, it is still far above of
what would be considered to be a stable junction. Moreover,
for this case, we observe that the vibrational excitation is far
less sensitive to the detuning of both modes. Although not
shown here, the vibrational excitation of both modes below
A = 0.3meV does not significantly change when simulating
the dynamics by setting f(#) = 0. Therefore, we conclude that
the large vibrational excitation below A = 0.3 meV is dom-
inantly caused by current-induced nonconservative forces.
Thus, by increasing the electronic-vibrational coupling, we
can see vibrational instabilities also for detuned vibrational
modes. Note that even the largest detuning displayed in
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FIG. 9. Inverse Q factor, 1/Q,, at different expansion points,
xo = (0,0) (a) and xy = (50, 55) (b), for different bias voltages.
The gray line in (b) is at 1/Q, = 0. Blue lines include the Berry
force, while red lines correspond to the removing the Berry force.
The detuning is A = 5meV. All other parameters are the same as in
previous plots.

Fig. 10 is still a factor of 10 smaller than what has previously
been considered in systems exhibiting runaway modes [45].

V. CONCLUSION

In this work, we investigated vibrational instabilities in
molecular nanojunctions with multiple vibrational modes
that arise from nonconservative current-induced forces as
opposed to standard current-induced heating. Although the
effect of Joule heating on the stability of such systems
is well understood, the mechanisms underlying instabilities
from nonconservative forces have only been explored with
approximate methods relying on a deterministic eigenmode
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FIG. 10. Vibrational excitation of both modes for different de-
tunings. For the blue lines the same electronic-vibrational couplings
M; as listed in Table I have been used, while for red lines both
couplings have been multiplied by a factor of 5. The voltage is
® = 1V. Note that the largest detuning shown here is still a factor
of 10 smaller than the detuning used in Sec. IV A.

analysis [37-39]. In contrast, our approach used a Markovian-
Langevin equation combined with NEGFs to calculate the
steady-state dynamics of a two-level, two-mode model, from
which we calculated the nonequilibrium steady-state electric
current and corresponding vibrational excitation.

Our simulations demonstrated that for the case of degen-
erate vibrational modes, w; = w,, both modes experience
an extremely large vibrational excitation at a much smaller
bias voltage than any significant excitation caused by Joule
heating, indicating a vibrational instability arising from the
nonconservative forces. In contrast, when the frequencies
of the vibrational modes were slightly detuned, we ob-
served a significantly lower vibrational excitation of both
modes, indicating that the mechanism vanishes for finite de-
tuning. Furthermore, although previous investigations have
highlighted the importance of the Berry force in generating
instabilities at finite detuning, in our approach and for the pa-
rameters considered, the Berry force had a negligible impact
on the vibrational dynamics.

Next, we applied an eigenmode analysis to the same prob-
lem, in which the electronic forces are linearized and the
stochastic Langevin equation is reduced to a deterministic
equation of motion. Based on the positivity (negativity) of the
inverse Q factor of the corresponding eigenmodes, one can
then infer the stability (instability) of the junction. While this
approach is consistent with the full Langevin dynamics for
degenerate vibrational modes, it is more difficult to interpret
for detuned modes, as there are regions of the vibrational coor-
dinate space where the inverse Q factor is negative and regions
where it is positive. Therefore, we concluded that one cannot
determine from our eigenmode analysis alone whether the
junction is stable or unstable. Finally, we observed that, when
increasing the electronic vibrational coupling, the vibrational
excitation is far less sensitive to the detuning of both modes.
For this case, we found vibrational instabilities also for finite
detuning of both vibrational modes.

While the analysis in this paper has been restricted to a
model system for which vibrational instabilities have pre-
viously been reported, it is straightforward to apply our
method to more realistic models of molecular nanojunc-
tions with anharmonic vibrational potentials and nonlinear
electronic-vibrational couplings. Moreover, for systems with
strong intrasystem interactions, such as electron-electron in-
teractions, one can apply the HEOM and Langevin dynamics
approach for an analysis of the vibrational dynamics [83-85].
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