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Mobile impurity interacting with a Hubbard chain and the role of Friedel oscillations
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This work examines a mobile impurity interacting with a bath of a few spin-1 and spin-| fermions in a small
one-dimensional open lattice system. We study ground-state properties using the exact diagonalization method,
where the system is modeled by a three-component Fermi Hubbard Hamiltonian. We find that in addition to
the standard phase separation between a strongly repulsive impurity and the bath, a strongly attractive impurity
also phase separates with the fermionic holes due to the particle-hole symmetry. Furthermore, we find that the
impurity can show an oscillatory pattern in its density for intermediate attractive and repulsive bath-impurity
interactions, which are induced by Friedel oscillations in the finite-size fermionic bath. This rich behavior of the
impurity could be probed with fermionic ultracold mixtures in optical lattices.
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I. INTRODUCTION

The study of impurities interacting with a quantum bath
is a fundamental problem in many-body physics. They often
form dressed quasiparticles known as polarons, as coined in
the seminal work of Landau and Pekar on electrons interacting
with an ionic crystal [1]. Since then, polarons have been ex-
tensively studied in many physical systems, such as in liquid
helium [2], quantum materials [3,4], and even nuclear matter
[5].

More recently, ultracold atomic mixtures [6] have appeared
as an ideal platform for realizing polaronic systems [7-9].
They offer a highly controllable setting where the interatomic
interactions can be tuned by using Feshbach resonances [10],
and impurities are realized by preparing mixtures with a high
population imbalance. So far, these developments have en-
abled the experimental observation of both Fermi [11-15] and
Bose [16-20] polarons across their attractive and repulsive
branches. In parallel to this, in the realm of two-dimensional
(2D) materials, it has also become possible to engineer im-
purities in transition metal dichalcogenides (TMDs) [9,21]. In
these, impurities can be realized with excitons interacting with
electrons [22,23], as pioneered by the observation of Fermi
polarons in a MoSe, monolayer [24]. Since then, further real-
izations of polarons in TMDs have emerged [25,26].

This work focuses on impurities confined in a lattice sys-
tem. This is motivated by the option of confining ultracold
atoms in optical lattices [27,28] and of realizing Hubbard
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models with TMD bilayers [29,30]. In this direction, impu-
rities interacting with a bosonic bath in lattice systems have
received extensive attention in the past few years [31-44].
Among these, topics of interest include the consideration
of insulating baths [33,38,39,44] and the onset of phase
separation for strongly repulsive impurities where the quasi-
particle is destroyed [32,36,37]. In turn, impurities immersed
in a fermionic bath in the lattice have also been studied
[45-50], especially for examining quasiparticle properties in
two-dimensional geometries.

In this work, we examine the behavior of one mobile
impurity interacting with a spin—% balanced Fermi bath.
We consider that all the particles are confined in a one-
dimensional lattice within the tight-binding regime, which we
model as a Hubbard Hamiltonian. Importantly, we consider
a small open lattice which features Friedel oscillations in the
fermionic bath [51]. These correspond to a signature feature
of fermions in the presence of defects. In our case, the oscil-
lations are caused by the open boundary conditions and, thus,
they are a finite-size effect, as reported in the past for Hubbard
chains [52].

We study the system using the exact diagonalization
(ED) method [53,54], which has been employed success-
fully in the past for calculating Fermi polaron properties in
two-dimensional lattices [45]. We report an exhaustive exami-
nation of the system across a wide range of interactions, where
it shows a very rich behavior despite its simplicity. On one
side, we find that the system can show a phase separation be-
tween the impurity and fermionic holes for strong attraction.
This is explained by the particle-hole symmetry of the Fermi
Hubbard model [55], and thus it is not observed in the softcore
bosonic lattice configurations studied in the past. On the other
hand, we find that for intermediate bath-impurity interactions,
the impurity displays peculiar patterns in its density, which are
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explained by the presence of Friedel oscillations in the bath.
Thus, these findings suggest the use of impurities to probe
Friedel physics in fermionic systems.

This work is organized as follows. Section II presents
the model, including the Hamiltonian and the numerical ap-
proach. Section III presents the main results of this work,
where the behavior of an impurity interacting with a fermionic
bath at quarter-filling is examined. Here, density profiles, cor-
relations, and entanglement properties are examined. Then,
from the understanding of the particle-hole symmetry of the
model, Sec. IV generalizes the previous results to three-
quarters-filling. Finally, Sec. V presents the conclusions and
outlook of this work. Complementary results are also reported
in the Appendix.

II. MODEL
A. Hamiltonian and setup

We consider a one-dimensional optical lattice with M
sites loaded with a mobile impurity (/) and a bath of spin—%
fermions (o0 =1, |). Such a three-component system can be
achieved with ultracold atoms in different internal states, as
done in the past with °Li [56,57] (see Ref. [58] for a recent
realization). We assume that the particles interact through
short-range onsite interactions and that the lattice has open
boundary conditions. In the tight-binding regime, the system
is modeled by a three-component Hubbard Hamiltonian

H=—1t Z Z(cmc,Jr](,—i—Hc)jLUZn,in,T

o=1%,] i=l

— tZ(a (,ZH_] +HC)+UfI Z an(fnl]’

o=1,] i=1

where ¢; o (EZU) and g; (&}L) annihilate (create) a fermion of
spin o and impurity at site i, respectively, and 7; , = 6;66,;(,
and ii;; = &Z&,- are the respective number operators.

The first two terms in Eq. (1) describe the fermionic bath,
the first corresponding to the tunneling term with amplitude
t > 0 and the second to the repulsive 1 — | interaction with
strength U > 0. The third term describes the tunneling of
the impurity, which has the same coupling ¢ as the fermions.
Finally, the fourth term describes the fermion-impurity inter-
action, for which we consider equal (symmetric) interaction
strengths Uy; between the impurity and both spins. Addi-
tionally, this interaction can be either repulsive (Us; > 0) or
attractive (Uy; < 0). An examination of asymmetric interac-
tions between the impurity and each spin state is presented in
Appendix A. There, we show that our main findings also hold
for asymmetric interactions.

As mentioned, we consider one impurity, N; = 1, through-
out. In turn, we consider a balanced bath with an equal number
Ny of fermions of each spin

Ny =N, =N,. 2)
Therefore, the filling factor is defined by

Vr :Nf/M. (3)

This work focuses on baths with filling factors v, # %, which
exhibit Friedel oscillations in open lattices [52]. In the main
text, we present results for the cases of vy = % and %, as these
display the richest and most representative behavior. Other
choices of filling factors are examined in Appendix B.

B. Exact diagonalization

To study the nontrivial effects that stem from the interact-
ing impurity, we diagonalize the Hamiltonian using the ED
method for a fixed number of particles [53,54]. We work with
a mixed Hilbert space H = Hs ® H; ® H; where the Fock
states |v,) € H, correspond to distributions of the particles
of species 0 =1, |, I across the lattice. These states read as

lve) = |0, ... a5 ), 4)

l,o°
where n 1s the number of atoms o at site i for a given state

v, and thus ¥ n(”)

with either fermions or one impurity, n can only be O or 1.
By using this Fock basis, a wave functlon reads as

N,. Addltlonally, because we work

D, D

Dy
=3 33 oo lvg v, )

n=lv,=1v=1

where D, = (1}\‘: ) is the size of the Hilbert space of each
species H,. Therefore, the size of the full Hilbert space is
2
D:M%)
from a numerical diagonalization of the Hamiltonian matrix.
Throughout this work, we focus on ground-state properties.
From its wave function |W,), we calculate the density profiles

no (i) = (io), (i) = (i), (6)

where n, is the profile of each fermionic spin, while n; is
that of the impurity. Note that, because in the main text the
parameters for both spins are equal, we have that ny = n for
all sites.

In the following sections, most of our results consider M =
12. However, an examination of other lattice sizes is reported
in Appendix C.

. In turn, the coefficients ¢y, v, ,, are obtained

C. Particle-hole symmetry

An important aspect of the balanced [Eq. (2)] Hubbard
model is its particle-hole symmetry [55]. Importantly, this
symmetry also imposes constraints on the three-component
system considered in this work. As it will be shown in the next
sections, the particle-hole symmetry explains the appearance
of an impurity-hole phase separation for large Uys; < 0, which
is analogous to the standard impurity-fermion phase separa-
tion for large Uys; > 0.

By performing a particle-hole transformation c‘ — Cig
in the Hamiltonian (1) for Ny = N, one obtams that the
density of each spin o =1, | satisfies

—Up 1 —vp) = 1. )

This relation simply exchanges particles by holes for opposite
interaction strengths and filling factors. In turn, the density of
the impurity satisfies

ni(GUpp, vp) = ng(i; —Uypp, T — vp). ®)

ne (i Usr, vy) + ng (i
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FIG. 1. Density profile of the fermions at v, = i in the absence

of the impurity (Us; = 0) as a function of lattice sites. (a) Considers
a lattice with M = 8, (b) with M = 12, and (c) with M = 16. The
blank circles show results for U = 0, the filled squares for U = ¢, and
the filled diamonds for U = 4. The dashed horizontal lines indicate
the filling factor of the fermions. The dashed-dotted curves show the
noninteracting profile from Eq. (9).

These two relations impose important constraints on the den-
sities of contrasting fillings, such as v, = 4]'1 and %, which
will be examined throughout this work. In the next section,
we present a comprehensive examination of the system for

vy = 1. Afterwards, in Sec. IV, we show analogous results

for v; = 2, which derive easily from the understanding of the
particle-hole symmetry relations.

Finally, we stress that the particle-hole symmetry appears
in the considered Hubbard model, which only holds in the
tight-binding approximation. To examine how the reported
results change in shallower lattices, in Appendix D we report
complementary results for a continuous model with an oscil-
latory potential.

III. QUARTER-FILLING

In the following, we first examine the behavior of the
fermions in the absence of the impurity to illustrate the on-
set of Friedel oscillations. Then, we report a comprehensive
examination of the behavior of the interacting impurity.

A. Friedel oscillations

As mentioned, open finite lattices with v, # % display an
oscillatory pattern in the density n, of the fermions. This
corresponds to a border effect referred to as Friedel oscil-
lations. To illustrate this for vy = }f, in Fig. 1, we show a
representative set of profiles of the fermions for Uy; = 0. The
figure displays results for different lattice sizes to illustrate
the general nature of the profiles. The total density is divided
by two to highlight the filling v, = 1. Additionally, we show
the analytical result for the noninteracting limit U = 0. For
Vr < %, this is given by [52]

. Ny+1/2
oy N2 1 sinQmBER)
? M+ 1 2M+1)  sin ()

for o =1, |. The coordinate x corresponds to a position in the
lattice, with its integer values corresponding to specific sites
i=1,...,M.

From Fig. 1, it is easy to observe that all the panels exhibit
the mentioned oscillatory pattern in the profiles. As shown by
the panels, the number of peaks or maxima in the oscillations
is equal to the number of fermions of each spin Ny, both in the
noninteracting and interacting cases [52]. The latter is fulfilled
for any filling factor vy < % with Ny > 1.

A signature feature of Friedel oscillations, not only in
lattices, is that the largest peaks are those closest to the bound-
aries. Indeed, the oscillations show a damping away from
the borders. This behavior can be appreciated in the profiles
for M = 12 and 16 [Figs. 1(b) and 1(c)], where the central
oscillations have a smaller amplitude. Additionally, and very
importantly for this work, we observe that the position of these
largest maxima changes with U.

For small U (see blank circles and filled squares), the
largest peaks are located at the third site next to either border,
i=3and M — 2 [52]. On the other hand, for large U (see
filled diamonds), the position of these largest peaks moves
to the second site next to the border, i =2 and M — 1, as
indicated by the black arrows. This change of position is
produced by the strong repulsion between fermions, which
induces a spin-wave state. We have found that this change
occurs around U = 1.8t for the examined lattice sizes. As
we show in the following, the position of the peaks has an
important effect on the behavior of the interacting impurity.

Figure 1 also shows that for large U the oscillations be-
come less pronounced, as they exhibit smaller deviations from
the average density. While this might suggest that Friedel
oscillations are less relevant at large repulsion, the following
results show that the impurity is sensitive to these oscillations
for a wide range of U. Additionally, the amplitude of the
oscillations also decreases with increasing M. Therefore, the
effect of Friedel oscillations examined in this work could
become difficult to observe in very large lattices.

Finally, we note that the position of the peaks shows differ-
ent behaviors for other filling factors. However, the qualitative
impact of the Friedel oscillations on the impurity is general.
We refer to Appendix B for additional discussion on the filling
factors.

B. Densities with an interacting impurity

Having examined the bath’s underlying behavior, we can
now study the effect of the interacting impurity. In Fig. 2
we show profiles of both the impurity and fermions for a
representative set of fermion-impurity interactions Uy, /U . All
the panels consider U = 4¢, with other values being examined
later. In the following, we discuss different interaction regimes
in turn.

1. Weakly interacting impurity and miscibility

For small |Ug|/U [Figs. 2(a) and 2(d)], the impurity is
weakly interacting, and thus the overall behavior of the system
is similar to that of the noninteracting limit Uz = 0. Here,
the impurity (orange circles) shows a sinelike profile, with its
peak at the center of the lattice. Note that, in both panels, the
noninteracting profile (blank small orange circles) is almost
completely underneath the larger markers for Uy; # 0. Simi-
larly, the fermions (blue squares) show only a small deviation
from their noninteracting profiles (blank small blue squares).
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FIG. 2. Density profiles of the impurity (orange circles) and of
the fermions (blue squares) at v, = § for U = 4t as a function of
sites in a lattice with M = 12. The filled large markers consider the
finite interaction Uy; indicated in each panel, while the blank small
markers consider a noninteracting impurity (Uy; = 0) for reference.
The top panels and bottom panels consider repulsive and attractive
interactions, respectively. The dashed horizontal lines indicate the
filling factor.

Overall, from these profiles, we can infer that both the
fermions and the impurity can occupy the same sites, with no
important effect from the weak interaction Uy;. Therefore, we
can identify these configurations as miscible (M), consistent
with the expected behavior for weakly interacting impurities.

2. Strongly interacting impurity and phase separation

We can now examine the regime of a strongly interact-
ing impurity. In the case of strong repulsion [Fig. 2(c)], we
observe that the impurity localizes at the borders of the lat-
tice, having a vanishing occupation at the center. In contrast,
the fermionic bath occupies the central sites, decreasing its
occupation at the borders. This behavior indicates a phase
separation between the fermions and the impurity due to the
strong repulsion, as is typically observed for strongly repul-
sive impurities. Therefore, we refer to this configuration as a
particle phase separation (pPS). We note that the fermions do
not exhibit a vanishing density at the borders due to the su-
perposition of two states (phase separation at the right and the
left). Nevertheless, we later show that fermions and impurities
cannot occupy the same sites, confirming this immiscibility.

While the previous behavior can be expected, we ob-
serve a somewhat unexpected behavior for strong attraction
[Fig. 2(f)]. Here, the impurity again localizes at the borders of
the lattice. In turn, due to the strong bath-impurity attraction,
the fermions also greatly increase their occupation at those

bordering sites. Therefore, all the particles in the system show
a large occupation at the borders. This can be counterintuitive,
as one would expect that, for strong attraction, the system
would collapse instead to the center of the lattice. As men-
tioned in Sec. II C, this new configuration also corresponds
to a phase separation. However, this corresponds to a phase
separation between the impurity and holes, instead of between
the impurity and fermions (particles). Thus, we refer to this
configuration as hole phase separation (hPS), which stems
from the particle-hole symmetry of the fermionic Hubbard
chain.

In general, in a phase separation, the minority species is
pushed to the borders of the system. This explains why the
impurity localizes at the borders for |Uy;| 3> U. In turn, the
majority species occupies the center of the lattice. For strong
repulsion, this majority species corresponds to the fermionic
bath. On the other hand, for strong attraction, such a species
corresponds to the holes. Thus, in the latter case, because the
holes occupy the center of the lattice, the fermions must in
turn increase their occupation at the borders, explaining the
observed behavior in Fig. 2(f).

One important difference between the two phase-separated
configurations is the level of localization of the impurity.
In the observed pPS [Fig. 2(c)], the impurity can mostly
occupy the last three sites at either border (i = 1, 2,3 and
i=M—2,M —1,M). On the other hand, in the observed
hPS [Fig. 2(e)], the impurity is sharply localized at sites i = 1
and M. This is due to the low filling factor vy = %. For pPS,
the total number of fermions (particles) is smaller than the
number of sites (Ny + N, < M), leaving several free sites for
the impurity to move to. In contrast, for hPS, the number of
holes is greater than the number of sites. Therefore, in this
hPS, it is energetically favorable to leave only a single site for
the impurity at each border.

Finally, we further stress that the hPS is a result of the
particle-hole symmetry in the tight-binding Hubbard Hamilto-
nian. Therefore, the hPS configuration disappears in shallower
lattices where such symmetry is not present. In contrast, the
standard pPS is a general feature of strongly repulsive sys-
tems, and thus it is still present in those shallower lattices. We
refer to Appendix D for a more detailed examination.

3. Intermediate interactions and Friedel oscillations

In addition to the previous configurations, we observe that
for intermediate interactions, the impurity becomes influenced
by the Friedel oscillations of the fermions. This contrasts with
the previously examined cases, where these oscillations do not
play an important role.

First, for intermediate repulsion [Fig. 2(b)], we observe
that the profile of the fermions shows only small deviations
from that at Uy; = 0, continuing to show their Ny = 3 peaks
from their Friedel oscillations. Then, due to the fermion-
impurity repulsion, the impurity prefers to localize between
those peaks, where the fermions show a smaller occupation.
This localization induces the impurity’s profile to develop a
two-peaks structure, deviating from its sinelike profile. Thus,
ny displays an oscillatory pattern, which is due to the Friedel
oscillations in the bath. Therefore, we refer to this configura-
tion as Friedel repulsive (FR).
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FIG. 3. Density profiles of the impurity [(a) and (c)] and of the
fermions [(b) and (d)] at vy = % as a function of Uy, /U and of sites in
a lattice with M = 12. The top and bottom panels consider U/t = 4

and 0.5, respectively.

Finally, for intermediate attraction [Fig. 2(e)], the impurity
displays an even more striking localization at sites i = 2 and
M — 1, with a near vanishing occupation in the rest of the
lattice. This localization is again a result of Friedel oscilla-
tions. Indeed, the underlying larger density of the fermions
on sites i =2 and M — 1, discussed in Sec. III A, induces
the attractive impurity to localize to such sites. In turn, the
impurity further enhances back the occupation of the fermions
on those sites. In the following, we refer to this configuration
as Friedel attractive (FA).

Overall, the impurity displays oscillations in its density due
to the presence of Friedel oscillations in the fermionic bath.
As it will be shown in the following sections, the observed
localizations of the impurity are also akin to the phase separa-
tions presented before. This means that the FR and FA regimes
show features of pPS and hPS, respectively, being precursors
of full phase separations.

4. Dependence on the interaction strengths

Having reported representative profiles of the different
configurations, we now examine the dependence of the pro-
files on the interactions. In Fig. 3, we report profiles of
the impurity (left panels) and of the fermions (right panels)
as a function of Uy;. The figure displays different density
configurations, corresponding to the previously examined
cases. Importantly, while the figure displays very well-defined
regimes, we stress that the system shows crossovers instead of
true phase transitions due to the consideration of small lattices
and few particles.

For the previously examined case of U/t =4 (top pan-
els), the pPS configuration occurs for Uy /U 2 3, while the
hPS one occurs for Uy, /U < —4. In turn, the Friedel-induced

localization of the impurities at sites i =2 and M — 1 (FA
regime) occurs on a small but finite range of approximately
—4 S Uy /U < —2. Importantly, within each configuration,
the figure shows that the densities are approximately constant.
Therefore, the profiles reported in Fig. 2 are a good represen-
tation of each configuration.

One important aspect to examine is how the behavior of
the system changes with U/¢. We found that the same regimes
appear for any U/t > 0. However, the configurations appear
for different ranges of Uy;/U. To illustrate this, we report
densities for a small interaction of U/t = 0.5 in the bottom
panels of Fig. 3. Overall, the densities show a similar behavior
to that of the top panels, but with drastically different values
of U fI-

Interestingly, as discussed in Sec. IIT A, for small U/t <
1.8 and Uy; = 0, the largest peaks in the fermionic density oc-
cur at sites i = 3 and M — 2. Thus, one would expect that for
intermediate fermion-impurity attraction, the impurity would
localize at those sites. However, the bottom panels of Fig. 3
show that, instead, the impurity still localizes at sites i = 2
and M — 1, as for larger values of U. In turn, due to the
attraction, the peaks of the fermionic densities move to these
sites. Therefore, for intermediate attraction Uy, the impurity
changes the pattern of the Friedel oscillations, with the system
tending to develop peaks at sites i = 2 and M — 1.

C. Average position

The previous results demonstrated that the system displays
different configurations depending on the impurity’s position.
Therefore, one can characterize and identify these configu-
rations by computing the average position of the impurity.
First, we calculate the site at which the impurity’s profile n;
is maximum, that is, the position of its peaks. Because the
profiles are symmetric around the central site i, = (M + 1)/2,
we compute this maximum from

site!™ = |argmax[n;(i)]| — i, (10)

where argmax is the argument of the maximum of the func-
1

tion. At vy = 7, for an attractive impurity, we have found that
this function can take the values
0 cw(M),
site!™™ (U <0)= { M/2—1/2 :sAMPS),  (11)

else : FA,

allowing us to identify the weakly interacting (w) miscible
regime, the strongly-attractive (sA) regime with hPS, and the
Friedel attractive (FA) regime for intermediate interactions.
On the other hand, for a repulsive impurity, it can take the
values

0 cw(M),
MJ2—1/2 :sR(pPS),

site!™™ (Us; > 0) = (12)
M/2 —3/2 :sR(pPS),
else : FR,

which also allows us to identify the strongly repulsive (sR)
regime with pPS and the corresponding Friedel repulsive (FR)
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FIG. 4. (a) Average positions siteﬁ"‘a") (orange dashed line) and
X (solid blue line) for U/t = 4 as a function of Uy /U. (b) Average
position %; as a function of Uy /U and of U /t. The vertical lines in
(a) and dashed lines in (b) indicate changes in site}"‘ax). The dotted
line in (b) indicates a change of site{™* within the same sR regime
[see Eq. (12)]. Both (a) and (b) consider vs = i and a lattice with
M = 12. A 0.5 is added to the average positions so that the sites are

integer numbers.

regime. Note that we found that the pPS configurations can
appear for two values of site}max) . This is because, at vy = %,
the impurity has a large probability to occupy the last sites at
each border [see Fig. 2(c)]. Thus, the maxima of n; can appear
at any of those two sites.

In addition, we calculate a similarly defined average posi-
tion of the impurity X; as

0 s argmax[n;(i)] = i,
Y= _. . . (13)
Doy li—iclng (i) - argmax[n;(i)] # i..

This average vanishes (X; = 0) when the maximum of r; is at
the central site, while it takes a finite value when the density
shows noncentered peaks. While both functions give similar
information, Eq. (10) is discrete and enables us to define
interaction ranges for each configuration, which will be used
as references during the rest of this article. However, as previ-
ously explained, our system displays crossovers. Therefore,
the continuous function (13) better illustrates the crossover
between the different regimes.

We show these average positions for the previously ex-
amined case of U/t =4 in Fig. 4(a). For comparison, the
figure covers the same range of Uy;/U reported in Fig. 3.
By following Eqgs. (11) and (12), we observe that the discrete
average site;"" (orange dashed line) enables us to define
an interaction regime for each configuration. We indicate the
separation between regimes with the vertical lines, which
agree with the qualitative regimes that can be appreciated
in Fig. 3. On the other hand, X; (solid blue line) shows a
continuous behavior, as expected from a crossover. Never-
theless, %; approximately follows the shape of site{™, thus

complementing its information. Additionally, in the strongly
repulsive regime [right side of Fig. 4(a)], the average X; lies
between the two last bordering sites. This correctly captures
the behavior of the impurity at pPS, which can move within
the last sites at either border.

Having demonstrated that the average positions can lo-
cate the different interaction regimes, in Fig. 4(b) we show
the average X; over a wide range of both Us/U and
U/t. Additionally, the dashed lines indicate the changes in
site!™™ to locate each configuration regime. The figure shows
well-defined regions covering a wide range of interactions,
including the Friedel-induced regimes (FA and FR) for inter-
mediate interactions.

We find that the five configurations appear for any finite
U/t > 0. At very large U/t, the configuration regimes ap-
pear approximately within the same range of Uy;/U. This
is illustrated by the dashed lines, which become approxi-
mately vertical lines for U >> t. The latter might suggest a
convergence to constant numbers. However, the Friedel con-
figurations actually disappear in the limit U/t — oo, as this
corresponds to the static limit where border effects, and so
the Friedel oscillations, disappear. On the other hand, for very
small U/t [bottom region of Fig. 4(b)], the interactions at
which each configuration appears change strongly with U/z.
Indeed, the weak miscible regime persists for a wider range
of Uy /U, with the other regimes only appearing at stronger
interactions. Importantly, as U decreases, the transition inter-
actions |Uy|/U between configurations increase nonlinearly,
showing the nontrivial effect of the tunneling.

D. Correlations
1. Fermion-impurity double occupation

Having shown that the system supports different configura-
tions depending on the fermion-impurity interaction Uy, we
can now further characterize the system by examining how
the fermions and impurity correlate. We focus on two-body
correlations of the form

Cuti)="Y_ (&), éi00]a). (14)
o=t.4

This corresponds to the fermion-impurity double occupation,
which indicates how probable it is for the impurity and
fermions to occupy the same site i. We show the double
occupations Cy; in Fig. 5(a). Additionally, the changes in the
average occupation Eq. (10) are indicated by the vertical lines.

In the figure, the dotted purple line shows Cy; summed
across all sites in the lattice (total double occupation). A
vanishing Cy; for all sites means that the impurity and
fermion never occupy the same sites. Therefore, we have
that Z?il Cs1(i) = 0 for pPS. We observe in Fig. 5(a) that,
indeed, this total Cy; vanishes in the previously identified
pPS regime. This confirms that such a regime corresponds
to a phase separation between the fermions and the impurity.
Furthermore, the figure shows that the total C; is also small in
the FR regime, showing that this regime starts showing phase-
separated features, as previously mentioned. Importantly, we
note that C¢; shows a smooth decrease for increasing Uy > 0
and, thus, there is no precise transition point to a phase-
separated configuration.
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FIG. 5. Fermion-impurity (a) and hole-impurity (b) double occu-
pation at vy = % for U/t = 4 as a function of U, /U in a lattice with
M = 12. The different lines represent the sum of double occupation
across the sites indicated in the legends. The vertical lines indicate

changes in site{™", as reported in Fig. 4(a).

On the other hand, we observe that the total Cs; increases
for decreasing Uy, which is expected for attractive interac-
tions where the double occupation becomes more favorable.
In particular, we observe that the total double occupation
reaches its maximum value of Z?il Cs1(i) = 2 for strong
attraction. This maximum value indicates that the impurity
always shares sites with both a spin-1 and a spin-|, fermion,
akin to a trimer bound state. The figure shows that the total
Cy converges to this value within the sA (hPS) regime, even
though it also approximately reaches this value in the FA one.

To further characterize the localization of the impurity at
specific sites, the dashed blue line in Fig. 5(a) shows C;
summed only at the bordering sites i = 1 and M. This quantity
only becomes large in the sA regime with hPS, converging to
> i—1.m Cpr(@) = 2 for strong attraction. Therefore, the total
double occupation is completely dominated by these two bor-
dering sites. Similarly, the solid red line in Fig. 5(a) shows C;
summed at the sites i = 2 and M — 1. This sum only becomes
finite and large in the FA regime, which in the figure cor-
responds to —4 < Uy /U S —2. Because in this regime the
impurity is sharply localized ati = 2 and M — 1, two fermions
are also attracted to those sites. This further shows that the FA
regime behaves similarly to a hPS, but with a localization at
different sites. Nevertheless, note that the double occupation is
not as strong as in the sA regime, reaching a maximum value
of ) i oy Cr) =~ 1.5 < 2.

Overall, the figure shows that Cy; can be used to locate
the different configurations. Therefore, the different sums of
Cysr complement the information provided by the average po-
sitions examined in Sec. III C.

2. Hole-impurity double occupation

Additional information can be obtained for the double oc-
cupation between holes and the impurity. This is defined by

Cu(i)= > (Cial] a]t), (15)
o=t}

where holes are created instead of fermions. By construction,
the double occupations satisfy

M
> ICH () + Cu )] =2, (16)

i=1

showing that they are complementary quantities.

We display Cp; in Fig. 5(b). In the figure, the dotted purple
line shows that the total C;; increases for increasing Uy, con-
trasting with Cy;. Naturally, this is a consequence of Eq. (16).
Thus, for strong repulsion where Zf‘i 1 Crr (i) = 2, the impu-
rity and fermions phase separate, while the impurity forms
a trimerlike state with two holes. In turn, the total C;,; van-
ishes for strong attraction, confirming that a phase separation
between the impurity and holes (hPS) occurs. Importantly,
we observe that this total Cy; is approximately zero in the
FA regime, further showing that such a regime shows hPS
features.

Figure 5(b) additionally shows C,; summed at bordering
sites (dashed blue and solid red lines). These do not dominate
over different regimes as in Fig. 5(a). However, we observe
that in the pPS regime >, 3, Cur () ~ 35— Cu(d) = 1,
which is consistent with the impurity mostly occupying those
sites [see Fig. 2(c)].

As will be explained in the following section, the hole-
impurity double occupation is also important to explain the
symmetric behavior for vy = 3.

E. Entanglement

Finally, we examine the von Neumann entropy to quantify
the entanglement between the impurity and the fermionic
bath. Importantly, this entropy can be used to probe transitions
in many-body systems [59]. In this direction, it has been
proven useful to characterize multicomponent systems [60],
including the impurity limit [32].

Here, we focus on the partial von Neumann entropy of the
impurity. It reads as

SPN = —tr[p; log p1], (17
where p; = tryp is the reduced density matrix of the impurity,
after tracing out the fermionic states |v4) and |v, ) [see Eq. (4)]
from the full density matrix p = |¥)(¥|. From a singular
value decomposition, the entropy takes the form

M
SN — Z AP 1og Al (18)
k=1

where )»;CI) are the eigenvalues of p;. Note that the sum has M
terms, as it corresponds to the size of the Hilbert space D; of
the impurity.

We show the entropy for the previously examined case
of U/t =4 in Fig. 6. The entropy is scaled by its possible
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FIG. 6. Von Neumann entropy S}VN) (solid line) and its Schmidt
gap AA; (thin dashed line) at vy = % for U/t = 4 as a function of
Uy;/U in a lattice with M = 12. The vertical lines indicate changes
in site{™", as reported in Fig. 4(a). The short dashed line on the left
indicates SV from Eq. (20).

maximum value

SN = InM, (19)

I,(max) —

which is obtained from the condition of maximum en-
tanglement, where )»,({1) = 1/M for all k. Additionally, the
figure displays the Schmidt gap AA;, which corresponds to
the difference between the two largest eigenvalues A ),

From the figure, we observe that the entropy (solid line) is
zero for Uy = 0, indicating that the impurity is not entan-
gled with the fermions. Then, it initially increases as |Uyy|
increases within the weak and FR regimes. For attractive
Uyy, the entropy reaches maximum values of approximately

0.8S§f(lvn1)ax), indicating a high, but not maximal, entangle-
ment. In turn, it reaches maximum values of approximately
0.6S}YV(anax) for repulsive Uy;. Interestingly, after reaching these
maxima, the entropy then decreases for stronger interactions.
Thus, the system becomes less entangled, even though the
interactions are stronger.

Importantly, while the entropy is a smooth function, which
is expected from a system that displays crossovers, S;VN)
shows abrupt changes between some regimes. Indeed, as in-
dicated by the arrows, S;VN) reaches maxima approximately
at some of the changes in sitejmax) (vertical lines). Therefore,

3SI"™ /aUy; changes sign at these interactions. Here, we stress
that the interaction regimes identified with the average posi-
tion might be considered a heuristic approach. However, the
changes in the von Neumann entropy around those points indi-
cate that such crossovers do indeed correspond to meaningful
physical changes in the system.

These physical changes correspond to the localization of
the impurity. As explained in previous sections, we recall
that the sA, sR, and even FA regimes can be interpreted as
phase-separated configurations, where the impurity can only
occupy a few sites. Therefore, the system is dominated by
only a few Fock states [see Eq. (4)], resulting in a decrease of
S;VN). This is particularly evident deep in the sA regime, where
the impurity is strongly localized at only two sites (i = 1 and

M), behaving like a particle in a balanced double well [see
Fig. 2(f)]. In this double well, we can take M = 2 in Eq. (19),
obtaining

SN =1n2. (20)
For M =12, this double-well entropy gives S;‘,,(IZII\)N) ~
0.2855‘,’(an%), correctly predicting the saturation value for

Us; — —oo shown in the left of Fig. 6 (see dashed black line).
On the other hand, in the FA and sR regimes, the impurity is
not as strongly localized at only two sites, and thus we cannot
easily obtain a similar double-well entropy. Nevertheless, the
localization of the impurity explains the decrease of S;VN) in
these regimes.

Following the previous arguments, we can also understand
why the remaining crossover between the w and FR configu-
rations does not show a change in S;VN). Instead, the entropy
shows a monotonic increase with increasing Uy; between such
regimes. This is because in the FR regime, while it shows
oscillations in ny, the impurity is still delocalized across the
lattice [see Fig. 2(b)], as in the miscible weak regime.

Finally, the Schmidt gap (thin dashed line) is, by construc-
tion, one in the limit of no entanglement (Us; = 0). Then,
it shows a monotonic decrease with increasing |Uy,| in all
regimes, without great changes at the transitions. Neverthe-
less, we note that AA; vanishes for large |Uy|, where the
ground state becomes degenerate.

IV. THREE-QUARTERS FILLING

We have shown that at quarter filling vy = % the system
shows a rich behavior. It features phase separations between
the impurity and either the fermions or the holes, and also
configurations where the position of the impurity is influenced
by the Friedel oscillations of the bath. Overall, the system
displays analogous configurations for different fillings, even
though the precise behavior depends on the specific filling
factor.

In this section, we briefly examine the case of vy = %,
building upon the results from the previous section. A com-
plementary examination of other filling factors is provided in
Appendix B.

A. Friedel oscillations

We start again by examining the onset of Friedel oscilla-
tions of the fermions for Uy = 0. Open lattices with vy > %
also display these oscillations in the densities of the fermions.
However, they show contrasting occupations, as dictated by
the particle-hole symmetry condition (7). We illustrate this in
Fig. 7, where we show densities for vy = %.

The figure exhibits the same oscillatory pattern displayed
previously in Fig. 1 for vy = %. However, the oscillations are
clearly mirrored in the y axis, following Eq. (7). Thus, by
using Eq. (9), the analytical expression for U = 0 and vy > %
takes the form

. Np+1/2
oy = N +172 L sinQ@oSi) g
’ M+1 2M+1)  sin(g)

where N, , = M — N, is the number of holes.
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FIG. 7. Density profile of the fermions at v, = 2 in the absence
of the impurity (Us; =0) as a function of sites. (a) Considers a
lattice with M = 8, (b) with M = 12, and (c) with M = 16. The
blank circles show results for U = 0, the filled squares for U = ¢, and
the filled diamonds for U = 4¢. The dashed horizontal lines indicate
the filling factor of the fermions. The dashed-dotted curves show the

noninteracting profile from Eq. (21).

Due to the symmetry, the peaks in the occupations at vy =
% are now replaced by local minima at vy = %. Importantly,
these minima follow the same properties shown previously by
the maxima. Thus, the largest minima are those closest to the
border of the lattice. We observe that these largest minima also
move from the third site next to either border at small U/, to
the second sites i =2 and M — 1 for larger U/t (indicated
by the black arrows). More generally, the number of these
minima is equal to the number of holes of each spin N, . This
is fulfilled for any filling factor v, > % with Ny < M — 1.

B. Interacting impurity

We can now examine the behavior of the system under
the influence of the interacting impurity. We show densities
of both the impurity and the fermions for varying Uy in
Fig. 8, which is analogous to Figs. 3(a) and 3(b). The impurity
[Fig. 3(a)] shows an identical profile to that of Fig. 3(a) after
exchanging Us; — —Uy;. This follows the condition (8) from
the particle-hole symmetry. In turn, the fermions exhibit an
analogous profile that follows Eq. (7).

n (n + +n l)/z
0.0 0.1 0.2 0.3 0.4 05 0.0 0.2 0.4 0.6 0.8
e —
O p————— T
b
4 E) =
> 2 — | S
= 0 o
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D 2 N
-6 E= Jooo L
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sites
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FIG. 8. Density profile of the impurity (a) and of the fermions
(b) at vy = % for U/t =4 as a function of Uy;/U and of sites in a
lattice with M = 12.
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FIG. 9. Fermion-impurity (a) and hole-impurity (b) double occu-
pation at vy = % for U/t = 4 as a function of Uy, /U in a lattice with
M = 12. The different lines represent the sum of double occupation
across the sites indicated in the legends. The vertical lines indicate

changes in site{™" .

For very strong repulsion Uy; 2 4U, the system undergoes
a pPS where the impurity is sharply localized at sites i = 1
and M, while the fermions decrease their densities at those
sites due to the strong repulsion. Therefore, this corresponds
to a phase separation betwg:en the fermions and the impurity.

This pPS regime at vy = 3 is thus symmetric to the hPS at

Vf = }‘ for the opposite values of Uy; due to the particle-hole
symmetry. Here we note that while the hPS for vy = i was
somewhat counterintuitive, the pPS is the expected behavior
for strong repulsion. Therefore, Fig. 8 further illustrates the
immiscible nature of both the pPS and hPS phases.

Then, at intermediate repulsion, in Fig. 8(a), we observe
a sharp localization of the impurity at sites i = 2 and M — 1.
Conversely, this corresponds to an FR regime with pPS prop-
erties, being symmetric to the FA regime with hPS properties
at vy = 1. From this, it becomes easier to conclude that for
attractive interactions we observe FA and hPS regimes at
Vp = %, which are symmetric to the FR and pPS at vy = %.

Overall, we can report that the behaviors of the system
at one- and three-quarters fillings are completely symmetric.
Therefore, we do not repeat the examination of the average
occupations and entanglement, as the results are identical to
those at vy = 1 after exchanging the sign of Uy — —Uyy.
However, it is worth examining the double occupations again.
These are shown for vy = % in Fig. 9. From the figure, one
can observe that the double occupations are identical to those
atv; = 1 (Fig. 5) after exchanging U;; — —Uyy, but also the
correlators C¢; — Cyy and Cpy — Cyy. This further illustrates
the particle-hole symmetric behavior of the system, where the
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correlations between impurity and fermions are replaced by
symmetric correlations between impurity and holes, and vice
versa.

V. CONCLUSIONS

In this work, we reported a comprehensive study of a mo-
bile impurity interacting with a spin-% fermionic bath in small
one-dimensional lattices. We considered finite open lattices,
which give rise to Friedel oscillations in the fermionic bath.
We found that the system shows rich behavior across differ-
ent bath-impurity interactions. The system displays different
configurations, including a miscible regime, phase separation
between the impurity and either fermions or their holes, and
intermediate configurations where the bath’s Friedel oscilla-
tions influence the impurity.

The hole-impurity phase separation produces, counterintu-
itively, an increase in the density of all particles in the borders
of the lattice for strong fermion-impurity attraction. This con-
trasts with the expected collapse to the center of the lattice,
as in weakly interacting bosonic systems. We have shown that
this particular behavior is due to the particle-hole symmetry of
the employed fermionic Hubbard model. On the other hand,
for intermediate fermion-impurity interactions, the impurity
is influenced by the Friedel oscillations of the bath. Here, the
impurity develops nontrivial patterns and localizations in its
density.

We characterized the different configurations by examin-
ing the average position of the impurity in the lattice and
two-body correlations. Additionally, we examined the en-
tanglement between species. We found that the partial von
Neumann entropy changes its behavior around the crossovers
between regimes, proving that each configuration changes the
correlations between the fermions and the impurity.

The found results highlight features displayed by impuri-
ties interacting with fermions in lattices, not present in the
bosonic systems widely studied in the past few years. Fur-
thermore, our results suggest the use of impurities to probe
Friedel oscillations in fermionic systems. Extensions of this
work include the study of dynamics and, more importantly,
the exploration of Friedel physics in nonlattice configurations.

ACKNOWLEDGMENTS

We thank J. Martorell for useful discussions. FI. ac-
knowledges funding from ANID through FONDECYT
Postdoctorado No. 3230023. This work has been funded
by Grant No. PID2023-147475NB-100 funded by MI-
CIU/AEI/10.13039/501100011033 and FEDER, UE, by
Grant No. 2021SGR01095 from Generalitat de Catalunya, and
by Project No. CEX2024-001451-M of ICCUB (Unidad de
Excelencia Maria de Maeztu). This work was supported by
the Okinawa Institute of Science and Technology Graduate
University. D.T.H. is grateful for the Scientific Computing
and Data Analysis (SCDA) section of the Research Sup-
port Division at OIST. T.F. acknowledges support from JSPS
KAKENHI Grant No. JP23K03290. T.F. and T.B. are also
supported by JST Grant No. JPMJPF2221.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: ASYMMETRIC FERMION-IMPURITY
INTERACTIONS

The presented results focus on the specific case where
both fermionic spins interact with the impurity via the same
interaction strength Uy;. However, in an experiment, each
spin could interact differently with the impurity. For exam-
ple, we refer to Refs. [57,58] for scattering lengths between
different °Li spin states. Nevertheless, in those experiments,
the magnetic field could be chosen to have near-symmetric
fermion-impurity interactions depending on the chosen impu-
rity spin state.

To examine how the presented results hold for asymmetric
interactions, here we consider the following bath-impurity
interaction Hamiltonian term:

M M
Hy = Uy Zﬁi,Tﬁi.l + Uy Zﬁi,iﬁi,h (A1)

i=1 i=1
where U,y and U, are the interaction strengths between the
impurity and the spin-1 and spin-| fermions, respectively.
The symmetric configuration examined in the main text is then
recovered for Uy = Uy = Uy

We show examples of density profiles for asymmetric in-
teractions in Fig. 10. In the figure, we vary the interaction
strength Uy;, while keeping the ratio Uy;/U;; fixed for the
panels in the same row. Due to the asymmetry, we have
that ny # ny, and thus we display the densities of each spin
separately.

From the figure, we observe that for U;; = 2U; (upper
panels) and U}; = U;;/2 (middle panels), the system behaves
similarly to the symmetric case (see Fig. 3). Indeed, the sys-
tem displays the same configurations. For example, the panels
clearly show that around Uy;/U ~ —4, the FA configuration
where the impurity sharply localizes at the second site near
each border also appears, attracting both spins to such sites.
The asymmetry in the interactions only makes the regimes ap-
pear within slightly different interaction strengths and induces
small differences in the densities. Therefore, our results hold
for small asymmetries in the interactions.

The situation changes slightly for large asymmetries. For
example, the bottom panels of Fig. 10 consider Uy; = Uy;/5.
For this large asymmetry, the system does not exhibit the
same configurations as those examined before for the shown
range of Uy,. For instance, there is no FA regime in which all
the particles increase their densities at sites i =2 and M — 1.
However, the effect of Friedel oscillations is still present. At
around U;;/t ~ —4, Figs. 10(g) and 10(h) show that both the
impurity and spin-1 fermions increase their density around
sites i = 4 and 8 due to their attraction. Thus, we refer to this
regime as FA |. In contrast, Fig. 10(i) shows that the spin-
J fermions increase their density at sites i =2 and M — 1,
being somewhat separated from the impurity. Nevertheless,
we stress that additional regimes could appear at larger values
of |U M | .

224303-10



MOBILE IMPURITY INTERACTING WITH A HUBBARD ...

PHYSICAL REVIEW B 113, 224303 (2026)

n, na+ n,

050 025 05 0 0.25 0.5
]

Z/Iln=lTn Ilnz:l‘rn

s/tn='1n

4 8 12 4 8 12 4 8 12
sites sites sites

FIG. 10. Density profiles of the impurity [(a), (d), and (g)], of
the spin-1 fermions [(b), (e), and (h)], and of the spin-| fermions
[(c), (f), and (i)] for U/t =4 as a function of Uy;/U and of sites
in a lattice with M = 12 sites. (a)-(c) Consider U|; = 2U,;, (d)—(f)
consider U}; = Uy;/2, and (g)—(i) consider U, = Uy, /5.

To further show the dependence on the asymmetry, in
Fig. 11 we show the average positions as a function of the
interactions to illustrate the different regimes. We observe
that, for U,;/Uy; 2 0.3, the system shows the configurations
presented in the main text, displaying a qualitatively similar
behavior to that for U; = Uy;. However, for U;; /Uy < 0.3
we observe a different behavior, with the onset of the FA |
regime discussed before. Additionally, we note that while we
have referred to the regime of intermediate and large repulsive
U,r as FR, both spins display different Friedel patterns, as

|
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FIG. 11. Average position X; as a function of U;; /U and of U, /t
for U/t = 4. A 0.5 is added to the average positions so that the sites
are integer numbers.
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FIG. 12. Density profile of the fermions at vy = % (green dia-
mond), vy = % (orange squares), and vy = é (blue circles) in the
absence of the impurity (Us; = 0) as a function of sites in a lattice
with M = 12. The blank markers show results for U = 0, while the
filled markers for U = 4¢. The dashed horizontal lines indicate the
filling factor of the fermions. The dashed-dotted curves show the
noninteracting profile from Eq. (9) for vy = 1 and ;.

shown in the upper halves of Figs. 10(h) and 10(i). How-
ever, a complete examination of the system under such high
asymmetries is left for future work.

Finally, we mention that we also examined asymmetric in-
teractions with opposite sign, which are relevant for magnetic
impurities. We found that phase-separated and Friedel regimes
also emerge in such cases. However, and as expected, the
system shows a much more complex behavior, with miscible
phases with only one spin, among other configurations.

In summary, the results reported in the main text are ro-
bust for small asymmetries in the interaction. Additionally,
while larger asymmetries give rise to additional configura-
tions, phase separations with holes or particles and regimes
affected by Friedel oscillations are still present. Thus, we
can conclude that the main conclusions of this work hold for
asymmetric interactions.

APPENDIX B: DEPENDENCE ON THE FILLING FACTOR

In this Appendix, we examine how the reported results
change for other filling factors and lattice sizes. First, in
Fig. 12 we display densities of the fermions for Us; = 0 at
different filling factors v, < 5. We do not show profiles for
vy > %, as they are simply symmetric to those for vy < %, as
dictated by Eq. (7).

At half-filling vy = % (green diamonds), the profiles are
constant, n, (i) = % for all i, for any interaction U > 0. These
simply correspond to insulating configurations, as mentioned
in the main text. In contrast, lower filling factors exhibit
Friedel oscillations, with a number of maxima equal to the
number of fermions of each spin. Indeed, for vy = % (orange
squares), the oscillations show four peaks, consistent with
having four fermions of each spin for M = 12 sites. Similarly,
for vy = é (blue circles), the oscillations show two peaks, as
the system has only two fermions of each spin. Importantly,
the positions of the largest peaks show a dependence on the
filling factor. At vy = %, the largest peaks are always at sites
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FIG. 13. Density profiles of the impurity [(a), (c), and (e)] and of
the fermions [(b), (d), and (f)] for U/t =4 as a function of Uy /U
and of sites in a lattice with M = 12 sites. (a), (b) Consider v, = %,

(c), (d) consider vy = %, and (e), (f) consider vy = é.

i =2and M — 1, independently of U. In contrast, at vy = %,
the positions of the largest peaks do change with the interac-
tion, also becoming less pronounced with increasing U.

The effect of the interacting impurity is then illustrated in
Fig. 13, which shows densities of the impurity (left panels)
and of the fermions (right panels) for varying Uy; at different
filling factors. At half-filling (top panels), the system shows
a weak miscible regime for small |Uy;|, corresponding to the
region —2 < Uy /U < 2 in the figure. Then, for strong repul-
sion (upper regions in the top panels), the system expectedly
phase separates. The impurity becomes sharply localized at
the borders, while the fermions gather at the center of the
system. Therefore, such a regime corresponds to a pPS. Simi-
larly, for strong attraction (bottom regions), the impurity also
localizes at the same bordering sites, attracting the fermions.
We can again identify such a regime as an hPS. Note that
at half-filling, condition (8) becomes n;(Uy;) = n;(—=Uyy),
and thus the impurity exhibits a completely symmetric pro-
file around Uy;. Most importantly, at vy = % there is no
Friedel regime, as Friedel oscillations are not present at this
filling.

However, regimes influenced by Friedel oscillations ap-
pear for any other filling factor. At v, = % [Figs. 13(c) and
13(d)], the system shows the expected pPS and hPS for strong
repulsion and attraction, respectively (upper and bottom parts

UnlU

FIG. 14. Average position X; as a function of Uy, /U and of U/t.
The dashed lines indicate changes in site{™. (a) Considers v; = }
and a lattice with M = 8, while (b) considers vy = % and a lattice
with M = 10. The dotted lines indicate a change of site{™™ within
the same FA regime. A 0.5 is added to the average positions so that

the sites are integer numbers.

of the panels). At weaker interactions, the impurity shows os-
cillatory patterns, as can be appreciated for =2 S Uy /U < 2
in Fig. 13(c). While the oscillations are small and the impurity
does not exhibit any sharp localization at particular sites, these
patterns are caused by Friedel oscillations. Therefore, we can
identify those configurations as Friedel regimes.

Finally, the bottom panels of Fig. 13 show similar den-
sities to those observed for vy = %. Indeed, we observe
near-identical phase-separated and Friedel regimes, including
a sharp localization of the impurity at sites i =2 and M — 1
around Uy /U ~ —10. Nonetheless, note that the regimes oc-
cur at much larger interactions Uy; /U, as can be appreciated
in the change of the y-axis numbers.

In summary, the system shows pPS and hPS configurations
for any filling factor, and also shows Friedel regimes for
Ve # % The Friedel regimes manifest as oscillatory patterns
in the density of the impurity, which develops noncentered
peaks away from the borders. However, the particular form
of the impurity’s profile depends on the specific filling
factor.

APPENDIX C: DEPENDENCE ON THE LATTICE SIZE

The previous appendix showed that phase-separated con-
figurations and Friedel regimes appear for different filling
factors with M = 12 sites. We have checked that we obtain
similar results for other lattice sizes, obtaining analogous pro-
files. To illustrate that the different regimes appear for other
numbers of sites, in Fig. 14 we show the average positions
over a wide range of interactions for both M = 8 [Fig. 14(a)]
and M = 10 [Fig. 14(b)]. This figure is analogous to Fig. 4(b).
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For M = 8, we consider the same quarter-filling. However,
for M = 10 we consider a filling of v, = % as vy = }1 1S not
possible for ten sites.

Overall, both panels show a qualitatively similar behavior
as that reported for M = 12, further illustrating the general
nature of our results. The interaction ranges at which each
configuration appears show some dependence on M, which
can be expected. Importantly, these lattice sizes do not support
FR configurations. This is because, at these filling factors, the
lattice sizes only have two fermions of each spin. Therefore,
the bath does not have the two noncentered minima required
to induce a pattern in n; for intermediate repulsion.

We also note that the FA regime has regions where
site!™ = M — 1 (orange region) and where site\™" = M —
2 (purple reglon) which are separated by the dotted lines. The
first corresponds to an FA configuration where the impurity
18 localized at sites i = 2 and M — 1, while the second corre-
sponds to an FA configuration where the impurity is localized
ati =3 and M — 2. We remind the reader that the latter con-
figuration was not observed for M = 12. Nevertheless, such a
configuration only appears for a small range of interactions.

APPENDIX D: CONTINUOUS MODEL

The employed Hubbard model works for lattices where
the tight-binding approximation is valid. However, it is rel-
evant to examine if the presented results hold in shallower
lattices. To investigate this, in this appendix, we consider a
three-component system in the one-dimensional continuum
under the presence of an oscillatory confining potential. This
is described by the following Hamiltonian:

S5 o (#)}

o=m].I i=1

Ny Ny
+err Y 80 —xD e Y Z

i=1 j=1 o=4,] i=1

(D)

where x{ gives the position of particle i of species o, m°®
is the mass of the particles of species o, gy is the strength
of the contact 1 - | interaction, gs; is the strength of the
contact fermion-impurity interaction, V; gives the amplitude
of the lattice potential, and L corresponds to the total length
of the system. As in the main text, M is the number of sites.
To characterize the depth of the lattice and to connect to
experiments, the lattice depth will be rescaled in units of the
recoil energy [27]

472

Er= 2
R omaz

(D2)
where A = 2L /M is the wavelength of the lattice. The particles
are assumed to have the same mass such that m' = m' =
m! = m.

In order to solve Hamiltonian (D1), it is more conve-
nient to use the exact diagonalization method in the language
of second quantization. The Hamiltonian can be rewritten

as [61]
H = Zh;’ja;aa jo
o= i
+ > Y wilalal anae. (D3
oFyelt. |1} ijke
where
= [ 1,6 Rg 07 ax (D4)
are the one-body integrals, with I-AIS‘; = —;ZJ % +

Vo sin%#) is the single-particle Hamiltonian of o species.
Meanwhile, the interspecies two-body interaction integrals
are defined as

W/ljklf g‘TV /fwla(x )(pjy('xy)(s(-x _xV)

“Pro (X7, (7 )dx dx” . (D5)

A complete set of single-particle states |g; ,(x?)) is chosen
as the eigenfunctions of the single-particle Hamiltonian H .
The many-body ansatz wave function of the three- component
mixture can be expanded as a linear combination of the Fock
bases as

Dy Dy D
I
= Y > ciiilniint)i In),. (D6
I’¢=1i¢=1i1=1
where ¢, ;,;, denotes the expansion coefficients, while

[n?)i, = In{,n3,...,n%, ) are the Fock configurations of the
o component, truncated at the M, single-particle mode. One
can find the eigenpairs of the many-body Hamiltonian (D3)
by numerically diagonalizing its matrix representation with
respect to the ansatz.

We consider two fermions in each spin component (Ny =
N, =2) and one impurity (N; = 1) in a lattice with M = 8,
resulting in a quarter-filling. After the diagonalizations, we
extract the density profiles n,(x) (¢ =1, |,I), where x is
the length coordinate. Numerical convergence was tested by
including up to M, = 32 single-particle modes for each com-
ponent. We find that stable convergence is achieved when
the total number of modes satisfies M, = nM, where n € N
indexes the nth band of the single-particle energy spectrum.
Other choices of M, can lead to numerical instability. In the
following, the length is chosen so that x = O is the center of
the system.

We show density profiles of the impurity and the fermions
across a wide range of fermion-impurity interactions in
Fig. 15, complementing Fig. 3 of the main text. The top panels
consider a lattice with a depth much larger than the recoil
energy and, thus, it is in the tight-binding regime. These show
aremarkable qualitative agreement with the behavior reported
in the main text. Indeed, the continuous system exhibits all the
regimes previously reported, including both phase-separated
configurations and the Friedel attractive regime. In particular,
we observe the localization of the impurity at sites i = 2 and
M — 1 for intermediate attraction.

A shallow lattice is then considered in the bottom panels of
Fig. 15. Here, all the particles show a very weak localization at
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FIG. 15. Density profiles of the impurity [(a) and (c)] and of

the fermions [(b) and (d)] at v, = % as a function of gy and of
the distance x in a lattice with M = 12. The top and bottom panels

consider Vy/Er = 4 and 0.2, respectively.

the sites due to the small depth of the wells. In this case, we do
not observe any clear Friedel pattern, showing that the oscil-
lations disappear in shallower lattices. Additionally, and also
very importantly, while the pPS persists for strong repulsion,
the hPS is not present at strong attraction. This is because the
particle-hole symmetry is a property of the Hubbard model,
and thus can only be reproduced in tight-binding lattices. In
contrast, in shallow lattices, the system does not display this
symmetry. Therefore, for small V;, the system only supports a
standard phase separation between particles and impurity for
strong repulsion, without supporting a phase separation with
holes for attractive interactions.

n (nT+n¢)/2
04 00 01 02 03 04

FIG. 16. Density profiles of the impurity [(a) and (c)] and of the

fermions [(b) and (d)] at vy = % as a function of the lattice depth
Vo and of the distance x in a lattice with M = 12 sites. The top and

bottom panels consider g /g7 = —8 and —4, respectively.

Finally, to find when the hPS and the FA regimes appear,
in Fig. 16 we show densities as a function of the lattice depth
Vo. For strong attraction (top panels), no hPS is present for
small Vj (bottom part of the panels). However, we observe
that the hPS configuration appears for Vy/Er = 2, where
the impurity sharply localizes at the borders of the lattice.
Then, in the bottom panels, we consider an intermediate at-
traction. Similarly, no Friedel pattern is observed for small
Vo. However, these also appear for Vy/Eg = 1, where the
impurity localizes at sites i =2 and M — 1. Surprisingly,
these transitions occur at relatively small lattice depths, for
Vo/Er 2 1.

[1] L. Landau and S. I. Pekar, The effective mass of the polaron, J.
Exp. Theor. Phys. 18, 419 (1948).

[2] J. Bardeen, G. Baym, and D. Pines, Effective interaction of He?
atoms in dilute solutions of He® in He* at low temperatures,
Phys. Rev. 156, 207 (1967).

[3] Polarons in Advanced Materials, Springer Series in Materials
Science, Vol. 103, edited by A. S. Alexandrov, R. Hull, R.
M. Osgood, J. Parisi, and H. Warlimont (Springer, Dordrecht,
2007).

[4] C. Franchini, M. Reticcioli, M. Setvin, and U. Diebold, Po-
larons in materials, Nat. Rev. Mater. 6, 560 (2021).

[5] H. Tajima, H. Moriya, W. Horiuchi, E. Nakano, and K. Iida,
Intersections of ultracold atomic polarons and nuclear clusters:
How is a chart of nuclides modified in dilute neutron matter?
AAPPS Bull. 34, 9 (2024).

[6] C. Baroni, G. Lamporesi, and M. Zaccanti, Quantum mixtures
of ultracold gases of neutral atoms, Nat. Rev. Phys. 6, 736
(2024).

[7] P. Massignan, M. Zaccanti, and G. M. Bruun, Polarons, dressed
molecules and itinerant ferromagnetism in ultracold Fermi
gases, Rep. Prog. Phys. 77, 034401 (2014).

[8] F. Grusdt, N. Mostaan, E. Demler, and L. A. Pefia Ardila,
Impurities and polarons in bosonic quantum gases: A review
on recent progress, Rep. Prog. Phys. 88, 066401 (2025).

[9] P. Massignan, R. Schmidt, G. E. Astrakharchik, A. imamoglu,
M. Zwierlein, J. J. Arlt, and G. M. Bruun, Polarons in atomic
gases and two-dimensional semiconductors, Rev. Mod. Phys.
(2026), doi:10.1103/4nng-bb9z.

[10] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Feshbach
resonances in ultracold gases, Rev. Mod. Phys. 82, 1225 (2010).

[11] A. Schirotzek, C.-H. Wu, A. Sommer, and M. W. Zwierlein,
Observation of Fermi polarons in a tunable Fermi liquid of
ultracold atoms, Phys. Rev. Lett. 102, 230402 (2009).

[12] S. Nascimbene, N. Navon, K. J. Jiang, L. Tarruell, M.
Teichmann, J. McKeever, F. Chevy, and C. Salomon, Collective
oscillations of an imbalanced Fermi gas: Axial compression

224303-14


https://doi.org/10.1016/B978-0-08-010586-4.50072-9
https://doi.org/10.1103/PhysRev.156.207
https://doi.org/10.1038/s41578-021-00289-w
https://doi.org/10.1007/s43673-024-00117-7
https://doi.org/10.1038/s42254-024-00773-6
https://doi.org/10.1088/0034-4885/77/3/034401
https://doi.org/10.1088/1361-6633/add94b
https://doi.org/10.1103/4nng-bb9z
https://doi.org/10.1103/4nng-bb9z
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1103/PhysRevLett.102.230402

MOBILE IMPURITY INTERACTING WITH A HUBBARD ...

PHYSICAL REVIEW B 113, 224303 (2026)

modes and polaron effective mass, Phys. Rev. Lett. 103, 170402
(2009).

[13] C. Kohstall, M. Zaccanti, M. Jag, A. Trenkwalder, P.
Massignan, G. M. Bruun, F. Schreck, and R. Grimm,
Metastability and coherence of repulsive polarons in a
strongly interacting Fermi mixture, Nature (London) 485, 615
(2012).

[14] M. Koschorreck, D. Pertot, E. Vogt, B. Frohlich, M. Feld, and
M. Ko6hl, Attractive and repulsive Fermi polarons in two dimen-
sions, Nature (London) 485, 619 (2012).

[15] F. Scazza, G. Valtolina, P. Massignan, A. Recati, A. Amico, A.
Burchianti, C. Fort, M. Inguscio, M. Zaccanti, and G. Roati,
Repulsive Fermi polarons in a resonant mixture of ultracold Li
atoms, Phys. Rev. Lett. 118, 083602 (2017).

[16] M.-G. Hu, M. J. Van de Graaff, D. Kedar, J. P. Corson, E. A.
Cornell, and D. S. Jin, Bose polarons in the strongly interacting
regime, Phys. Rev. Lett. 117, 055301 (2016).

[17] N. B. Jgrgensen, L. Wacker, K. T. Skalmstang, M. M. Parish,
J. Levinsen, R. S. Christensen, G. M. Bruun, and J. J. Arlt, Ob-
servation of attractive and repulsive polarons in a Bose-Einstein
condensate, Phys. Rev. Lett. 117, 055302 (2016).

[18] Z. Z. Yan, Y. Ni, C. Robens, and M. W. Zwierlein, Bose po-
larons near quantum criticality, Science 368, 190 (2020).

[19] M. G. Skou, T. G. Skov, N. B. Jgrgensen, K. K. Nielsen,
A. Camacho-Guardian, T. Pohl, G. M. Bruun, and J. J. Arlt,
Non-equilibrium quantum dynamics and formation of the Bose
polaron, Nat. Phys. 17, 731 (2021).

[20] R. Henke, J. Levinsen, M. M. Parish, J. Boronat, G. E.
Astrakharchik, H. Moritz, and C. R. Cabrera, Realization
of repulsive polarons in the strongly correlated regime,
arXiv:2511.03569.

[21] K. F. Mak and J. Shan, Semiconductor moiré materials, Nat.
Nanotechnol. 17, 686 (2022).

[22] A. Chernikov, T. C. Berkelbach, H. M. Hill, A. Rigosi, Y. Li,
B. Aslan, D. R. Reichman, M. S. Hybertsen, and T. F. Heinz,
Exciton binding energy and nonhydrogenic Rydberg series in
monolayer WS,, Phys. Rev. Lett. 113, 076802 (2014).

[23] E. Courtade, M. Semina, M. Manca, M. M. Glazov, C. Robert,
F. Cadiz, G. Wang, T. Taniguchi, K. Watanabe, M. Pierre, W.
Escoffier, E. L. Ivchenko, P. Renucci, X. Marie, T. Amand, and
B. Urbaszek, Charged excitons in monolayer WSe,: Experi-
ment and theory, Phys. Rev. B 96, 085302 (2017).

[24] M. Sidler, P. Back, O. Cotlet, A. Srivastava, T. Fink, M. Kroner,
E. Demler, and A. Imamoglu, Fermi polaron-polaritons in
charge-tunable atomically thin semiconductors, Nat. Phys. 13,
255 (2017).

[25] L. B. Tan, O. Cotlet, A. Bergschneider, R. Schmidt, P. Back, Y.
Shimazaki, M. Kroner, and A. Imamoglu, Interacting polaron-
polaritons, Phys. Rev. X 10, 021011 (2020).

[26] L. B. Tan, O. K. Diessel, A. Popert, R. Schmidt, A. Imamog]lu,
and M. Kroner, Bose polaron interactions in a cavity-coupled
monolayer semiconductor, Phys. Rev. X 13, 031036 (2023).

[27] M. Lewenstein, A. Sanpera, and V. Ahufinger, Ultracold Atoms
in Optical Lattices: Simulating Quantum Many-body Systems,
Ist ed. (Oxford University Press, Oxford, 2012).

[28] C. Gross and 1. Bloch, Quantum simulations with ultracold
atoms in optical lattices, Science 357, 995 (2017).

[29] F. Wu, T. Lovorn, E. Tutuc, and A. H. MacDonald, Hubbard
model physics in transition metal dichalcogenide moiré bands,
Phys. Rev. Lett. 121, 026402 (2018).

[30] Y. Tang, L. Li, T. Li, Y. Xu, S. Liu, K. Barmak, K. Watanabe,
T. Taniguchi, A. H. MacDonald, J. Shan, and K. F. Mak,
Simulation of Hubbard model physics in WSe,/WS, moiré
superlattices, Nature (London) 579, 353 (2020).

[31] M. Pasek and G. Orso, Induced pairing of fermionic impurities
in a one-dimensional strongly correlated Bose gas, Phys. Rev.
B 100, 245419 (2019).

[32] K. Keiler, S. I. Mistakidis, and P. Schmelcher, Doping a lattice-
trapped bosonic species with impurities: From ground state
properties to correlated tunneling dynamics, New J. Phys. 22,
083003 (2020).

[33] V. E. Colussi, E. Caleffi, C. Menotti, and A. Recati, Lattice
polarons across the superfluid to Mott insulator transition, Phys.
Rev. Lett. 130, 173002 (2023).

[34] S. Ding, G. A. Dominguez-Castro, A. Julku, A. Camacho-
Guardian, and G. M. Bruun, Polarons and bipolarons in
a two-dimensional square lattice, SciPost Phys. 14, 143
(2023).

[35] M. Santiago-Garcia, S. G. Castillo-Lépez, and A. Camacho-
Guardian, Lattice polaron in a Bose—Einstein condensate of
hard-core bosons, New J. Phys. 26, 063015 (2024).

[36] F. Gémez-Lozada, H. Hiyane, T. Busch, and T. Fogarty, Bose—
Fermi N -polaron state emergence from correlation-mediated
blocking of phase separation, Phys. Rev. Res. 7, 023053 (2025).

[37] F.Isaule, A. Rojo-Francas, and B. Julid-Diaz, Bound impurities
in a one-dimensional Bose lattice gas: Low-energy proper-
ties and quench-induced dynamics, SciPost Phys. Core 7, 049
(2024).

[38] F. Isaule, A. Rojo-Francas, L. Morales-Molina, and B.
Julid-Diaz, Counterflow of lattice polarons in harmonically
confined optical lattices, Phys. Rev. Lett. 135, 023404
(2025).

[39] R. Alhyder, V. Colussi, M. Cufar, J. Brand, A. Recati, and G. M.
Bruun, Lattice Bose polarons at strong coupling and quantum
criticality, SciPost Phys. 19, 002 (2025).

[40] H. Hiyane, T. Fogarty, J. C. Pelayo, and T. Busch, Condensate-
mediated dimerization of impurities in atomic BECs, New J.
Phys. 27, 124502 (2025).

[41] T. Hartweg, T. Gupta, and G. Pupillo, Bose-Hubbard polaron
from weak to strong coupling, Phys. Rev. B 112, 1220201
(2025).

[42] J.-P. Christ, P. Bermes, and F. Grusdt, Operator-valued-flow-
equation approach to the bosonic lattice polaron: Dispersion
renormalization beyond the Frohlich paradigm, Phys. Rev. A
112, 033317 (2025).

[43] G. A. Dominguez-Castro, L. Santos, and L. A. Pefia Ardila,
Polarons and bipolarons in the Rydberg-dressed extended Bose-
Hubbard model, Phys. Rev. B 113, 035111 (2026).

[44] C. Zhang, The fate of a single impurity in the Bose-Hubbard
model, arXiv:2601.11058.

[45] 1. Amelio and N. Goldman, Polaron spectroscopy of interacting
Fermi systems: Insights from exact diagonalization, SciPost
Phys. 16, 056 (2024).

[46] 1. Amelio, G. Mazza, and N. Goldman, Polaron formation in
insulators and the key role of hole scattering processes in band
insulators, charge density waves, and Mott transitions, Phys.
Rev. B 110, 235302 (2024).

[47] H. Hu, J. Wang, and X.-J. Liu, Super Fermi polaron and
Nagaoka ferromagnetism in a two-dimensional square lattice,
Phys. Rev. A 110, 023314 (2024).

224303-15


https://doi.org/10.1103/PhysRevLett.103.170402
https://doi.org/10.1038/nature11065
https://doi.org/10.1038/nature11151
https://doi.org/10.1103/PhysRevLett.118.083602
https://doi.org/10.1103/PhysRevLett.117.055301
https://doi.org/10.1103/PhysRevLett.117.055302
https://doi.org/10.1126/science.aax5850
https://doi.org/10.1038/s41567-021-01184-5
https://arxiv.org/abs/2511.03569
https://doi.org/10.1038/s41565-022-01165-6
https://doi.org/10.1103/PhysRevLett.113.076802
https://doi.org/10.1103/PhysRevB.96.085302
https://doi.org/10.1038/nphys3949
https://doi.org/10.1103/PhysRevX.10.021011
https://doi.org/10.1103/PhysRevX.13.031036
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1103/PhysRevLett.121.026402
https://doi.org/10.1038/s41586-020-2085-3
https://doi.org/10.1103/PhysRevB.100.245419
https://doi.org/10.1088/1367-2630/ab9e34
https://doi.org/10.1103/PhysRevLett.130.173002
https://doi.org/10.21468/SciPostPhys.14.6.143
https://doi.org/10.1088/1367-2630/ad503e
https://doi.org/10.1103/PhysRevResearch.7.023053
https://doi.org/10.21468/SciPostPhysCore.7.3.049
https://doi.org/10.1103/9ch1-dnvc
https://doi.org/10.21468/SciPostPhys.19.1.002
https://doi.org/10.1088/1367-2630/ae2267
https://doi.org/10.1103/vx5s-cx17
https://doi.org/10.1103/pcsy-czjp
https://doi.org/10.1103/4hcp-cggl
https://arxiv.org/abs/2601.11058
https://doi.org/10.21468/SciPostPhys.16.2.056
https://doi.org/10.1103/PhysRevB.110.235302
https://doi.org/10.1103/PhysRevA.110.023314

FELIPE ISAULE et al.

PHYSICAL REVIEW B 113, 224303 (2026)

[48] H. Hu, J. Wang, and X.-J. Liu, Exact spectral properties of
Fermi polarons in one-dimensional lattices: Anomalous Fermi
singularities and polaron quasiparticles, Phys. Rev. Lett. 134,
153403 (2025).

[49] X.-J. Liu and H. Hu, Exact calculation of spectral properties of a
particle interacting with a one-dimensional Fermi gas in optical
lattices, AAPPS Bull. 35, 9 (2025).

[50] G. Pascual, J. Boronat, and K. Van Houcke, Polarons and
dimerons in the two-dimensional attractive Hubbard model,
Phys. Rev. Res. 7, L042024 (2025).

[51] J. Friedel, XIV. the distribution of electrons round impurities in
monovalent metals, London, Edinburgh, Dublin Philos. Mag. J.
Sci. 43, 153 (1952).

[52] G. Bediirftig, B. Brendel, H. Frahm, and R. M. Noack, Friedel
oscillations in the open Hubbard chain, Phys. Rev. B 58, 10225
(1998).

[53] H. Lin, J. Gubernatis, H. Gould, and J. Tobochnik, Exact diago-
nalization methods for quantum systems, Comput. Phys. 7, 400
(1993).

[54] M. Sharma and M. Ahsan, Organization of the Hilbert space
for exact diagonalization of Hubbard model, Comput. Phys.
Commun. 193, 19 (2015).

[55] Edited by F. H. L. Essler, The One-Dimensional Hubbard Model
(Cambridge University Press, Cambridge, 2005).

[56] T. B. Ottenstein, T. Lompe, M. Kohnen, A. N. Wenz, and S.
Jochim, Collisional stability of a three-component degenerate
Fermi gas, Phys. Rev. Lett. 101, 203202 (2008).

[57] J. H. Huckans, J. R. Williams, E. L. Hazlett, R. W. Stites,
and K. M. O’Hara, Three-body recombination in a three-state
Fermi gas with widely tunable interactions, Phys. Rev. Lett.
102, 165302 (2009).

[58] G. L. Schumacher, J. T. Mikinen, Y. Ji, G. G. T. Assumpcio,
J. Chen, S. Huang, F. J. Vivanco, and N. Navon, Observation
of anomalous decay of a polarized three-component Fermi gas,
Nat. Commun. 17, 174 (2026).

[59] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entanglement
in many-body systems, Rev. Mod. Phys. 80, 517 (2008).

[60] A. Richaud and V. Penna, Pathway toward the formation of
supermixed states in ultracold boson mixtures loaded in ring
lattices, Phys. Rev. A 100, 013609 (2019).

[61] T. D. Anh-Tai, T. Fogarty, S. de Marfa-Garcia, T. Busch, and
M. A. Garcia-March, Engineering impurity Bell states through
coupling with a quantum bath, Phys. Rev. Res. 6, 043042
(2024).

224303-16


https://doi.org/10.1103/PhysRevLett.134.153403
https://doi.org/10.1007/s43673-025-00149-7
https://doi.org/10.1103/kjcv-919d
https://doi.org/10.1080/14786440208561086
https://doi.org/10.1103/PhysRevB.58.10225
https://doi.org/10.1063/1.4823192
https://doi.org/10.1016/j.cpc.2015.03.014
https://doi.org/10.1103/PhysRevLett.101.203202
https://doi.org/10.1103/PhysRevLett.102.165302
https://doi.org/10.1038/s41467-025-65183-3
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/PhysRevA.100.013609
https://doi.org/10.1103/PhysRevResearch.6.043042

