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We present a comprehensive analysis of the two-dimensional uniform electron gas (2D-UEG, or more
commonly 2DEG) at finite temperature, spanning a broad range of densities/coupling strengths (0.01 � rs � 20)
and temperatures/degeneracy parameters (0.01 � � = kBT/EF � 10). Within the self-consistent dielectric for-
malism, we construct 2D versions of the Singwi-Tosi-Land-Sjölander (STLS) and hypernetted-chain (HNC)
approximation–based schemes. We benchmark the accuracy of the STLS and the HNC schemes against new
state-of-the-art path-integral Monte Carlo data. We also report structural and thermodynamic properties across
the full (rs, �) phase diagram domain studied, identify regimes in which these schemes remain quantitatively re-
liable, and provide an accurate parametrization of the exchange-correlation free energy of the finite-temperature
2DEG.
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I. INTRODUCTION

The uniform electron gas (UEG) (also referred to as
quantum one-component plasma, homogeneous electron gas,
uniform electron liquid, or jellium) constitutes one of the
central model systems of many-body physics [1]. Being the
archetypal system of fermions correlated through long-range
Coulomb interactions, it has played a foundational role in the
development of electronic structure theory, many-body per-
turbation theory, and density functional theory (DFT) [1–4].
Despite its apparent simplicity, the UEG exhibits a rich in-
terplay between classical and quantum effects, making it an
ideal model system for both computational and analytical
approaches [3,5–11].

In three dimensions, the equilibrium UEG properties have
been investigated extensively over several decades. Ground-
state quantum Monte Carlo (QMC) simulations have provided
highly accurate benchmark data for its thermodynamic
and structural properties [12–15], which in turn underpin
exchange-correlation parametrizations that are widely utilized
in DFT [16–18]. Interest soon expanded to finite temper-
atures [19–28], with a more recent focus on the warm
dense matter (WDM) regime [6,29,30]. In this context,
large-scale path integral Monte Carlo (PIMC) simulations
[31–35] have enabled the systematic quasiexact analysis of
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the thermodynamic, structural, and dynamic properties of
the finite-temperature 3D-UEG. Furthermore, different fla-
vors of the self-consistent dielectric formalism [28,36,37],
such as the Singwi-Tosi-Land-Sjölander (STLS) scheme
[38,39], the hypernetted-chain (HNC) approximation–based
scheme [40,41], and their various extensions [42–45], have
proven invaluable for describing the static and even dy-
namic linear-response properties [46–48]. Nowadays, di-
electric schemes are also utilized in close synergy with
PIMC simulations [6,29]. In particular, modern exchange-
correlation parametrizations incorporate finite-temperature
information, and, in some cases, explicitly rely on dielec-
tric theory input to capture temperature-dependent correlation
effects [6,34].

In two dimensions, in stark contrast to the 3D case, the
UEG literature remains rather sparse. To our knowledge,
accurate QMC data have thus far been restricted to the ground-
state limit [49–52], while finite-temperature effects have been
scantily analyzed with the dielectric formalism [53–58] em-
ploying the STLS scheme as well as the quantum-classical
mapping approach [59–62] employing the original Perrot and
Dharma-wardana formulation [63], which features empiri-
cal elements. Therefore, quasiexact PIMC reference data are
essentially absent for the finite-temperature 2DEG, and the ap-
plicability of dielectric schemes to low-dimensional Coulomb
systems remains poorly tested. This gap is particularly note-
worthy given the growing relevance of thermal excitations
in 2D electronic systems. Ultrafast laser excitation [64–67],
photoinduced transport [68,69], and electronic heating in
high-mobility semiconductor heterostructures [53] and atom-
ically thin materials routinely drive electronic temperatures
far above the lattice temperature [70]. This applies to a wide
range of platforms, including quantum wells, transition-metal
dichalcogenides [71], graphene, and electrons on helium [72],
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many of which allow a continuous tuning between the weakly
and strongly correlated regimes.

In this work, we address this deficiency by extending
different schemes of the self-consistent dielectric formalism
to the finite-temperature 2DEG and by benchmarking them
against new state-of-the-art PIMC results. In particular, we
focus on the STLS scheme, which is the prototypical weak-
to-moderate coupling dielectric theory that is perturbative in
nature and based on truncating the BBGKY hierarchy, and
on the HNC scheme, which is the prototypical moderate-to-
strong coupling dielectric theory that is nonperturbative in
nature and based on the integral equation theory of liquids. For
the STLS and HNC dielectric schemes, we compute structural
and thermodynamic properties across a broad range of density
and temperature, and we identify the regimes in which they
remain quantitatively reliable. For the STLS scheme, we also
provide accurate parametrizations of the interaction energy
and exchange-correlation free energy.

The paper is organized as follows. In Sec. II A, we intro-
duce basic theoretical quantities for the 2DEG and outline the
general computational procedure that characterizes all dielec-
tric schemes regardless of dimensionality and of complexity.
In Secs. II A 1 and II A 2, the 2D versions of the STLS and
HNC schemes are presented along with their computationally
convenient normalized system of equations. In Sec. II B, the
general PIMC simulation procedure is outlined. In Secs. III A,
III B, and III C, we introduce results for the static structure
factor, the pair correlation function, and the static density
response function, and we compare dielectric scheme predic-
tions to the PIMC data. Section III D presents the interaction
energies and exchange-correlation free energies alongside
their accurate finite-temperature parametrizations. The paper
concludes with a summary and outlook in Sec. IV.

II. THEORY

The 2DEG, as its 3D counterpart, is a spatially homoge-
neous quantum model system of electrons embedded in a rigid
uniform charge neutralizing background [1] that is character-
ized by the uniform areal charge density of −ne, where n is
the electron density. In the standard two-dimensional analog,
where electrons are restricted to a plane, the Coulomb inter-
action retains its ∝1/r form but it acquires a ∝1/k reciprocal
space form [73,74]. There is an alternative two-dimensional
analog, where the pair potential is derived from the solution
of the 2D Poisson’s equation for a point charge source, which
leads to the standard ∝1/k2 reciprocal space form, but to a
logarithmic ∝ ln(r) real space form [75–77]. Throughout this
work, we naturally consider the first analog.

The thermodynamic state of the 2DEG is fully specified
by three dimensionless parameters [1,6,55]: (i) The quan-
tum coupling parameter rs = d/aB, with d = 1/

√
πn the

2D Wigner-Seitz radius and with aB = h̄2/(mee2) the first
Bohr radius. (ii) The quantum degeneracy parameter � =
kBT/EF, with EF = (h̄2q2

F)/(2me) the Fermi energy EF and
qF =

√
2πn↑ the 2D spin-up Fermi wave vector. (iii) The spin

polarization parameter ζ = (n↑ − n↓)/n, for which 0 � ζ �
1. In this work, we restrict ourselves to the paramagnetic (i.e.,
unpolarized) case of ζ = 0.

In the high density limit rs → 0, the 2DEG approaches
the noninteracting (i.e., ideal) 2D Fermi gas. The general
D-dimensional expression for the corresponding ideal (Lind-
hard) density response function reads [1]

χ0,D(q, ω) = − 2

V

(D)∑
k

f0(k + q) − f0(k)

h̄ω − ε(k + q) + ε(k) + ı0
,

where V denotes the D-dimensional system volume, with

ε(q) = h̄2q2

2me
, f0(q) = 1

exp
( h̄2q2

2mekBT − μ̄
) + 1

,

which are the electron kinetic energy and the Fermi-Dirac
distribution, respectively. Additionally,

∑(D)
k denotes a sum

over D-dimensional wave vectors. The general replacement
rule V −1 ∑(D)

k → ∫
dDk(2π )−D allows one to switch from the

finite periodic particle system to the D-dimensional thermody-
namic limit leading to

χ0,D(q, ω) = −2
∫

dDk

(2π )D

f0(k + q) − f0(k)

h̄ω − ε(k + q) + ε(k) + ı0
.

Finally, the dimensionless chemical potential μ̄ = βμ is fixed
by the normalization condition∫

dDk

(2π )D
f0(k) = n

2
.

A. Dielectric formalism

The self-consistent dielectric formalism is an established
highly accurate microscopic framework for the description
of the thermodynamic and structural properties of interact-
ing many-body systems [36,37]. In 3D, multiple dielectric
schemes have been extensively benchmarked against first-
principles UEG data and have been shown to capture
correlation, exchange, and finite-temperature effects with re-
markable fidelity [5,6,29,36,38,41,44,45]. Its construction,
which combines linear-response theory with approximate
closures motivated either by kinetic theory [78] or in-
tegral equation theory and memory function approaches
[79], is not restricted to a particular dimension. Thus, ex-
tending the dielectric formalism to two dimensions is a
reasonable progression, enabling a systematic and internally
consistent treatment of exchange-correlation effects in the
finite-temperature 2DEG.

All finite-temperature dielectric formalism schemes, re-
gardless of complexity and dimensionality, at their base are
composed of three elementary steps. First, the Matsubara
series for the static structure factor (SSF), stemming from the
quantum fluctuation-dissipation theorem, is

S(q) = − 1

nβ

+∞∑
	=−∞

χ̃D(q, iω	), (1)

where χ̃D(q, iω	) is the density response function analyti-
cally continued to the complex frequency plane, with ω	 =
2π	/(β h̄) the imaginary bosonic Matsubara frequencies [39].
Second, the polarization approach expression for the Matsub-
ara density response function χ̃D(q, iω	) that introduces local
field corrections to the random phase approximation (RPA)
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[23] is

χ̃D(q, iω	) = χ̃0,D(q, iω	)

1 − UD(q)[1 − GD(q, iω	)]χ̃0,D(q, iω	)
, (2)

where UD(q) is the Fourier transformed Coulomb interac-
tion, U2D(q) = 2πe2/q, and GD(q, iω	) is the dynamic local
field correction (LFC) in Matsubara space, which incorporates
Pauli exchange, quantum diffraction, and correlation effects
beyond the mean field description [80]. Evidently, setting
GD(q, iω	) = 0 recovers the RPA, i.e., mean field. Third, the
functional relation between the LFC and SSF is

GD(q, iω	) = FG[S(q)]. (3)

Combining Eqs. (1)–(3), we obtain the functional relation

S(q) = − 1

nβ

+∞∑
	=−∞

χ̃0,D(q, iω	)

1 − UD(q){1 − FG[S(q)]}χ̃0,D(q, iω	)
.

This allows the determination of the SSF in an iterative
fashion.

The only differentiating factor between multiple dielec-
tric schemes is the LFC functional FG[S]. In fact, a wide
range of dielectric schemes have been developed over the
past decades, differing in how the apriori unknown LFC
is being approximated. Most schemes fall into two broad
categories. The first category concerns early truncations of
the classical or quantum BBGKY hierarchy, which lead to
semiclassical STLS-like schemes (static LFC) or quantum
STLS-like extensions (dynamic LFC) where the LFC is gen-
erated self-consistently [38,39,42,43,47,48,81]. The second
category concerns classical manipulations based on the inte-
gral equation theory of liquids followed by ad hoc inclusion
of quantum effects based on a Vlasov-to-Lindhard correspon-
dence rule and often also an STLS-to-qSTLS correspondence
rule, which provides a less rigorous yet nonperturbative route
to constructing the LFC from correlations encoded in the
Ornstein-Zernike (OZ) equation and its approximate nonlin-
ear closures (e.g., HNC) [40,41,44,45,82].

In the present work, we shall develop two-dimensional
finite-temperature extensions for the prototypical members
of the aforementioned two branches of the self-consistent
dielectric formalism: the STLS scheme and the HNC scheme.
The schemes are both semiclassical in nature, with quan-
tum effects entering the density response function exclusively
through the noninteracting density response, which implies
that the LFC is purely static, i.e., GD(q, iω	) → GD(q). In
other words, quantum effects are included at the RPA level.

Regardless of the dimensionality, neither the STLS nor the
HNC scheme abides by the compressibility sum rule (CSR)
[1]. However, the static LFC of the STLS scheme can be
extended to satisfy the CSR [42]. Despite the large mathe-
matical and numerical complexity caused by this extension, it
has been observed that this yields marginal improvements in
the structural predictions [47]. For the finite-temperature 3D-
UEG, this has been attributed to the fact that the enforcement
of small-wave-number consistency (satisfaction of the CSR,
which is violated by the STLS scheme) has the undesired side
effect of large-wave-number inconsistency (violation of the
cusp condition, which is satisfied by the STLS scheme) [47].

1. STLS and HNC approximations

The general form of the STLS LFC is [38]

GSTLS
D (q) = −1

n

∫
dDk

(2π )D

UD(k)

UD(q)

q · k
q2

[S(q − k) − 1].

Regardless of the dielectric scheme, somewhat unexpect-
edly, obtaining a numerically convenient form for the 2D
case is considerably more challenging than in the 3D case.
The change of variables cos θ = x that simplifies inclina-
tion angle integrations in 3D spherical coordinates results in
more demanding angular integrations in 2D polar coordinates.
Consequently, the derivation of tractable expressions for 2D
schemes requires more elaborate strategies. After introduc-
ing the normalizations for the wave vector x = q/qF and
the integration variable y = k/qF , we obtain the numerically
convenient form

GSTLS
2D (x) = −

∫ ∞

0
dy y [S(y) − 1]

×
[

x − y

πx
K

(
2
√

xy

x + y

)
+ x + y

πx
E
(

2
√

xy

x + y

)]
,

(4)

where K(m) = ∫ π/2
0 (1 − m2 sin2 φ)−1/2dφ and E (m) =∫ π/2

0 (1 − m2 sin2 φ)1/2dφ are the elliptic integrals of the first
and second kind. The above LFC expression is equivalent to
the LFC expression derived by Schweng and Böhm [55], but
it is numerically evaluated much faster courtesy of the special
functions. The essential steps of this derivation are presented
in Appendix A.

The general form of the HNC LFC is [40]

GHNC
D (q) = −1

n

∫
dDk

(2π )D

UD(k)

UD(q)

q · k
q2

× [S(q − k) − 1]{1 − [G(k) − 1][S(k) − 1]}.
After introducing the normalizations for the wave vector x =
q/qF and the integration variable y = k/qF , we obtain the
numerically convenient form

GHNC
2D (x) = GSTLS

2D (x) + 1

πx

∫ ∞

0
du[G(u) − 1][S(u) − 1]

×
∫ u+x

|u−x|
wdw

sgn(u2 − w2 + x2)√
4u2x2

(u2−w2+x2 )2 − 1
[S(w) − 1],

(5)

where sgn(x) = |x|/x denotes the sign function. The essential
steps of this derivation are again presented in Appendix A.

2. Normalized set of equations

In view of the arbitrary dimensionality finite-temperature
dielectric formalism framework outlined in Sec. II A, we now
present the computational procedure used to evaluate the
properties of the 2DEG at any partially degenerate state point
(rs,� �= 0). (a) The reduced chemical potential is computed
analytically in two dimensions, since the normalization con-
dition leads to a one-variable integral that can be analytically
evaluated with the emerging expression being solvable with
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respect to μ̄ [55]:

μ̄ = ln

[
exp

(
1

�

)
− 1

]
. (6)

(b) Introduction of the auxiliary function �2D(q, z) =
−(EF/n) χ̃2D,0(q, z), in complex frequency space z which
translates to the form χ̃2D,0(x, 	)/(nβ ) = −��2D(x, 	) in
Matsubara space, leads to the computationally convenient rep-
resentation [55]

�2D(x, 	 �= 0) =
∫ ∞

0
dy

y

exp
( y2

�
− μ̄

) + 1

× 2| cos φ|{[
x4

4 − x2y2 − (π	�)2
]2+x4(π	�)2

}1/4 ,

(7)

where tan(2φ) = x2(π	�)/[x4/4 − x2y2 − (π	�)2]. When
tan(2φ) is negative, the substitution 2φ → π − 2φ must be
applied to preserve the correct branch. The zero-frequency
term 	 = 0 must be treated separately in order to avoid the
removable singularity at y = x/2,

�2D(x, 0) = 1 − exp

(
− 1

�

)

− 1

�x

∫ x/2

0
dy

1

cosh2
( y2

2�
− μ̄

2

)y

√
x2

4
− y2.

(8)

(c) The noninteracting (Hartree-Fock) SSF is computed
through

SHF(x) = 2

π

∫ ∞

0
dy

y

exp
( y2

�
− μ̄

) + 1

×
∫ π

0

{
coth

(
x2

2�
+ xy

�
cos φ

)
−

(
x2

2�
+ xy

�
cos φ

)−1}
dφ + ��2D(x, 0). (9)

where we have added and subtracted the static auxiliary den-
sity response −��(x, 0) to remove the singularity of the
hyperbolic cotangent. (d) The SSF is computed from

S(x) = SHF(x) −
√

2 rs �
1

x
[1 − G2D(x)]

×
+∞∑

	=−∞

�2
2D(x, 	)

1 + √
2 rs

1
x [1 − G2D(x)]�2D(x, 	)

, (10)

where we have employed the standard convergence accel-
eration technique of adding and subtracting SHF(x) [39].
Additional numerical efficiency is obtained by adding and
subtracting, within the Matsubara summation, the joint x→∞
and 	→∞ asymptotic form of �2D(x, 	), which also obeys

∞∑
	=−∞

�2
∞(x, 	) = 1

2�2

[
csch2

(
x2

2�

)
+ 2�

x2
coth

(
x2

2�

)]
.

(e) The LFC GSTLS
2D (x) from Eq. (4) or GHNC

2D (x) from Eq. (5),
depending on the chosen closure, are evaluated. (f) The

FIG. 1. Average sign S of the 2DEG as a function of par-
ticle number N at � = 4 and various values of the coupling
parameter rs.

last two steps are iterated until the convergence criterion∑
i |G(n)

2D(xi ) − G(n−1)
2D (xi )| � 10−5 is satisfied.

B. Path integral Monte Carlo

We use the direct path integral Monte Carlo method to
simulate the 2DEG in the canonical ensemble, i.e., the in-
verse temperature β, the number density n = N/L2, and the
box length L are fixed. Accessible introductions to the PIMC
method are available in the literature [83,84], thus we limit
ourselves to a concise overview of the relevant procedure. We
simulate the 2DEG with a finite particle number N and system
size, implementing standard periodic boundary conditions.
The long-range Coulomb interaction is taken into account
using the Ewald sum following the notation by Osychenko
et al. [85], which we have implemented into the open-source
ISHTAR code [86]. We employ the primitive factorization
e−εĤ ≈ e−εK̂ e−εV̂ , where ε = β/P, with K̂ , V̂ denoting the
kinetic and interaction contributions to the full Hamiltonian.
The convergence with the number of high-temperature factors
P has been carefully checked, see the Appendix B. We note
that higher-order factorizations have been presented in the
literature [87–90], but they are not required here. To consider
the required antisymmetry of the thermal density matrix under
the exchange of the coordinates of electrons of the same spin-
orientation, we have to sample all possible permutation cycles
in PIMC. This is achieved efficiently by using a canonical
adaptation of the worm algorithm by Boninsegni et al. [84,91],
see Ref. [92] for details. The antisymmetry further constitutes
the root cause of the notorious fermion sign problem [93–95],
which leads to an exponential increase in the required com-
pute time with respect to key system parameters such as N
and β. This is conveniently quantified by the average sign
S = ZFermi(β, n, L)/ZBose(β, n, L), which constitutes a direct
measure for the degree of cancellation of positive and negative
terms in the fermionic partition function ZFermi(β, n, L). In
Fig. 1, we show the average sign from our PIMC simulations
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FIG. 2. Static structure factor S(q) of the 2DEG at rs = 1 (left), rs = 4 (center), and rs = 10 (right) with the top and bottom rows
corresponding to � = 4 and 1, respectively. Black symbols: quasiexact PIMC reference data; solid green: HNC scheme; dashed red: STLS
scheme; dotted yellow: RPA. The dotted gray lines correspond to the exact q → 0 limit, see Eq. (11).

as a function of the system size at � = 4 and various val-
ues of the density parameter rs. First, we find a pronounced
dependence of our results on rs, which would be absent for
noninteracting Fermi systems at the same conditions. In fact,
the UEG becomes more strongly coupled for lower density
[1,96], and the corresponding Coulomb repulsion suppresses
the formation of permutation cycles, which are the origin of
the sign problem. Second, we observe the expected expo-
nential decrease of S with N . In practice, PIMC simulations
remain feasible for S � 0.01. We stress that we do not employ
any nodal restrictions here [97]. Hence, our simulations are
computationally involved, but exact within the given Monte
Carlo error bars, i.e., “quasiexact.” For completeness, we note
that a variety of alternative strategies to deal with the sign
problem have been presented in the literature [9,89,98,99], but
they will not be considered here.

III. RESULTS

An online repository with all presented PIMC results is
freely available online [100].

A. Static structure factor

Let us begin our investigation with the static structure
factor S(q). In Fig. 2, we compare our STLS (dashed red),
HNC (solid green), as well as RPA (dotted yellow) results
to quasiexact PIMC simulations (black symbols) for � = 4
(top row) and � = 1 (bottom row) over a broad range of
densities. First, we find no differences between PIMC results
for different system size (crosses and stars) for all considered
parameters except for the different q-grid discretization. This
is consistent with previous PIMC-based investigations of the
3D UEG at comparable densities and temperatures [6,101].
Second, we find that the RPA, which describes the dynamic
density response on the mean-field level, exhibits considerable
inaccuracies for intermediate wave numbers q even at rs = 1
and thus should not be utilized for practical applications ex-
cept possibly in the regime of extremely high densities. It
only becomes accurate for q 
 qF, i.e., in the single-particle
regime where correlation effects vanish by definition, and for
q → 0, i.e., in the collective long-wavelength regime where
the density correlations are determined by the undamped
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FIG. 3. Dependence of the 2DEG static structure factor S(q) on the coupling parameter rs at � = 4 (left) and � = 1 (right). The stars
and crosses show quasiexact PIMC reference results for different particle numbers N , while the gray, yellow, green, red, and blue symbols
correspond to rs = 20, 10, 5, 1, 0.5, respectively. The STLS results are included as dash-dotted lines with the same color code.

plasmon excitations, which manifest themselves in the exact
asymptotic

S(q → 0) = q

2πnβ
, (11)

see the light dashed gray lines in Fig. 2. We highlight the linear
screening in the 2D case, see Eq. (11), in contrast to the well-
known parabolic screening in the 3D case [102],

S(q → 0) = h̄q2

2mωpl
coth

(
1

2
β h̄ωpl

)
,

where ωpl is the 3D electron plasma frequency. This difference
is a consequence of the dependence of the functional form of
the plasmon dispersion relation on the system dimensionality
[1]. Third, we observe a pronounced systematic improvement
of the STLS, HNC schemes over the RPA with respect to
the PIMC data. At � = 4, STLS and HNC give very similar
results for all three considered values of rs, with HNC only
showing a clear improvement over the former for rs = 10,
q � 2qF. At � = 1, the differences are somewhat more pro-
nounced, with HNC being the more accurate choice for the
description of S(q).

However, the interaction energy is obtained by an inte-
gration over S(q) − 1, see Eq. (14), whereas the exchange-
correlation (XC) free energy requires an additional coupling-
constant integration over the interaction energy, see Eq. (16).
Consequently, the S(q) deviations in different q regions can
partially compensate each other. In particular, the STLS
scheme benefits from a particularly favorable cancellation of
errors in the integrated SSF, yielding highly accurate ther-
modynamic quantities despite visible deviations in S(q) at

specific wave numbers. In contrast, the improvements of the
HNC scheme at small q are only partially offset by the de-
viations at intermediate and large wave numbers, resulting
in a weaker overall error cancellation. This 2DEG behavior
is consistent with earlier findings for the 3D UEG, where
STLS was shown to provide remarkably accurate interaction
energies and XC free energies in spite of its approximate
nature [6]. Motivated by this observation, we shall focus on
the STLS scheme for the computation and parametrization of
interaction energies and exchange–correlation free energies in
Sec. III D.

In Fig. 3, we focus more explicitly on the dependence of
S(q) on the coupling strength, with the left and right panels
corresponding to � = 4 and 1. For both temperatures, we
observe an SSF decrease with rs for large wavelengths due to
the weaker screening at high density, see also Eq. (11). This
trend is reproduced equally well by PIMC and STLS for all
cases, as expected. In addition, we find the emergence of a
pronounced correlation maximum in S(q) around q ∼ 2.5qF

with decreasing density, i.e., increasing coupling strength, in
our PIMC results. Specifically, we find a maximum exceeding
1.2 for � = 1 and rs = 20, indicating the onset of liquidlike
behavior [103]. Evidently, STLS (and also HNC, see Fig. 2
above) fails to capture these coupling effects accurately for
rs � 10. This breakdown occurs for smaller rs than in the 3D
case [40,41,44,45], highlighting the stronger coupling in the
2DEG at equal Wigner-Seitz radius.

In Fig. 4, we present the SSF S(q) obtained from the
STLS scheme and focus more explicitly on its systematic
dependence on the coupling parameter and the degeneracy
parameter. The left panel shows S(q) at the fixed reduced
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FIG. 4. Parametric sweep for the STLS generated 2DEG static structure factor S(q). Left: dependence of S(q) on the coupling parameter
rs = 0.1, 1, 2, 5, 10, 20 at � = 1.0. Right: dependence of S(q) on the degeneracy parameter � = 0.01, 0.1, 1, 2, 5, 10 at rs = 1.0.

temperature � = 1 and for densities ranging from rs = 0.1
to 20. As rs increases, we observe a progressive suppression
of S(q) at small wave numbers due to enhanced screening,
accompanied by the emergence and growth of a correlation-
induced maximum at intermediate q, signaling the increasing
importance of Coulomb correlations. The right panel displays
S(q) at the fixed coupling strength rs = 1 and for reduced
temperatures ranging from � = 0.01 to 10. At this moderate
coupling strength, the system remains in a weakly correlated
regime, and no pronounced correlation peak emerges even
at the lowest reduced temperatures. In particular, the nearly
identical curves for � = 0.01 and 0.1 indicate that exchange
and correlation effects have essentially saturated and are no
longer sensitive to further reductions in temperature. Overall,
decreasing � leads to a stronger suppression of S(q) at small
q, while at intermediate wave numbers the low-temperature
curves more rapidly approach the asymptotic limit S(q) →
1. Conversely, increasing � weakens correlation effects, re-
sulting in a faster initial rise of S(q) with q but a slower
convergence towards unity at large wave numbers.

In Fig. 5, we present the SSF S(q) at a fixed coupling
strength rs = 10 for various reduced temperatures � = 0.5,
0.75, 1, 2, 4, and we compare the STLS scheme results to the
PIMC reference data. Overall, we observe a weak dependence
of the SSF on temperature in the low- to intermediate-
temperature regime. In particular, for � = 0.5, 0.75, and 1,
both the magnitude and shape of S(q) are nearly indistinguish-
able over the entire range of wave numbers. This behavior
reflects the dominance of Coulomb-induced spatial correla-
tions at strong coupling, which largely determine the structure
of the system and render it relatively insensitive to moder-
ate changes in the temperature. Only at higher temperatures,

FIG. 5. Dependence of the 2DEG static structure factor S(q) on
the degeneracy temperature � = 0.5, 0.75, 1.0, 2.0, 4.0 at rs = 10.
The colored symbols and lines correspond to the PIMC data (for N =
14, 34) and STLS results, respectively.
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� � 2, do thermal effects become sufficiently strong leading
to a gradual smoothing of S(q) and a reduction of correlation-
induced features. The STLS reproduces this weak temperature
dependence qualitatively; however, consistent with our earlier
observations, it tends to overestimate S(q) at small wave num-
bers and underestimate it at intermediate q, resulting in a very
shallow correlation peak.

B. Pair correlation function

We continue our investigation with the pair correlation
function g(r), which is the real-space equivalent of the static
structure factor. In Fig. 6, we use our PIMC reference data to
assess the quality of the various considered dielectric schemes
at � = 4 in the limit of relatively high densities. First, in
order to cross-check our direct PIMC implementation, we
carried out independent configuration PIMC (CPIMC) sim-
ulations using the openly available cpimc.jl code [104] that
determined the on-top value g(r = 0) for N = 14. Together
with the associated uncertainties, the CPIMC on-top values
were included as the shaded gray intervals [105]. We find
excellent agreement between direct PIMC and CPIMC for
all three depicted cases, as expected. Second, to quantify
finite-size effects, the green circles and red crosses were ob-
tained for N = 14 and 34, respectively. We find no significant
N-dependency for small separations r → 0, whereas the large-
r limits somewhat deviate from each other. Third, some
comments are due on the coupling parameter dependence.
The top panel of Fig. 6 corresponds to rs = 0.5, which is
considered as relatively weak coupling in the context of warm
dense matter research [30], but as medium coupling in the
context of Green’s function theory [6,32]. Consequently, the
RPA (dotted yellow) is rather inaccurate and even gets slightly
negative in the limit of r → 0. In contrast, the STLS and
HNC results, which cannot be distinguished from each other
with the naked eye, exhibit a much better agreement with
PIMC, although systematic inaccuracies remain for very small
separations. For rs = 0.2 (middle panel), coupling effects are
significantly less important, and all three schemes perform
better than for rs = 0.5, even though the RPA remains by
far the least accurate. Interestingly, even at rs = 0.1 (bottom
panel), often considered as weakly coupled in the 3D-UEG
literature [6], the STLS and HNC results still show systematic
errors of the order of ∼10% at contact.

In Fig. 7, we use our PIMC reference data to assess the
pair correlation function g(r) performance of the HNC scheme
at moderate coupling. Particularly, we plot g(r) results for
rs = 10 and different temperatures: � = 0.5 (green), � = 1
(red), � = 4 (blue), with the crosses and dashed lines showing
the PIMC and HNC results, respectively. First, we find very
minor differences between the two lowest temperatures in
both HNC and PIMC, consistent with the previously shown
results for the static structure factor S(q). Second, our PIMC
results exhibit a substantially depleted exchange-correlation
hole around r = 0, which was absent in the high-density
regime, see Fig. 6. The HNC results substantially overestimate
this hard-core region where g(r) � 0 yielding an unphysi-
cal negative pair correlation function that even features a
minimum at small but finite r. Third, the PIMC results ex-
hibit a coordination shell structure typical of liquids, where a

FIG. 6. Pair correlation function g(r) of the 2DEG at � = 4
and rs = 0.5 (top), rs = 0.2 (mid), rs = 0.1 (bottom). Dashed blue:
STLS; dash-dotted black: HNC; dotted yellow: RPA; red crosses
(green circles): PIMC data for N = 34 (N = 14). The shaded gray ar-
eas show independent configuration PIMC results for g(0) at N = 14
and their 2σ -uncertainty interval.

pronounced first peak is followed by a shallow minimum that
is followed by an even smaller yet distinguishable second
peak. The HNC results have a first peak at the correct po-
sition, but with a substantially underestimated height, which
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FIG. 7. Pair correlation function g(r) of the 2DEG at rs = 10
for � = 0.5 (green), � = 1 (red), and � = 4 (blue). Crosses and
lines show PIMC reference results for N = 34 electrons and HNC,
respectively.

is followed by a very shallow minimum that can hardly be
resolved with the naked eye.

Finally, in Fig. 8, we present the g(r) obtained from the
STLS scheme and focus more explicitly on its systematic
dependence on the coupling parameter and the degeneracy
parameter. The left panel shows g(r) at the fixed reduced
temperature � = 1 and for densities ranging from rs = 0.1
to 20. It is evident that the STLS generated g(r) cannot
form an exchange-correlation hole and exhibits unphysical
behavior. In particular, starting from the noninteracting limit
and as the coupling parameter increases: (i) the g(r) near
contact is monotonic and positive, (ii) the g(r) near contact

remains monotonic but acquires a negative on-top value, (iii)
the g(r) near contact becomes nonmonotonic with a negative
minimum and a negative on-top value, (iv) the g(r) near
contact becomes nonmonotonic with a negative minimum
and a positive on-top value. It is emphasized that the nega-
tive g(r) values near contact at moderate-to-strong coupling
constitute a well-known pathological feature not only of the
STLS scheme but also of all known dielectric schemes (semi-
classical or fully quantum) [44,45,47,48]. Mathematically, the
g(r) positivity cannot be enforced in the dielectric formalism,
which is based on a self-consistent loop that only guaran-
tees a positive-definite static structure factor. On the other
hand, the classical-quantum mapping approach, being integral
equation theory–based, guarantees a pair correlation function
positivity [59,63]. The right panel shows g(r) at the fixed
coupling rs = 1 and at temperatures ranging from � = 0.01
to 10. It is worth pointing out the complex dependence of the
on-top value on �, that is monotonically decreasing from � =
0.01 to 1, nearly constant from � = 1 to 2 and monotonically
increasing from � = 2 to 10, which is a clear manifestation of
the competition between quantum degeneracy and Coulomb
correlations. We also observe a weak dependence of g(r) on
the reduced temperature at the strongly degenerate regime.
This is expected given the weak dependence of S(q) on the
temperature at the strongly degenerate regime and the Fourier
transform connection between the static structure factor and
the pair correlation function. In particular, for � = 0.01 and
0.1, the g(r) curves are nearly indistinguishable from each
other everywhere except from the contact vicinity.

C. Static density response

The third key observable that we investigate herein con-
cerns the linear static density response function χ (q) ≡
χ (q, ω = 0) ≡ χ̃ (q, 	 = 0). In Fig. 9, we compare our new
dielectric theory results for χ (q) in detail to new PIMC data,

FIG. 8. Parametric sweep for the STLS-generated 2DEG pair correlation function g(r). Left: dependence of g(r) on the coupling parameter
rs = 0.1, 1, 2, 5, 10, 20 at � = 1.0. Right: dependence of g(r) on the degeneracy parameter � = 0.01, 0.1, 1, 2, 5, 10 at rs = 1.0.
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FIG. 9. 2DEG linear static density response at rs = 1 (left), rs = 4 (center), and rs = 10 (right) with the top and bottom rows corresponding
to � = 4 and 1, respectively. Black symbols: quasiexact PIMC reference data; solid green: HNC scheme; dashed red: STLS scheme; dotted
yellow: RPA. The dotted gray lines correspond to the exact q → 0 limit, see Eq. (13).

which we compute from the imaginary-time version of the
fluctuation-dissipation theorem [106,107],

χ (q) = −n
∫ β

0
dτ F (q, τ ), (12)

with F (q, τ ) = 〈n̂(q, 0)n̂(−q, τ )〉 being the imaginary-time
density-density correlation function and τ ∈ [0, β] the (re-
duced) imaginary time; see, e.g., Refs. [107–110] for a more
detailed discussion of its physical applications. We note that
Eq. (12) holds for arbitrary dimensionality and has been used
extensively for past investigations of the 3D-UEG [35,41] and
other WDM systems [111]. Overall, we observe the same level
of accuracy of the dielectric results (HNC, STLS, and RPA) as
for the static structure factor S(q) shown in Fig. 2 above for
the same conditions: the RPA is exact for small and large wave
numbers, with

χ (q → 0) = − q

2π
, (13)

but it systematically underestimates the true density response
for intermediate q; the STLS and HNC schemes constitute
significant improvements over the RPA everywhere, but they
underestimate the true depth of the minimum in χ (q) at
around q ≈ 2.5qF; no depicted dielectric scheme is capable
of accurately describing the true density response at rs = 10,
in particular at � = 1.

To investigate the physical meaning and behavior of χ (q)
in more detail, we consider its dependence on the coupling
parameter rs in Fig. 10 for � = 4 (left) and for � = 1 (right).
The dotted gray lines show the density response of a nonin-
teracting (ideal) Fermi gas at the same conditions, which does
not depend on the density for a given value of �. First, we note
that the ideal response attains a finite value for q → 0 due to
the absence of screening effects without Coulomb repulsion.
For classical systems, we would simply have χ0(q) ≡ −nβ

independent of the wave number [80]. For quantum systems,
on the other hand, χ0(q) monotonically decreases with q due
to quantum delocalization effects [29,112]. Indeed, the elec-
trons will cease to respond to an external perturbation when
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FIG. 10. Dependence of the 2DEG linear static density response χ (q) on the density parameter rs for � = 4 (left), � = 1 (right). The stars
and crosses show quasiexact PIMC reference results for different system sizes N . The gray, yellow, green, red, and blue symbols correspond
to rs = 20, 10, 5, 1, 0.5, respectively. The STLS results are included as the dash-dotted lines with the same color code. The exact ideal Fermi
gas results are included as black dashed lines.

the thermal de Broglie wavelength λT =
√

2π h̄2β/me is much
larger than the perturbation wavelength λ = 2π/q. This holds
equally for the ideal Fermi gas and interacting UEG, which
converge towards each other in the single-particle limit of
q 
 qF. In practice, the impact of quantum delocalization can
also be gleamed intuitively from Eq. (12): in reduced units,
the static density response is simply given by the area under
F (q, τ ), which exhibits a rapid decay with τ for large q. This
trend can already be seen from the well known f -sum rule,
which states that the first derivative of F (q, τ ) around τ = 0
increases parabolically with q [110,113].

In contrast, the density response of the interacting 2DEG
exhibits a significantly more interesting behavior. First, χ (q)
is nonmonotonic for all depicted conditions, vanishing in
the q → 0 and q → ∞ limits with a pronounced negative
minimum in between. Interestingly, the depth and position
of this minimum [note that we show χ (q) in units of nβ

to make the curves directly comparable] depend significantly
on rs, which is the outcome of a competition between two
opposing effects. On the one hand, the stronger coupling at
larger rs energetically rewards the alignment with an external
perturbation when the wavelength is commensurate with the
average interparticle distance. In that case, the system strongly
responds to the perturbation, which directly explains the more
pronounced response at rs = 20, in particular at � = 1. We
point out that this effect is also directly related to the roton-
type excitation in the dynamic structure factor, which has
been studied intensely for the 3D-UEG [11,112,114,115]. On
the other hand, the static density response is less strongly

screened for small q [note that we consider q in units of qF

here, making Eq. (13) depend on the density], which allows it
to more closely follow χ0(q). As a consequence, the position
of the minimum is shifted to smaller q with decreasing rs, and
the reduced screening allows for deeper minima.

Our new STLS results nicely capture the reduced screening
at high densities, but fail to reproduce the exchange-
correlation induced formation of the deeper minimum at
intermediate q for strong coupling.

D. Interaction energy and exchange correlation free energy

We next turn to the thermodynamic quantities that can
be obtained directly from the SSF S(q), namely the interac-
tion energy and the exchange-correlation (XC) free energy.
Specifically, the STLS scheme was solved for the 2DEG
at density parameters rs ∈ [0.01, 1.0] with step size �rs =
0.001 and rs ∈ (1.0, 10.0] with �rs = 0.01, combined with
reduced temperatures � ∈ [0.01, 0.1] with �� = 0.01 and
� ∈ [0.1, 10.0] with �� = 0.1, amounting to a total of
206 119 distinct state points. To the best of our knowledge,
this constitutes the most comprehensive STLS dataset for the
finite-temperature 2DEG available to date. The interaction
energy is obtained through S(q) according to [79]

Uint = 1

2

∫
dDk

(2π )D
UD(k)[S(k) − 1]. (14)

Employing Hartree energy units and using the same nor-
malizations as in Sec. II A 1, we arrive at the normalized
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TABLE I. Padé coefficients for the parametrization of the 2DEG
Hartree-Fock prefactor αHF(�).

a-coefficients b-coefficients

a1/2 = −2.04423683712 b1/2 = −1.5526945699
a1 = 5.71731878382 b1 = 4.57339734818
a3/2 = −2.94589021064 b3/2 = −2.98706116473
a2 = 6.69196206698 b2 = 6.79835205067

two-dimensional interaction energy

ũint (rs,�) =
√

2

2

1

rs

∫ ∞

0
[S(y; rs,�) − 1]dy. (15)

From the interaction energy, we subsequently obtain the
exchange-correlation free energy f̃xc(rs,�) from the standard
coupling-constant integration [1]

f̃xc(rs,�) = 1

r2
s

∫ rs

0
r′

sũint (r
′
s,�) dr′

s. (16)

Differentiation of Eq. (16) with respect to rs leads to the
differential form of the adiabatic connection formula

ũint (rs,�) = 2 f̃xc(rs,�) + rs
∂ f̃xc(rs,�)

∂rs
. (17)

Due to the dense and highly resolved (rs,�) grid com-
prising more than 2 × 105 2DEG state points, the resulting
exchange-correlation free-energy data are sufficiently smooth
and accurate to permit a reliable global parametrization. We
therefore choose f̃xc as the primary fitting target, as it is
the thermodynamically fundamental quantity entering, e.g.,
finite-temperature DFT.

The high-density limit of the xc free energy is governed
by the Hartree-Fock contribution, which can be numerically
calculated with arbitrary precision and which we explicitly
enforce in the fit via the prefactor αHF(�) [116]. For this
quantity, we employ the Padé parametrization

αHF(�) =
√

2

π
tanh

(
1√
�

)
×

4
3 + a1/2�

1/2 + a1� + a3/2�
3/2 + a2�

2

1 + b1/2�1/2 + b1� + b3/2�3/2 + b2�2

with the coefficients being shown in Table I.
To represent the full (rs,�) dependence of the xc free

energy, we adopt the rational form given in Eq. (18). The tem-
perature dependence of the fit coefficients is encoded through
Padé forms of the type shown in Eq. (19), ensuring regular
behavior in both the low-degeneracy and the high-degeneracy
limits. All fit parameters are determined from a global non-
linear least-squares fit over the full dataset. The resulting
coefficients are summarized in Table II,

f̃ fit
xc (rs,�) = − 1

rs

αHF(�) + γ f (�)r1/4
s + δf (�)r3/4

s

1 + ζ f (�)r1/4
s + ηf (�)r3/4

s

, (18)

κ f (�) = κ f
1 + κ f

2�
2 + κ f

3�
4 + κ f

4�
6

1 + κ f
5�

2 + κ f
6�

4 + κ f
7�

6
. (19)

TABLE II. Padé coefficients for the parametrization of the STLS
generated 2DEG exchange correlation free energy.

i γi δi ζi ηi

1 −0.138388 0.337985 −0.216089 0.344609
2 4.366673 8.792716 7.111827 8.071073
3 −3.957826 6.857318 −7.693699 7.048795
4 −0.013038 0.049065 −1.001149 0.100188
5 8.979623 8.881116 11.539687 8.178041
6 127.614046 14.400170 63.611046 14.529262
7 0.956863 0.926265 2.111593 0.992106

The resulting parametrization is presented on the left panel
of Fig. 11 where we have undersampled the obtained STLS
data in order to better illustrate the parametrization curve.
As an internal consistency check, shown on the right of
Fig. 11, we computed the interaction energy ũint from the
fitted exchange-correlation free energy by using Eq. (17), and
we compared with the originally obtained interaction energy
data. The overall relative accuracy of the parametrization is
0.08%, with no individual state point exceeding a deviation
of 0.12%. This level of agreement is uniform across the full
(rs,�) domain and confirms that the chosen functional form
is sufficiently flexible to represent the STLS thermodynamic
data without loss of fidelity.

Finally, we comment on the nontrivial temperature depen-
dence of the interaction energy observed on the right panel of
Fig. 11 where curves corresponding to � = 0.01 and 1.0 inter-
sect at intermediate coupling. The interaction energy reflects
the combined influence of exchange, correlation, and thermal
motion, whose relative importance varies strongly with both
density and temperature. At weak coupling, exchange domi-
nates and a finite reduced temperature indeed leads to a more
negative interaction energy. In contrast, at larger coupling,
Coulomb-induced spatial correlations become increasingly
important and can outweigh exchange effects. In this strongly
coupled regime, quantum effects enter mainly via single-
particle delocalization that is associated with the thermal
de Broglie wavelength. At very low temperatures, the large
de Broglie wavelength leads to an effective delocalization
of particles, which counteracts Coulomb-driven localization
and reduces the magnitude of the interaction energy. With
increasing temperature, the de Broglie wavelength decreases
and particles become more localized in this sense, allowing
them to sample more strongly correlated configurations. The
resulting competition between quantum delocalization and
correlation-driven localization provides a plausible explana-
tion for the observed curve crossing. Similar nonmonotonic
temperature trends and crossover phenomena have been re-
ported in finite-temperature 3D-UEG studies [117,118].

IV. SUMMARY AND OUTLOOK

In this work, we have studied the finite-temperature two-
dimensional uniform electron gas using two prototypical
(STLS and HNC) schemes of the self-consistent dielectric
formalism, and benchmarked their predictions against new
quasiexact path integral Monte Carlo data. We have con-
sidered the static structure factor, pair correlation function,
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FIG. 11. Comparison between the raw 2DEG STLS thermodynamic data (crosses) and their analytical parametrizations (solid lines) as
functions of rs for selected degeneracy parameters �. The high-density Hartree-Fock limits (dashed horizontal lines) are also presented. Left
panel: rescaled exchange correlation free energy rs f̃xc(rs, �). Right panel: rescaled interaction energy rs ũint (rs, �) obtained directly from the
static structure factor integration and via differentiation of the fitted f̃xc.

static linear density response function, interaction energy, and
exchange-correlation free energy over a broad range of den-
sities and temperatures. Our detailed comparison has allowed
for a systematic assessment of the accuracy and limitations
of HNC and STLS for the finite-temperature 2DEG, identify-
ing parameter regimes in which these approximate schemes
provide a reasonable description as well as those in which
appreciable deviations from the PIMC results occur. In ad-
dition, we have introduced STLS parametrizations of the
interaction energy and exchange-correlation free energy based
on the numerical data, constructed to be internally consistent
and suitable for applications within finite-temperature density
functional theory.

Overall, our results provide new benchmark information
for the finite-temperature 2DEG, while clearly illustrat-
ing the limitations of the STLS and HNC approximations,
particularly in low-density phase diagram regions where
correlation effects become more pronounced. Due to the
fermion sign problem, an important gap remains within the
low-temperature regime (0 < � < 0.5), for which quasiex-
act QMC benchmark results are still needed. Obtaining such
data will be important for establishing the behavior of the
2DEG in experimentally relevant conditions, assessing the
performance of the approximate dielectric theories there, and
developing more reliable parametrizations of the exchange-
correlation part of thermodynamic properties. Nevertheless,
our results highlight the versatility of the dielectric formalism
as a framework for describing correlated quantum systems.
The same conceptual approach can be applied across dimen-
sionalities and pair interaction potentials, as demonstrated for
two-dimensional Coulomb systems. This flexibility suggests
extensions to systems interacting with screened Coulomb or
short-range potentials, such as dipolar systems or quantum
fluids, including helium [119].

Several directions for future work naturally emerge
from this finite-temperature two-dimensional study that are

indicative of the flexibility of the dielectric formalism. One
possibility concerns the extension of the present approach to
fully quantum dielectric schemes, such as the quantum STLS
(qSTLS) [43,48] and the quantum hypernetted chain (qHNC)
[45], which feature dynamic local field corrections and thus
include quantum effects beyond the RPA. A second possibility
concerns the extension of the present approach to dielectric
schemes that exactly impose partial self-consistency, such as
the Vashishta-Singwi (VS) [42,47] and quantum VS (qVS)
[120], whose local field correction (its static limit) automati-
cally satisfies the compressibility sum rule. A third possibility
concerns the improvement of the HNC scheme with the inclu-
sion of a parametrized classical bridge function, a technique
that has been demonstrated to largely improve the accuracy of
the HNC and the qHNC schemes [44,45,82]. It needs to be
pointed out, though, that the extraction and parametrization
of Coulomb bridge functions constitutes a complicated and
cumbersome feat that has only been performed in 3D thus far
[121,122]. Alternatively, scaled-HNC approaches also have
the potential to improve the HNC and qHNC schemes [74],
while being less complex.

Another important avenue concerns dynamical properties,
since the dielectric formalism naturally provides access to
dynamic responses in Matsubara space. In particular, the
imaginary-time correlation function and its exact Fourier-
Matsubara series representation [46] offer a direct route to
studying the dynamic response at finite temperature. Recent
developments in this direction for three-dimensional systems
[46,123] suggest that analogous 2DEG investigations are both
timely and feasible. Finally, it would be highly interesting
to explore the possible emergence of roton-like features in
the 2DEG dynamic structure factor. The roton excitations are
known to occur in the 3D-UEG and in strongly correlated
two-dimensional Fermi systems such as helium films [124].

Finally, an important avenue concerns the complete
parametrization of the PIMC-based exchange-correlation free
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energy of the paramagnetic 2DEG with respect to the density
and temperature, which would constitute the two-dimensional
analog of the GDSMFB equation of state [34]. This is cur-
rently out of reach, because of (i) the absence of accurate
2DEG PIMC results in the entire phase diagram region of
interest due to the fermion sign problem [6], (ii) the absence
of a robust finite-size correction technique for the 2DEG inter-
action energy that allows extrapolation to the thermodynamic
limit [33], (iii) the absence of enough 2DEG PIMC results
to perform reliable thermodynamic integration of the inter-
action energy [6], and (iv) the absence of direct free-energy
evaluations for the 2DEG within an extended ensemble PIMC
approach [125,126]. Apart from its apparent utility, such a
quasiexact equation of state would also allow us to quan-
tify the accuracy and systematic errors of different dielectric
schemes and quantum-classical mapping approaches.
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APPENDIX A: COMPUTATION OF THE STLS
AND HNC LFC FOR THE 2DEG

We start from the general STLS LFC functional for arbitrary
pair interaction and dimensionality,

GSTLS
D (q) = −1

n

∫
dDk

(2π )D

UD(k)

UD(q)

q · k
q2

[S(q − k) − 1].

After introducing the two-dimensional Coulomb interaction
U2D(q) = 2πe2/q, defining the normalized variables x =
q/qF and y = k/qF , orienting q along the x axis without loss
of generality, we switch to polar coordinates and exploit the

isotropy of S(q), which yields

GSTLS
2D (x) = − 1

2π

∫ ∞

0
dy y[S(y) − 1]

×
∫ 2π

0
dφ

x − y cos φ√
x2 + y2 − 2xy cos φ

. (A1)

The angular kernel in Eq. (A1) cannot be reduced to elemen-
tary functions. By exploiting the symmetry φ → 2π − φ and
applying the trigonometric substitution φ = 2θ , the integral
can be expressed in terms of complete elliptic integrals. After
some cumbersome algebra, one finds∫ 2π

0
dφ

x − y cos φ√
x2 + y2 − 2xy cos φ

= 2

x
[(x − y)K(m) + (x + y)E (m)],

where the modulus is given by m = 2
√

xy/(x + y). Insertion
of this identity into Eq. (A1) leads directly to the representa-
tion given in Eq. (4).

We start from the general HNC LFC functional for arbitrary
pair interaction and dimensionality, which features an extra
nonlinear coupling between G(q) and S(q),

GHNC
D (q) = −1

n

∫
dDk

(2π )D

UD(k)

UD(q)

q · k
q2

× [S(q − k) − 1]{1 − [G(k) − 1][S(k) − 1]}.
After the same normalization as above and the introduction of
polar coordinates, the problem reduces to a two-dimensional
integral over y and φ with a kernel containing square-root
singularities similar to the STLS case. To obtain a tractable
form, we introduce the change of variables

u =
√

y2 + x2

4
+ yx cos φ, w =

√
y2 + x2

4
− yx cos φ,

which map the integration domain onto a triangular region
defined by |u − w| � x � u + w. The Jacobian determinant
of this transformation,∣∣∣∣ ∂ (y, φ)

∂ (u,w)

∣∣∣∣ = wu

x
√

4u2x2 − (u2 − w2 + x2)2
,

remains finite over the reduced polar interval. The HNC LFC
can easily be decomposed to the STLS LFC plus an LFC
corrective term, which only becomes important at moderate-
to-strong coupling. This is the form of Eq. (5).

APPENDIX B: CONVERGENCE OF THE PIMC RESULTS

To confirm the quasiexactness of our ab initio PIMC re-
sults, we must ensure that the factorization error of the thermal
density matrix vanishes within the given Monte Carlo error
bars. In the left panel of the Fig. 12, we plot the imaginary-
time density-density correlation function F (q, τ ) of the 2DEG
versus the imaginary time at rs = 4, � = 1 for two selected
values of the wave number q with N = 4. The solid black line
has been obtained for P = 500 and it serves as a baseline; the
red circles, yellow squares, and green crosses correspond to
P = 200, 50, and 20, respectively. Clearly, no dependence on
P can be resolved with the bare eye on the depicted scale.
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FIG. 12. Convergence of the ab initio PIMC results with the number of imaginary time propagators P for the imaginary-time correlation
function F (q, τ ) (left) and static density response χ (q) computed via Eq. (12) (right) for N = 4 at rs = 4 and � = 1.

In the right panel of Fig. 12, we show the q-dependence of
the static density response at the same conditions. Here, we
find very small deviations from the other curves for P = 20
at moderate q (see the inset showing a magnified segment)
and larger deviations at large q. The latter is a well-known

discretization error when evaluating Eq. (12) due to the finite
τ -grid, and not predominantly a factorization error. We safely
conclude that P = 200 − 500, which has been used for all
results of the main text, is sufficient to ensure convergence
with respect to P.
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