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The Haldane model represents the minimal lattice-based realization of a Chern insulator, exhibiting a
quantized Hall conductance in the absence of Landau levels. Despite its conceptual elegance, the implemen-
tation in crystalline solids of the requisite pattern of Peierls phases breaking time-reversal symmetry remains
experimentally demanding. In this work, we theoretically investigate the possibility to simulate the Haldane

model in ultraclean GaAs/AlGaAs heterostructures. Our proposal relies on recent experiments in which a
high-mobility two-dimensional electron gas is subject to a gate-defined honeycomb electrostatic potential and
a laterally periodic magnetic field generated by patterned ferromagnetic structures. The combined electrostatic
and magnetic superlattices furnish a viable route to emulate the topological properties of the Haldane model.

DOLI: 10.1103/rk2w-qmk7

Introduction. More than two decades ago, Haldane pro-
posed a minimal lattice model to prove that a quantized Hall
response can exist without Landau levels [1]. In its canoni-
cal formulation on the honeycomb lattice, the model realizes
a Chern insulator by combining real nearest-neighbor hop-
ping with complex next-nearest-neighbor tunneling phases
that break time-reversal symmetry while maintaining zero net
magnetic flux per unit cell (UC) [1].

While the Haldane model has been realized experimentally
by using cold fermionic gases loaded in honeycomb optical
lattices [2], its implementation in a crystalline solid is notori-
ously challenging [3—-6]. The essential requirement is a pattern
of effective Peierls phases that breaks time-reversal symmetry
on the scale of a UC while keeping the average flux per UC at
or close to zero. This condition is generally extremely hard to
realize experimentally in a solid-state platform. Consequently,
many solid-state realizations of quantized Hall responses at
zero applied fields have utilized different microscopic routes,
most notably the quantum anomalous Hall effect [7] in mag-
netically doped topological-insulator thin films [8—11] and
multilayer structures consisting of alternating magnetic and
undoped topological insulator layers [12,13]. More recently,
moiré materials have demonstrated that Chern insulating
states can emerge in electrically tunable minibands [14—17],
but this typically relies on an emergent band reconstruction
driven by strong electron-electron interactions.
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Ultraclean GaAs/AlGaAs heterostructures [18,19] offer a
complementary route in which the kinetic term of a target
lattice Hamiltonian can be imposed externally on an excep-
tionally low-disorder two-dimensional electron gas (2DEG).
A key milestone was the development of so-called “arti-
ficial graphene” [20-22] in GaAs quantum wells, where
a nanofabricated honeycomb modulation [23-29] produces
minibands with graphenelike massless-Dirac-fermion features
and enables the exploration of interaction physics in a con-
trollable lattice environment. The central advantage of the
GaAs/AlGaAs heterostructure platform is that both geometry
and energy scales are engineered at the device level while
retaining direct access to standard transport probes.

More recently [30], gate-defined artificial electrostatic
crystals in ultra-shallow GaAs quantum wells have pushed
this approach toward Hamiltonian engineering. By contin-
uously tuning the modulation strength and carrier density
and using DC transport as a probing tool, Wang et al. [30]
demonstrated the formation of artificial band structures that
can be reshaped in situ. Different regimes consistent with
graphenelike linear (Dirac) dispersion and kagomelike flat-
band physics were explored within a single device. This level
of tunability is difficult to achieve in etched lattices and is par-
ticularly relevant for solid-state quantum simulation, where
resolving small gaps requires ultralow disorder.

Not only can the honeycomb lattice be engineered litho-
graphically [24-26,29] or electrostatically [20,23,27,28,30],
but a controlled breaking of time-reversal symmetry in the
orbital sector can be achieved through periodic magnetic-
field engineering. In lateral magnetic superlattices, patterned
superconducting or ferromagnetic structures placed above
the heterostructure generate a spatially modulated perpen-
dicular field B,(r) and, hence, a designed vector potential
A(r). A seminal demonstration [31] used superconducting
stripe arrays to form a lateral magnetic superlattice directly
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FIG. 1. (a) Crystal field V (r) as obtained from Eq. (3). (b) PMF B, (r) as obtained from Eq. (4). (c) PMF shifted by a vector ry with respect
to the crystal field, i.e., B,(r — ry). Parameters are fixed to be ayp = 80 nm, W = 1.57 meV, and f®,/27r = 330 mT. In all panels, the black
dot in the center of the figure refers to the origin of the axis and is added as a guide for the eye.

coupled to a high-mobility 2DEG. Complementarily, regular
arrays of micromagnets [32-34] have been shown to in-
duce periodic magnetic-field modulations at submicron scales
in GaAs/AlGaAs heterostructures. When combined with an
engineered honeycomb electrostatic potential, such periodic
magnetic architectures could provide a physically direct route
to break time-reversal symmetry and target flux textures with
vanishing flux over a UC. We stress that any unintended uni-
form magnetic-field component generated by a periodic array
of micromagnets can be fully compensated by an external
magnetic field of matching strength applied in the opposite
direction.

These capabilities make simulating the Haldane model in
GaAs/AlGaAs heterostructures a concrete and experimentally
relevant possibility. In this work, we address the feasibility
of realizing such a quantum simulation platform by studying
an artificial honeycomb electrostatic lattice combined with
a spatially periodic magnetic field (PMF). We show that
the superimposed magnetic pattern can induce a nontrivial
topology of the bands, and we map the emerging low-
energy physics directly onto the Haldane model. The broader
objective is to realize a solid-state quantum simulator for
a paradigmatic Chern-insulating Hamiltonian—conceptually
simple, yet microscopically elusive in natural crystals—in an
experimentally-relevant platform that is tunable and electri-
cally reconfigurable.

Model Hamiltonian. We consider a noninteracting two-
dimensional system of spinless electrons subject to a crys-
talline potential V (#) and a PMF B(#). Both fields are periodic
with the same lattice periodicity. The magnetic field is cho-
sen such that the net flux through each UC vanishes, which
guaranties that the corresponding vector potential A (#*) can be
taken to be periodic with the same period as the crystalline
potential V (#). The single-particle Hamiltonian reads

N e . 1? R
A= [p+;A(r)] TV, )

where m* is the effective electron mass (m* >~ 0.062 m, in
GaAs [35], where m, is the bare electron mass in vacuum),
—e < 0 is the elementary charge, and c is the speed of
light.

For concreteness, we specialize to a triangular lattice. The
periodicity of V(r) and B(r) is set by the primitive vectors
V31

2°2)
with ap the lattice constant. Specifically, we take the crystal
potential to be [36]

V(r)=2W > cos(Gy-r), 3)
¢=1,3,5

and align the PMF along the Z axis [B(r) = B.(r)Z],
setting [37]

a1/2 =a()<:|: (2)

B.(r) = LR > cos(Gy - r). 4

21
(=1,3,5

Here W sets the strength of the crystalline potential, g
is a parameter—with the dimensions of an inverse area—
controlling the PMF amplitude in units of ®¢/(27w), &9 =
hc/e being the flux quantum, and
4
G, =
V3

ao

(cos(€m /3), sin({m/3)) 5)

are reciprocal lattice vectors. Since the magnetic field is pe-
riodic and carries zero flux per UC, we adopt a periodic
(Coulomb) gauge in which V-A(r) = 0 and

Alr) = ﬂ;"’ 3 AL 6)

2
=135 |Gl

Figure 1 displays the spatial profiles of V (r) and B, (r) intro-
duced in Egs. (3) and (4). Figure 1(a) shows that the crystal
field generates an array of attractive wells arranged on a
Dgp-symmetric honeycomb lattice. The PMF configuration
depicted in Fig. 1(b) yields a similar spatial structure. To
produce the data in Fig. 1, we choose gy = 80 nm, m* =
0.062 m, and W = 1.57 meV, values compatible with ex-
perimentally accessible parameters in GaAs heterostructures
[30,36]. Unless indicated otherwise, we will employ this pa-
rameter set throughout the remainder of this work.
Symmetries. It is known that a periodic magnetic texture
with zero net flux aligned with the crystal potential, as in
Eq. (6), represents a physical implementation of the Haldane
model with vanishing Semenoff mass [1]. In what follows, we
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introduce a generalized version of the Haldane Hamiltonian
by allowing for a relative displacement ry = (xo, yo) between
the crystal potential and the PMF, as shown in Fig. 1(c). The
Hamiltonian of the system thus becomes

2
) = 5 [p+ A —r)] +ve. @)
2m* c

For any shift vector ry, the Hamiltonian remains invari-
ant under lattice translations. Indeed, the equalities V (r 4
a)=V(r) and A(r +a) = A(r), where a = ia, + ja, is a
Bravais-lattice translation vector, imply that [7—2, f},] =0,
T, = ¢~ /MP4 being the translation operator. This symmetry
allows one to diagonalize 7 on a hexagonal Wigner-Seitz
Brillouin zone (BZ), even though a generic nonzero shift
ro # 0 of the PMF relative to the crystalline potential V (r)
breaks the Cg, symmetry of the latter. On the other hand,
time-reversal symmetry, 7, is broken for any ry when 8 # 0,
i.e., when a finite magnetic field is present.

Let us now consider the parity symmetry operator P, which
acts on the PMF, shifted by a generic vector ry with respect to
V (r), as follows:

PB.(# —ro)P" = B.(—# —ro) = B,(# +ro). (8)

The second equality comes from the explicit form of B,(r)
in Eq. (4). Equation (8) shows that parity symmetry trivially
holds when ry = 0. Nonetheless, P is not always broken when
ro # 0, as can be shown by considering the parity-preserving
shift vector rg that satisfies

G, -y =nm, G; -1y = mm, 9)
with n, m € Z. This implies that
Gs 15 =—(G1+G3)-ry=—(n+m)m. (10)

Using ro = rj in the expression of the PMF of Eq. (4) gives

B.(r—rf) = B gl(=1) cos(Gy - 1) + (—1)" cos(Gs - )
0 27

+ (=) cos(Gs - )], (11

which is even under parity since it is a superposition of even
functions of r. In particular, if both n and m are even, the field
is explicitly equal to the case ryp = 0, and parity holds trivially.
The conditions in Eq. (9) are explicitly satisfied by

ap \/§ m

By analogous arguments, the combined parity-time-
reversal symmetry (P7), which acts on the Hamiltonian (7)
as

. . 1 e 2
A T = p— —A(F P
TPRAr)P'T = E : +r0)] + V) )
= 7:[(_A7 _r())v
requires
B,r —ro) = —B.(r+ry), Vr. (14)

It is easy to check that the above equality is never satisfied.
This means that there is no vector r( for which the system is
‘PT symmetric.

Band structure and topological phase diagram. Using a
plane-wave expansion (see Sec. S1 of Supplemental Mate-
rial (SM) [38]), one can diagonalize # and obtain the band
dispersion €, where A represents the band index (A =1
denoting the lowest band). Figure 2 shows three represen-
tative band structures for different magnetic-field patterns.
Figure 2(a) corresponds to 8y /(2) = 0, where Dirac cones
appear at K and K’. This is expected because, for the
choice of the crystal field in Eq. (3), the electrons experi-
ence attractive potential minima arranged on a honeycomb
lattice [see Fig. 1(a)]. As shown in Fig. 2(b), a finite mag-
netic field, BPy/(2) ~ 330 mT (corresponding to B = 1 x
1073 nm~2), opens gaps at both K and K’. Parity remains
preserved in this case since B,(r) is aligned with V (r), i.e.
ro = 0. To break both time-reversal and parity symmetry, one
must choose a shift vector ry ¢ {0,r5}, r being given by
Eq. (12). Figure 2(c) shows the bands for a representative
shift 7y chosen within the UC. Asymmetric gaps open at the
Dirac points, which are also displaced away from K and K’
due to the broken C;; symmetry. The magnetic field is fixed as
in Fig. 2(b).

Figure 3 shows the topological phase diagram [38,39],
namely the Chern number C of the lowest bands € ;- as
a function of the shift vector ry = (xp, yo) for two values
of the magnetic field—pg®(/(27) = 33 mT in Fig. 3(a) and
BDy/(2m) =330 mT in Fig. 3(b). Red regions correspond
to C = 41, while blue regions to C = —1. In both cases, the
plots show that the presence of a crystal potential yields topo-
logically nontrivial bands and a complex but regular phase
diagram controlled by § and ry. In particular, for a small value
of magnetic field 8, Fig. 3(a), the system is always topolog-
ically nontrivial with either red or blue regions. On the other
hand, for a higher value of g, Fig. 3(b), the phase diagram also
presents trivial regions (C = 0), reported in white. Note that
the red and blue regions are separated by isolated gap-closing
points, one of which (rf) is marked as a light-green cross. We
shall see below that an analogy with the Haldane model can
be drawn by introducing a low-energy effective model of the
Hamiltonian Eq. (1).

Mapping onto the Haldane model. Projecting onto the
subspace of Dirac cones near the K and K’ valleys, one can
approximate Eq. (1) to first order in the momentum deviation
from the Dirac points and to second order in the magnetic-
field amplitude B (see Sec. S3 of the SM [38]). The resulting
low-energy Hamiltonian is

HM(g) = Ivlt(gy — q0,)0x + (@ — G0.x)0y]
+ (vmy +ms) o, + d"T + OG>, B*),  (15)

where ¢ denotes a small deviation from K or K', 7 = +1
labels the valley, and oj_, , . are Pauli matrices acting in the
sublattice space. Remarkably, and apart from the vector g, =
(qo,x, qo,y) that originates from the breaking of Cs;, symmetry
induced by a finite ry # 0 displacement, Eq. (15) coincides
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FIG. 2. Energy bands, along the high-symmetry path K’ — I' — K — M — T in the BZ, for different magnetic-field patterns. (a) &, /27

=
S
—
=

0andry = 0. (b) BPy/2r =330 mT and ry = 0. (¢c) BDy/27r = 330 mT and ry = ag(—0.45, —0.43). Other parameters are chosen as ay =

80 nm, m* = 0.062m,, and W = 1.57 meV.

with the low-energy expansion of the Haldane model around
K and K’ (see Ref. [40]). Such a mapping onto the Haldane
model, though, has the peculiarity that my (the Haldane mass)
and mg (the Semenoff mass) are not independent quantities.

(a) 1.0
0.5
E)
A, F0.0 O
8
—0.5
—1.0
(b) 75 1.0
50
0.5
25
E)
=B 0 F0.0 O
8
—25
—0.5
—50
—75 ~10

FIG. 3. Topological phase diagram. The Chern number C of the
lowest band € ;—; as a function of the shift vector ry = (xo, o). (a)
BDy/(27) =33 mT. (b) BDy/(27) = 330 mT. All other parameters
are fixed as in Fig. 2. The light-green cross marks the gap-closing
point rj. The dashed black lines outline the hexagonal UC of the
direct lattice.

Such masses, in fact, are expressed in terms of the microscopic
parameters of Eq. (1) as [38]

3t
myy = —fi B Y cos(Gyr). (16a)
(=1,3,5
ﬁ|: n } 2
ms=~=|t+ B> D sin(Gy - ro)
3 9W ¢=1,3,5
4312
——out 82 T sin(Ge -ro), (16b)
2w {=1,3,5
where r; = <L 8;\% andt, = ﬁ(%‘)z. Both depend non-

trivially on ry and S8. Equations (16a) and (16b) show that
while my is linear in 8 and remains finite in the limit ry = 0,
mg 1s quadratic in B8 and vanishes when ry = 0. Haldane
mass and Semenoff mass are plotted in Figs. 4(a) and 4(b),
respectively, as functions of x( and yy.

Note that the Chern number calculated from the Hal-
dane expression C = %[sgn(ms — my) — sgn(mgs + my)], us-
ing Egs. (16a) and (16b), coincides with the plot in Fig. 3(a),
obtained with the full model Hamiltonian (1).

Interestingly, it turns out that the two masses can be
tuned independently around some specific points ry. We first
note that both my and mg vanish at the gap-closing point
ry = %(al + a;), marked by the dark green cross in Fig. 4
and corresponding to the light-green cross shown in Fig. 3.
Considering the region in the vicinity of rjj, we also note that
my and mg remain zero along orthogonal directions (tangent
to the white circle for my and along the vertical axis for mg).
This implies that the two masses can be tuned independently
in the neighborhood of rj, thus allowing to access a broader
phase diagram. The same behavior holds for the other gap-
closing points, obtained from r{, by Cg; rotations around the
origin.

To make this argument quantitative, we use the approx-
imate expressions (16a) and (16b) and expand my and mg
about rj. Let

r=ry—ry, 17

and define unit vectors that are parallel and perpendicular to
r; (see Fig. 4),

r

o *

€

— e, suchthate, ~é|| =0, (18)
5|
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FIG. 4. (a) Haldane mass my from Eq. (16a). (b) Semenoff mass
mg from Eq. (16b). For comparison, we express both masses in units
of the energy 1?82/W. The dark green cross marks the gap-closing
point r{, and the axes indicate the decoupling directions & and &, .
Here we fixed B®,/(27) = 33 mT. All other parameters are fixed as
in Fig. 2.

so that
(SFZ(SHéH ~|—8lél. (19)
Expanding the Haldane mass (16a) in ér yields
2t
my(ry + 8r) = a—l B8+ 02,8, (20)
0

the leading term being O(8)). In particular, notice that there is
no linear dependence on § .

Expanding the Semenoff mass (16b) up to first order in ér,
one finds

(r* +ér) = 1+ fi ﬁ2 1)
m — —
Sy 2 % 1

+ 087, 8,8L),

with no linear dependence on §;. Equations (20) and (21)
show that, in a neighborhood of rj, the Haldane and Semenoff
masses are locally decoupled at linear order. Hence, for shifts
ro sufficiently close to r{, the independent control parameters
8 and &, tune the valley-odd and valley-even mass com-
ponents separately at leading order. Furthermore, consider a
vertical cut through the point rj; = %(al + a») in the phase

2y

diagram of Fig. 3(b). The resulting profile closely resembles
the Haldane phase diagram at ¢ = 7 [1], which separates the
C = —1 phase from the C = 1 phase. Remarkably, this shows
that even for arbitrary values of the PMFs, we find a direct
analogy with the Haldane model by focusing on regions of
the phase diagram around the gap-closing points.

Summary and conclusions. We studied a minimal model of
spinless, noninteracting electrons in two spatial dimensions
subject to a periodic scalar potential V (r) and a PMF B_(r)
with zero net flux per UC. The vanishing-flux condition allows
for a periodic gauge and preserves ordinary lattice translations
for any relative displacement ry between the two patterns
V(r) and B, (r), providing topological Bloch bands without a
uniform magnetic field.

Numerical plane-wave diagonalization shows that the PMF
opens gaps at the Dirac points of the underlying honeycomb-
like low-energy structure and generates extended regions of
nonzero Chern number. The resulting topological phase di-
agram is controlled by the field amplitude B8 and by the
shift ry.

A low-energy projection near K and K’ maps the model
onto a Haldane-type massive Dirac theory with a valley-odd
Haldane mass my and a valley-even Semenoff mass ms.
Microscopically, my appears at O(f), whereas mg arises at
O(B?) and vanishes as ry — 0, explaining the weak-field
phase boundaries dominated by my = 0 and the stronger-
field topological properties induced by mg. Although the two
masses are generally linked functions of (8, ry), near special
gap-closing points rj, they decouple to linear order, such
that orthogonal displacements independently tune my and ms,
recovering the canonical Haldane control parameters locally.

These results identify the relative shift o between the
periodic scalar potential V (r) and the PMF B, (r) as a purely
geometric knob to switch between Chern phases and to engi-
neer chiral edge physics in experimentally relevant parameter
ranges. From an experimental perspective, we believe that
the main challenge will be to integrate the electrostatic and
magnetic superlattices while controlling the spatially aver-
aged magnetic field at the position of the 2DEG. Concerning
possible experimental implementations, we also stress that the
choice of PMF considered here is only one example leading
to topologically nontrivial phases. Indeed, as shown in the
SM [38], a different choice of PMF yields a phase diagram
with extended regions of nonzero Chern number. Extensions
to include spin, interactions, and disorder will clarify the
robustness of our results and are left for future work.
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