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The Berry connection is a gauge-dependent quantity frequently used to describe the optical response of solids.
Its evaluation requires a k derivative with respect to the cell-periodic part of the Bloch functions and is commonly
calculated in the Wannier basis by using overlap matrices of cell-periodic parts of Bloch functions at neighboring

k points. So far, all proposed interpolation schemes for the Berry connection do not account for the matrix
structure of the overlap matrices explicitly but treat the matrix elements as independent, or only distinguish
between diagonal and off-diagonal entries. In this work, we propose a self-consistent interpolation scheme based
on the matrix logarithm resulting in a strongly improved accuracy. Furthermore, we discuss how the basis set

incompleteness of the bands used in the ab initio calculation imposes constraints on the accuracy. We quantify
the basis incompleteness based on the singular values of the overlap matrices and relate it to the invariant part
of the spread functional 2; of the Wannier functions. Numerical calculations for monolayer MoS, and bulk Si
demonstrate that the proposed interpolation scheme is much less sensitive to the Wannierization details and leads
to an improved quality of the velocity matrix and the optical conductivity.

DOI: 10.1103/rbc9-v3jz

I. INTRODUCTION

Wannier functions [1] are at the core of many ab initio
methods for solids, ranging from the description of po-
larization or magnetization [2-5], over topological effects
[6-8], to electron-phonon coupling [9,10]. Their localization
in real space [11,12] allows for an efficient interpolation
of operator matrix elements from a coarse-grained ab initio
Monkhorst-Pack grid [13] to a dense grid using discrete
Fourier transforms [14-16]. This renders the numerical con-
vergence with respect to the Brillouin zone (BZ) sampling
feasible for many physical quantities [16,17]. The most
commonly applied method for Wannierization results in max-
imally localized Wannier functions (MLWFs) [14,17] which
is often combined with a band disentanglement [18], i.e.,
the smoothest possible reduction of the bands to the de-
sired number of Wannier functions covering the energy
range of interest. Additional methods were developed to re-
liably find well-localized Wannier functions [19,20] or to
enforce symmetry constraints [21-23]. The convergence of
the Fourier-interpolated matrix elements with respect to the ab
initio grid size was extensively studied for k-local operators,
e.g., for the Hamiltonian to obtain the band structure [15].
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In this study, we consider and improve the accuracy of the
nonlocal Berry connection, which recently attracted increas-
ing interest [24,25] due to its widespread use in computational
material science. Its matrix elements are also referred to as
position or dipole matrix elements [14,26] and are used in
many applications [27], such as describing the polarization
[2,28] or optical responses [29-32]. The Berry connection
between different bands, AX = i(u,, |Vk|u,,), is numerically
computed from the overlap matrices MX® = (i, |tpi1p) Of
the cell-periodic part of the Bloch functions with crystal
momenta k and k + b of the coarse ab initio grid [14]. In
the initially proposed interpolation scheme [6], the Berry
connection is not Hermitian, which leads to nonphysical re-
sults, e.g., during the propagation of the semiconductor Bloch
equations [31]. The translational invariance of the Wannier
functions with respect to lattice vector shifts, manifests in
the Berry connection as well [14,26]. It is respected for the
diagonal matrix elements in the work of Marzari and Van-
derbilt [14], but not in the first work that Fourier-interpolates
the Berry connection [6]. Recently, Lihm developed a Her-
mitian scheme [24] that enforces the translational invariance
also for the off-diagonal matrix elements to eliminate any
spurious dependence of physical properties on the choice of
the origin within the unit cell, e.g., for the optical conduc-
tivity [24]. However, it is important not only to consider
the origin shifts, but to ensure the correct transformation
behavior of the Berry connection in general [26]. An ex-
ample is the consistency between different Wannierizations,
such as the MLWF and the separate Wannierization of the
the conduction and valence bands (CB-VB) [18,33]. Even
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recently proposed higher-order approximation schemes of
the k-space derivative [24] provide no fundamental solution
for that.

To address the aforementioned issues, we propose an in-
terpolation scheme of the Berry connection AX that unifies
the treatment of the diagonal and off-diagonal elements by
accounting for the intrinsic matrix structure of the overlap
matrices M*P. We identify M*P as the path-ordered matrix
exponential of the Berry connection [34], which mixes all
the matrix elements with each other. This leads to an in-
verse problem, which we solve in two steps. First, we take
the matrix logarithm of the overlap matrices to compute an
initial estimate for the Berry connection. Second, we evaluate
the path-ordered integrals based on the Fourier-interpolated
estimate by employing a Magnus expansion and refine the
Berry connection to reduce the error to the overlap matri-
ces. The second step is repeated until self-consistency is
reached, which accelerates the convergence of the Berry
connection with respect to the ab initio grid size. We note
that the inherent incompleteness of the Wannier basis lim-
its all interpolation schemes and will inevitable set a bound
for the accuracy. To assess its impact, we provide limits
for the coupling of the Berry connection into the nonde-
scribed part of the system based on the singular values of
the overlap matrices M*? and discuss its close connection to
the invariant part of the spread-functional €2 introduced in
Refs. [14,18].

We assess the quality of the interpolation schemes based
on the agreement between the ab initio computed and the
corresponding interpolated velocity operator. The ab initio
velocity operator is an accurate reference as it is local in
k and can thus be interpolated as seamlessly as the Hamil-
ton operator. This allows for a momentum-resolved error
estimation as well as a direct comparison of the different in-
terpolation schemes without relying on convergence details of
the Wannierization between different grid sizes. This quality
assessment is more systematic and transferable compared to
approaches that consider the convergence of derived proper-
ties [25,35]. In our numerical examples for monolayer MoS,
and bulk Si, we demonstrate an improved accuracy of the
velocity operator for our self-consistent logarithmic scheme.
Additionally, we show that optical conductivities computed
based on the self-consistent logarithmic scheme are much
more accurate and less sensitive to the Wannierization details
compared to previous schemes, e.g., reductions of the relative
deviations of the maximal optical conductivity from 28% to
less than 1% for MoS; on a 8 x 8 x 1 ab initio grid were
achieved.

Our study is structured as follows: Section II provides
the theoretical background and introduces the the two
predominantly used interpolation schemes for the Berry con-
nection developed by Marzari and Vanderbilt, and Lihm,
respectively. We discuss these schemes in greater detail in
Sec. III and introduce our (self-consistent) logarithmic in-
terpolation scheme. Afterwards, in Sec. IV, we quantify the
scheme-dependent error of the velocity operator, the basis
incompleteness, and discuss their impact on computed opti-
cal conductivities for MoS; and Si. Finally, we conclude in
Sec. V.

II. THEORETICAL BACKGROUND

In this section, we provide the theoretical background for
the Wannier interpolation and review the existing interpola-
tion schemes for the Berry connection. We use atomic units
throughout this paper if not otherwise indicated.

A. Wannier interpolation

We start with the Bloch functions |\Il,11'{(), the eigenfunctions
of the cell-periodic Hamiltonian H, where n is the band index
and Kk the crystal momentum. To improve readability, we do
not consider spin explicitly, however, all presented derivations
can be straightforwardly generalized to include it. The cell-
periodic part of the Bloch functions is |ufl) = e KF|@H )
where £ denotes the position operator. The |unHk) are gen-
erally not smooth in k, which hinders their interpolation to
and the calculation of their derivative. On the other hand,
Wannier functions |V, ) feature smooth cell-periodic parts
i) = e W ) due to their localization in the supercell
[11,12,17]. They are obtained from the Bloch functions by
applying semiunitary transformation matrices U as

W) = D Una Wi (M

m

which are optimized to minimize a spread functional [14,18].
The nth Wannier function (out of nw) in real space located at
unit cell R is given by a Fourier transform

1 .
Rn) = — > e ™R w ), 2
IRn) =3 4 e W) (@)

where the k sum is taken over the Nxab initio grid points. The
Wannier functions allow for the interpolation of an arbitrary
operator O in k space, provided that it is local in k. For that
purpose, the Fourier transform of the matrix elements OX, =
(W, |O| W) is calculated via

A 1 ‘
OR = (Rm|0|0n) = m Z Ok eikR| 3)
k

The interpolation to an arbitrary q point is done employing
the inverse transform as

08, = (WnglO1Wq) = Y (Rm[O0m)e R, (4)
R

where the sum is taken over all the lattice vectors R inside
the Wigner-Seitz supercell [15]. For details we refer to Ap-
pendix A. As we are interested in the interpolated Hamiltonian
H, we explicitly write the definition of its matrix elements in
momentum space as

Hy, = (W, [H|,,). Q)

The corresponding matrix elements HYX, are defined via
Eq. (3). Employing Eq. (4), the analytical derivative of the
Hamiltonian matrix elements reads

ViHy, = =iy RHR e (6)
R
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B. Definition and properties of the Berry connection

The Berry connection [26,36] for a crystal momentum K is
most often defined for a single band. In this paper, we denote
the matrix elements between two states m and n, defined as

AX =i, Vilu,), (7)

as the Berry connection. It is connected to the position opera-
tor via [26]
<\p171k|f|\p11k> = Ak + iSmnvka (8)

mn

where §,,, is the Kronecker delta symbol. The Berry connec-
tion is related to the velocity operator via the commutator
relation ¥ = i[H, ] as [37]

vk = i[H¥, A + Vv HY. 9)

We omitted the matrix indices in the above equation and
will do so whenever convenient. The Berry connection is
Hermitian, i.e., A* = (A¥)", which follows directly from
the orthogonality of the cell-periodic part of the Wannier
functions,

0 = Vi) = i[(AK,)" — AE ]. (10
Its Fourier transform
1 .
AR = ) "AkekR 11
N an

is evaluated as

AR = (Rm|f|0n). (12)

mn

The AR are named position operator matrix elements as well
[14]. The Berry connection is gauge dependent, i.e., a k-
dependent unitary basis transformation U* of the cell-periodic
part of the Wannier functions

i) = Y U lt) (13)

leads to [26]
Ak - UK AKUK +iU%T vV Uk, (14)

Important special cases of these gauge transformations are
permutations of the band indices or shifts of the Wannier
functions via

UK = 68,6 KR (15)

with shift vectors R,,. If all the R,, are lattice vectors, Eq. (14)
reduces to the translational invariance condition: The physics
must be independent of the choice of the origin and the unit
cell to which the Wannier functions are localized. This con-
dition is for instance accounted for in the in the definition
of the Wannier function spread [see Egs. (31), (32), and (36)
in Ref. [14]].

C. Review of existing interpolation schemes
for the Berry connection

In this section, we review the commonly used schemes to
obtain and interpolate the Berry connection from ab initio
calculated Wannier functions. In all the interpolation schemes,

the following two steps are performed: First, the A¥ (or equiv-
alently the AR) matrices are calculated on the ab initiok grid
(of the supercell), and second, the interpolation to an arbitrary
q point is done by employing Eq. (4), which relies on the
smoothness of the |u,, ) in momentum space [6]. The inter-
polation schemes differ only in the calculation of the A¥ (AR)
matrices from the overlap matrices

MX> = (U [tk b) s (16)

where k and k + b are on the ab initio grid. For the real-space
discussion, we define the Fourier transform of the overlap
matrices as

1 .
MRb _ MkbelkR, (17)
Mo 2
and obtain [14]
MR — (Rm|e ™ |0n), (18)

which follows from the definition of the Wannier functions
[see Eq. (2)]. In the following, we consider all the equa-
tions for supercell sizes approaching infinity, which enables
us treat the k’s as continuous variables. The Berry connection
[see Eq. (7)] is then given in the limit b — 0 by

A¥ = iV M*P. (19)

Combining Egs. (18) and (12) leads for the position operator
matrix elements to

AR = iV MR, (20)

On the ab initio grid, we compute the gradient of a k-
dependent function f by employing finite differences

Vif(0) =Y wpbfk+b)+O(bP) 21
b

with the Euclidean norm | - |. The weights wy, are chosen such
that they obey the condition
Z Whbabp = Sup, (22)
b

and are symmetric,

wp =w_p and wy=0. 23)

Here, b, and by are the real-space components of b in & and
B direction, respectively [14]. The symmetry condition on the
weights in Eq. (23) leads to quadratic error scaling in Eq. (21).
Even if the condition in Eq. (23) is not strictly necessary, it is
still satisfied in Refs. [14,17] and will later help to enforce the
Hermiticity of the interpolation schemes. Applying Eq. (21)
to the off-diagonal elements (m # n) of M*P [6] leads to

ANYE =1 " wpbMyy, (24)
b

where we introduced the superscript MV denoting Marzari
and Vanderbilt. However, the diagonal elements must respect
the translational invariance condition [see Eqs. (14) and (15)].
This is ensured by employing the expansion In(1 4+ x) = x +
O(x?) for the diagonal elements, leading to

AMVE — _Im Z wpb In MXP. (25)
b
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The Fourier transform of the Berry connection [see Eq. (12)]
allows to define the Wannier centers as

r, = AN, (26)

yielding

nn

1
V= —rm Z wyb In M*P. (27)

Lihm proposed a Hermitian scheme for the off-diagonal
elements of the Berry connection [24], by enforcing the trans-
lational invariance of the off-diagonal position operator matrix
elements. Its implementation is provided in Ref. [16]. Within
this approach, one evaluates Eq. (20) by a Taylor expansion
of the exponential phase factor in (Rm|e~"""|0n) with respect
to b around the midpoint of the two Wannier function centers.
This reduces the expansion error of the position operator in the
real-space regions of the supercell where the Wannier func-
tions overlap most. The scheme reads for m # n or R # 0,

: . ib _
Alr;llrlllm,R — IZ wbe,,I},l:elz(r”H”’ R) (28)
b

The diagonal elements rb"™ = AR=0 are obtained from an

expression of the Wannler centers that respects their transfor-
mation behavior under origin shifts such as Eq. (27) or similar
formulations [35,38]. In addition, Lihm refines the Wannier
centers recursively until

_ kb _ibr,
= > wpbMyve (29)
holds. Transforming Eq. (28) into momentum space by ac-
counting for the Wannier centers yields

b
ALlhm k _ IZ wbe ’ 1 (I‘n+rm)

mn

+ S (I’n — ]% Z wbe’l‘f’;heibrn> , (30)

K kb

k-2b
where M, >
trix elements.

indicate the Fourier-interpolated overlap ma-

III. SELF-CONSISTENT INTERPOLATION SCHEME

In this section, we evaluate the existing interpolation
schemes for the Berry connection and develop our self-
consistent logarithmic scheme step by step. We show first that
the MV scheme is not Hermitian and propose a symmetric
(sym) scheme as a remedy. Next, we discuss the close con-
nection of the Lihm scheme to the sym scheme. Afterwards,
we present the logarithmic (log) scheme by accounting for the
matrix structure of the overlap matrix properly and introduce
the self-consistent logarithmic (sclog) scheme by extending
the log scheme from a local to a global interpolation scheme.
Lastly, we discuss the errors introduced by assuming the basis
set completeness required to justify the (sc)log scheme.

A. Hermiticity enforcement

Testing the MV interpolation scheme [see Eq. (24)] for its
Hermiticity yields (n # m)

(AMVYk’T)mn =—i Z wbeflfz;zFb’_b

=iy wybMy, ", 31)

where we used (M*P)" = M¥*+P=P and Eq. (23). As the M*P
matrices change throughout the BZ, the Hermiticity is gener-
ally not given [compare to Eq. (24)]. However, by using the
the Fourier-interpolated M k=2.b matrices instead, which obey

(Mk*%,b)T Mk+* —b (32)

(see Appendix B), the Hermiticity is restored. Thus, we
propose to calculate the off-diagonal elements of the Berry
connection (n # m) as

_b
AZPE =i 3" wpbMy, (33)

The Hermiticity of A®™k is confirmed by the same cal-
culation as in Eq. (31). We now show that this symmetric
interpolation scheme is consistent, i.e., it converges to the
Berry connection for b — 0, by evaluating the Taylor expan-
sion of M around q = k + % as

b
Mr(rlm = ( mq—— |an+%>

b
= S + §[<umq|vkunq> — (Vqlmgling)] + O(IbI?)

— 5, — ibAXTE L O(bP2), (34)

where we used Eq. (10) in the last line. Interestingly, AY™k
is accurate to second order in b [see the discussion after
Eq. (23)]. For the diagonal elements, we start from the MV
formula in Eq. (25) and shift the Taylor expansion center to
obtain

sym,R
Ann

Z wpbel®2 DR [min Mkb (35)
kb

in real space.

B. Lihm’s scheme

We first check the diagonal elements of AMM™K for their
consistency. Rewriting the weighted sums over b in Eq. (30)
as gradient yields

Lihm,k __ 1br
Ann IVb [ nn ! ]

_ _V Z Mkb lbl‘,, (36)

which simplifies to

A]r:}iqhm,k IVann + r, — _Vb Z Mrlt(nb' (37)

The first term describes the Berry connection [compare to
Eq. (34)]. Therefore the remaining terms must add up to zero
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for b — 0 to obtain a locally consistent interpolation scheme,
ie.,

£, = = Vi Y ME2 + O(b). (38)
k K

This condition is satisfied by the MV Wannier center [see
Eq. (27)] with a quadratic error scaling because of Eq. (23)
and holds for the Lihm Wannier centers in Eq. (29) as
well. For the off-diagonal matrix elements, Lihm’s scheme
[see Eq. (30)] is very similar to the symmetric scheme [see
Eq. (33)] but contains additional phase factors of ei?®n+),
It is straightforward to show that these phase factors arise
when evaluating Eq. (33) for all r, =0 and shifting the
Wannier centers by using UX = 8,6 ¥™ in Eq. (13). After
this transformation, Eq. (29) is equivalent to the Wannier
center computed in the symmetric scheme [see Eq. (35)].
Thus, Lihm’s scheme differs from the symmetric scheme in
a specific basis only for AR with R # 0. Additionally, the
expansion errors for AR with R # 0 are strongly reduced in
the symmetric scheme as the transformed overlap matrices are
on average closer to unity in this basis.

C. Matrix logarithm

Up to now, all the presented interpolation schemes treat
the matrix elements independently (for different Wannier in-
dices) of each other, or distinguish only between diagonal
and off-diagonal matrix elements. However, as the matrices
M¥P connect two orthonormal basis sets, we expect them to
generate a unitary transformation and hence propose to use
the matrix logarithm to compute A¥ instead of taking the
logarithm of the diagonal matrix elements. More precisely, we
write the M*P as a result of a path-ordered matrix exponential
[34]

1
M = T exp ( —i / A"*f"dz) (39)
0

in a symbolic notation, where 7 is the path-ordering operator.
In this sense, AX is the generator for the M*P matrices, in
contrast to the previous interpolation schemes, which assume
incorrectly a purely elementwise relation between the matrix
elements of M*" and AX. We note that this representation is
only exact for a complete basis as we inserted resolutions
of identity during its derivation. However, the basis must be
nearly complete in the energy region of interest regardless
of that to obtain converged calculations. We comment on the
basis incompleteness further in Sec. III E. Taking the natural
matrix logarithm of Eq. (39) and employing the Magnus ex-
pansion yields [39,40]

log M = —ibAX*> + O(|b]?). (40)

The matrix elements of the Berry connection and the overlap
matrices are evaluated at different k points in Eq. (40), which
requires an interpolation of either the M*P matrices or of
their logarithm. In order to avoid an interpolation of the MP
matrices, we take the matrix logarithm first and interpolate
afterwards, i.e.,

Alog,R -

wpbel® 2R jo0 A7¥b, (41)
Me 5

where it is sufficient to rely on the principal branch of the
matrix logarithm when M*P is close to unity. In some cases,
the matrix logarithm may be close to a branch cut, e.g., when
the BZ is sampled very coarsely or only at the I" point. In Ap-
pendix C, we show how to use the guiding centers defined for
the Wannierization procedure to avoid any inconsistent branch
selection. In case of a complete basis, the Hermiticity of this
scheme follows directly from the anti-Hermiticity of log M*¥P
without relying on wy, = w_p. This argument is not applicable
to the other interpolation schemes. The logarithmic scheme
is, however, still dependent on the choice of the origin. In
Appendix D, we discuss the alternative interpolation scheme,
where we first interpolate the overlap matrices before taking
the logarithm to ensure its independence of the origin choice.
In our numerical studies, this alternative scheme performed
slightly worse than the logarithmic scheme. This behavior was
also found for its self-consistent counterpart presented in the
next section. In Appendix E, we show that for both schemes
the computed polarization is size consistent in the sense of
Ref. [35].

D. Self-consistent interpolation

All interpolation schemes presented so far are local in k
and have a quadratic error scaling in |b|. It has been proposed
to enhance the accuracy of the gradient approximation for
the Berry connection by using a higher-order interpolation
scheme for Eq. (21) [24]. However, this is not required for
our self-consistent logarithmic (sclog) interpolation scheme:
After computing the Berry connection locally for every grid
point via the logarithmic scheme, we evaluate the path-
ordered integrals [see Eq. (39)] explicitly by employing the
global Fourier interpolation of the estimated Berry connec-
tion. This gives us the deviation to the M*P matrices, which we
minimize by recursively adapting the A¥ matrices. We define

Sk = —ibAK+3 (42)

and evaluate the path ordered product by a Magnus expansion
of fourth order (see Eq. (256) in Ref. [40]) as

1
I = log T exp ( - i/ Ak+’bdt)
0

k—
~ Sb

(NI

b k—b k4P
4Sk Sk+2 2 2

6 12 ’

k-2 k+2 . . . .
where S, * and Sb_'r2 are obtained via Fourier interpolation.
We apply the recursion

Sho =log M'®, S5, = Sp, +log M — I (44)
until we reach the limit

Sp0ek = Jim sk . “

n—00

Afterwards, we compute the self-consistent Berry connection
as

sclog,R __ L i(k—2)R gsclog k
A = > wpbe® 2R gpeloek, (46)
b

which minimizes the error globally. The local error scales
at least as O(|b[*), as given by the order of the Magnus
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expansion. In our numerical experiments higher-order Mag-
nus expansions did not improve the results.

We emphasize that the S;Ck’g‘k matrices are not Hermitian
as long as the MXP matrices are not unitary. However, the sclog
scheme is Hermitian since during all iteration steps S:;fn =
S'fl;‘; holds and because of wy, = w_y, in Eq. (46). We also
tested an analogous scheme that enforces the self-consistency
for the Berry connection A¥ (instead of the S,';) matrices at
each iteration step. However, this led to worse results, which
we attribute to the additional misalignment induced by the
enforced unitarity of the Magnus expansion in Eq. (43) at each
iteration step that is not compatible with the nonunitarity of
the M*P matrices (see Appendix F for numerical details).

There are two computational aspects we comment on:
First, we expect no numerical issues from the computation
of the matrix logarithm as they only arise when the overlap
matrices are close to being singular. However, a successful
Wannierization relies implicitly on M*? being not singular.
Additionally, the lowest singular values of the overlap ma-
trices before disentanglement are explicitly discarded when
reducing the number of bands [18]. Second, the overall
computational effort is dominated by computing the matrix
logarithm and therefore larger than for the previous schemes,
but still much lower than the effort to compute the Wannier-
ization itself. The overhead due to the fixed-point iteration
is marginal as fast Fourier transforms can be employed to
compute the /¥ matrices.

E. Quantifying the basis set incompleteness
In numerical calculations, the number of Wannier functions
is finite and they typically do not form a complete basis set.
We express the augmentation of the overlap matrices to a
compete basis as

kb "7spill, kb
Mcomplete,kb — < M M*® )

Jspillkb g roff kb
[ Ak AsPillkyT
=1- lb(Aspill,k ( Aoff,k) + O(Ib]),

(47)

where the superscript “spill” describes the coupling to the
nondescribed part denoted by “off”. To calculate bounds for
the spill A*P!'key in direction e, = b/|b|, we denote the
singular values of M** as of®, ..., 0" in decreasing order.
Because of the sine-cosine decomposition [41], the singular
values of M*PILKP are given by

o_;pill,kb =y1- (O'IkJ]r)nwfn)2 (48)
in decreasing order. For b — 0, the infinitesimal spill is
bounded by

spill, kb spill kb

Onw spill,k 0
—— S AP e | S (49)
|b| [b|

by means of perturbation theory as we show in Appendix G.
Furthermore, we relate it in Appendix G to the invariant part

of the Wannier function spread €2 [14,18] as

Qn)?
%

= Zweb / dk Tr{e, APk (e, ASPIHK)TY (50)
. BZ

Q}/ = Qr

with an error scaling of O(|b|?), where V is the unit cell
volume and we, = wp|b|*. The quantity Q] represents a di-
rectionally weighted measure of the basis spill integrated
over the BZ and is thus comparable between different systems.
The disentanglement procedure of Souza [18] minimizes €2
to obtain a reduced number of smooth bands within a cer-
tain energy range. As a consequence, it selects the Wannier
functions such that the basis spill effects occurring in the log
and sclog schemes are minimized. We note that the nonzero
value of Q is an inherent property of the finite number of the
Wannier functions.

In the log and sclog schemes, the matrix logarithm is com-
puted from the M*" and not from the Mc™Plelekb matrices.
The logarithm is therefore only accurate to O(|b|?), which can
be seen by employing a Taylor expansion. The leading error
coefficient is determined by the basis incompleteness and does
not change when the Wannierization is adapted as long as the
disentanglement, i.e., the spanned subspace, is not modified.

IV. NUMERICAL RESULTS

We test the interpolation schemes numerically for mono-
layer MoS; and bulk Si for two different Wannierizations and
different ab initio grid sizes and demonstrate that the schemes
behave very differently, with the log and sclog schemes per-
forming best. First, we discuss the mismatch between the
scheme-dependent and the ab initio computed velocity op-
erator qualitatively as well as quantitatively. Afterwards, we
quantify the basis incompleteness and discuss its convergence
with respect to the ab initio grid size. Lastly, we demonstrate
the serious impact of the interpolation schemes on optical
conductivities.

A. Parametrization and implementation details

All density functional theory (DFT) calculations are per-
formed with QUANTUM ESPRESSO (QE) 7.5 [42-44]. We obtain
the scheme-dependent velocity matrix elements via Eq. (9).
For the ab initio matrix elements vi°k = (U 9| ), we
patched pw2wannier90.x inside of QE based on the formulas
of Refs. [45,46] including the correction due to the nonlocal
pseudopotentials. The Lihm scheme is evaluated with the
centers from Eq. (29). We compute the matrix logarithm re-
quired for the log and sclog schemes using the algorithm in
Ref. [47] extended by an branch selection routine as outlined
in Appendix C. During the evaluation of the sclog scheme, we
performed 20 iterations of Eq. (44) to safely reach its numer-
ical convergence (see Appendix F for details). Our code and
the input files for the DFT calculations, Wannierizations, and
the evaluation of the Berry connection schemes are available
at Ref. [48].

For monolayer MoS,, we employed the Perdew-Burke-
Ernzerhof functional [49] and the pseudopotential from
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FIG. 1. Band structure for (a) monolayer MoS, (6 x 6 x 1 k
grid) and (b) bulk silicon (6 x 6 x 6 k grid). The DFT calculation
performed with QUANTUM ESPRESSO is depicted with thick black
dots. The gray and orange lines denote the Wannier-interpolated band
structure based on the MLWF and CB-VB Wannierizations, respec-

tively. The dashed line in (b) depicts the upper limit of the frozen
window used for the disentanglement of the Wannier functions.

Ref. [50] with a plane-wave energy-cutoff of 90 Ry in two
dimensions [51] to obtain the self-consistent ground state
densityona9 x 9 x 1k grid. Using WANNIERIO [17], we then
computed two Wannierzations for each of the N, x N; x 1
grids with 11 bands. We use the maximally localized Wannier
functions (MLWFs) of all bands as the first Wannierization.
The second one is obtained by stitching together the separate
Wannierizations of the valence and conduction bands (CB-
VB). Band disentanglement [18] was not required since the
selected bands are energetically separated from the remaining
ones. In the following, we restrict all evaluations for mono-
layer MoS, to the in-plane components. The out-of-plane
components and the importance of the guided branch cut
selection of the matrix logarithm is discussed in Appendix C.
Similarly, we used the pseudopotential of Ref. [52] for Si
with the local density approximation and a cutoff of 100 Ry
to compute the ground state density on a 12 x 12 x 12 grid.
We obtained the MLWF and CB-VB Wannierization of eight
bands for each grid size Ny x Ny x N with the upper end
of the frozen disentanglement window at Eg = 10 eV [18].
The corresponding band structures obtained from the Wan-
nierizations (with N, = 6) for MoS, and Si are shown in
Fig. 1, which agree very well with the band structure that was
calculated with QE.

B. Scheme-dependent accuracy of the velocity operator

The accuracy of the interpolated Berry connection is not
directly accessible because of its nonlocality in k. Instead, we
determine the accuracy of the velocity operator as a proxy. On
the one hand, the scheme-dependent velocity v5'* is computed
from the Berry connection AS*¥ using Eq. (9) for all schemes
S. On the other hand, the velocity v***¥ is obtained during the
ab initio calculation for each k point independently and after-
wards interpolated to arbitrary crystal momenta analogous to
the other matrix elements. In particular it is based on the same
semiunitary transformation matrices in Eq. (1) that are used
to obtain the Hamiltonian matrix elements in Wannier basis.
We start with a qualitative comparison of vk with vS' for
the different schemes. Figure 2 depicts the BZ-resolved Berry
connection for the different interpolation schemes and the
corresponding velocity matrix elements between two selected

MV sym Lihm log sclog
(@) [A A Ay A Ax
oy 3=
< <
o
0 o
A, 3
T =
— >
< <
- =
0 IS
Vy Vabi
T
>
£,
~F
o
V,
y_a5 =
N -3
N =
F T F T o
01 0 1

kA A kAT kAT ke [AT] ke [A7Y]
(b) (c)

(d)
o A4
‘ vh O‘ ) »

FIG. 2. (a) BZ-resolved magnitude of the Berry connections A, ,
(first and second row) and velocities v/, (third and forth row) for
the different interpolation schemes (one per column) between two
Wannier functions for monolayer MoS, (6 x 6 x 1 k grid) of the
CB-VB Wannierization. The corresponding matrix elements of the
interpolated ab initio velocities v:* and vi* are depicted in rows
three and four on the right-hand side, respectively. The isosurfaces
of the two Wannier functions are displayed in (b) and (c), which
are conduction and valence band only Wannierized, respectively. (d)
Location of the rhombic BZ used in (a).

orbitals of the CB-VB Wannierization with N, = 6 for MoS,.
The Berry connection and velocity matrix elements show sim-
ilar features for all interpolation schemes, except for the MV
scheme. The MV scheme shows (in this example) a reduced
magnitude of all the matrix elements compared to the other
schemes. Examining the sym, Lihm, log, and sclog schemes
in detail, we see differences in the maximum of the computed
Berry connection. For instance, the sclog scheme predicts the
largest Berry connection |A,| (in the x direction) at the I" point
and also features the overall largest |A,|. These differences
translate to the velocity operator as well: The magnitudes of
the v, and v, components are increased at the same positions
of the BZ. The ab initio computed velocity operator shows
enhancements at the same locations.

To compare the interpolation schemes quantitatively, one
must account for all matrix elements of the velocity operator.
Therefore, we define a BZ-averaged mismatch measure for an
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FIG. 3. Mismatch M [see Eq. (51)] of the velocity operator for different schemes and ab initio grid sizes calculated for MoS,: (a) MLWF,
(b) CB-VB, Si: (¢) MLWEF, and (d) CB-VB. The dashed lines are guide for the eyes and indicate power scalings.
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where S is either MV, sym, Lihm, log, or sclog and vk s
computed according to Eq. (9). This measure is gauge in-
dependent as the Frobenius norm is invariant under unitary
transformations and is directly comparable between differ-
ent ab initio grid sizes. We note that one can also define
a k-resolved mismatch for a more detailed investigation of
specific systems, but this is beyond the scope of this study.
Figure 3 shows this mismatch for the interpolation schemes as
a function of the ab initio grid size Ny in double-logarithmic
plots for the MLWF and CB-VB Wannierizations of MoS;
and Si. The BZ integrals inside the mismatch definition [see
Eq. (51)] were evaluated on a k grid twice as large as the
Wigner-Seitz cell interpolation grid to completely cover the
commutator during the evaluation of the velocity operator
defined in Eq. (9) [53].

We first discuss the behavior for MoS,, which has a very
small basis spill due to its energetically separated bands (see
Sec. IV C for details). The MV, sym, and Lihm schemes have
a mismatch proportional to Nk_z, i.e., O(|b|?) for the MLWF
case [Fig. 3(a)] as well as for the CB-VB case [Fig. 3(b)],
which is in agreement with the derived error scalings. Their
relative ordering can be understood from analytical observa-
tions: The sym scheme improves the MV scheme, because
the respective leading error coefficients (in b) are smaller,
which follows from a Taylor expansion of the M*? matrices
in Egs. (33) and (24), respectively. The Lihm scheme yields
a lower mismatch as it is very similar to the sym scheme,
but evaluated in a more favorable basis (see the discussion in
Sec. III B). The log and sclog schemes are for both Wannierza-
tions consistently better than the Lihm scheme as they account
for the matrix structure properly. In the MLWF case, the sclog
scheme is only marginally better than the log scheme, because
of the very slow change of the overlap matrices (due to their
maximal localization in the supercell). In the CB-VB case,
only the sclog scheme has a better than quadratic error scaling
(for N < 18), which is a clear indication of the effectiveness
of the recursive refinement. Note that the sclog scheme is the
only one that reaches the same mismatch as for the MLWF
case for N, > 18. For these grid sizes the mismatch scales

with O(|b|?), which is the inevitable error scaling caused by
the disagreement between log M¥P and log Meomplete.kb,

The effect of the basis spill is much more pronounced for
Si, where no power law of the error scaling arises [see Figs.
3(c) and 3(d)]. In both cases, the MV scheme results in the
largest mismatch, followed by the sym and Lihm schemes.
The log and sclog schemes are nearly indistinguishable and
provide the lowest mismatch. As the matrix logarithm is a
rough approximation in this case, the log and sclog schemes
improve the Lihm scheme only slightly. Similarly to MoS,,
the MLWF Wannierzations yield a lower mismatch than the
CB-VB ones. In Appendix H, we define an energy truncated
mismatch restricted to the frozen energy window used during
the disentanglement procedure. Applying it to Si results in
a similar behavior of the interpolation schemes as the mis-
match for MoS,, in particular a power-law-like scalings are
observed.

C. Quantification of basis incompleteness

The basis set incompleteness discussed in Sec. IIIE is the
main cause of the sclog scheme yielding a systematic error in
the calculation of the velocity operator. In Fig. 4 we quantify
the basis incompleteness for MoS, in Figs. 4(a) and 4(b), and
for Si in Figs. 4(c) and 4(d).The kernel density estimations in
Figs. 4(a) and 4(c) show that in both cases the distribution of
the infinitesimal spill singular values osl;ei{‘l is almost converged
for Nx = 12 for MoS; as well as for Si, when comparing
it to the finer k grids. This reflects that the infinitesimal
spill o*?/|b| converges for reasonable ab initio grid sizes
and indicates that Eq. (49) is applicable for these grid sizes.
However, the invariant part of the Wannier function spread
Q}/ [see Figs. 4(b) and 4(d)] is not converged for N, = 12
and converges only slowly with respect to the grid size. In
absolute values, the basis spill for MoS, is much smaller than
that of Si. The Q} for the different subspaces converge faster
whenever no disentanglement is required, i.e., for the valence-
band-only subspaces and for MoS, (as no disentanglement of
the conduction bands was performed). This indicates that the
disentanglement itself is the reason for this slow convergence.
The converged value of 2} is directly linked to the error in the
estimated Berry connection [see Eq. (49)] and provides a limit
for the accuracy of the estimated Berry connection. The much
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FIG. 4. Quantification of basis spill of the MLWF Wannieriza-
tions for different ab initio grid sizes for (a), (b) MoS, (only in-plane
components) and (c), (d) Si. (a) and (c) Kernel density estimation
(Gaussian width 0.1 A) of the singular values of the infinitesimal
spill. (b) and (d) Invariant part of the Wannier function spread as
function of the ab initio grid size for only conduction bands (CB,
black cross), conduction and valence bands (MLWE, big black dot),
and valence bands only (VB, black star). Note that (d) coincides
with the CB-VB Wannierization as no disentanglement for MoS, was
performed.

larger value of ] for Si compared to Mo$S; is in alignment
with the larger mismatch for Si.

D. Optical conductivity

To demonstrate the influence of the Berry connection cal-
culated from the different schemes on a measurable physical
quantity, we calculate the real part of the optical conductivity.
Up to a system-dependent factor, the optical conductivity at

zero temperature is given by [54]
(vic)a (V)5
o i dk ,
w53 | et e
(52)

where the indices ¢ and v run over the valence and conduction
bands with corresponding energies E L'_‘/U, the asterisk indicates
complex conjugation, and «, 8 denote arbitrary real-space
directions. In our numerical evaluation, we use n = 0.3 eV
and evaluate the integral for N, = 500. Figure 5 shows the
real part of the optical conductivity for monolayer MoS;
[Figs. 5(a)-5(d)] in the zigzag direction and for bulk Si [Figs.
5(e)-5(h)] in an arbitrary direction (¢ = 8 = x). Among the
displayed spectra, the ones based on the ab initio calculated
and Wannier interpolated velocities v®®"¥ (black lines) serve
as the reference. For the MLWF Wannierizations, all the
schemes match the reference very closely. However, for the
CB-VB Wannierizations there are strong differences between
the schemes, with the sclog performing best and the MV
worst. The optical conductivity computed for Si in the CB-VB
Wannierization is only reproduced to very good agreement by
the sclog-scheme for the fine grid. We quantify the deviations
for the optical conductivity via the maximal peak height for
each scheme S and Wannierization by

max Re o 53)

Otel. max — max Re Oy or s
which we present in Fig. 6 as a function of N;. We asserted
that the relative peak height approaches the limit of 1 at
least quadratically for all the schemes and both Wannieriza-
tion types. In the MLWF case, only the MV scheme differs
significantly from the others (most times worse). The other
schemes show relative errors well below 1% (10%) for MoS,
(Si). On the contrary, in the CB-VB case, the relative errors
are very different for the schemes and reach up to 28% (44%)

coarse MLWF coarse CB-VB fine MLWF fine CB-VB
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FIG. 5. Real part of the optical conductivity for (a)-(d) MoS, and (e)—(h) Si obtained using the velocity matrix elements of different
Berry connection interpolation schemes (colored lines) and Wannierizations. The spectra obtained from the ab initio computed velocity matrix
elements (thick black lines) are normalized. MoS;: (a) N, = 8 MLWE, (b) N, = 8 CB-VB, (c) N, = 25 MLWE, (d) N, = 25 CB-VB. Si: (e)
N = 8 MLWEF, (f) Ny = 8 CB-VB, (g) Ny = 15 MLWEF, (h) N, = 15 CB-VB.
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FIG. 6. Scheme-dependent relative maximal peak height of the
real part of the optical conductivity for different grid sizes and
Wannierizations compared to the one computed from the ab initio
velocity operator. MoS;: (a) MLWF, (b) CB-VB, Si: (c) MLWF, and
(d) CB-VB.

for MoS; (Si) for N, = 8. The sclog scheme features in this
case for MoS, an error of only 0.1%, thus being practically
independent of the Wannierization. Due to the high basis
spill of the Si Wannierization, the sclog scheme still has a
significant error, which goes below 1% for N; = 13, where
the MV scheme has an error of 21%.

The deviation of the maximum conductivity is much more
strongly scheme dependent than the mismatch discussed in
Sec. IV B because the optical conductivity weights the ve-
locity operator stronger at energies closer to the Fermi level.
We emphasize that only the sclog scheme allows for a nearly
Wannierization-independent computation of absorption spec-
tra for reasonable ab initio grid sizes.

V. SUMMARY AND OUTLOOK

We assessed the quality of existing and recently devel-
oped interpolation schemes, i.e., the Marzari-Vanderbilt, the
symmetric, the Lihm, the logarithmic, and the self-consistent
logarithmic scheme, for the Berry connection analytically as
well as numerically. We proposed a logarithmic interpolation
scheme based on the notion that the Berry connection is a
generator of the overlap matrices M*P, in contrast to previous
studies, which compute the Berry connection elementwise.
We extended it to a self-consistent logarithmic scheme via
recursive refinement based on the explicit evaluation of the
path-ordered matrix exponential by employing a Magnus
expansion. To compare the different interpolation schemes,
we introduced a mismatch measure between the ab initio
interpolated and scheme-dependent velocity operator. The
self-consistent logarithmic interpolation scheme features the
fastest reduction of the mismatch with respect to the ab initio
grid size for monolayer MoS, for two different Wannieriza-
tions. For Si, all interpolation schemes result in a much higher
mismatch with the logarithmic scheme and its self-consistent

extension was consistently performing best. We identified the
invariant part of the Wannier-function spread Q| as a funda-
mental limitation of the accuracy. Lastly, we highlighted that
the proposed self-consistent logarithmic interpolation scheme
enables faster convergence of optical conductivities with re-
spect to the ab initio grid size by comparing it to the ones
based on the ab initio velocity operator. For MoS, (Si) the
deviation of the maximal optical conductivity is reduced from
3.5% (17%) for the Marzari-Vanderbilt scheme to 0.04%
(0.2%) for N;, = 25 (N, = 15) for the stitched Wannierization
of conduction and valence bands. We expect similar effects for
other often used Wannier gauges, such as the ones that enforce
the symmetry constraints of the crystal explicitly [21-23].

As we cannot control the basis spill after the disentan-
glement and the Wannierization, we propose to evaluate the
symmetric, Lihm, logarithmic, and consistent logarithmic
scheme in numerical calculations and to automatically select
the one yielding the lowest mismatch compared to the ab initio
velocity operator. Because of the recursive refinement of the
self-consistent logarithmic scheme and the inevitable error
introduced by the basis spill, we do not expect that higher-
order interpolation schemes based on more overlap matrices
M"" will lead to more accurate results. In a subsequent
study, it should be investigated by the means of the ab initio
velocity operator under which circumstances the recently pro-
posed schemes [24,25] can be combined with our scheme to
further improve the quality of the estimated Berry connection.
An interesting question to investigate next is whether the
self-consistent logarithmic interpolation scheme preserves
the symmetries of the crystal. Additionally, a band energy-
weighted mismatch measure of the velocity operator may
enable a more quantitative estimation of deviations for energy-
dependent observables such as the optical conductivity. We
provide our reference implementation in Ref. [48]. Lastly, we
emphasize that the methodology of the self-consistent loga-
rithmic scheme can be transferred to composite operators, to
compute quantities such as the spin Hall conductivities [55]
as well.
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APPENDIX A: DETAILS OF FOURIER INTERPOLATION

In the Fourier transforms used in this paper, we omit the
interpolation details for the sake of notation. To interpolate
any quantity Q% in momentum space, we first compute its
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discrete Fourier transform
OR — 1 3 ek
rid —
g Ny -

on a uniform grid. This quantity is then translated to the
Wigner-Seitz (WS) cell as

(AD)

reduce(R
QR _ 10) (R)
WS — R ’
ndegen

(A2)

where the reduce function maps the WS lattice vector R
to the supercell lattice vector and n(lfegen is the number of
WS lattice vectors originating from the same supercell lattice
vector. Any additional phase factors in the Fourier transforms,
e.g., e'?, are applied to QR . The interpolation back to mo-
mentum space is done exactly as given by Eq. (4). This Fourier
interpolation scheme is the same as in WANNIERIO [15] with
the option use_ws_distance = 0.

APPENDIX B: PROOF OF (M*~2»)i = pfk+3:-b
To prove Eq. (32), we start from Eq. (17) to show that

(MRb)T — ]% Z e—ikRMk+b,—b
k
k

1
:]7 c
k Ty

—i(k—b)RMk,—b

=™ M_g _», (B1)
where we used (M*P)" = M*+*P~P_ Plugging Eq. (B1) into
the inverse Fourier transform of Eq. (17) yields

(Mk—g,b)T _ Zei(kﬁ-g)RM_R’_beibR _ Mk+%,—b' (B2)
Kk

APPENDIX C: BRANCH SELECTION USING GUIDING
WANNIER CENTERS

The principal branch of the matrix logarithm in Eq. (41) is
not always the physically sound one, especially if the out-of-
plane component of monolayer materials or a I'-point only
sampling is considered. To select the branch meaningfully,
the guiding centers of the Wannier functions R; are employed
(similar to use_guiding_centres = 1 in WANNIER90). The
matrix logarithm is evaluated using the Schur-Parlett al-
gorithm [56] with special care taken for near degenerated
eigenvalues. First, the Schur decomposition is computed

MKP — (Kb kb kbt (C1)
where UX? is unitary and T*P upper triangular. Second, the
matrix logarithm of log T*P is evaluated for its diagonal ele-
ments as

(log T*®); = In T¥* 4 27iK*, (C2)
where In denotes the principal branch of the natural logarithm
and KX are integer numbers chosen to minimize

| log M*® —ibR| = || log T** — ibU*™ T RUX||, (C3)
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FIG. 7. Effect of the branch selection method for the (sc)log
scheme in the z (out-of-plane) direction of MoS, monolayer for the
same orbitals and configurations as in Fig. 2. (a) Each row depicts
the Berry connection and the velocity matrix (without interpolation)
in the Wannier basis for the geometry shown in a projection of a
3 x 3 x 1 supercell on the rightmost axes. The z component of Mo
is written in terms of the c-lattice constant (= 25 A) in the supercell
depiction. The color map values are linearly interpolated between the
indicated values. (b) Mismatch along the z component as a function
of the ab initio grid size for the second geometry computed with
guiding centers. (c) Invariant part of the Wannier function spread
evaluated in the z direction only as function of the ab initio grid size.

where R;; =§;;R;. In practice it suffices to minimize
|(log T*?); — i(rUMPTRUXP);| for each index i indepen-
dently as the T*P matrices are diagonal dominated. The
off-diagonal elements of log T*? are computed as in Ref. [47].
Figure 7(a) shows the out-of-plane component of the com-
puted Berry connection for MoS; placed at different positions
of the unit cell. Selecting the branches of the logarithms in
Eqg. (41) by employing the guiding centers gives the same
off-diagonal matrix elements in very good agreement to the
corresponding ab initio computed velocity matrix elements.
When employing the principal branch, the Berry connection
exhibits large jumps between close k points, impeding any
Fourier interpolation. The most severe errors arise when the
monolayer is centered in the middle of the unit cell as the
Wannier centers r, correspond to £ phases of e 7P, which
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are at the border of the principal branch. When employing the
guiding centers, the mismatch is best for the (sc)log scheme
[see Fig. 7(b)]. Note that the MV and sym as well as the
log and sclog schemed are equivalent along that direction
because of Ni, = 1. Otherwise, the mismatch features the
same ranking of the different interpolation schemes as for the
in-plane components. As only the in-plane components are
refined with increasing N; the mismatch converges fast, but
not as rapidly as the Qf’v shown in Fig. 7(c).

APPENDIX D: ALTERNATIVE LOGARITHMIC
INTERPOLATION SCHEME

According to Eq. (40), we define an alternative logarithmic
interpolation scheme as

Ak — iZ wpb log M*~ 2P,
b

(D1)

The Hermiticity of A% follows directly from Eqs. (32) and
(23). The scheme is independent of the origin as a shift by
R [see Eq. (15)] leads to MY 5 pEbe—R and thus, as this
phase factor is constant with respect to K, to

log M*~ 2" — log M* 3" — ibR, (D2)

which results in A¥“K — Atk LR in accordance with
Eq. (14). Finally, we note that one could directly compute the
MY =3> matrices from an ab initio calculation with a doubled
grid size in each direction to combine the benefits of the A!°¢¥
and the A¥“k scheme.

APPENDIX E: COMMENTS ON SIZE CONSISTENCY

The log and sclog scheme are size consistent (SC) with
respect to the polarization, meaning that the same sum of the
Wannier centers is obtained from a BZ sampling with N; x
Ny X Nj points and a supercell consisting of N; x Ny X Ny
cells that is only sampled at the I" point [24,35]. To show that,
we consider the Wannier functions

|u7) = IRyi) (E1)

described by the index I = (i, R;) with the lattice vector R;
as the cell periodic functions of the supercell. The supercell
overlap matrix elements are therefore (see Appendix A of Ref.
[24]) given by

—ibR;

Ny

(<

MECP = > MEPe* TR, (E2)
k

To evaluate the trace of the matrix logarithm, we define
M5 = MSPe®R and note that it straightforward to show by
induction that forn > 1,

~ 1 o
[(M5CPY,y = N Z[(Mkb)”]ijelk(R’ R (E3)
k
K
holds, which allows to conclude
~ 1 .
(log M°P), = N Z(longb),-je‘k(R'*R«’) (E4)
k
Kk

using an intermediate formal power series representation of
the matrix logarithm. By employing Tr log(AB) = TrlogA +

Trlog B and Eq. (E4), we obtain

- 1
Trlog M5CP = Trlog(e P %e®D) 1 — Trlog ZM“’
Nx m

. 1
= —ib Z R, + Ivar Z log M*P (ES)
I Kk

and thus

TrASC =i Z wy, Tr log M5P
b

— i kb

= ZR, + ]varZ wp logM
1 bk

= Z R[ =+ TrAR, (E6)
1

which proves the polarization size consistency as the sum over
the lattice vectors R; accounts for the unit cell shifts of the
polarization that map the unit cells to the supercell. We remark
that the polarization obtained from the logarithmic scheme
is identical to the Berry phase approach of Refs. [35,57].
The self-consistent scheme is polarization size consistent as
well, as the sum in the Magnus expansion in Eq. (43) yields
the same trace when integrated over k as the trace of the
commutator vanishes. The polarization size consistency of the
alternative scheme in Appendix D can be proven similarly.
The log and sclog schemes are not size consistent in the
sense that all the matrix elements of the Berry connection can
be directly translated from the unit cell to the I'-point only
sampled supercell. An elementwise agreement is not expected
as the vector spaces spanned by the overlap matrices, i.e.,
small ones for each k point compared to a single large one,
are conceptually different.

APPENDIX F: CONVERGENCE OF THE sclog SCHEME

We investigated two types of iteration schemes to obtain
the self-consistency of the logarithmic scheme. When per-
forming the fixed-point iteration using the estimate of the
Berry connection directly instead of relying on the Sk matri-
ces, the estimate for the logarithm of the path-ordered integral
in Eq. (43) is always anti-Hermitian, in contrast to log M*? in
an incomplete basis. The minimal distance between those is
therefore || log M*P + (log M¥)7||/2. In Figs. 8(a) and 8(b),
we depict the averaged minimum distance

1
disty = ———
2Nk My

> llog M¥ + (log M4, (F1)
kb

where N}, denotes the number of b vectors as a function of
the ab initio grid size. As shown in Figs. 8(c) and 8(d), this
quantity is orders of magnitudes larger than the errors

1

CIry, = ———
NNy

3|1k — og Mk |? (F2)
kb

of the well converging fixed-point iteration based on the non-
anti-Hermitian Sll; matrices in Eq. (43).
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FIG. 8. Norm of the Hermitian part of the matrix logarithm of the
overlap matrices for (a) Si and (b) MoS,. Exemplary evolutions of the
error of the fixed-point iteration of the sclog scheme as a function of
the iteration count for (c) MoS, and (d) Si.

APPENDIX G: DETAILS OF BASIS SPILL
QUANTIFICATION

First, we prove Eq. (48) without relying on the sine-cosine
decomposition. As MeOPleekb ig ynitary, we find

1 — |Mkbx|2 + |Mspi11,ka|2 (Gl)

for an arbitrary unit vector x of dimension nw. Employing the
min-max theorem for singular values [58] to Eq. (G1) leads to
Eq. (48). From Eq. (47) we derive

Mspill,kb )
—— =A™ 1 O(|b|) (G2)
i|b|
0.4 S
(a) #(b)
0.2 I L T
. g T B
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FIG. 9. Energy truncated mismatch for (a) MLWF and (b)
CB-VB parametrization of Si for the different Berry connection
interpolation schemes as a function of the ab initio grid size N.

to obtain the singular values of A®!"¥e, under a linear pertur-
bation in |b| [59],

Uspill,kb
il k n
o Pk = =+ O(Ih)).

G3
Ib] (G3)

In the limit b — 0, the infinitesimal spill is therefore bounded
as given in Eq. (49). The singular values of M*P!"k> are con-
nected to the invariant part of the Wannier function spread 2
[14] via

1 nw nw
Q= ]Vk%:wb; |:1 _ZW};Z 2:|

n=1

1 al
spill, kb2
=D Y ()
LT

n=1

(G4)

By replacing the sums in Eq. (G4) with a BZ integral over the
unit cell volume V,

1 Vv

— —_— dk, G5
Ne & @ny /Bz ©

the resulting quantity

v (27_[ )3 nw o spillLkb \ 2
QY = Q= dk(| = G6
tETy Zw;/m ( b ) o

with we, = wy|b|> becomes comparable among different
systems. By employing Tr{l — M**(M**)"} = 3~ (o3P""*P)2
and evaluating it for the infinitesimal case using Eq. (47), we
obtain Eq. (50).

APPENDIX H: ENERGY TRUNCATED
MISMATCH MEASURE

The mismatch M for Si is dominated by contributions
of the bands outside the frozen energy window used for the
band disentanglement. To show this, we define an truncated
mismatch as

>

Eik,EjkG[EdiS Edis ]

‘min’>~max

(visj,H,k _ V?;ai,ﬁ,k)de

MES = . (HD)
abi,H,
fBz Z (vij ) dk
EnEjxelEgs B
where Edi Jmax Tepresent the bounds of the frozen energy

window used during disentanglement and Ej are the eigenen-
ergies obtained from the Fourier-interpolated Hamiltonian.
Figure 9 shows the grid-size-dependent truncated energy mis-
match, where the BZ integrals were evaluated on a 100 x
100 x 100 k grid. The values of this energy truncated mis-
match differ in two main aspects from the unrestricted ones
defined in Eq. (51). First, they are much smaller, and second,
they feature a quadratic scaling behavior with the same or-
dering of the schemes as obtained for MoS; [see Figs. 3(a)
and 3(b)].
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