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Fractionalized prethermalization in the one-dimensional Hubbard model
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Prethermalization phenomena in driven systems are generally understood via a local Floquet Hamiltonian ob-
tained from a high-frequency expansion. Remarkably, recently it has been shown that a driven Kitaev spin liquid
with fractionalized excitations can realize a quasistationary state that is not captured by this paradigm. Instead
distinct types of fractionalized excitations are characterized by vastly different temperatures—a phenomenon
dubbed fractionalized prethermalization. In our work, we analyze fractionalized prethermalization in a driven
one-dimensional Hubbard model at strong coupling which hosts spin-charge fractionalization. At intermediate
frequencies quasisteady states emerge which are characterized by a low spin and high charge temperature with
lifetimes set by two competing processes: the lifetime of the quasiparticles determined by Fermi’s Golden rule
and the exponentially long lifetime of a Floquet prethermal plateau. We classify drives into three categories,
each giving rise to distinct (fractional) prethermalization dynamics. Resorting to a time-dependent variant of
the Schrieffer-Wolff transformation, we systematically analyze how these drive categories are linked to the
underlying driven Hubbard model, thereby providing a general understanding of the emergent thermalization
dynamics. We discuss routes toward an experimental realization of this phenomenon in quantum simulation

platforms.
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I. INTRODUCTION

Strong periodic modulation has been established as a pow-
erful route to engineer effective Hamiltonians with properties
that are distinct from their undriven counterparts [1-8]. With
that approach dynamical phases of matter may be realized
that cannot even exist in thermal equilibrium. Those include
Floquet anomalous Hall phases in noninteracting systems
which host chiral edge states even though the bulk bands have
zero Chern number [9-13], as well as phases of matter with
intrinsic Floquet topological order [14,15], which has been
recently demonstrated on a quantum processor [16]. Although
these phases of matter are in principle robust toward some per-
turbations, interacting many-body systems generically absorb
energy from the drive and heat toward a featureless infinite
temperature state. A common strategy to avoid this challenge
is to resort to driving frequencies that are high compared
to internal energy scales, giving rise to an exponential sup-
pression of heating rates [17-24]. These quasisteady states
can be stable for exponentially long times and are referred
to as prethermal states, that have been explored in various
settings; see, e.g., Refs. [25-33]. They are described by an
effective low-temperature Gibbs ensemble of a local effective
Hamiltonian [27].
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The effective Hamiltonian, describing the prethermaliza-
tion dynamics, can be computed from a high-frequency
expansion. However, this scenario has been recently chal-
lenged in a driven two-dimensional Kitaev honeycomb model,
with fractionalized flux and matter excitations, where it has
been shown that the prethermal regime hosts different tem-
peratures for the fractionalized excitations even though the
physical spin degree of freedom is periodically modulated
[34]. The resulting prethermal state cannot be described by
an effective Hamiltonian obtained from a high-frequency ex-
pansion at a single temperature. Instead, it is characterized
by vastly different effective temperatures of the fractionalized
excitations. This phenomenon was therefore termed fraction-
alized prethermalization. The Kitaev honeycomb model is,
however, quite special as the full Hilbert space separates into
flux and matter sectors at all energies [35]. It therefore remains
to be seen whether other systems with fractionalized excita-
tions host similar fractionalized prethermal quasisteady states.
Furthermore, it is unknown how robust the phenomenon is
toward changing the family of drive protocols and what the
influence of a finite lifetime of quasiparticles could be on the
quasisteady state.

In this work, we address these pertinent questions by in-
vestigating the one-dimensional hole-doped Hubbard model
at strong coupling as a paradigmatic example of fractional-
ized spin and charge excitations [36—38]. Furthermore, this
model is naturally realized in experiments, for example with
ultracold atoms [39] where different drive protocols can be
engineered as well [12,40-44], rendering it an ideal sys-
tem for exploring fractionalized prethermalization. We find a
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FIG. 1. Fractionalized prethermalization arising from spin-
charge separation in the one-dimensional Hubbard model: (a) Frac-
tionalization of fermions causes a periodic drive with frequency w
to typically couple asymmetrically to the fast charge quasiparticles
of scale ¢ and slow spin quasiparticles of scale J = 4¢2/U, where
U is the Hubbard interaction. The latter experiences a higher relative
frequency due to the smaller intrinsic energy scale at strong coupling,
J < t. This results in a fractional prethermal plateau characterized
by fast heating of the charge sector and a low effective temperature
prethermal state in the spin sector. (b) The lifetime of the resulting
plateau is determined by the coupling strength of the drive to the spin
quasiparticles. Three classes should be distinguished: (I) For drives
that do not directly couple to the spinons, a fractionalized prethermal
regime exists and its lifetime is limited only by the quasiparticle
lifetime O(U?/t?). (I) For a weak coupling of the drive to the spin
degrees of freedom on the order of J, the lifetime of the fractionalized
prethermal plateau is determined by the competition between the
quasiparticle lifetime O(U?/t?) and the exponential lifetime of a
prethermal plateau in the spin sector O(e“’U/’z). (IIT) When both
charge and spin is strongly driven the system heats rapidly. A frac-
tional plateau is not observable.

long-lived fractionalized prethermal plateau when the model
is driven at frequencies that are on the order of the hole
hopping scale but large compared to the spin-exchange energy
scale. The fractionalized prethermal regime is characterized
by fast heating of the charge sector, while energy absorption
in the spin sector is smaller by orders of magnitude. Using
a time-dependent variant of the Schrieffer-Wolff transforma-
tion we systematically analyze the consequences of different
drives on the low-energy effective theory and find three dis-
tinct regimes, see Fig. 1: Class (I), in which the drive couples
only to the charge sector but not to the spin, leads to a
fractional prethermal plateau with Fermi Golden rule (FGR)
lifetime determined by the quasiparticle lifetime. Class (II) is
a drive that couples asymmetrically to the spin and charge sec-
tors, resulting in a fractional prethermal plateau that is limited
by the smaller of either a lifetime exponential in frequency or
by the quasiparticle lifetime. Class (III) couples both quasi-
particles strongly and leads to a breakdown of spin-charge
separation, which in turn causes rapid global thermalization.
We organize our work as follows: In Sec. II we introduce
the model and background on spin-charge fractionalization in
one dimension. Our results on fractionalized prethermaliza-
tion for drives of Class (I) and Class (II) in the hole-doped
Hubbard model are illustrated in Sec. III; Class (III) is

analyzed in the Appendix. In Sec. IV we systematically derive
the structures of the effective theories starting from a one-
dimensional Hubbard model. We introduce prospects for an
experimental realization in Sec. V and present our outlook in
Sec. VI. Technical details are relegated to the Appendixes.

II. FRACTIONALIZATION OF FERMIONS
IN ONE DIMENSION

The starting point of our discussion is the one-dimensional
Hubbard model of strongly correlated lattice fermions

Hyup = —t Z(c‘;,acﬁ.,a +Hc)+ % an(nj -1, (1)
J.a J

Here, ¢ denotes the hopping amplitude, U the onsite interac-

tion strength and n; =), c;,acj,a the number operator on

site j. In the strongly repulsive limit U >> ¢ and below half

filling the low-energy effective theory up to order O(t?/U) is

governed by the tJ model,

Hyy =Po| —t Z (C;O(Cj+1,a+H-C-) Po
=11

+JZ(S,-S,~+1 - ”f’;—”‘) )
J

see, e.g., Ref. [45]. Here, Py projects out doubly occupied
sites, the spin operators are given by §; = Za,a, c;aoa,a/c i
where o denotes the Pauli matrices and J = 42/U <t
denotes the strength of the effective spin interaction. We
consider the tJ model in the the weakly hole-doped regime
and neglect an additional small term O(J/8) arising in the
derivation of the tJ model [45]. Remarkably, in this model,
charge defects that proliferate through the chain are effectively
decoupled from the spins resulting in spin-charge separation
[36-38]. The resulting equilibrium properties were recently
studied in Ref. [46].

To gain an intuitive picture, one first notes that the charge
defects or holes are only weakly coupled to the spins and can
therefore move almost freely through the chain. Additionally,
the dynamics of the holes create defects in the spin chain
resulting in excitations of the spin chain. In summary, this
allows one to distinguish two quasiparticles: the fast chargon
associated with the movement of charge defects on a timescale
set by the hopping amplitude ¢ and a slow spinon describing
the excitations in the spin chain and moving on a timescale
set by J. The spectral building principle [47] can then be used
to determine at which energies and momenta excitations can
occur.

The observation that charge and spin excitations behave
as nearly independent particles motivates a formal descrip-
tion using a slave particle formulation, see Ref. [46] and
Appendix A for a detailed discussion. The key idea is to
introduce two partons, the bosonic chargon h; accounting
for the charge defects in the chain and fermionic spinon
fj« describing the spins. The original fermionic operators
are then expressed as ¢, — hj fj«- Subsequently, only spins

fj,a on occupied sites are considered which effectively maps
the chargons onto the bonds of the chain. Fock states in the
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FIG. 2. Squeezed space formalism: Spin-charge separation in the
1D tJ model is understood by a parton construction, where holes
reside on the bonds of a squeezed spin chain. Multiple adjacent holes
are mapped to the same bond. Within the parton description, the
kinetic energy 7 then corresponds to bosonic chargons hopping be-
tween links of the chain and Heisenberg interactions §,-S’,-+1 between
fermionic spinons are turned off when chargons reside on the bond
in between. The density interactions « (hh) are related to the number
of holes on each bond; see main text for details.

transformed representation then consist of N spinons residing
on the sites of the squeezed space and L — N chargons on the
links between, where L is the system size.

The tJ model from Eq. (2) is thus transformed as follows:
First, the constrained hopping of particles on the chain cor-
responds to chargons freely hopping on the links. The spin
interaction maps to Heisenberg interactions of spinons unless
a chargon is present on the link and, k > 1 chargons residing
on a link switches off k 4+ 1 density interactions. This results
in the representation

H[j = T+ S + Dv
T=—t Z(ﬁ;+l/2;lj+3/2 + H.c.),

J

S=7Y 88111 =00, k1),
J

D= }L L= skl ki) |, 3)
J
as derived in Appendix A and shown schematically in Fig. 2.
We use the step function ®(x) and define k(x) = O(x) - (x +
1). Additionally, to emphasize that holes are residing on the
links, we explicitly map h; — h i1/2-

From Eq. (3) spin-charge fractionalization is immediately
apparent. Both the kinetic energy 7 and density interactions
D depend only on the chargon and the spin interaction S can
be separated into a Heisenberg term Hyeis coupling only to
spinons and an interaction term H;,, with energy scale J

S = HHeis + I-Iim
=7 881 =7 8810, hhj1)).
J Jj

To make the general structure apparent, let us rewrite
H;=T+D+S = Hy+ Hyy. )

Here, Hy does not couple chargons and spinons and corre-
sponds to the assumption of independent quasiparticles. A
finite lifetime of quasiparticles is induced by the coupling

term. In the strongly correlated limit J < t we can view Hjy
as a small perturbation to the noninteracting Hy and employ
Fermi’s golden rule which predicts

2 2

t U

1Ty ~ ﬁ ~ t_2 (®)]

for the lifetime 7y of the quasiparticles. This result in
particular implies that considering the chargon and spinon
independently is a valid approximation up to times O(1).

III. FRACTIONALIZED PRETHERMALIZATION

Before we introduce the periodically driven system, let us
briefly specify our notation, where ¢ denotes hopping ampli-
tude, 7 real time, § inverse temperature, and w the frequency
of the drive.

Our main focus are the stroboscopic Floquet dynamics of
a periodically driven tJ model,

H(t)=Hy +gf(0)V. (©6)

Here, V is a drive of moderate strength g ~ ¢ and we require
that f(r +T) = f(r) is of order O(1) and periodic with
period T = %”

Generally, the drive V will induce strong couplings
between the two partons and is thus expected to break spin-
charge separation of the tJ] model. For small to intermediate
driving frequencies w ~ ¢ the system is then expected to
rapidly heat up and thermalize and the eigenstate thermal-
ization hypothesis predicts that the long time steady state is
locally indistinguishable from an infinite temperature state.
Conversely, in the high-frequency limit w > ¢, energy from
the drive can only be absorbed via perturbative processes of
order n = w/t. The corresponding matrix elements are then
typically of order O(e™"), indicating exponential suppression
of heating. Formally, this behavior is obtained from a high
frequency expansion He = Hyy + O(t/w) [17-19], which
describes the dynamics up to times t ~ ¢”. These prether-
malization arguments predict a long-lived quasisteady state,
termed prethermal state, that is described by a low temperature
Gibbs ensemble of the effective Hamiltonian Heg [4].

Let us now try to gain some intuition how the dynamics
created by Eq. (6) can lead to unconventional thermalization
behavior, particularly fractionalized prethermalization. Ac-
cording to Ref. [34], the two key factors leading to fractional
prethermal plateaus are (1) a drive that couples asymmetri-
cally to the quasiparticles and (2) quasiparticles residing at
different local energy scales.

First, consider a drive that couples only to the chargon.
For low to intermediate drive frequencies, the charge sector
is then expected to thermalize on a short timescale, but due to
the separation of scales, Eq. (5), the spinon can only absorb
energy via the weak static coupling. Consequently, heating
of the spinon is drastically suppressed when the quasiparticle
lifetime is much longer than the heating time of the chargon.
In that regime the system realizes a fractional prethermal
plateau of lifetime governed by the quasiparticle lifetime,
where the heating time of the spin sector is much longer than
the one of the charge sector. Note that a similar situation holds
in general for large U as long as drive induced couplings

195124-3



ROMEN, KNOLLE, AND KNAP

PHYSICAL REVIEW B 112, 195124 (2025)

between the chargon and spinon are subleading compared to
the static coupling in Eq. (4).

A second scenario leading to a fractional prethermal
plateau results from a drive that couples strongly to the char-
gon while coupling the chargon and spinon weakly on the
order of J, such that the dynamic coupling is on the order
of the static interaction in Eq. (4). Again, the strong coupling
to the chargon results in rapid thermalization of the charge
sector at small to intermediate frequencies. However, addi-
tionally such a drive couples significantly to the spinon. Due
to the small energy scale, the spinon is however driven at
much higher relative driving frequency than the chargon. One
may then employ prethermalization arguments to predict that
heating rates of the spinon are exponentially suppressed in
frequency with the quasisteady state in the spin sector given
by a low temperature Gibbs ensemble of an effective spinon
Hamiltonian. The lifetime of this prethermal spin state is de-
termined by a competition between the quasiparticle lifetime
and exponential lifetime of the prethermal plateau where the
smaller one of the two is dominating.

We show in Sec. IV that the two cases introduced above
can arise from the dynamics of the underlying driven Hub-
bard model: A drive that couples both quasiparticles strongly
causes a breakdown of spin-charge fractionalization resulting
in generic thermalization behavior. By contrast, drives that
couple only to the chargon or asymmetrically to the chargon
and spinon lead to a fractional prethermal plateau. Indepen-
dent of the lifetime of this plateau, a distinguishing feature
of the quasisteady state is the emergence of distinct effective
temperatures of the chargon and spinon, respectively, as sum-
marized in Fig. 1.

In the following subsections we investigate the above
considerations numerically by studying the stroboscopic dy-
namics of the driven tJ model in Eq. (6) using exact
diagonalization techniques. We consider two cases: a drive
that couples only to the chargon and probes relaxation in the
spin sector due to the static coupling and a drive that couples
to both quasiparticles and probes the exponential lifetime of
the fractional prethermal plateau as function of frequency.

For numerical simplicity we choose a piecewise constant
driving protocol such that the evolution operator over one
period acquires the simple form

U(T) = ¢ 5 B0 g5 (Hi+aV) _ ,=iTHer )

with H.g the effective Floquet Hamiltonian. For large frequen-
cies, the Magnus expansion predicts Heir = Hyy — L[H,;, V]
recovering the tJ model as effective Hamiltonian in the infinite
frequency limit, 7 — 0. Throughout this work we are instead
interested in moderate frequencies where the leading-order
Magnus expansion is not a good approximation.

The heating dynamics of the charge and spin sector can
be captured by constructing suitable observables: Since the
charge sector corresponds to almost free particles, we expect
the dynamics to be well captured by the kinetic energy

k= Z(C;,otc.i+1,a + H.c.). 8)
Ja

The dynamics in the spin sector are governed by a Heisenberg
Hamiltonian and exploiting SU(2) symmetry, we can use the

coupling in z direction
Z=2 S8 ©)
J

to capture the energy of the spins. To simplify the analysis,
we subtract the infinite temperature expectation value of the
observables, e.g.,

7 =7-TrZ)/TxD), (10)

such that (Z(8 — 0)) — 0.

In our simulations, we first prepare a typical thermal state
[ (r = 0)) at some low temperature 1/8, using the method
of typicality [48-50]. Starting from a set of random complex

vectors |r j>i:1 > a typical thermal state can then be pre-

pared by iteratively computing |r;(n)) = e P21 |rj(n — 1))
with some small stepsize Bs until the desired temperature
is reached and subsequently averaging over the obtained
states. After that, we evaluate the expectation values (K (7))
and (Z(r)) with respect to the time-evolved state |Y(r =
nT)) = [U(T)]"|¥(0)) for different times up to tt = 10°
using Krylov subspace methods of Ref. [51]. We explicitly
enforce translational symmetry and work in the zero total
momentum sector. By further exploiting the U (1) charge and
spin symmetries as well, we can simulate systems with up
to L = 22 sites and 2, 3, or 4 holes in the system. Nonethe-
less, we encounter considerable finite-size effects due to the
product structure of the Hilbert space H = H;, ® H, in terms
of the charge H,;, and spin sector H,. As a consequence, the
resulting dynamics are sometimes not fully ergodic and not all
observables relax to their true infinite temperature expectation
value at large times. A standard approach in the literature
is to introduce a small randomness T — T (1 4 §) in each
drive period, which is expected to restore ergodicity [28,29].
However, this approach introduces an additional uncontrolled
relaxation channel [52] and causes misleading and incon-
clusive scaling predictions for the lifetime of the fractional
plateau, see Appendix B for details. Therefore, in our analysis,
we instead address the problem of incomplete thermalization
by rescaling the spin energy with respect to the late time value
instead of the true infinite temperature value to extract the
scaling predictions.

We now discuss the results of the two different drive pro-
tocols introduced above.

A. Class (I): Driving Charge—Staggered potential

We first drive the model with a staggered potential of the

form
V=Y (=1Yn;, (11

J

which is spin independent as it couples only to the total
particle density. Thus, within the squeezed space formulation,
we expect that this drive couples only to the chargon; see
Appendix A. In our simulations, we keep hopping amplitude
t = 1, frequency w = 4¢ and drive strength g = 0.324¢ fixed
while varying U = 4¢2/J € [10, 40]. As shown in Figs. 3(a)
and 3(b), dynamics of the kinetic energy of holes and the
energy of spins are radically different, giving rise to a frac-
tionalized perthermal plateau. The kinetic energy starts to
fluctuate around a value close to zero on a timescale T ~ 102
independently of U, indicating a high temperature state in

195124-4



FRACTIONALIZED PRETHERMALIZATION IN THE ...

PHYSICAL REVIEW B 112, 195124 (2025)

(@) 1.0
S
= 0.5
0
~
© 0.0-
g

-0.5
(b) 1.0
B
i 0.5
O
N

Y A~ .

10° 10° 10°
(C) 1 ~ ef-r/-rbh 104_§ (d) o
8 HU-=_40 ﬁ 3] !!!!gﬂ_..--
N U=30|%
1§ 103 _
x \ U =25 :
H\N] UL 15 D= 20 2_..0
0 5-10% 10 20 30 40
time 7 interaction U

FIG. 3. Fractionalized prethermalization with Fermi golden rule
lifetime. The heating dynamics of a driven tJ model shows a two-step
structure. (a) Due to the strong coupling of the chargon with the drive,
the charge sector heats up rapidly as indicated by the kinetic energy,
which fluctuates around zero after an initial relaxation time. (b) In
contrast, energy cannot be absorbed into the spin sector effectively,
resulting in a long lived quasisteady state. This state is captured by
the spin-spin coupling Z which retains most of its initial value for
times up to T ~ 10*. (c), (d) The lifetime of the quasisteady spin
state is determined by the breakdown of quasiparticles, resulting in a
Fermi golden rule scaling of the lifetime 7y, ~ U? at large U and an
exponential decay ~e~ /% of the spin energy.

the charge sector. By contrast, relaxation times of the spin
sector are larger by orders of magnitude and show a strong
dependence on U.

Since the drive does not couple to the spin directly, en-
ergy can be absorbed into the spin sector only via the static
interaction from Eq. (4). We therefore expect that heating in
the spin sector is determined by the lifetime of the spinon
given in Eq. (5). Consequently, we expect that the lifetime
Ty, of the prethermal plateau also follows a FGR 1y, ~ U? for
large enough U. To gain a quantitative numerical estimate,
we first define the lifetime 7y, as the time where the spin
coupling Z(t.)/Z(0) = 0.5. Indeed, up to some fluctuations,
the thus-obtained lifetime Ty, ~ U? shows the predicted FGR
scaling for large U. To reduce fluctuations, we make use of a
result established for weakly periodically driven systems [25].
The key idea is to consider the absorption of energy over one
period in linear response theory, which leads to a FGR for the
heating rate I’ = E(r)/|E(oo) — E(7)]| of the system. In turn,
the above implies that the energy is exponentially decaying in
time, reminiscent of the survival probability of quasiparticles
in standard FGR calculations. We fit this exponential decay of
the spin coupling to obtain a more stable numerical estimate
of the lifetime, Fig. 3(c), and recover again the predicted FGR
scaling in agreement with the previously obtained values as
shown in Fig. 3(d).

@o ———— (b) E

Zamy .

U 10" 3
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g 4 U =20 1073

: U =30 ]

6 _____ K(l//B)_ U 40 10—1_E
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FIG. 4. Absence of conventional prethermalization. (a) Kinetic
energy K and spin correlations Z in thermal equilibrium, representing
hole and spin energies, respectively. (b) During the heating pro-
cess, the effective temperature of the spin and charge sector differ
by multiple orders of magnitude over a large temporal regime of
10?> < ¢t < 10* leading to an unconventional fractional prethermal
quasisteady state. Simulation parameters are the same as in Fig. 3.

So far, we have characterized the distinct heating dynamics
of charge and spin degrees of freedom by inspecting their
relaxation dynamics. We now further analyze the fractional-
ized prethermal state by extracting the effective temperatures
of the quasiparticles. To do so, we first compute the thermal
expectation values of the charge kinetic energy K () and the
spin energy Z(B) and use them to determine the effective
temperature in both sectors as function of time. We find that
in the fractionalized prethermal regime these temperatures
differ by two orders of magnitude, suggesting that the es-
tablished quasisteady state is not a conventional prethermal
state; see Fig. 4. In particular, we emphasize that the resulting
quasisteady state cannot be described by an effective low-
temperature Gibbs ensemble p ~ et obtained from the
effective Hamiltonian that is constructed via the optimal-order
Floquet-Magnus expansion. Explicit numerical results for the
underlying Hubbard model are shown below in Fig. 7(c).

B. Class (II): Driving charge and spin—Staggered
hopping and Heisenberg term

The second scenario we consider is a drive that couples
asymmetrically to the chargon and spinon. As an example,
we drive the underlying Hubbard model with an oscillatory
staggered hopping term. The action of this drive on the low
energy effective theory is derived in detail in Sec. IV by
introducing a time-dependent variant of the Schrieffer-Wolff
transformation. This leads to an unusual time-dependent ef-
fective Hamiltonian that in the low-energy subspace reads

gf(t)V = ;JJ,‘(T)<S/‘S]‘+1 _ ”j’;j+1>

+ef(Po| Y (1)) cjhia+He) |Po,
Ja=11
(12)
where
/ Zg‘] i gz‘] 2
Ji(0) = === f @)1 + 22 f@) (13)

As before, f(7) is chosen to be piecewise constant in numeri-
cal simulations. The representation in squeezed space is given

195124-5



ROMEN, KNOLLE, AND KNAP

PHYSICAL REVIEW B 112, 195124 (2025)

OO ToTTTTTT R | LR | T “""‘I T “""
100 10t 102 102 104 10°
time 7

® Th Spin ¢¥%
o
/.‘N ew ...‘1
e
/o®
o®
o°
T T
3 4 5

frequency w

FIG. 5. Fractionalized prethermalization with exponential life-
time: (a) While heating occurs rather slowly in the charge sector
at small frequencies, we see an opposite trend with increasing fre-
quency: Heating rates in the charge sector increase up to frequencies
o =~ 4t as captured by the kinetic energy. For better visibility, we
show data for a few frequencies and apply a moving average con-
serving filter (unfiltered data in light colors below). (b) The spin
correlations show that heating is strongly suppressed in the spin
sector leading to a fractionalized prethermal plateau with exponential
lifetime at smaller frequencies, before approaching a constant value
determined by the quasiparticle lifetime. (c) The prethermal nature
of the spin state is also captured by the half-chain entanglement
entropy of the squeezed spin chain. (d) At intermediate frequencies,
the lifetime of the fractional prethermal plateau shows exponential
dependence on frequency w. Numerical data is obtained for U = 26¢.

in Appendix A. Crucially, at moderate drive strength g ~ ¢,
the drive couples to the chargon with strength O(¢) and to the
spinon with strength O(J). This can be intuitively understood
by noting that the only drive term of order O(z) is a staggered
hopping, which corresponds to charge defects hopping on the
links of the spin chain. Consequently, the drive couples to
both quasiparticles at moderate amplitude compared to their
intrinsic energy scale, but with different relative frequency.
At moderate frequencies, we again expect fast heating in the
charge sector due to the drive coupling (strongly) to the char-
gon via the staggered hopping term. Contrarily, the spin sector
is driven at much higher relative frequencies compared to the
spin exchange energy J, which can result in a “conventional”
prethermal plateau [17] within the sector with exponential
lifetime in frequency [18], again leading to a fractionalized
prethermal plateau; see Figs. 5(a) and 5(b).

So far, we have ignored the finite quasiparticle lifetime.
Due to the exponential lifetime 7y ~ ¢©@/) of the prether-
mal plateau compared to the quasiparticle lifetime 7ty ~
t?/J?%, we generally expect that the lifetime of the fraction-
alized prethermal plateau is cut off by the latter. In particular,

a) 109 —= (b) 10°
(a) A%;H() T
5 A g
":j’ Ll | &
E ; &
< 10-14 —w=24 Y01
= 10 - w - = 10
w = 3.2
w = 4.0
T T
100 102 104 100 102 104
time T time T

FIG. 6. Heating dynamics: At small frequencies, heating in the
charge and spin sector show opposite trends: (a) Energy absorption
in the charge sector increases with frequency, which is captured
by an increasing effective temperature of the kinetic energy K (7).
(b) By contrast, as expected by prethermalization arguments, energy
absorption in the spin sector is greatly reduced, as captured by the
low effective temperature of the spins. Numerical data is obtained
for U = 26t and initial temperature 1/, = 0.08¢. Both charge and
spin temperatures are vastly different.

we expect that the exponential scaling is not visible in the limit
U — oo. However, as shown in Fig. 5(d), for intermediate U,
the exponential scaling is still clearly visible in a frequency
range o € (2.4, 4.0). The dynamic frequency range where the
exponential scaling is visible is comparably small, which is
mainly caused by the charge sector starting to prethermalize
for frequencies w > 4.2. Additionally, the integrable charge
sector may heat to a generalized Gibbs ensemble rather than a
true infinite temperature state for small frequencies. However,
one can clearly see an opposing trend between the heating of
the charge and spin sector. While the former absorbs energy
more efficiently with increasing frequency, heating in the lat-
ter is greatly suppressed. We show this heating trend in Fig. 6.
Additionally, for the largest frequencies considered, we ob-
serve that the prethermal plateau in the spin sector approaches
a constant lifetime, which is comparable to the lifetime found
in Sec. II A. Thus, we confirm the expectation that the static
coupling of quasiparticles serves as a cutoff to the lifetime of
the fractionalized prethermal plateau.

The prethermal character of the spin state can be further
established by investigating the behavior of the half chain
entanglement entropy of the squeezed spin chain

Sspin(T) = =Tr(pp(t) In(pp(1))),
pp(t) = Try,. np2(0s(T)),
P5(T) = Tryoles (1Y () (W (T)]). (14)

The half-chain spin entropy approaches its maximal value
corresponding to a thermal (or random) state at times com-
parable to the heating times of the spin sector; see Fig. 5(c).
By contrast, throughout the transient plateau, it remains close
to its initial value, confirming the prethermal character of the
plateau.

We note that the half chain entropy of the full system shows
a stair-case like behavior as in Ref. [34], thus also capturing
the heating of the charge sector. In Appendix B we addi-
tionally numerically confirm Class (III), that the fractional
prethermal plateau vanishes when the drive couples strongly
[i.e., with strength O(¢)] to both sectors.
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IV. FLOQUET EXPANSION OF THE HUBBARD MODEL

In the following we argue that the drives used in Sec.
IIT correspond to different classes of drives that arise in
the effective low-energy description. We are interested in
the range of intermediate frequencies, where the effective
Floquet Hamiltonian is highly nonlocal and the usual high
frequency expansions [17,18,53] break down. Instead, we
propose a scheme based on a time-dependent variant of the
Schrieffer-Wolff (SW) transformation to determine the low-
energy effective theory. Our approach is loosely related to
Ref. [54]. For a more comprehensive guide to the method,
we first briefly recall the standard SW transformation [55]
as a way to derive the tJ model in Eq. (2) as the low-energy
effective theory of the Hubbard model and only afterwards
generalize the method to treat driven Hubbard models.

In the most general case the SW rotation is applied to a
Hamiltonian of the form

H=Hy+eV (15)

that consists of a “simple” part Hy that is diagonal in some
basis |n) and a small perturbation €. Additionally, the eigen-
values of H are required to decompose into blocks separated
by a large energy scale U. The goal is to find a transformation
% such that the transformed Hamiltonian

Hes = SHe™S (16)

is block diagonal in the rotated basis |n') = e5|n) up to some
order in €. The generator S may be chosen purely offdiagonal
and anti-Hermitian, and for large enough U, it can be shown
[55] that the series expansion S = Zn €"S, in powers of € is
well defined. Subsequently, one can expand Eq. (16) using the
Baker-Campbell-Hausdorff formula

Hy=e¢’He™s =H + [S,H] + 3[S.[S.H1 + ... (17)

and order the resulting equation in powers of €. The compo-
nents S, can now be determined recursively by requiring that
the block-offdiagonal contributions vanish. The remaining di-
agonal terms constitute the effective Hamiltonian up to order
O(e").

As an example, let us briefly revisit the strong coupling
limit of the Hubbard model from Eq. (1), where the diagonal
part Hy is given by the onsite interaction and the hopping is
treated as perturbation

U
Hy= > an(nj -1,
J
eV =—t Y clCitra (18)
(i, j).a

The point of interest is the effective Hamiltonian in the lowest
lying subspace of Hy which is composed of states with at most
one particle per site, such that Hy = 0. The terms to linear
order in € appearing in Eq. (17) are

V+[S1,H] = PoVPy + P VP,
+PoVP: + P VP + [S1,H], (19)

where we have introduced the projector P that projects onto
the space with at most one particle per site and its complement

‘P.. Next S has to be chosen such that the offdiagonal hopping
terms which couple sectors with a different number of double
occupied sites

0 ="PoVPc + PVPo + [S1, Hol (20)

are eliminated. Employing the general formalism introduced
in Ref. [55] shows that this can be achieved by choosing

1
S = E(PCVPO — PoVP). 21

Subsequently, the same procedure is to be repeated with the
terms quadratic in €. To recover the tJ model, it is sufficient to
consider the block-diagonal terms in second order

1
[S1, PoVP: + P VPol + 5[51, [S1, Holl

1
= —E(”POVPCVPO — PVPVP,). (22)

Together with the remaining first-order contributions, one re-
covers
2

t
Hye = —tPyVPy — EIPOVIPCV'PO (23)

as the effective Hamiltonian in the lowest sector to second
order in ¢. Here, we can recognize the hopping term in the first
term. The second term accounts for second-order exchange
processes of the form

|, o)

&, ) — |2,0) — {—|a,6¢)

a="11, (24)

which upon appropriate rearrangement result in the effective
spin-spin interaction from Eq. (2). Here, we again neglect
“hop-over” processes of the form |0, &, o) — |0,2,0) —
|a, &, 0) which constitute a subleading correction to the tJ
model and are suppressed in the hole doped regime.

We now generalize the formalism to driven Hubbard mod-
els. We require that the drive amplitude is in the order of the
hopping strength ¢ such that the time-dependent part can be
absorbed into the perturbation. The driven Hubbard Hamilto-
nian can then be written as

H(t) = %Zni(m — 1)+ eV(r)=Hy+ eV(r), (25

where V(t) accounts for the hopping and applied drive.
Again, the aim is to bring the Hamiltonian into a block
diagonal form with respect to the onsite interaction, where
now we make use of a time-dependent transformation of the
form |/ (7)) = 5P|y (1)). We emphasize that S(t) does not
necessarily commute with itself at different times, but may be
chosen purely offdiagonal and anti-Hermitian as in standard
SW transformations. The transformed state then fulfills the
Schrddinger equation

i0: 1Y/ (1)) = Hest| ' (7)), (26)
with
Hep = (3% )e ™) + W He S, 27

As in the case of a time-independent rotation, we would like
to expand S(tr) = Zn €"S,(7) in powers of epsilon and com-
pute the contributions recursively. The second contribution
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to Her in Eq. (27) can again be expanded using the Baker-
Campbell-Hausdorff formula. To treat the integral, we first use
the identity ([56], Eq. (2.1))

1
i(9:5)e ™5™ = / M9 S(r)e M Wdn (28)
0
to represent the derivative in integrodifferential form. We can
then expand both exponentials in the integral to carry out
integration and order the resulting series in powers of € by
inserting the series expansion for S(t)

1
i / 59.8(0)e M5 Ddn
0
1
= i/ 3:S() + AS(1)3:S(t) — (B S(TNS(T)] + ... dXr
0
= i€, 8 (t) + iez[afsz(r) + %Slmafsl ()

1
- E(afsl(r))sm} + O(e).

In similar style to the standard SW transformation, the com-
ponents S, (7) can then be determined iteratively in powers of
€ by requiring that the offdiagonal terms vanish. The resulting
equations to determine S, (t) have the general structure

19:8p(7) + [Sn(7), Hol + Ru(1) = 0, (29)

where R, (7) does not depend on S,(tr) and includes all
offdiagonal terms of order O(¢") created by the nested com-
mutators of S,,(t), m < n with H(t) as well as offdiagonal
terms resulting from the derivative. Instead of a set of alge-
braic equations, one is left with a first-order inhomogeneous
linear differential equation with time-dependent coefficients.
Existence of a unique solution for this type of equation is guar-
anteed by the theorem of Picard-Lindelof under reasonable
physical assumptions on the matrix coefficients, justifying the
recursive scheme. Nevertheless, these equations are generally
hard to solve in practice.

In the following, we argue that the above introduced
scheme can still be useful to treat a variety of systems. Let
us start by giving some remarks: First, we note that the
drive in Eq. (25) does not generate additional offdiagonal
terms if it is diagonal in the basis of the onsite interaction
Hj. Consequently, the drive does not induce higher-order ex-
change processes and the rotation S(r) may be chosen time
independent. This is for example the case for the staggered
potential used in Sec. IIT A as well as the nearest-neighbor
spin-z interaction used in Appendix B.

Second, let us take a closer look at the equation determin-
ing 81 (7),

i0:S1(v) + V() + [Si(v), H)] = 0. (30)

The structure of the equation determining S;(t) differs
slightly, since there are no residual terms R;(r) = 0 from
lower order contributions, but the perturbation V(t) origi-
nating from the Hamiltonian 4 (t) has to be included. The
term H, is of order O(U), whereas V(1) is of order O(¢).
Ignoring the derivative for the moment, this implies that S (7)
is of order O(¢/U ), implying that the derivative is smaller by

order O(w - t /U ) compared to the other terms. In the relevant
parameter regime w ~ ¢ and U > t, we therefore expect the
corrections to S;(t) caused by the derivative to be of order
O(w - t/U?). Consequently, using Eq. (22), the largest relative
corrections to the second-order exchange processes are of
order O(w/U ). The analog consideration can be made for the
components S, (t): Given the residual in Eq. (29) is of order
O(r), Su(7) has to be of order O(r/(w + U)) with the leading
relative correction caused by the derivative being O(w/U)
again. The key consequence is that corrections caused by the
time derivative are generally small. Thus, ignoring the deriva-
tive is a reasonable approximation in the limit U — oo, which
is equal to assuming that the generator S(r) commutes with
itself at different times. Consequently, Eq. (29) are reduced to
a set of algebraic equations.

As an example, we consider driving the Hubbard model
with a staggered hopping of the form

V= Z (—1)(c} 4¢j41.0 +He.) (31)
Ja=11

to show how the above considerations appear in practice. In
this case

V@) =t Y Aua(D)c e +Hed,  (32)
Ja=t{

where A; (1) =1— ff(r)(—l)f. We compute the effective
Hamiltonian in the lowest sector using Eqs. (27) and (29).
Here, we resort to stating the main results, the calculations
are given in more detail in Appendix C. First, we require that
the offdiagonal terms to first order in € resulting from Eq. (30)
vanish, which leads to the condition

10:81(7) + [S1(v), Hol + PoV(T)Pe + PV(1)Po =0, (33)

where we use the same convention for the projectors as in
Eq. (19).
If we ignore the derivative, then Eq. (33) is solved by

1
1) = HIPV(T)Po — PoV(T)Pel (34)

and is thus of the same structure as Eq. (21). Next, we include
the derivative in our calculations. For general f(7), finding an
analytic solution for Eq. (33) is not possible. The equation can
however be solved for f(t) = sin(wt), which we use as an
example in the following. The resulting S;(7) has the same
structure as Eq. (34), but with slightly modified coefficients

gU? sin(wr)
t({U? — w?)

B. (7_,)_1_(_1),( igUa)cos(wr))
jelT) =

t({U? — w?)

instead of A;, (7). From the above equation, the relative cor-
rections of order O(w/U ) are immediately apparent. First, the
prefactor of the sine part changes from g/t — m ~
4(14 »*/U?) and additionally, the coefficients acquire a
small cosine contribution of order O(w/U).

Subsequently, the effective Hamiltonian to second order
has to be determined from Eq. (27). For the case where the
derivative was ignored and using Eq. (34), we recover as the
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effective Hamiltonian up to second order,

H(t)=Hy +¢f (0P| D (=1Y(c] cir1a+He) [Py

J.a=1,{
+ZJ;(T)(sjsj+1 - ”-f'2+1>, (35)
J
where
20J 2y
Jj0) === f@) 1) + g:—2f2<r>, (36)

and we recover Eq. (12) up to normalization of J —

%. Reintroducing the derivative, the parameter JJ/-(‘L')
from Eq. (36) is slightly modified to

1+ Ji(7)

= 2Re(Bjo)Aju — 1Bjul. &)

The calculation of the resulting terms is straightforward and
the precise form is given in Appendix C. Here, we merely em-
phasize that corrections to the second-order exchange strength
are of order O(w?/U?).

To summarize, the explicit time dependence of the drive
induces corrections to the effective Hamiltonian in the lowest
sector. Since these corrections are generally of order O(w/U)
relative to the unperturbed term, they vanish in the limit U —
oo and are thus minor in the regime U > w, t. The above
formalism also allows for a classification of drives regarding
the existence and lifetime of a fractional prethermal plateau as
shown in Fig. 1(b). Generally, a fractional prethermal plateau
can only occur if the periodic modulation couples to the
spinon only via higher-order exchange processes. A particular
case are drives that are diagonal in the basis of Hy as outlined
before, as they do not couple to the spinon via higher-order
processes at all and lead to a fractional prethermal plateau
with lifetime determined by the quasiparticle lifetime largely
independent of frequency.

As a last remark, let us mention that Eq. (27) can in princi-
ple be solved to arbitrary order in € similar to the standard
SW transformation. Prethermalization arguments then sug-
gest that the resulting effective low energy theory is valid
up to exponential times: For the standard SW transforma-
tion, the exponential lifetime can be nicely captured via a
transformation into the rotating frame and a subsequent high
frequency expansion that yields the same result [17]. For the
time-dependent SW transformation, the exponential validity
was formally derived in Ref. [54]. We also note an analogy
to multiband systems, where prethermalization is strongly
suppressed when the driving frequency is comparable to the
bandgap [57] due to interband processes becoming relevant.
However, in contrast to multiband systems, fractionalized
prethermalization emerges in a system with a single physical
degree (the electron), which due to the interacting nature of
the problem fractionalizes into spinon and holon. Thus even
though physical degrees of freedom are driven, a highly com-
plex state is established, which cannot be captured by a simple
effective Hamiltonian.

V. EXPERIMENTAL PROSPECTS

The Hubbard model from Eq. (1) is naturally realized by
loading an optical lattice with ultracold atoms [58]. The lattice
depth and lattice constant can be used to control the hopping
strength of atoms between lattice sites, thus providing high
tunability of the ratio U/t of onsite interaction and hopping
amplitude.

The periodic modulations from Egs. (11) and (12) can
be realized by adiabatic modulation of an additional laser
potential V; of wavelength 2:

V(x) = E.(s1Vo + s2(T)Vy),

Vo = sin®(k.x),
) kL
Vi = sin ?x + ¢4 ), (38)

where k;, = 2w /X is the lattice wave vector, E, = 7122_:12 the
recoil energy, m the mass of the atoms, and s,(t) = s, sin(wt)
the time-dependent superlattice amplitude. From this, we
evaluate the modulation of the hopping parameters and the
interaction strength by solving the band structure numerically;
see Appendix D.

For ¢, = 0 and small s, < 0.2, Eq. (38) realizes the stag-
gered potential term in Eq. (11). The superlattice introduces
and energy offset §V = s, between even and odd lattice sites,
while maintaining approximately constant lattice depth and
thus nearly constant hopping and onsite interaction strength.

To realize a strong staggered hopping as in Eq. (12), we set
¢q = /4 and s, ~ s;/2. This generates an array of double
wells with alternating barrier heights. In this setup, every
second hopping element is suppressed due to the exponential
dependence on lattice depth, giving rise to a staggered hop-
ping configuration. Modulating the lattice depth also affects
hopping and onsite interactions. To counteract this effect, we
stabilize the average parameters by dynamically adjusting the
primary lattice depth as s1(7) = 51 + s2(7)/2.7. This simple
protocol ensures that the average hopping and onsite inter-
action strengths remain stable within a 5% deviation; see
Appendix D.

To capture fractionalized prethermalization experimen-
tally, a low temperature initial state needs to be prepared.
Subsequently, the system is periodically driven with one of the
potentials introduced above. The fractional prethermal plateau
is then captured by evaluating the spin correlations and kinetic
energy at different points in time. The former can be mea-
sured via single site resolved fluorescence imaging of the spin
particles [59]. The latter can also be measured in cold atom
experiments [60,61] albeit through a slightly more elaborate
scheme. The general idea is to introduce large potential barri-
ers after every second site, effectively confining the particles
to a series of double wells. The double well can subsequently
be interpreted as a two level system by introducing an offset
between the minima and the kinetic energy over the bond can
be evaluated via readout of the x component of the two-level
system.

A natural question is to which extent the effective descrip-
tion of the tJ model can be observed in cold atom experiments
implementing Hubbard Hamiltonians. Determining the life-
time of prethermal plateaus in general is an experimental
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FIG. 7. Fractionalized prethermalization in a driven Hubbard
model: The dynamics of the kinetic energy (a) of a driven Hubbard
model qualitatively capture the respective physics of the low energy
effective tJ model (b). In panel (c) we show that the resulting dy-
namics cannot be described by an effective Hamiltonian obtained
from the high-frequency Magnus expansion and the dynamics of the
Hubbard and tJ model approaches with increasing U. To improve
clarity, we apply a moving average preserving filter to smoothen the
data in panel (c). Additionally, the spin correlations of a driven Hub-
bard model retains most of its initial value over an extended period
of time (d). Combining these observations demonstrates fractional
prethermalizaiton in the Hubbard model.

challenge [44]. In Fig. 7, we show that the key features of a
fractional prethermal plateau are qualitatively captured in the
dynamics of a driven Hubbard model as well. Specifically, we
consider the driven staggered potential term of Eq. (11), giv-
ing rise to the prethermalization scenario Case (I). Due to the
larger local Hilbert space, we are restricted to small systems
of size L = 14 with N = 12 particles. Nevertheless, we find
that the dynamics of the kinetic energy generated by the Hub-
bard model qualitatively match the dynamics of the respective
effective tJ] model. In particular, agreement improves with
increasing onsite interaction U, as expected. Additionally, the
spin correlations retains most of its initial value and the relax-
ation time becomes significantly larger upon increasing U . For
comparison, we also include the dynamics generated by the
corresponding second-order Magnus expansion [17] to show
that the Hubbard model physics are not correctly captured
by this high-frequency expansion, implying that the resulting
state does not have conventional prethermal character.

VI. SUMMARY AND OUTLOOK

We have explored fractional prethermalization in one-
dimensional tJ and Hubbard models, originating from

spin-charge separation. We argue that the respective physics in
the two sectors can be captured by the kinetic energy and spin-
spin couplings respectively. Resorting to different types of the
drive, we showed that fractional prethermal plateaus with both
exponential lifetime in frequency as well as Fermi’s golden
rule lifetime in the onsite interaction strength can be realized.
Independent of the specific drive, the fractional prethermal
plateau is characterized by a high effective temperature in the
charge sector, coexisting with a low temperature prethermal
state in the spin sector. We further showed that such physics
arise in the low-energy effective theory of one dimensional
hole doped Hubbard models by employing a time-dependent
variant of the Schrieffer-Wolff transformation. Similar results
are also expected for bosonic Hubbard and tJ] models. The
introduced methods allows us to classify drives according to
the existence and lifetime of the fractional prethermal plateau.
Drives that couple to the spinon only via higher-order ex-
change processes generally lead to a fractional prethermal
plateau, while drives that couple strongly to both quasiparti-
cles generally cause a breakdown of spin-charge separation,
and consequently do not result in a fractional prethermal
plateau.

Our work demonstrates that strongly correlated systems
with fractionalized excitations can host intriguing prethermal
Floquet states beyond the conventional paradigms and that
such states offer a promising tool to probe fractionalization in
such systems. For future works it would be interesting to iden-
tify other systems showing unconventional prethermalization
behavior beyond the one-dimensional Hubbard model and the
Kitaev spin liquid [34] as well as exploring the interplay be-
tween fractionalization and other nonequilibrium phenomena
such as time crystals [62—-64] and topological Floquet systems
[16]. Furthermore, another exciting direction is to explore how
in quantum information processing architectures Trotteriza-
tion protocols to study the dynamics of excitations in (1 4+ 1)D
[65] and (2 + 1)D [66] lattice gauge theories could lead to
related fractionalized prethermalization phenomena.
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APPENDIX A: SQUEEZED SPACE FORMALISM

Here, we give a more detailed overview on the squeezed-
space formalism following Ref. [46] to analyze the spin-
charge separation in the tJ model Eq. (2).

We first consider a single hole and introduce chargons #;
and spinons fj, to describe the hole and spin degrees of
freedom such that

Cia =\ fja (A1)
1 -
2 D fluows i (A2)
a.p
with the condition
(A3)

Zf;:aff-a +hlhy = 1.

In terms of the new operators the original hopping term ac-
quires a quartic form

T =t Z(f hih' oy fira + He). (A4)

Further simplification is subsequently achieved by con51der—
ing only spinons on the occupied sites j = j + Dicih < 1
leading to new operators fj,a = f;.- The transformatlon is
equivalent to mapping the chargon onto the bonds, eliminating

it from the constraint Eq. (A3) which reduces to
2 fufia=1

The new basis states are now states of the form h;IO) ®

[ f;ai|o, 0,0, ...,

two distinguishable particles with [£, 4] = 0. In terms of the
new operators one has

T=- Z(f;.,ahjhjﬂfjﬂ.a +H.c.)
ja

(AS5)

0), i.e., the Hilbert space is described by

—t Y (ffhihl, fra + He)
ja

—t Y (ki Y flofia+HC), (A6)
J

- 1
where in the second line it is used that the chargon resides on
site j + 1 upon application of f;a
Additionally, the spin-dependent part is conveniently ex-
pressed as

S=17Y 8,81 (1 —hihy), (A7)
J

since the two spinons adjacent to the chargon are not neigh-

boring spins in the original basis and therefore do not interact.

The sum of density-density interactions is constant. Com-

bining these terms recovers the transformed Hamiltonian of

Ref. [46],

H=—tY (hhjy+He)+TY 881 (1—hihy),
J J

for a single hole in the chain.

The generalization to multiple holes is straightforward.
Additionally to considering only spinons on occupied sites,
we explicitly map the chargons to the bonds of the squeezed
spin chain by introducing new operators / j+1/2 = h; where
j= >ic ;A= h}h,-), such that all adjacent chargons are
mapped to the same link. For a chain of length L with N
particles, the basis states are then of the form

N
[ 2p0@]]fl,00®..@0). (A8)

J=J1ses JL-N Jj=1 N times

Using the same steps as in Eq. (A6) again results in the same
form of the kinetic energy. The spin part has to be modified
slightly, since interactions are switched off when there is at
least one chargon present on the link. This is achieved by
exchanging (1 — hth;) — (1 — ©(h],, ,hj417)) in Eq. (A7)
Here, ®(-) denotes the step function and we require ®(0) =
To treat the density-density interactions in Eq. (2) we first
note that a single hole in the original model switches off
the interactions on two adjacent sites. More generally, k > 0
adjacent holes switch off k 4+ 1 bonds. Hence, the number
of deactivated density-density interactions are related to the
number of chargons on each bond via

1 - -
D= 2 L—ZK(h;+1/2hj+l/2) , (A9)
J
where we defined
x =0,
K(x){x + 1 else. (A10)

One then notes that the kinetic energy and density interactions
depend only on the chargons. Additionally, the spin term may
be split into a Heisenberg term coupling only to the spinons
and an interaction term

S=7Y;881-7) 88,100, k).
J

Hine

In summary, this results in Egs. (3) and (4) of the main text.
To express the staggered potential from Eq. (11) in

squeezed space, let us first recall that only occupied sites are

considered in squeezed space. This implies that the prefactor

d : Al 7
occupied j ( 1)./+Zk<fhk+l/2hk+]/2

(=1 —— (ALD)
acquires a nonlocal form in terms of the chargon operators
in squeezed space. Additionally, the number of chargons on
a bond j + 1/2 describes the number of consecutive holes
in the chain. For any even number of consecutive holes, the
contributions due to the staggered potential cancel, leading
to a net contribution of zero. We thus only acquire a contri-
bution of 4+1 when the occupation number on bond j + 1/2

is odd, which is achieved by a factor (1 — (—1)=12fm2) /2.
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This leads to the form

V= Z(—l)’nﬁ— Sy R (-

occupied j

of the staggered potential introduced in Eq. (11).

(— l)ﬁjﬂ/zﬁf“/z) -+ const.

Using Eq. (A11) and previous results in this section, the drive from Eq. (12) induced by driving the Hubbard model with a
staggered potential is expressed in squeezed space as follows: The staggered hopping term becomes

gf ()P
Ja=1.1

> e e+ He) [Py = gf (1) Y (— 1 B s Gl Ry 4 Hee),

(A12)

J

To treat the spin and density terms, we first note that the contribution proportional to f(t)? merely changes J — J(t) = J(1 +
&/t f (12)). The remaining spin and density interactions transform as

f(r)Z( 1>’( ’ /H) - %f&)Z:(—1>"*Zk<-f(”z+'/2”k+'“> (L (=)t

. 20] . P -~ - -
—%f(‘f) Z(_I)J (Sjsj-s-l) N —%f(‘r) Z(_1)J+Zk<,(hk+|/zhk+1/z) . Sij-H -(1— @(h;+1/2h‘j+]/2))~
j J

(A13)

Here, all sums on the right side only run over all occupied sites j and the density term is understood in similar fashion as
Eq. (A12), with only even numbers of adjacent holes causing a nonzero contribution.

APPENDIX B: ADDITIONAL NUMERICAL DATA

In this section, we provide additional numerical data, as
well as an extended discussion on introducing randomness
into the drive. In particular, we emphasize that this approach
can be challenging to control in a general setting.

1. Class (III): Drive with strong spin coupling

In Sec. III of the main text, we have analyzed different
drive protocols in which a clear fractionalized prethermal
regime is observable. Here, we introduce a drive protocol that
couples strongly to the spinons. To this end, we drive the tJ
model with a next-nearest neighbor spin interaction

V= ZSJ j+2

For this type of drive, a quick heating of spin and charge
degrees of freedom is observable; see Fig. 8. Specifically, the
strong dependence on onsite interaction U and frequency w at
intermediate frequencies is not present anymore, demonstrat-
ing breakdown of fractionalized prethermalization.

(BI)

2. Finite-size effects in numerical simulations

In the main text, we restrict to simulating systems with L =
20 sites and L — N = 3 holes for numerical feasibility. Here
we give further remarks on the finite-size effects that appear in
the spin correlations due to the product structure of the Hilbert
space; see Fig. 9. First, we note that the correct qualitative
behavior emerges only for system sizes L > 20 (with three
holes in the system). Additionally, the spin correlations do
not relax to their true infinite temperature value but instead
start to fluctuate around a small but finite value that decreases
with increasing system size. This effect is more prominent
for large onsite interactions U, hosting stronger spin-charge
separation. We circumvent this problem by rescaling the spin

(

correlations with their late time steady-state value Z(t) =
Z(t) — Z(t = 10°t) instead of the infinite temperature value
Tr(Z)/Tr(Z). This leads to excellent agreement between data
for L =20 and L = 22 over most of the evaluated range of
onsite interactions 10 < U < 40 with some small deviations
appearing at larger U; see Fig. 9. Subtracting the late-time
value is additionally justified by further noting that the late
time steady state for the largest system size L = 22 is very
close to an infinite temperature state.

3. Effect of noise on the lifetime

The driven tJ] model introduced in Eq. (6) is generally
expected to thermalize to an infinite temperature state at late
times. In exact diagonalization studies, finite-size effects can

1.0+ U=24| T w=24
o R— J— JR— —
1 U =32 w=3.2
>~ 0.5 — U =40| | — w=4
E — w=4.8
0
0.0
T T T T
1.0 .
S
N
~ 0.5 B
r
N
0.0
T T T T T T T T
10° 10' 102 103 10* 10° 10' 102 103 10%
time T time T

FIG. 8. Breakdown of fractionalized prethermalization: A drive
that strongly couples to both quasiparticles leads to a breakdown of
the fractionalized prethermal plateau. Consequently, heating times of
the charge and spin sector agree and any dependence on U (left) as
well as frequency w (right) is absent up to frequencies w =~ 4.4t at
which the whole system starts to prethermalize.
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14— U =22
U =28
— L =20 — U =34
e L =22 1—U =40
T T T T T T T T
109 102 10* 10° 102 10%
time 7 time 7

FIG. 9. Finite-size effects: The correct qualitative behavior of
the spin-correlations emerges for system sizes L > 20 (left). While
data for L =20 and L = 22 is in good agreement for small onsite
interactions U, at the largest evaluated values we still encounter
considerable finite-size effects, manifesting in the correlations not
relaxing to their true infinite temperature value (middle). We circum-
vent this problem by rescaling with respect to the late time steady
state value instead of the infinite temperature value (right), which
leads to good agreement of the two system sizes over the full range
of onsite interactions 10 < U < 40.

however cause the dynamics to not be fully ergodic; see Fig. 9.
The consequence is that observables do not relax to their in-
finite temperature expectation values. Previous works [28,29]
have demonstrated that applying a small random perturbation
T — T(1+ 8) to the period of the drive in each cycle can
restore ergodicity by introducing small perturbations to the
eigenstates of the Floquet Hamiltonian. In the high frequency
limit, this approach only causes multiplicative corrections to
the terms in the Magnus expansion and preserves the exponen-
tial scaling for sufficiently small 8. Generally, the dynamics
of an arbitrary system with statistical periodicity is however
governed by an effective Lindblad equation [52]. Therefore,
even small amounts of randomness ¢ induce an additional re-
laxation channel. Applying Matthiessen’s rule to the driven tJ
model investigated throughout this work motivates the Ansatz
1 1 1

—=—+— (B2)

Tth w T
for the thermalization time 1y, of the spin sector. Here, ty
refers to the intrinsic lifetime of the model and ts5 to the
relaxation time induced by adding a small amount of random-
ness to the period of the drive. From the above equation it
is immediately apparent that the method is well controlled
as long as the relaxation time induced by adding randomness
Ts > Ty is much larger than the intrinsic thermalization time
of the system.

In Figs. 10(a) and 10(b) we show numerical results for the
dynamics generated by the tJ model driven with the staggered
potential introduced in Eq. (11) and uniform random noise
applied in each period. We first note that introducing random-
ness has minimal effect for small onsite interaction U while
decreasing the lifetime up to a factor of five for a randomness
level § = 0.1 at large U = 40, already indicating that the
approach is not well controlled in our setting. As before, we
define the lifetime ty, as the time where the spin correlations
have lost half of their initial value Z(t)/Z(0) = 0.5. Let us
emphasize that contrarily to Fig. 3, here we rescale the spin
coupling with respect to the infinite temperature value, as the
randomness restores ergodicity of the dynamics.

To gain better insight, we use Eq. (B2) to gain an estimate
for the lifetime 1/75 = 1/t (8) — 1/t (8 = 0) where the

(@) 14 W 0.1 (0)4: ©) £5=0.0025 P
S |U=18 %H 1074 - |7 6=0-05 it
N \ ] 104 4 v
IN 2 c gt 4 ~ U 4 &‘..:}’.""
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FIG. 10. Effect of statistical noise on the lifetime: (a), (b) Dy-
namics of the tJ model driven with a staggered potential for different
onsite interaction U. The effect of statistical randomness § is more
prominent for large U. The relaxation time 75 follows a FGR scaling
at small § as predicted by Ref. [52] (c). The ratio 75 /7y of random-
ness induced lifetime and intrinsic lifetime is already on the order
O(1) for large onsite interactions U and § ~ 0.005 (d), indicating
that the approximation is not well controlled in the present setting.
This becomes even more apparent when comparing the resulting
lifetimes of the fractional prethermal plateau at different randomness
strength (e) and fitting the power law exponent ty, ~ U“ as function
of & (f) determined at different values Z, of Z(t)/Z(0). It is apparent,
that the correct value is approached only in the regime where the life-
time of the fractional prethermal plateau is governed predominantly
by randomness.

latter should be seen as the intrinsic lifetime of the model 7.
As shown in Figs. 10(c) and 10(d), the lifetime 75 ~ 1/582 is
consistent with a Fermi-Golden rule scaling predicted by [52]
for small §. Additionally, we observe that the ratio t5/ty ~
O(1) is already of order one for large U and randomness
8 ~ 0.005, demonstrating that adding even a small amount of
randomness overwhelms the lifetime of the fractional plateau
and the resulting lifetime ty, is strongly influenced by t;.
This is further demonstrated in Figs. 10(e) and 10(f) where
we approximate the exponent o governing the power law
T (8) ~ U*® . The correct exponent o =2 is approached
only at large § > 0.05 where the lifetime is however strongly
dependent on the introduced randomness. Furthermore, for
small 8, exponents are incorrect due to the generated dynamics
being close to the unperturbed model, for which the spin
energy relaxes to different late time values not accounted for
within this analysis.

To summarize, our analysis demonstrates that while adding
statistical randomness to a periodically driven system can
successfully restore ergodicity, it generally does not provide a
well-controlled approximation. The underlying reason is that
in a general setting, adding randomness restores ergodicity
on relevant timescales only when the relaxation time induced
by the randomness 75 ~ 7y is on the order of the intrinsic
lifetime of the system. The success, e.g., in the prethermal
limit however relies on the fact, that adding uniform random-
ness in each period merely renormalizes the resulting effective
Hamiltonian, but still keeps the general structure of the high
frequency expansion intact.
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APPENDIX C: SCHRIEFFER-WOLFF TRANSFORMATION
OF THE STAGGERED HOPPING

In this Appendix, we show additional details for the modu-
lated staggered hopping discussed in Sec. IV. We use the same
notation as in the main text and denote the driven Hubbard
Hamiltonian by

U
HQ = E ijn,(n, — 1),

V()= —t Y Ajaclycirra+He,  (C)

Jha=1.4

where A, = (1 — ff(r)(—l)j) and 1V (t) accounts for the
total perturbation to Hy consisting of the static hopping and a
the time-dependent staggered hopping

gf TV =gf(r) Y (=1)(c] cit1a+He) (C2)
ja=mt{

Our goal is to find the low energy effective theory via the
time-dependent Schrieffer-Wolff rotation introduced in Sec.
IV. Hence, we need to determine the components S, (t) of
the generator S(t) = ), €"S, () recursively using Eq. (29)
by requiring that the offdiagonal terms vanish. As in the main
text, we compute the expansion with ¢ as small parameter €
and compute the remaining terms from Eq. (27) up to second
order in ¢ to obtain the effective Hamiltonian. The constituting
equation for S;(7) is given in Eq. (30) and reads

i0:S1(7) + V(7) + [S1(7), Ho] = 0. (C3)
We have to eliminate the offdiagonal terms
10:51(7) + PoV(1)Pe + PV(T)Po + [S1(7), Hol.  (C4)

where P; again defines the projector onto the subspace with
at most one particle per site and P, its complement.

We first solve Eq. (C4) ignoring the derivative, equivalent
to a time-independent transformation with modified interac-
tion strength t — tA; ;. The offdiagonal terms are eliminated
by choosing

1
Si(r) = U[PL-V(T)PO — PoV(T)P]. (C5)
And the second-order contribution to the effective Hamil-

tonian is determined from the diagonal contributions arising
from the Baker-Campbell-Hausdorff expansion

[S1. PoVPe + PVPol + 4S1. [S1. Holl.  (C6)
which result in a total contribution
B = —Cpypvn c7
eff — _U 0 c 0 ( )

to the lowest subspace. They account for second-order ex-
change processes of the form

&, a),

ler, @),

similar to the Hubbard model but with modified strength
Aia. This results in the same form of an effective spin-spin

&, a) = |2,0) — { (C8)

interaction but with strength J' = J -Aia. Here, we again ne-
glect processes of the form |0, &, ) — |0, 2,0) — |«, &, 0),
where the particles hop over, suppressed by a factor 1/8.

Next, we need to determine the influence of the derivative
on this result. We make the same ansatz for Sj(tr) as in
Eq. (C5) but we do not fix the coefficients to be the same as in
V and explicitly write it with Hermitian conjugate. That is,

- 1 )
Sit) = ZPey - Y Bju(t)e} 4¢jt10 +He t P — Hee.

j.a

1
= ;PP —He., (C9)

where B;,(t) is not necessarily real. The commutator
[S1(7), Ho] is the same as in the case before, and the resulting
equation becomes

5&7’5%7’0 + PV(0)Po — PViPo =0, (C10)

which leads to the following differential equations for the
coefficients:

—gafBjﬁa(n 1+ (—1)gf(t) + Bju(x) =0. (Cl1)

The general solution of this equation for arbitrary f(7) cannot
be determined analytically; therefore, we consider f(r) =
sin(wt) as an example. In this case, a particular solution is
given by

gU? sin(wt)
U2 _ wz

Bio(t)=1— (_1)_,( igUa)cos(a)r))
jeT) = i

U2 _ wz
(C12)

and we may set the coefficient of the general solution to zero
since we are only interested in a particular solution.
Considering the derivative, the second-order effective

Hamiltonian consists of two contributions: (1) A term
H? = J[S1(1)3:51(x) = 3:S1(x))Si()]  (C13)

arising from the derivative, which results in subleading contri-
butions of order O(wt?/U?) to the effective spin interaction.
(2) The static part in Eq. (C6) with modified coefficients:
Instead of Eq. (C7), the resulting contribution in the subspace
P() is

1 1
— 5 (PoVPVPo+ PoVIPVPo) + E(Povj PV Po).

(C14)

Following similar steps as above, we obtain for the prefactor
J/

J'JJ =2Re(B; o)A — |Bjal?

olU? si '
= 2<1 — (—I)JgUZSI—_n(a)w;))(l — (=1)Y gsin(wt))
—(1=(=1 ;18U sin(w1) 2 _ gUPw cos(wr)?
( D U? — 0? ) U2 —w2p2
(C15)
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where the last part is the contribution due to additional terms
coming from the derivative.

APPENDIX D: OPTICAL LATTICE REALIZATION
OF THE DRIVEN HUBBARD MODEL

Here, we numerically solve the band structures with super-
lattices that can be used to modulate the hopping amplitudes
and the staggered potential. Specifically, we consider the two
optical potentials introduced in Eq. (38). Both potentials have
a two site unit cell a = i—’L’ and the relevant physics in the
limit of deep lattices are captured by the two lowest bands.
First, we numerically solve the singe-particle Schrodinger
equation using standard techniques (see, e.g., Ref. [68], Chap.
2) to obtain the single particle band structure, and fit it with
the respective tight binding model to obtain the parameters
of the quadratic Hamiltonian. We then construct the maxi-
mally localized Wannier functions (MLWF) w;(x) = (x|j) as
eigenstates of the position operator projected onto the two
lowest bands, allowing contributions from both bands, see
[68]. Using the MLWF we compute the onsite interaction
strength as

A7 hla,
2m

U = f dx|w o ()|, (D1)

with a; the s-wave scattering length and m the mass of the
atoms. We consider the following cases:
Case I:

k
V(x) =E, (sl sin(k.x) + s, sin’ (ELX + %)) (D2)

with lattice Hamiltonian

H =Z(—t + (—1)jg,)(C;aCj+l,ot +H.c)4+U Z”M”j,i

e J
(D3)
and tight binding dispersion
€nop(k) = /22 + 282 +2(12 — g2) cos(2k).  (D4)

This potential implements the driven Hubbard model in
Eq. (12) upon modulating s,. To realize a strong drive g, the
strength s, is considerable. This renormalizes the hopping

1.05
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FIG. 11. Lattice Hamiltonian parameters of the optical lattice
setup: (a)—(c) Staggered hopping amplitude, average hopping con-
stant and onsite interaction strength as function of the superlattice
strength s, for Case I. (d)—(f) Staggered onsite potential, hopping
constant, and staggering of the onsite interaction strength for Case
IL.

t and onsite interaction strength U. The effect can how-
ever be counteracted by dynamically adjusting s,(7) = s; +
52(7)/2.7, with a numerically determined factor 2.7 that keeps
t, U constant within approximately 5% relative deviation. We
show results in Figs. 11(a)-11(c).

Case II:

V(x)=E, (sl sin(kzx) + s, sin® (%x)), (D5)

with lattice Hamiltonian

H = —t Z(C;,achrl,a + HC) + U anﬁnj,i

Jre J

+en Y (=D (njp +nj) (D6)
j
and tight binding dispersion
€pot(k) = £/ g% + 412 cos* (k). (D7)

This potential implements the driven Hubbard model in
Eq. (11) upon modulating s,. Note that the potential intro-
duces a slight staggering AU = U; — Uj;. Numerical results
are shown in Figs. 11(d)-11(f).
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