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Metal-insulator transition in a boundary three chain model
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We study the boundary physics of topologially trivial Mott insulators, representing the boundary by three
coupled Hubbard chains in a linear confining potential. In the Hartree-Fock approximation, the ground state
at and slightly off the particle-hole symmetric point remains insulating even at large slopes of the confining
potential. By contrast, accounting for quantum fluctuations and correlations through a combination of bosoniza-
tion and renormalization group (RG) methods, we find that there is always a gapless dipole mode, but it does
not contribute to a finite compressibility. Moreover, when increasing the slope of the confining potential at half
filling, we find a quantum phase transition between an insulating and a metallic state, indicating the formation
of a soft edge state of non-topological origin. Away from half filling, a similar transition takes place.
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I. INTRODUCTION

The boundaries of two-dimensional (2D) topological
phases of matter play a pivotal role when the bulk spec-
trum is gapped [1-7]. Having a gapless spectrum at the
edge may render the system conducting underpinned by bulk
topological invariants [8,9]. Examples range from quantum
Hall phases (integer, fractional, non-Abelian) featuring chiral
modes [1,2], helical modes [4,10], and other 2D topological
phases [11-13]. On the other hand, interaction-driven Mott
insulators [14,15] are usually not characterized by conducting
edge modes.

Here, we focus on the physics of a 2D nontopological
phase of matter, specifically the bulk-gapped Mott insula-
tor. Addressing the low-energy physics of its boundary, we
discover an unexpectedly rich and intriguing edge physics.
Accounting for the interplay of the interaction strength at the
edge and the confining potential, we find a mechanism of a
metal-insulator transition. This transition occurs as function
of the steepness of the confining potential and the band filling
(see Fig. 1), not withstanding the fact that the excitation spec-
trum remains gapless. Our results are depicted in Fig. 2. Note
that despite the presence of a gapless mode, the system may be
an insulator since that particular mode (associated with dipole
excitations) contributes neither to the compressibility nor to
the dc conductance. These main features crucially rely on the
inclusion of quantum fluctuations, and cannot be captured by
a mean-field Hartree-Fock analysis. We stress that quantum
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fluctuations are responsible for the existence of a gapless
dipole mode, on top of which the closing and opening of a
charge gap is controlled by the slope of a confining potential.
Our analysis opens the gate to study of other quantum states
of matter (and quantum phase transitions) on nontopological
edges.

Specifically, we model the edge with three coupled Hub-
bard chains under the influence of a smooth external potential.
These coupled chains are not supposed to model the bulk
two-dimensional system, which is incompressible (see Fig. 3).
They do represent the potentially compressible narrow strip at
the edge, which is subject to a confining potential stronger
than the Mott gap. The effect of the bulk could be at most a
renormalization of the bare chain parameters. This effect is
ignored here. As far as modeling the coupled chains, in addi-
tion to a standard nearest-neighbor Hamiltonian with Hubbard
interactions, we assume a chain-dependent potential (of slope
V) which mimics a confining potential in the perpendicular
y direction (cf. Fig. 4). Employing bosonization technique
tools, we study the collective phases of this many-fermion
system. The overall filling of the system is determined by the
chemical potential p. Of the three transverse modes (in the
y direction), one (a gapless mode) corresponds to interchain
particle-hole excitations (a “dipole”). The other two, featuring
charge excitations, do contribute to the conductance and the
compressibility. As function of V and p a gap opens in the
charge sector, leading to a metal-insulator quantum phase
transition.

Our microscopic analysis relies on a coupled Hubbard-
chain model. In the absence of a confining potential,
bosonization was employed for both a single and multiple
chains [15-21]. For a single Hubbard chain there exists an
insulating phase without magnetic order. Considering several
coupled Hubbard chains one finds a variety of instabilities
as a function of interchain hopping, as well as Hubbard and
next-nearest neighbor interaction strength [15-20]. For two
coupled chains the metal-insulator transition was observed
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FIG. 1. Setup: We consider a Mott insulator under the influence
of a confining potential at the edge. While the bulk is incompressible
due to the Mott gap, at the edge compressible regions can appear as
a function of the chemical potential and of the confining potential’s
slope.

as function of the chemical potential [21], the filling [16],
the interchain hopping [16,17,21], or the strength of on-site
and nearest-neighbor interactions [17,21]. Superconducting
d-wave or s-wave states or charge-modulated states have been
observed within the framework of two coupled chains as well
[18]. Finally, within a Hartree-Fock (HF) study of the edge
(neglecting quantum fluctuations), an alternation of compress-
ible and incompressible boundary regions has been found
[22].

II. MODEL

As a first step towards a realistic model for the edge region
of a two-dimensional Mott insulator, we allow for a confining
potential V-(p). The confining potential is different for chains
with different index p and is constant along each individ-
ual chain. In the following, we will linearize the confining
potential in the region of the boundary chains, which is a
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FIG. 2. Gaps of the two modes contributing to charge density and
current as a function of the the confining potential strength V' at half
filling. A, and A, are, respectively, the charge gaps of the fields
¢,,+ and ¢, o. The latter remains finite up until V/t = V2, whereas
the former drops to zero at V/t >~ (.7. This marks the transition from
an incompressible state into a compressible state, which is expected
to have a finite conductance. The transition happens at the particle-
hole symmetric point and persists for a finite range of values of the
chemical potential.
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FIG. 3. Boundary region: We model the boundary of the Mott in-
sulating by the three chains closest to the chemical potential, denoted
by p=1,2,3.... The incompressible bulk can be integrated out, a
process which will only renormalize the parameters of the boundary
chains. Without loss of generality, we can impose periodic boundary
conditions along the x direction.

standard step taken in any analysis of the edge of quantum
Hall systems, for example. Without loss of generality, we can
then assume that the confining potential is split symmetrically
around the chemical. The full Hamiltonian of the system is

_ T
H=—t Z(Cj,p,acj+l,p,a +Hec)—pn Z Rjo.p

J.o.p J:o.p
T
=1 2 (€ paCiprr +He)
j,o p=1.2
F il
+V Z(cj,l,ocj,l,a - Cj,S,JCj,S,a)
j.o
+UY njpinjp (M
Jp

where 7 is the nearest-neighbor hopping strength. Due to the
tunneling between the chains, the chain index p is not a good
quantum number.

For the noninteracting system with U = 0, diagonalization
of H yields a Hamiltonian with three bands and pseu-
dospin indices T = —1,0, 4+1. The dispersions are Ej, =
—2t cos(ak) + T+/2t% + V2, such that at half filling and weak
confining potential V/t <« 1, the Fermi momenta of these
bands are kr, = m/2 — (/4 + V?/t?). Interestingly, one
band remains at exactly half filling, independent of the ac-
tual value of V. Once the slope of the confining potential
reaches the critical value V/t = \/5, the lower band with T =
—1 is completely filled and the upper band with 7 = +1 is
empty. Thus, for values V/t > +/2 and without interaction, the

1 2 3 0p

FIG. 4. Geometry of three coupled Hubbard chains subject to a
confining potential. In the left panel, the lattice structure with the
single-electron hoppings ¢ across and along the chains is depicted.
The right panel shows the confining potential as a function of the
chain index p.
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FIG. 5. Mean-field phase diagram for U/t = 5. The plot shows
the number of Fermi points of the self-consistently determined band
structure as a function of the chemical potential 1 /¢ and the confining
strength V/t. The red line indicates the transition between antifer-
romagnetic order and a paragmagnet. As an interpretation, we can
identify a pair of Fermi points with an ungapped (charge) mode.

system is trivial in the sense that only the middle chain re-
mains at half filling, whereas the one with p = 3 is completely
filled and thus similar to a bulk state, and the outermost chain
with p = 1 is empty.

III. HARTREE-FOCK ANALYSIS

In order to gain some intuition into the interacting the-
ory, we use Hartree-Fock (HF) analysis to determine the
band structure self-consistently. We reexpress the inter-
action term 7 41y p.y aS () p4)onjp +jpa(Mjp1)o =
(njp+)o(njp )0, where (...)o denotes the expectation value
with respect to the HF ground state. We perform a restricted
HF analysis with

np ;
(nj,p,(r)O = ? + USp(_l)jv 2
where n, is the average density in chain p, and the order
parameter S, is the staggered magnetization of chain p. The
effective single-particle Hamiltonian in terms of the order
parameter is discussed in the Appendix. The densities and
staggered magnetizations are determined self-consistently.

For a single half-filled Hubbard chain, the antiferromag-
netic order parameter S is finite for any U > 0 and the system
develops a finite band gap. As the chain is doped away from
half filling, the order parameter drops to zero, rendering the
system compressible. Then, the band gap closes and the sys-
tem has two Fermi points at k = k. We can use a similar
picture for the analysis of the three coupled chains: each pair
of Fermi points corresponds to one gapless charge mode.
Within HF theory and near-half filling, the gapping of Fermi
points is only possible due to a finite antiferromagnetic mag-
netization.

In Fig. 5, the number of Fermi points as a function of
the chemical potential and the confining potential is shown.
Interestingly, the half-filled system remains gapped and has
no Fermi points, independent of the value of V. This consti-
tutes an adiabatic connection from the Mott insulating state
at V = 0 to an asymptotic state V/t > 1, where one chain
is completely empty, one chain is completely filled, and the
middle chain is still a gapped Mott insulator.

We observe transitions into states with a finite number of
Fermi points as a function of 1 and V. At a finite /¢t >~ —0.2,
increasing V eventually leads to a transition into a state with
two Fermi points, which is the equivalent of one gapless
charge mode. At the transition point, the band gap closes and
the system becomes compressible. If we increase V even fur-
ther, the system transitions from a state with two Fermi points
into one with six Fermi points. In the latter state, not only the
band gap vanishes, but the antiferrogmagnetic magnetization
vanishes as well. The regime with six Fermi points, or three
ungapped charge modes, is thus equivalent to a system of
noninteracting electrons.

Depending on the actual value of V, we observe similar
transitions as p varies. At V =0, lowering n leads to a
transition into a gapless state with three Fermi points around
w/t =~ —0.55. As before, in this gapless regime the antiferrog-
magnetic order parameter vanishes. If, however, 1 < V/t < 2,
a variation of u leads to similar transitions as described in
the paragraph above: first, the system transits into a state
with two Fermi points, which is accompanied by a band-gap
closing. For even lower ., we observe the same transition into
a compressible, noninteracting state with six Fermi points and
vanishing antiferromagnetic order parameter.

We emphasize that the absence of a gap closing at half
filling is an important difference between three coupled and
three uncoupled chains placed in a linear confinging poten-
tial. In the former case, all three chains always have a finite
band gap. In the latter case and for sufficiently large V, the
chemical potential with respect to the bottom of the band for a
given chain will exceed the band gap and the respective order
parameters drop to zero. This will render the aforementioned
chains compressible and, hence, make the whole system com-
pressible despite the fact that it remains at exactly half filling.

IV. BOSONIZATION

We use the bosonization technique and a first-order renor-
malization group analysis to investigate the interacting system
with U > 0. For V/t < «/5, the three bands are bosonized
individually, such that the kinetic energy is diagonal in the
T basis. For each band, there are four bosons fields ¢, ;
and 6, ; with commutation relations [¢ - (x), 0v 6y (X')] =
ihmé, 8 8(x —x"), where v = p, o labels the charge or
spin channel. As usual, the density of band 7 is related to the
fields as p;(x) = pr0+ (ﬁ/n) 0xPp.r (x), where pg ; is the
average density of the band. The relation between the densities
of the bands and the densities of the chains is shown in the
Appendix. Keeping only the most relevant contributions of
the interaction terms, we can write it as H, = Hi?1t + Hii]t” s
where the first term is a density-density interaction in the new
basis and the second term describes umklapp scattering. We
note that in Hi?n all three fields are coupled among each other.

To partially decouple Hi(;)n we introduce the symmetric and
antisymmetric combination of the fields ¢, ;-4 and ¢, ;—_;.
The fields are transformed as

1 1
¢v,a=+ \/_5 0 \/_5 ¢v,r=+1
¢v,a:0 = (1) 1 01 ¢v,r:0 . (3)
¢U,O{=— TE O _75 ¢U,‘[=—
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The 6 fields are transformed accordingly. The field index
takes values o = +, 0, —. In the o basis, the Hamiltonian
Ho = Ho + H?, is given by

1 u
= 5~ v,a Ko, (Ox va2 o X vaz
Ho anz[u, ,(ae,>+Kw(a¢,)]

a v=p,0 )

+ 2 @)@, @)

V=p,0
with y = (U/(OV2QV/1? + 1)/((V/1)* +2)* and

V2=V 0 0
= 0 2 0 .
V2= (V)i

0 0
We can see from Eq. (4) that the transformation from Eq. (3)
only decouples the field ¢, _ from the other two in the kinetic
Hamiltonian. In the newer basis, the two most relevant umk-
lapp terms are

u, K, )

(0,0:0,0)

S
Hot = =S cos2V240 — 80 1)
g(l,fl;fl,l)
_ 327_[2—a2 cos(205,—) cos(2¢p, + — b4x),  (6)

where 8, = 6y =0 at half filling. The remaining relevant
umklapp terms contain linear combinations of ¢, o and ¢,
as arguments and do not contribute additional physics for the
charge modes. The bare values of the coupling constants can
be found in the Appendix.

In order to derive the umklapp terms above, we use the
standard approach to express fermionic operators as exponen-
tials of bosonic fields [18,23] in the t basis, multiplied by a
plane wave with Fermi momentum kg ;:

Yres(X) girkf.zxe*i/ﬁ(r%,r*9M+S(r¢o,r*9m))’ (7

where r = %1 for right- and left movers and s = %1 for spin
up and spin down. To obtain the umklapp terms given in
Eq. (6), we rewrite the interaction term in Eq. (1) in terms
of bosonic exponentials, leaving us with terms of the type
cos(cp,,p + 8 x), where cg is a real number and the dis-
placement dg is the sum or the difference of all the plane-wave
momenta. For the umklapp terms from Eq. (6), the displace-
ment is §g = £27 at half filling. By construction, the boson
fields vary slowly on the scale of inverse Fermi momentum.
Indeed, if 65 # 0 modulo 27 the cosine operators oscillate on
length scales much shorter than 1/kr . and thus vanish upon
integration over x. This restricts the processes that we should
include into the bosonization framework, and, in particular,
leaves us with only a few umklapp terms we need to take into
consideration.

Remarkably, the charge field ¢, — does not appear in the
umklapp terms. This is a direct consequence of the fact that
only cosines with vanishing displacements should be kept in
the Hamiltonian. Utilizing Eq. (7), we note that cosines with
arguments proportional to ¢, _ always come with a displace-
ment 6_ = £2kp 4 F 2kp 1 = £r. Keeping in mind that the
position variable is understood as x = ja with j € N, these
cosines change sign on adjacent lattice sites and vanish upon
integration over x.

Bosonic fields appearing as the argument of an RG rel-
evant cosine term are locked in one of the extrema of the
cosine, giving the respective boson field a finite expectation
value. Expanding the cosine about this minimum, a mass term
quadratic in the boson field is obtained, implying that the
boson field develops a gap. According to the discussion above,
¢,,— remains gapless such that one might conclude that the
coupled chains remain compressible. However, ¢, _ does not
appear in the charge density

2 2
px) = po + J?_(ax‘pp,()) + — 0y 1), ®)

where pp = 1 at half filling. The absence of ¢, _ in the charge
density implies that the conjugate field will not show up in the
associated current density. Invoking this argument, the system
can still be an insulator as long as the fields ¢, ; and ¢, ¢ are
gapped.

To decouple the remaining two fields, we first
rescale the fields ¢, 0 (2/4/2—-V2)"2¢,, and
Ovo = 2/v/2 — vl 20v,0 and diagonalize the remaining
Hamiltonian. The rescaling is necessary in order to obey the
bosonic commutation relations for the linear combinations
¢~)v,a of the fields. In matrix notation, we express the
transformation as

Dv+ N+ Moo+ O ¢§v,+
¢v,() =1 M40 1v;00 0 <}3u,0 . ©)
by.— 0 0 1 ¢~>v’_

After diagonalization, the full Hamiltonian including the rele-
vant sine-Gordon terms is H = Hy + Hfrﬁ", with

7_1_1
07 on

> P! i’ll).(x e
> [av,aKv,a(axeu,a>2+ = (axqsv,a)ﬂ,

o, v=p,0

(10)

and ’FliﬁF is the same as Eq. (6) except the fields are
transformed according to Eq. (9). Further, IZU,O,I?U,Q =
V2 — (V/t)2 For i, o /K, « see the Appendix.

Without confining potential V/t = 0, both of the sine-
Gordon terms in Eq. (6) are relevant, meaning that the fields
¢+ and ¢, o, and 6, _ are gapped. In the following, we
study the charge gaps for the fields ¢, 1, ¢, 0 as a function
of the confining potential strength V/t. We calculate the gaps
utlizing a variational approach outlined in Ref. [18]. The gap
for each charge mode is given by

4Ky ) 1/@-2K")
Mo VO , (11)
(aA)?

AW — u(V)A(
P

where K[(,y) is obtained from the scaling dimension of the
respective sine-Gordon term, uﬁ}’) is the excitation velocity,
and y is a multi-index that takes values y =0, 0;0, 0 and
y =1,—1;—1, 1. In the following discussion, we use the
abbreviations Ag = AQ%00 and A, = AG-E=LD " quch
that A is the charge gap for the field ¢, 9, and A, for the
field ¢, + A = 7 /(2a) is a cutoff in momentum space, and
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¥y = g’ /(xhvr) is the dimensionless coupling constant.
We note that the renormalization of the bare gaps inside the
brackets in Eq. (11) happens due to the exponent 1/(2 —
ZKK()V)), which is the inverse of the scaling dimension of the
corresponding term [24]. Note that in principle one should
consider the renormalization of the Luttinger parameters
Kéy) due to the interaction couplings appearing in Hiznkf [18].
However, from knowledge of the full Kosterlitz-Thouless
(KT) RG flow, one can deduce that the intersection of the KT
separatrix with the K,(,)')—axis correponds to the point where
the relevancy of the cosine operator changes. This change in
relevancy however can be obtained correctly without taking
into account the renormalization of Luttinger parameters.

The magnitudes of the gaps as a function of V/¢ are shown
in Fig. 2. One sees that both charge gaps are finite but different
in magnitude at V/t = 0. Further, we find that the magnitudes
of the gaps calculated in Hartree-Fock theory agree quite well
with the result from bosonization. As V/¢ increases, both gaps
decrease in magnitude. Again, this is in agreement with the
results obtained from HF. At V/¢r >~ 0.7, the charge gap A,
drops to zero. The closing of this gap is accompanied by the
corresponding sine-Gordon term from Eq. (6) becoming an
irrelevant operator. More importantly, we observe a metal-
insulator transition as a function of the confining potential
strength. This is an important difference compared to HF. For
the latter, at the symmetry point © = 0 the system remains
gapped independent of the actual value of V/¢. The charge
gap A, remains finite all the way up to V/1 ~ /2.

V. DISCUSSION

We have considered a simplified picture of an edge of a
strongly correlated 2D electron gas, modeled by three coupled
chains subject to a “confining potential.”” Our bosonization
approach is compared with a HF analysis. For the latter, only
when being away from the particle-hole symmetry point, we
find that as we increase the steepness of the confining poten-
tial, we transition from a gapped phase to an ungapped one,
from a vanishing to a finite conductance phase, and from a
finite to a zero magnetization phase. The magnetization tran-
sition does not coincide with the other two. By contrast, our
bosonization analysis, both at and away from the symmetry
point, reveals distinctly different features. As we increase the
steepness of the confining potential, we observe a transition
from a nonconducting to a conducting phase (the spectrum
remains gapless throughout, and on both sides of the transition
the phases are nonmagnetic). The challenge of pushing be-

J

yond the three-chain limit with our analysis that goes beyond
mean field is left for future work. Interestingly, this effort may
address the issue of chain-number parity effects, which have
been discussed within the framework of mean field [22].

This more reliable bosonization analysis, combined with
renormalization group insights, which account for quan-
tum fluctuations, reveals that the phase transition reported
here takes place notwithstanding the fact that the spec-
trum is always gapless. The insulating-to-conducting phase
transition is accompanied by a gap closing of a collective
charge mode as the confinement strength increases. We thus
find that as a function of the confining potential strength,
there can be a quantum phase transition at the boundary
of interaction-driven Mott insulators, with experimentally
observable consequences. In the presence of very shallow
confinement potentials, edge reconstruction can occur. Then,
additional neutral (i.e., dipole or even higher-order multipole)
modes can exist, which couple to the charge mode and modify
its dynamic properties [25]. Such edge reconstruction can be
described by adding fluctuation corrections to a Hartree-Fock
ground state [22].

Our prediction of a gap closing in an interacting system
as a function of the slope of a confining potential can be
tested with present-day experimental techniques. In bilayer
graphene, applying a perpendicular electric field can open
up a bulk gap at the neutrality point [26]. A combination
of top gates and a back gate allows to independently tune
the gap and the position of the Fermi level in the regions
underneath the gates [27], such that a confining potential near
the sample boundary with electrostatic control over its slope
is experimentally feasible.
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APPENDIX A: NONINTERACTING SYSTEM WITHU = 0

To diagonalize the Hamiltonian Eq. (1) with U =0, we
apply the Fourier transformation

1 .
Cipo =—=Y €%, (A1)
JsDs \/N Xk: sDs

and diagonalize the remaining Hamiltonian in p space after-
wards. The operators are transformed as

V244/V242V+1 A/ V2424V 1
— — - - L -
Vita ﬁ\/(\?2+2)(\7(\/‘72+2+w+1) ﬁ\/(V2+2)(V(«/V2+2+V)+1)
Ck,+1,0 . Ck,1,0
1 I 4 1
Ckoo | = N V2 Vv Ck20 | (A2)
Gkt P27 N ! e
72
Vi NI I R RS V3 (72 42) 72— 727 +1)
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where V =V/t is the scaled strength of the confining
potential. These bands have an index v = —1,0,+1 and
the respective Fermi momenta are kg, = arccos(—pu /2t +
T+/2t2 4 V2/2r). At half filling, V = +/2 is an upper bound
for the strength of the confining potential. Otherwise, the ex-
pression given before is ill-defined. In physical terms, V/t =
/2 marks the point where the upper band with 7 = +1 is
empty and the lower band with T = —1 is completely filled.
Consequently, only the middle band with 7 = 0 has Fermi
points at kg o = % /2. This is crucial for bosonization, since
the starting point of the whole procedure is band dispersions,
which we can linearize around their respective Fermi points
[18].

APPENDIX B: MEAN-FIELD ANALYSIS

We are interested in antiferromagnetic solutions and
rewrite the local spin density as

n .
Njpo = ?” —0oS,(—1), (B1)

where n,, is the average electron density and S, the staggered
magnetization of chain p. Substituting Eq. (B1) into Eq. (1)
and applying the standard mean field decoupling n;n; | >
njyi(nm)o +nj4 (I’l_,'_”() - <n(,"¢)0<nj,¢)0, where the expecta-
tion value is respect to the Hartree-Fock ground state, we
obtain the mean field Hamiltonian Hyr = H| + H, + Hz +
H, + H¢ with

_ i A
H, _Zzek(ck,pqack,p,a Ckfﬂ,p,ackfﬂ.p,a)

o kel

np ¥ T
+ U? Z Z(ckvpﬂckqua + ck—?‘r,p,cck—rf.p,a)

o kel

il il
+ USP Z Z G(Cka Ck—n,p,(r + ck—ﬂ,p,o'ck,p,(r)

o kel

n?
— UN(ZP - Sf,) (B2)

HJ_ =1 Z Zz(cz,p,ack,p+l,a

p=12 o kel

"
+ Ck—ﬂ,p,dck—ﬂ,[)+l,(7 + H'C')’ (B3)
— il il
He=V Z Z(Ck,l,tfck,l,o + Cr—n1,0%%—n,1,0
o kel
AT AT
Ck,3,0ck,3,0 Ck*ﬂ,3,crck7n,3,a)’ (B4)

where ¢, = —2t cos(k) and I = [0, w]. We denote the self-
consistent dispersions by E ., =a /E,iy, with o = +£1

and y = —1,0,+1. The corresponding eigenspinors are
W, (k, o). We note that the dispersion are doubly spin de-
generate, and « distinguishes between particle- and holelike
states. The observables n, and S, in terms of the dispersions
and the eigenspinors are found as

1 -
my = 20 D Uk )L (ko) folEray — ).
k,t,0 oy

(BS)

and

o = _
Sp= =505 D0 D W W K ) fo(Eray — )
kot ay

(B6)

Here, fo(E) is the Fermi function and ¥ is the complex
conjugate of W. The chemical potential shows up explicitly in
the equations, whereas V appears implicitly in the dispersions
and the eigenspinors. The self-consistent values of n, and S,
are determined numerically for given p and V. Figure 5 from
the main text is obtained with the help of the self-consistently
determined dispersions.

APPENDIX C: BOSONIZATION ANALYSIS

As outlined in the main text, we bosonize each band indi-
vidually, leaving us with the kinetic Hamiltonian

1
Hy = Z Z Z UF,T/dx[(axeu,r)z + (ax¢v,r)2]: (CDH

T v=p,0

with ve 4 = /2 — (V/1)? and v = 2. We express the long-
wavelength density-density interaction terms as

U
Hi(r)lt = ;/dx(ax¢v)TH0(ax¢v)a (C2)

with (ax¢v) = (ax¢v,+] ) axd’v,o, ax¢v,—l)T and

2V444V243 V241 3
2(V2+2) (7+2) 2(V242)
27241 V442 2V2 41
Ho=1 Gy Gy () (€3)
3 2V241 V4447243
2(V2+2) (7+2) 2(V242)

Clearly, all of the three modes are coupled to each other in
the Hamiltonian Ho = Hy + Hi?n- Apply the transformation
O, from Eq. (3) in the main text yields Eq. (4), with

V2-V2 0 0

Dl o 2 0
K,
0 0 2 V2
Véiov243 V2(2V%+1) 0
(72+2)° (v2+2)°
Y VI(2V41) 7ier o |-«
b4 (v2+2) (V2+2)°
‘72
0 0 V242

As outlined in the main text, we rescale the fields ¢, ¢ and
6,0 such that u, 4K, , = /2 — (V/t)?. Any orthogonal trans-
formation will leave the matrix u,K, invariant. Applying
the final transformation Oz from Eq. (9) yields the diagonal

035156-6



METAL-INSULATOR TRANSITION IN A BOUNDARY ...

PHYSICAL REVIEW B 113, 035156 (2026)

Hamiltonian H, from Eq. (10), with

it
=

UV* 4202 —V2V4 4 4UV2 — V2V2 + 6UV2 — V242U — 21 (V2 = 3)(V2 +2)> — /U, V)

+ —
~v,+ 47-[1/2_‘72(‘72 +2)?
fio UV +2UV2— V2V +4UV2 - V2V2 4 6UV2 — V2 +2U — 21 (V2 = 3)(V2+2)> + \/f(U, V) ©5)
Koo 4r\/2 — V272 + 2)2
iy, — U V?
e 2 /L ,
T V242

=
|

with

fUV)=U[-4V"0 — 42 = V2 4+ W8 —8(V2 = V2 + DHV® +4(11V2 - V2 +9)V*
+12(4V2 = V2 4+ 5)V? — 82 — V2 4 76] — 4nU (V? — 1)((2v/2 — V2 — H)V*
+4V2 =V 462 - V2 —2)(VE 422 +472(V?: — 1A(V? +2)% (C6)

The individual Luttinger parameters and excitation velocities are calculated with the help of Egs. (C5), (C6), and the relation

uy oKy o = /2 — (V/1)?, as stated earlier in the text.

APPENDIX D: UMKLAPP TERMS

As outlined in the main text, for the umklapp terms the field chiralities of the field operators have to be chosen such that the

displacement of the cosines is § = 2. We find four such terms:

g(0,0;0,0) g(l,—l;—l,l)
2kp 3 3
Hinl = =5 0082260 — d0x) = = —

(0,0;1,—1)

2 —— c08(260,,) c0s (2, 4 — 84x) — =2
T-a

(1,—1;1,—1)

27202 c08(260),—) cos(2¢), + — 84x)

+ g;nT“z[cos(ep,f — 65,2 ) 0SBy s — bt + N 2Pp0 + V200.0)

+c08(6,— + 05 )OS+ + bot + V20,0 — V205 0)],

(D1

and the bare values of the interaction couplings are shown in Table I. The scaling dimension in first nonvanishing order is just
the dimension of the operator itself. We obtain for the scaling dimensions

dggo,o;o,O) )
dl
dggl,—l;—l,l)(l)
dl
dg(%l,—l;l,—l)(l)
dl
dggO’O;l’_l)(l) B
dl

- - 2~ 2~
_ (np;0+)2Kp,+ + (np;OO)zKp,O + (téo’+)) Kg"Jr + (té0,0)) KU,O

=Q@2- 2(’7p;0+)zkp,+ - 2(’7/);00)2]2;;,())ggo’o;o'o)(l)
= Q= 1/Ks - — Mps1) Kot — 400 Kp 0085 717000
= (2 - l/k = (Wp;++)2kp,+ - (np;JrO)zkp‘o)g(;’il;l’il)(l)

~ ~ ~ ~ ~ 2 ~
= (8 — /K, - —1/Ks — — 1110,y — (1p0) Koo — @5V Ks 4 — (1559) Koo

V2= (V]t)?

If we compare the respective scaling dimensions, we find that

the g<30,0;0,0) and g(31,71;71,1)

two sine-Gordon terms.

are more relevant than the other

APPENDIX E: COMPRESSIBILITY AND CONDUCTANCE

In the main text, we have used the fact that a gap in
the bosonic excitation spectrum of a mode indicates that
this mode is incompressible and does not contribute to the
conductance. To make our paper self-contained, we describe

)g§°’0;1"><1>/4. (D2)

(

this connection here. In Eq. (8), the charge density has
been expressed in terms of the fields ¢, ¢ and ¢, +. In the
case of RG relevant cosine terms Eq. [6], these fields are
locked into an extremum of the cosine and acquire gaps ac-
cording to Eq. [11]. To be specific, we here focus on the
field ¢, o, which is gapped for V/t < 0.7 and ungapped for
larger V/t. We consider the following effective Hamiltonian

for ¢,,0:

1
H = / dx[ﬂpg(x)—ﬂ(x)/)o(x)-i- Aodﬁ,o(x)], (E1)
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TABLE 1. Bare values of the interaction constants. The lowest
value of U for which g < 1/2is U/t = 1.

(0,0:0,0) (1,-1;1,—1) (1,-1;—1,1)
83 83 83

U _(v/te2 U 3 1 3
((V/)2+2)2 t2((V/t)2+2)2 t2((V/t)2+2)2

where pg = gaxqbo and k~! = whu/K. In order to find the
change in charge density due to an external chemical potential
n(x), we extremize the energy with respect to ¢,,, differen-
tiate with respect to x, and Fourier transform to momentum
space:

2

rlg) = 5 1(q). (E2)

qK
KT 2A0 / 2+ q
We see that in the limit ¢ — O there is no change in density
when changing the chemical potential; hence, the system is in-
compressible. In the absence of a gap, however, p(q) = ku(q)
as expected for a compressible system. Following the deriva-

tion described in Ref. [18], we obtain for the conductance of
a system with size L

2 1 /a d
G =" lim —— / Yk, L)
hw o0 w +i8 J_5,, 27

w>uk (E3)
X 9
C(),% + u2q2 + T[ZK AQ/Z iwy—>w+i8

with K (g, L) = sin(gL/2)/(qL/2). Rescaling momenta ac-
cording to ¢ — q/w,, and performing the integral in the limit
of small w,, we finally obtain

_ e K 1
 hm 2mumkAo/2
1
2 arct ——— ) lim —i i5) = 0, (E4
X arcan(am>w1ino i(w—+id) (E4)

i.e., the conductance vanishes. For Ay = 0, however, one ob-
tains a finite conductance in the ususal way.
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