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Motivated by recent experiments on rhombohedral stacked multilayer graphene and the observation of the
anomalous Hall effect in a spontaneous spin-valley-polarized quarter-metal state, we calculate the anomalous
Hall conductivity for this system in the presence of two types of impurities: weak and dense as well as sparse and
strong. Our calculation of oy, is based on the Kubo-Streda diagrammatic approach. In a model with Gaussian
disorder applicable to weak dense impurities, this involves all noncrossing diagrams (intrinsic, side-jump and
Gaussian skew-scattering contributions) and additionally, diagrams with two intersecting impurities, X and W,
representing diffractive skew-scattering processes. A “Mercedes star” diagram (non-Gaussian skew scattering)
is furthermore included to treat in the case of strong, sparse impurities. We supplement our asymptotically exact
analytical solutions for an isotropic model without warping effects by seminumerical calculations accounting
perturbatively for warping, which plays a crucial role in the low-energy band structure.
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I. INTRODUCTION

Graphene [1-3] based structures are an active playground
for interacting and correlated phases in condensed-matter
physics. Experimental and theoretical interest in these ma-
terials has particularly sparked since the recent discovery of
a rich spectrum of correlated electron phenomena, including
superconductivity, correlated insulators, spontaneous spin and
valley polarization, anomalous Hall crystals, and fractional
quantum anomalous Hall states [4—22]. Since most of the cor-
related phases are found in the rhombohedral (ABC) stacked
configuration, here we focus on stacking n-layer graphene,
a metastable but experimentally realizable [23,24] config-
uration for multilayer graphene (for n > 2, ABA stacking
is energetically advantageous). Unlike moiré systems, they
exhibit a plethora of phases without breaking the atomic
crystal’s translation symmetry and still display an increased
electronic density of states (DOS) near charge neutrality [25].
This remarkable property is due to the structure of low-
energy states permitted by the rhombohedral arrangement
of layers [26]: the low-energy states are localized on oppo-
site sublattices of the extremal layers (A, By, where N is
the number of layers), with the bulk states gapped out by
hybridization.
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Thus, the low-energy bands flatten with N and are fur-
ther modified by the application of a nonzero perpendicular
displacement field separating the states of the (A, By) pseu-
dospinor, resulting in a tunable gap at the K/K’ points [Fig.
1(a)]. The sizable valley-dependent Berry curvature inherited
from graphene monolayers furthermore allows that both cor-
related and topological states can emerge from this material,
including the spin-polarized half-metal and spin- and valley-
polarized quarter-metal phases, which effectively result from
a Stoner-like instability. These phases spontaneously break
time-reversal symmetry and, among others, were observed by
measurements of the anomalous Hall effect (AHE) [4,6,14].

The AHE, i.e., transverse voltage in response to a cur-
rent, without applying an external magnetic field, [27] was
discovered in 1881, by E. Hall in a study of ferromagnets.
For this effect to exist, the system must break time-reversal

5 S K (1/2)

FIG. 1. (a) Schematic band structure of rhombohedral multi-
layer graphene without (gray) and with displacement field m =
0.3 eV (purple). Here a = 0.246 nm is the graphene lattice constant.
(b) Schematic system and experimental setup for measuring the
anomalous Hall effect in tetralayer rhombohedral graphene.
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symmetry and display a nontrivial chiral texture in momen-
tum space, transforming the information of spin or valley
polarization to orbital motion. Rhombohedral graphene sat-
isfies these demands in the quarter-metal phase [see Fig. 1(b)
for the schematic setup]. Multiple physical effects conspire
in a nonzero AHE signal. The intrinsic contribution [28,29]
is determined solely by the electronic structure of the ma-
terial, specifically, the Berry curvature of occupied states.
Additionally, extrinsic effects are of relevance. Among those,
impurity scattering is most prominent at the lowest tempera-
tures, and its contribution is parametrically the same or can
even become the leading source of anomalous Hall response
in realistic systems, where disorder is always present to
some extent.

To describe those phenomena, there are two common tech-
niques based on the Boltzmann kinetic equation [27,30] and
Kubo-Streda diagrammatic formalism [31,32]. In this paper
we will focus on the latter approach. However, we note that
both techniques are equivalent and both commonly used.

Theoretically, the impurity-induced contributions to the to-
tal anomalous Hall conductivity o,, can be decomposed into
two distinct contributions associated with different physical
mechanisms: side-jump [33-35] and skew scattering [36]. The
side-jump mechanism arises due to a transverse displacement
of the electron wave packet during impurity scattering, i.e.,
semiclassical trajectories of incoming and outgoing electrons
do intersect away from the scattering center. The skew-
scattering mechanism, resulting from an asymmetry (broken
detailed balance) in the impurity scattering cross section, is
conveniently divided into three distinct components: Gaus-
sian skew scattering (noncrossing diagrams) [37], diffractive
(crossed diagrams) [38—40], and non-Gaussian (higher mo-
ments of the random potential) [27,41,42]. Some authors
reserve the word “skew scattering” to the non-Gaussian effect
(“skewness” of the disorder distribution function), but we
employ the more general definition here. The Gaussian and
diffractive contributions to skew scattering stem from com-
plexes of nearby impurities and are therefore parametrically
comparable. Gaussian skew scattering stems from coherent
interband transitions. In contrast, diffractive skew scattering
is a quantum interference effect.

In this paper we consider the anomalous Hall effect in
rhombohedral multilayer graphene in the presence of disorder
using the diagrammatic Kubo-Streda approach. As a disorder,
we consider two different cases: Gaussian (weak dense impu-
rities) and non-Gaussian disorder (strong sparse impurities),
which is modeled phenomenologically via a finite third mo-
ment of the disorder potential. For weak dense impurities we
calculate the response to leading order in disorder strength,
i.e., we take into account the ladder diagrams and diagrams
with two intersecting impurity lines. We present the general
analytical result for intrinsic and noncrossing contributions
and the general answer including diffractive skew scattering.
Besides the isotropic model, we consider trigonal warping
[27,43-45] (an effect of the crystal lattice), which plays a
crucial role in the low-energy band structure. We demonstrate
using numerical calculations how it affects the anomalous
Hall conductivity. Throughout, we work in a single-valley
theory and neglect intervalley scattering, which requires mo-
mentum transfer |[K — K’|—it is thus suppressed for smooth

disorder—and is off resonant in the quarter-metal phase. In
the following, we consider the general case of rhombohedral
multilayer graphene with an arbitrary number of layers n.
However, we focus on the cases n = 2, 3,4, 5 for isotropic
and n = 3, 4 for warped model, which are the most relevant
from the experimental point of view.

This paper is structured as follows: In the next sec-
tion (Sec. II) we describe the effective low-energy Hamil-
tonian of ABC-stacked multilayer graphene and discuss
disorder types with respect to experimental reality. Then, in
Sec. III we consider an isotropic model and, using diagrams,
we present the full result for oy,. In Sec. IV we provide the
same calculations in the presence of interlayer asymmetry that
opens a gap in the spectrum. Section IV E dedicates the com-
parison between isotropic and warped models with numerical
calculations.

II. MODEL

The low-energy electronic properties of rhombohedral
graphene are described by an effective two-component Hamil-
tonian that describes wave functions predominantly localized
on atomic sites A of the bottom layer and B of the top layer
[44,46,47] (Appendix A):

) m vP" 4+ wPn3
Hn = —n —n—3
vP +wP —m

where P = &p, —ip,, and § = %1 is the valley index. We
focus on a single valley and will keep £ = 1; v is a constant
with dimensions [energy x length"]; & is the vector of Pauli
matrices describing sublattice space; m is the displacement
field; and the term proportional to w describes trigonal warp-
ing. The nth power P" in the momentum dependence of the
effective low-energy Hamiltonian originates from the virtual
interlayer hopping processes connecting the sublattices in the
n-layer rhombohedral stack. Trigonal warping arises from
subleading interlayer hoppings, which couple equivalent sub-
lattices across adjacent layers and break continuous rotational
symmetry. We note that the effective Hamiltonian Eq. (1)
describes multilayer graphene in rhombohedral graphene for
n 2 3 (the low-energy limit of Bernal bilayer graphene is also
captured by taking n = 2 and w = 0).

Impurities are modeled by a random potential V (x) with
only two nonvanishing moments:

(VxDV(x2)) = 2mav? pg" 28(x1 — X2), (2a)
VDV (x)V (x3)) = Bv’py' *8(x1 — X2)8(x2 — x3), (2b)

where @ and $ are a dimensionless parameter characterizing
disorder strength [38,41]. We introduced the Fermi momen-
tum in the absence of warping:

1
m=l( =)/ o
where € is the Fermi energy.

We briefly comment on the experimental relevance of our
model of impurity scattering in rhombohedral graphene. First,
our model explicitly assumes that the dominant scattering
mechanism comes from the short-range disorder. The appli-
cability of §-function impurity potentials in rhombohedral

) =d(p)-3, (1)
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graphene arises from the fact that the characteristic distance
between impurities and the gate (d ~ nm) is significantly
smaller than the Fermi wavelength (A ~ 100 nm). This con-
dition ensures that the impurity potential is screened on a
length scale much shorter than that of the electronic wave
functions, thus supporting the use of a pointlike model. Sec-
ond, we assume that disorder is relevant for transport in our
model. To verify this, one can compare the mean free path
with the sample size. The mean free path is estimated to be
in the range [ ~ 0.1-1 um [6,18], while in experiments the
typical sample size is L ~ 2.5 um [4,18]. Thus, samples can
be expected slightly on the diffusive side of the ballistic-to-
diffusive crossover.

We employ the diagrammatic approach to calculate the
anomalous Hall conductivity of rhombohedral multilayer
graphene. In the limit 8 = 0 we take into account all the
diagrams to the leading order in (pol)° ~ . Note that
this involves a nonperturbative resummation of infinitely
many diagrams. In addition, we add (perturbatively) the
contribution of 8.

Technically, the Hall conductivity o, using the Kubo-
Streda formula [48] can be written as oy, = a;y + a)g [38],
where

2

e A A
oy = 7 (TG 16D, (4a)
d
ol = eca—g. (4b)

Here, G®/4 are the retarded and advanced Green’s functions;
Jxy(P) arc current operators which can be determined as
Jxy(p) = ,7 q is the total electron concentration; B is the

external magnctlc field; and c is the speed of light in vacuum.
In this paper we set i = 1, unless explicitly highlighted oth-
erwise.

There are two different regimes for Hall conductivity:
when the Fermi energy €p lies in the gap, |er| < |m| and
otherwise. In the former case, the term o), in Eq. (4b) pro-
vides the dominant topologically quantized contribution and
can be interpreted in terms of the Chern number. Outside the
gap, i.e., for |ex| > |m], this topological contribution becomes
negligible [29,38] and the entire Hall conductivity stems from
oly (diagrammatically a bubble). Most of our calculations
will be in the latter regime. The assumption pol > 1 ceases
to be correct near the band edge. Sufficiently below the
band edge (inside the gap), corrections to the topological
quantized response are negligible. We note that we entirely
neglect Anderson localization physics, e.g., weak-localization
corrections [49,50]. This is justified for the present case of suf-
ficiently small samples or when dephasing is strong enough.

We first focus on B = 0. The leading-order contribution
in terms of (po/) involves summing ladder diagrams and in-
cluding the leading correction from crossed impurity lines,
together with self-energy corrections required for a con-
serving approximation (self-consistent Born approximation
supplemented with one crossing). In our calculation the con-
ductivity bubble is formulated with disorder-averaged Green’s
functions and renormalized vertices throughout; Fig. 2 serves
as a schematic classification of distinct mechanisms (intrin-
sic, side-jump, and skew scattering) rather than indicating

. -

FIG. 2. Exemplary diagrams for the anomalous Hall conduc-
tivity: (a) intrinsic contribution, (b) side-jump, (c) Gaussian skew
scattering, (d) diffractive skew scattering, and (e) third moment
(skewness).

additional self-energy dressings. Accordingly, thin lines in
Fig. 2 should be understood as a schematic notation for bare
propagators, while bold lines denote disorder-averaged
(dressed) Green’s functions, and dashed lines represent disor-
der correlators, Eq. (2). We notice that a nonzero oy, requires
at least one off-shell Green’s-function segment, which natu-
rally groups two nearby impurities into an effective scattering
complex. Once this close pair is treated as a single object, the
diagram’s leading order [in «, equivalently in 1/(pol)] is de-
termined by the remaining independent crossings; therefore,
additional impurity lines do not automatically imply a higher
order in .

III. ISOTROPIC MODEL

In this section we present calculations for the isotropic
model, i.e., setting w = 0 in Eq. (1).

A. Intrinsic contribution

The intrinsic contribution [bare bubble without impurity
lines, Fig. 2(a)] yields

lep| > |m|. &)

The half-integer quantization if the Fermi energy is inside the
gap arises from fermion number fractionalization [50,51] (cf.
Appendix B 3). As a technical remark to obtain a nonzero Hall
conductivity, we note that it is essential that one of the Green’s
functions in the diagram lies away from the Fermi energy (i.e.,
is off shell).

B. Noncrossing approximation

Next, we study how the presence of impurities influences
the anomalous Hall conductivity. We can use the fact that
the self-consistent Born approximation supplemented by di-
agrams with one crossed line yields a self-energy that is
essentially the same as in the standard Born approximation,
allowing us to obtain the average retarded Green’s function:

eF(l + ’”“) + maz(l — ’”“) + d, (p)ox +d,(p)oy
€2 —m? —dy(p)? — dy(p)* + Z%(e2 +m?)

G§ =
(6)
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FIG. 3. Example diagram of the side-jump contribution with a

vertex correction (a), which is obtained by summing ladder diagrams

(b).

The advanced Green’s function is the Hermitian conjugate of
the above expression (Appendix B 2).

We use this in the evaluation of side-jump and skew-
scattering terms. First, we focus on the noncrossing contri-
bution. It is worth noting that diagrams with the off-shell
Green function, which links the off-diagonal current vertex to
an impurity, correspond to the side-jump contribution, while
in skew-scattering diagrams, the off-shell Green’s function
connects two impurities.

As the first-order correction, Fig. 3, to the vertex

. d*p 4. g
8Jxsy X o mGp]x/pr =0, n#l @)

vanishes due to the momentum structure in j,/, = , Where

0H
sy

bare and dressed vertices coincide. We emphasmzza that the
vertex correction is nonzero for n = 1 [27,37,38]. The con-
tribution of Gaussian skew scattering is thus zero, and oy, for
the model Eq. (1) in the noncrossing approximation is equal
to [see Figs. 2(a)-2(c)]

2
ne e merg

Opy = ————= 11

: €r| > . 8
Xy h€%+m2 |F| |m| ()

n>1,

Details about the evaluation of the diagrams can be found in
Appendix B 5. Specifically, the side -jump contributes

gi o —m)

1. 9
Xy h 2ep (e} +m?) "= ©)

C. Diffractive skew scattering

We next consider diffractive skew scattering, which orig-
inates from pairs of impurities separated by distances on the
order of, or smaller than, the Fermi wavelength. In this regime,
the scatterers are no longer amenable to a quasiclassical treat-
ment as independent centers. As a result, a rigorous theoretical
description of such correlated impurity scattering necessi-
tates inclusion of both X and W diagrammatic contributions
[Fig. 2(d)]. However, the inclusion of three or more inter-
secting impurity lines in the conductivity diagrams yields an
additional smallness (maximally crossed diagrams contribute
to a weak-localization correction characterized by oy, ~ ).

Since the two impurities composing X or W are close by
on the order of Ar, we may evaluate internal lines with bare
Green’s functions, Eq. (6) at « = 0. In real space this leads to

7T pu(€F)
261:

- [Yo(por) F iJo(por)], (10)

G (ep,v) =[ep +d(—iV)]

TABLE 1. Prefactors of diffractive skew-scattering contribution

é e;:m(e;%— 7}712)

X/ ¥ : —
o,/" for different n. Here, f(ep, m) = I

n=2 n=3 n=4 n=>5
O')?;/f(fp, m) 0.719 0.563 0.542 0.530
ax‘i’, /f(ep, m) 0.466 0.509 0.494 0.506

where

Yi(r) = mr)——Ze-l*(z“” Ki(ie5r), (1)

J; and Y, are the /th Bessel functions of the first and second
kind, respectively, and K; is the modified Bessel function of
the second kind (cf. Appendix B 1). We also used the density
of states for the isotropic model p, (e ):

€r

pnl€p) = T (12)
2rnv?/n (e} — mz)1 Y
Using the real space representation, we obtain
o e? epm(ef — mz)nn
o Gy’
e ~ ~
X / dx JiJy[JnYo — JoYal, (13a)
0

2 epm(ez — m? oo . .
A e—Lz)nn / dx Il n %o + Jo¥]

h (€2 +m?) 0

+JOJnY0(‘In71 - -,n+1)v (13b)

where for the sake of convenience, we use the following
compact notations: J; = J;(x), ¥; = ¥;(x), x = poR, and R is
a distance between two impurities. For detailed calculations
use Appendix B 6. While Egs. (13a) and (13b) determine
contributions from diffractive skew-scattering contribution for
any n > 1, the analytical evaluation of these integrals can be
obtained for n = 1 [38], n = 2 (see Appendix B 7), as well as
in the limit n — oo:

ontoy V3 L4 1
f(eF,M) NG
Numerical evaluations of the Bessel integrals are, of

course, always possible and for the most relevant experimental
situations n € [2;5] of 0 X/ are given in Table L.

n odd,

neven’

n4 (14)

D. Summary for weak dense impurities

The full result for the anomalous Hall conductivity in the
zeroth order in o from one valley and one spin is given by
Egs. (8), (13a), and (13b):

Oyy = afyc + a)f; + ax\ly'. (15)

When we compare these results with the well-known lim-
iting case of n = 1, which corresponds to 2D massive Dirac
fermions [27,37,38], we recover the results of previous works
if we artificially removed the vertex correction (which is non-
vanishing for n = 1), see Eq. (7).
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1.0 ny

05}

N2 46810 12 14

FIG. 4. Intrinsic Eq. (5), side-jump Eq. (9), skew-scattering com-
ponents Eqgs. (13a) and (13b) and the extrinsic part of the anomalous
Hall conductivity for n = 4. We plot separately the skew-scattering
parts in the noncrossing approximation (purple) and diffractive
(gray). The vertical dashed line marks €z/m = 1. All curves are
shown for a single spin- and valley-polarized flavor.

> €r/m

The comparison of different components for anomalous
Hall conductivity, Fig. 4, for tetralayer graphene illustrates
that for Fermi energy sufficiently far inside the band, the
impurity scattering is comparable to the intrinsic contribution,
yet upon lowering the Fermi energy, the intrinsic mechanism
dominates the anomalous Hall conductivity and ultimately is
the sole contribution to the quantized plateau. Disorder broad-
ens the band edge and may generate exponentially rare in-gap
Lifshitz-tail states, which rounds the onset of the intrinsic con-
tribution near the gap. Our results are controlled for prl > 1;
the detailed band-edge physics for prl ~ O(1) is nonpertur-
bative and beyond our quantitative scope, while the plateau is
expected to persist up to exponentially small corrections for
weak disorder. This is consistent with the topological origin
of the intrinsic contribution, which is less sensitive to disorder.
These results underscore that in ABC-stacking graphene, the
anomalous Hall effect is largely determined by the interplay
between intrinsic, side-jump, and diffractive skew-scattering
mechanisms, while conventional skew scattering may be sup-
pressed.

E. Strong sparse impurities

In the rest of the part about an isotropic model, we consider
the higher-moment contribution of the disorder distribution
Eq. (2b) to the first order in the parameter 8 (third moment)
given by the “Mercedes star” diagram [Fig. 2(e)]. We obtain a
vanishing contribution for n > 2:

2
MS Y A_¢ 3 3n—4
ny =ny +axy = Z(ﬁv pOn )

S L G TR
Pi
+ TG, js (PG}, Gy, (P2)Gp, Gy, ) = 0, (16)
because of the angle integration. It should be noted that the
higher moment gives us the same result (see Appendix B 8).

At the same time, note that a nonzero result does exist for
n=1[37].

IV. WARPED MODEL

This section addresses the effect of trigonal warping. In
experimentally relevant regimes, the displacement field en-
ergy is comparable to the characteristic energy associated with
the dispersion anisotropy, i.e., warping. This implies that the
isotropic calculation may be at the limit of its applicability, in
particular, at low doping, thus necessitating the inclusion of
warping in the analysis.

In the presence of warping in Eq. (1), i.e., w # 0, the
system has C; symmetry instead of full-rotation symmetry
as in the isotropic model. It should be emphasized that this
effective model is applicable for n > 3 and microscopically
derives from various types of subleading interlayer hopping
that was neglected in the isotropic model.

As suggested by its name, the parameter w introduces a
warped Fermi surface. The approximate ¢-dependent Fermi
momentum pr(¢) = py to second order in the power of warp-
ing parameter @ = w/vp} is

i cos(3¢) N W% ((2n — 5) cos(6¢) — 5))

= 1—
D¢ Po( ” e

a7

We emphasize that at smallest doping @ is always large and
our perturbative scheme breaks down. At the same time, it is
worthwhile to note that Eq. (17) provides a quantitatively ac-
curate description of the Fermi surface (within a few percent)
forall ® < 1 (Appendix C 1).

For the following calculations we define a ¢-dependent
DOS:

Py
X =ep—>t 18
Pt E) = € Fo(Pe) {19
where
dFy(p) d(p, ¢)I* — €
folpy) = jp” L Fy(p) = T T E - £ 9

Our focus is on how warping impacts the anomalous Hall
conductivity, and we follow the same computational steps
as in the isotropic model. From now on, we will focus
on the warping effect for trilayer and tetralayer graphene,
i.e., n = 3,4. However, similar reasoning can be used for
other n.

A. Intrinsic contribution

We derive the intrinsic contribution for the warped model
(cf. Appendixes C2a and C3a):

2
winr=h _% g % @, (20a)
w, inl|”=4 _ _fﬂ ) <2j(6) +9T® 4+ 'D_ZI<0>>_
xy hep 4 4 g T4
(20b)
Here we introduced
70 = <p;eil¢_p;v¢(iﬂ”) )> ;g0 :<pf,,—p (€ > ;
n(€F) |4 Pn(€r) [
P = p/po, 1)
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and (...)y = 02” ...d¢ denotes angular average. These and

the following integrals in the warped case can be evaluated
numerically and will be discussed in the next section. The
isotropic limit (w = 0) can always be taken analytically, and
we can readily verify the agreement with our results for the
isotropic results, in this case Eq. (5).

B. Self-energy

We rely on the fact that the self-energy obtained in the self-
consistent Born approximation is identical to that in the Born
approximation:

R _F dp* er +d£p)-0' 22)
np,(€r) () €2 —d(p)?
For n = 4 and for n not a multiple of 3, only the oy, com-
ponents survive the angular integral due to C; symmetry. For
n = 3 and for n multiples of 3 we have all components. So, in
general (see Appendix C 1),

ImZ* = —(I' + I'yo, + I'yo, + I',07), (23a)
where for n = 3, 4,

r=-"%.10, (23b)

2n
r, — —5,137;—0[1)[73 (29 + 2 T©), (23¢)

n

r, =0, (23d)
I, = — 22 mz®, (23e)

2n

C. Noncrossing contribution: Vertex corrections

To compute the noncrossing and diffractive skew-
scattering contributions, we need to include vertex correc-
tions. Contrary to the isotropic model, they generally do not
vanish. We define ji = [j, £ij,]/2, and use boldface sym-
bols ji for dressed vertices. We obtain (cf. Appendixes C2b
and C3b)

J " = e, (24)

. o 73 A
jel" =t ==t [4@# R ey
4

1—A
79 B
+i 4Up01? +w (l )2 s (25)
where
€2 —m? €rm A _
A=—"F —_ B=- —710, (26)
2(e2 +m?) €t +m? n

So, the vertex correction in the warped model for n = 3 is zero
but not for n = 4.

Then, o,, for the warped model in the noncrossing approx-
imation equals to (Appendixes C2c and C3c¢)

W, nc |”=3
Xy

&2 3merTy” /2” do P,
0

Choe—m? 27 f5(Ps)

1
. — - : : |
Z(O) igtmz + (pé cos (3¢) + w) (1';3) + ij(O))
(27)
- g (Lo 2]
: B P 2 ) 3
y h EF +m 1'4 [Iz&())]

(e + ) El

2
@ 1) + /4} .28

In the isotropic limit we recover Eq. (8).
D. Diffractive skew scattering

Finally, we can obtain diffractive skew-scattering contribu-
tion:

2
o = M (292)
g _Emald o)
. nGem)y
& mer(eq — m2)2 - Ny.4?
hi(e2+3m?)(e2 +m2)’
2 2 2\3
_ e_ mer (EF2 m ) 5 NX,4|3)’ (29b)
h (e% + 3m2) (612r + mz)
2
O’X’\D n=3 _ _%EZM_EFmZ . N\]1,3, (29¢)
F
et _Emerl@ =)
h (@ )’
2
— i mEF(E% B mz) 5 'N\[/,4|2)
h (€2 +3m?)(e2 + m?)
2 2 2\3
B mep (e} —m?) Noal®. @90)

e
h(e2 +3m?)* (€2 +m?)’

The dimensionless integrals Nx ,, Ny , over three angular
variables are too cumbersome to represented here; see
Egs. (C16), (C19), (C30)—(C32), and (C34)—(C36) of the
Appendix C.

E. Comparison of isotropic and warped models

In this section we compare analytical results for the
isotropic model with numerical results for the warped model
and analyze the effect of trigonal warping on the anomalous
Hall conductivity.

Importantly, in the warped model, all contributions de-
pend on W = p;, which means that @ is a function of

(er, m). Thus, we numerically evaluate angular integrals and
plot the full anomalous Hall conductivity as a function of
€r/m, at fixed displacement field m, comparing the isotropic
and warped models for several values of the warping pa-
rameter: Fig. 5. There we used ab initio estimates of the
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~0yy(e°/h)
3

— isotropic

15§ — warped, m=50 meV

— warped, m=150 meV

1.0}
05}
2 4 5 8 10 €r/m
(a)
2
2_0“ — isotropic
— warped, m=50 meV
15}
— warped, m=150 meV
1.0}
0.5}

€F/m

FIG. 5. Full anomalous Hall conductivity (one valley and one
2
spin) for (a) n =3 with @; = %(;—F2 —1)"'2 and (b) n = 4 with

2
. ~ w €F -3/8
warping parameter ¥4 = —z 5z (C5 — 1) /8,

parameter w/v A~ 9.97 x 1073 nm~3 of the dispersion rela-
tion of graphene, and “warped” means the model includes the
trigonal-warping term of amplitude w = 20 meV for n =3
and w = 34 meV - nm for n = 4, while for “isotropic” we set
w = 0, keeping all other parameters unchanged.

These results suggest that the presence of warping in-
creases the absolute value of the anomalous Hall conductivity
in trilayer graphene, while in tetralayer graphene, it leads to
only a slight decrease at low energies. In either case, within
the present parameter regime, the impact of warping may be
quantitatively relevant, but not qualitatively.

V. CONCLUSION

In conclusion, we have developed a theoretical framework
to describe the anomalous Hall response in graphene sam-
ples with rhombohedral stacking. Within our approach we
carefully include disorder scattering in a controlled fashion.
In particular, we go beyond the conventional noncrossing
approximation by incorporating crossed impurity-line dia-
grams, enabling a complete treatment of impurity scattering
effects. We derived an analytical expression for an isotropic
model that accounts for all key contributions to the anomalous
Hall effect. In addition, we investigated the role of trigonal
warping—via detailed seminumerical analysis.

While warping introduces only a minor correction deep
inside the band, impurity scattering has a pronounced impact
on the behavior of o,, only away from the band gap.

Despite its simplicity, the isotropic model captures the
essential physical features and might offer a practical and
accurate description of rhombohedral graphene in the limit
of sufficiently large displacement fields. The insights gained
here may extend to a broader class of multiband materi-
als or nonlinear extensions of the calculations done here
[52-55], enhancing our understanding of anomalous transport
and guiding future experimental and theoretical studies. Our
results also point to experimentally testable signatures. While
the intrinsic term yields a characteristic density dependence
controlled by the Berry curvature of the underlying bands,
extrinsic terms can introduce additional contributions that are
sensitive to the disorder strength and microscopic disorder
statistics. One may discriminate the two by varying regimes
from ballistic to diffusive by altering sample dimensions and
or controlled addition of impurities.

ACKNOWLEDGMENTS

It is a pleasure to thank Pavel Ostrovsky and Alex
Levchenko for useful discussions. Support for this re-
search was provided by the Office of the Vice Chancellor
for Research and Graduate Education at the University
of Wisconsin—-Madison with funding from the Wisconsin
Alumni Research Foundation. This research was supported in
part by Grants No. NSF PHY-1748958 and No. PHY-2309135
to the Kavli Institute for Theoretical Physics (KITP). D.K.,
D.G., and E.J K. acknowledge hospitality by the KITP, where
this project was initiated. V.M. and E.J.K. acknowledge hos-
pitality by the Max-Planck-Institute for Solid State Research.
D.K. is supported by the Abrahams Postdoctoral Fellowship
of the Center for Materials Theory, Rutgers University, and a
Zuckerman STEM fellowship.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: THE LOW-ENERGY HAMILTONIAN

In this Appendix we provide details in the derivation of
Eq. (1) of the main text, i.e., an effective two-component
Hamiltonian that describes hopping between atomic sites A;
and B,,.

We start from the Hamiltonian in the basis @ =
(1, P2, ..., pu]T with ¢ = [Va,, ¥, ], where [ is the layer
number, n is the number of layers, and ¥4 and yp are the
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weight on the A, B sublattices:

D, V. W
vi D, Vv w
wt  vT D,
H, = wt o e e ,
. 1% w
’al D, V
wt vl D,
_ U; 'UFP .
Di_(l)[:']_D U,‘ )’
—U4P U35
V = ;
( " —vﬂ’)
(0 »n/2
W= (O / ) (A1)

J

where v; = +/3ay;/2h are effective velocities, a = 0.246
nm is the lattice spacing, vp = V3ayy/2h; P = Ep, — ipy
and & = 1 are the valley index (we will keep & = 1);
U; describe on-site energies of the atoms on layers in
the presence of an external displacement field; yy and y;
describe nearest-neighbor intralayer and interlayer hopping,
respectively; y3 represents hopping between the low-energy
sites of a AB-stacked bilayer; y4 couples low- and high-energy
sites located on different layers; and y, describes the vertical
coupling between sites A; and Bj in a different unit cell. We
will use the following values for energies: yy = 3.16 eV,
y1 =03%9eV, 9y =-0.020eV, y3=0.315eV, and
ys = 0.044 eV [44].

We can derive an effective two-component Hamiltonian for
n = 3, 4 that describes hopping between atomic sites A; and
B, using the procedure from Ref. [44], where the case for n =
3 was considered:

vl P3 Yy 2UrpU3 2upup’ U —Us vip?
Haa(P)'= = L = +|= - =p* o, + + “l1- Lo
2x2(P) )2 7 0 > ” p ” 5 vz )%
—_— ——
Hs Hy He Ha
U +Us 2U,—U —Usvip?
1+ U3 2 1 3Up127 o0. (A2)
2 2 Vi
Hg,
vi(0 P4 3u3v vur\(0 P Qupugp’
TSNS D) WETT SIS TUN S JE N
: y\P 0 y? vy J\P 0 Vi
Hs H, H,
U — Uy U)%p2 U, — Us u,%p2 21}1%172

+ l—— )+ —(1- 5 o,

i 2 Vi 2 Yi Vi
Ha

_U U, 2.2 U U 2.2

+| 2 “(1—“Ff>+ R . (A3)
i 2 Vi 2 Vi

HaZ
[
where H, describes hopping between sites A; and B,, H, the term w(p) = w(l + w,p*) contains w, ~ ?;F_;w about a
172

is the term which corresponds to warping, H, introduces
electron-hole asymmetry, and H,; and H,, stems from the
interlayer asymmetries. To simplify the effective Hamiltonian,
which can be written as

H =dy(p)+d(p) -5,

we consider the relative magnitude of the various terms in
Egs. (A2) and (A3).
In the mass term

(A4)

d(p) = m[1 + myp* + (myp*)* + - - -1, (AS)

terms involving my ~ v/ y12 ~ 100a? are negligible as long

asn S W ~ 16 x 10"2cm™2. In the intersublattice terms

de—iy(p) = VP" + w(p)P" ", (A6)

factor of 2 larger than the m; term. As such, it can be neglected
solongasn < 101W ~8x 102 cm™2,

Finally, we compare do(p) = %‘l‘pz (the constant part is
absorbed into the chemical potential) to |3 (p)| ~ m so that
do v% s
d| i

=nyp

U4 Y1

Vr m
—_— =
> =1/100 =4eV/10m

(A7)

We can estimate m ~ eV so that “570‘
can be dropped wherever we dropped m,. Typical densities in
experiments are a fraction of 10'>cm™2. This concludes the

derivation of Eq. (1).

~ myp? 555 so that do(p)
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1. Importance of impurities

In this section, we discuss when impurities are important
in experimental samples and comment on the values of « and
B.

First, the experimental article [18] quotes a mean free path
[ ~ 1 um (it was deduced from a Drude expression for R,,) at
density n, ~ 2 x 10'2 cm~2 and the sample size L ~ 2.5 um.
Alternatively, as quantum oscillations [6] become visible for
a magnetic field ~0.1 T, we estimate a mean free path / ~
100 nm at density n, & 0.25 x 10'2 cm 2.

To connect these experimental numbers to our disor-
der parametrization, we recall that ¢ and B control the
second and third moments of the random potential, respec-
tively, Egs. (2a) and (2b). The parameter « sets the elastic

J

scattering rate within SCBA. Using the standard Born esti-
mate 1/7 ~ 2w v(ep)(VV) (up to O(1) factors), where v(er)
is the density of states at the Fermi energy, and [ = vpr,
we obtain parametrically o ~ (pol)~'. For the experimental
mean free paths quoted above, this yields o ~ 107>—1073,
consistent with the good assumption used in our analysis. In
contrast, B parametrizes the third cumulant (skewness) of the
disorder distribution and cannot be extracted from [ alone; it
vanishes for Gaussian disorder and is expected to be strongly
suppressed for weak dense disorder, while it can become
relevant in the strong-sparse, non-Gaussian regime. In simple
models of weak dense disorder one expects 8 to be paramet-
rically smaller than o (e.g., B o a*/? times a dimensionless
skewness).

APPENDIX B: ISOTROPIC MODEL

1. Real space clean Green’s function

In this Appendix we present details in the derivation of Eq. (10). We adopt the convention € = €r > 0 throughout the
Appendixes to streamline the derivations. We start from the definition of Green’s function:

R/A

(e,p) = [e £i0 — Hol™",

where

Gg/A(e, r)=

[e + d(—iV)]L,(r), (B1)

eiPxpor

Ly = Zn© / dpd py
e Qr)? 14i0—

s

7+ )

where p? = ﬁ)% + ﬁi. We use

Li(por)

~1
1 27/
- = _ : = ¢'“min, B2
1+10 P H;I-i-lo §]2 {=e (B2)
to define
1 n—1 )
L(por) = |:Y0(Por) F ido(por) — — Ze_' " Ko( B "PoV):|- (B3)
j=1

2. Self-consistent Born approximation

In this Appendix we provide details in the derivation of Eq. (6). The self-consistent Born approximation leads to a self-energy:

—mic(e + mo;)

€ d2p € + mo, + vo,p" cos(nf) + vo,p" sin(nh) _
v2p? £ il(e + m) h 2n

“ oo ] @ny VPl —

= —i(T" + T.0,). (B4)

Here we only kept the imaginary part of the self-energy; the real part is absorbed into the chemical potential and mass. From

this we can readily get Eq. (6).

3. Intrinsic contribution for isotropic model

In this Appendix we show details for the intrinsic contribution, Eq. (5), which in the Kubo-Streda approach is given by

on = / n ) Tr(je(p)Gh jy(P)GY). (BS)
After taking the trace we can get
m[ _ / pdp /-271 4o U2n2(4eml(10)p2" -2 + lU2p4n 2(6—210 2i0)) _ _éﬁ
( pO —v2p? ) — 4(i0)2€4 h 2e
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Consistently, using the Berry curvature Q(jf)(p) = :I:% %, we obtain
62 dzp (n) 62 n |m|
Oy = g / Gyl -0l ®) = -3 (@(m —€)+O(—m)- ?> - sgn(m). (B6)

Here & = |d(p)|.

4. Vertex correction

In this Appendix, we calculate a single-impurity vertex correction, which is given by Eq. (7) of the main text. Let us consider
the first-order correction:

o :“L/ LD Gy GE o / LD 1a(BP) + bABP" + (BB P™ + He. = 0 (B7)
P = o) ] @ eI X | aay o=

The matrix-valued isotropic functions a(|p|?), b(|p|*), c(|p|*) may be read off from Gﬁ, given in Eq. (6).
Due to angle integration, all ladder diagrams will be equal to zero if n is not equal to 1; as a consequence, the contribution
from skew-scattering diagrams in noncrossing approximation is equal to zero too.

5. oy, in noncrossing approximation

Now, we show details for the contribution from noncrossing diagrams of Eq. (8), which is given by

2 d2
=5 ST PIGR (P ()G ()

& [ pdp [ dO , ,—4emZLpT2 4 jp?ptTI (e — 210) e> men
=2 Ry, 2 - (BS)
h 0 2 0 27

2 202 (242 )2 ) 2
(vzp(z)”—v2p2") 4 e (;Z+m> he’+m

The noncrossing contribution includes, in principle, the intrinsic, side-jump, and Gaussian skew-scattering components. The
latter vanishes, Eq. (7), so we can easily find side-jump components:

nt e® m(e? — m?)
W h 2e(€? +m?)

sj __ nc __
o _ny

xy

n, n>1. (B9)

6. Diffractive skew scattering

In this Appendix we provide calculations about diffractive skew-scattering contribution from the X and W diagram, Egs. (13a)
and (13b), of the main text:

Al e Y . .

o = —( a) / Tr[G), jx(P1)Gy, Gh GR jy(02)G), G, ](27)*8(p1 + P2 — P3 — Pa)- (B10)
h \npu(e) ®)

We rewrite the average Green’s function as

1

€2 —E2+ I+ m?)

GE=NPGS. Np)=ec+dP). 7=
In this notation we use that within our approximation we can keep only the lowest order in « in N(p), i.e., zeroth order. Then,
using partial fraction decomposition and keeping overall O(a?),
2
e’ € n?
N = (27)*8(p1 + P2 — P3 — Pa)
}

o — al - .
Yo h \ np,(e) w2a2(e2 +m?)?  Jy,

- (TN (1) jx(PON (PON (P3N (P2) 5 (PN (P2)N (P4)] - 3Gy, 3Gy, (RGp, — i3Gp, ) (RGp, + 3Gy, ),

where A and J denote real and imaginary parts.
After taking the trace and nondimensionalization, we can rewrite it using the Green’s functions in real space, Appendix B 1:

Xy

o = En / Tx - 3(r)3I(r2)I(r3)R(rs) - SR = r)8(R —1r2)8(R 4+ 1r3)8(R +19),
{r:}.{R}

where
e® me(e? — m?)
h 8(e2 +m2)?”’

=
(@M

T =Py By (PyPr — 1) [P (P - P3) + P (P - B))).
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We use complex polar space coordinates P = p, —

. —1
P = (—i)me‘"""’[ (a, - -
p

ipy = —ie" (3, — Ld,), so that

ia 0 ! ia ) i8
r¢ cee r ’ r¢ r r¢ .

m differ. operators

Finally, the general answer for any n is

e epm(e} —m?)

Ux —_—
T (@ ey

00
-n / dx-ll-]n[-]nio - JOYn]~
0

The contribution from the W diagram can be calculated in the same way as for the X diagram, so we can get the following:

e* epm(ep —m?)
axy - T 2
@ em)

This concludes the derivation of Egs. (13a) and (13b) of the main text.

[
-Tn / dx-ll-ln[-lnYO + -IOYn] + JOJnYO(Jnfl - -,n+1)~
0

7. Calculation of integral over Bessel functions

In this Appendix we present calculations of the Bessel-function integrals appearing in (13a) and (13b) and obtain asymptotic

expressions in the limit n — oo.
We need the following integrals:

Liion = / dxJ,J1JoY,, (Blla)
Linto = f dxJ; Y, (B11b)
Linot =f dxJ oY, (Bllc)
0
e ~
oo = f A5y (ny =y oo, (B11d)

The integral 1,10, drops out of the final expression for the diffractive skew-scattering contribution, and I,+¢9 can be expressed
in terms of the others as 1,100 = L0 + Iino1- Since Y [see Eq. (11)] decomposes into a Y term and a K term, we split each

integral accordingly, for example:
Lin1o = Iyio + Lros

where

n—1

o0 o0 2 2
Irfnlozfo defJ]Yo, Ir{ilo:/() de,%Jl ;Z(—e " )KO(

j=1

The general method we use to handle these integrals is as follows [56]:

(B12)

’%x)

(i) Reduce the number of Bessel functions from 4 to 3 using the following expression:

da x"
72T (n+1/2)

12=/2
§ 0

.. . . .. 242
(ii) Integrate over x using one of these four identities (u(a, ¢) = %< Ly,

2ac

u—ajc
Vur-1’
u—ajc

«/77

Ilylo(a, c)= / dxxJi(ax)J;(x)Yp(cx) = — {1 +
0

)

u

% 1
Iy (a,¢) = f dxxJi(ax)Jo(x)Y; (cx) = ———
0 mac

’
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*° a?+ct+1 1
Ifo(a, c) = / dxxJ; (ax)J, (x)Ko(cx) = — 5
0 2a\/ (@ +c+ 1) —4a?
X o a*—c?—1 1
L (a, c) = dxxJy(ax)Jy(x)K;(cx) = + e
0 2ac\/(a2+cz+1)2—4 2
(iii) Integrate over a.
Employing this approach, we find
1 1
Yo Y ) B13
nnl0 2rn nn01 2rn ( )

Although obtaining /X in general is analytically prohibitive, the method outlined above allows us to derive the n = 2 case:

1 157 _5 113 3
By =—|—3F 2, =3 —4 ) +2;5F L =i—4) — 1), B14
210 47r(32(244 2 )+32<424 2 ) ) (B14)
1 113 3 157 _5 1 353
By = —(1-23F 1, ;-4 ) —3F 2,5;—4 ) 4+ 2;5F 2;—4) ). B15
201 471( 32(424 2 >32<244 2 >+’2<2442 )) (B15)
Thus, the n = 2 diffractive skew-scattering contribution—accurate up to an overall prefactor—reads
o —l—o
———— = 3anlyy + wnlyg ~ 1.18617.
f(GF,m)

These values agree with the values obtained by straightforward numerical calculation in Table I in the main text. We next focus
on n > 3 and develop a controlled large-n expansion, yielding the n — oo asymptotics.
We start from the integral IX | .. After completing the first two steps of our approach, we obtain

2 n o n—1/2
mi0 = Jo 720+ 1/2)\ 2 > i = — =) (- -
2'171 . .
—iZL R .1
x — 2 (=) o(aie™ ). (B16)
j=1

>X0 (a)

First, we replace the discrete sum by a continuum integral
1’216"'2%11"10(& ie”) / 9D io gk (aric®) 4 5,(a) ~ — - T (@2 — —¢=2m, (B17)
n<3 2w b4 Jan

where « is a dimensionless prefactor determined by comparison with numerical data (« ~ /7); below we keep the /7 factor
explicit.
Thus, for large n we find

EKO(G)N __+ m+ —Zan (B18)

Then, after integrating over a, we obtain the n — oo limit:

1

1K b2 5’ n odd, il B19
nnl0 — 2 -3 : ( )

mn - w3 |5, neven 4 2nn

An analogous calculation for IX | yields the n — oo limit:

K~ o2 3 n odd, _ il (B20)

nn0l — ) 3 ) n(n*=3) :

mn w—Tp> even 427 n

Combining Egs. (B11)-(B13), (B19), and (B20), we obtain the diffractive skew-scattering contribution in the large-n limit,
up to an overall prefactor:

(B21)

ox+tol V3 4|1 n odd,
neven’

Flerm) —ah w2

_nt
(n2—1)2 ’

125407-12



ANOMALOUS HALL EFFECT IN RHOMBOHEDRAL ... PHYSICAL REVIEW B 113, 125407 (2026)

8. Case of sparse and strong impurities

In this Appendix we deduce the contribution of the higher-order moment, Eq. (2b), of the disorder potential Eq. (16).
The contribution from the “Mercedes star” diagram:
oMC = oY + ol = S (BUPpy" ) - [y, (Tr[GA,j(P1GR GE GE j(p2)Gy, ] + Tr[Gf, (PG GE s (p2)GA, G ).

XY

This expression contains p; and p; integrals analogously to the vertex correction, Eq. (B7):

UAI‘;IC =0, forn#1.

This cancellation originates from the structure of the angular integrals and is not specific to the third moment: higher-order
disorder correlators lead to analogous cancellations. Thus, all non-Gaussian disorder moments beyond the second do not generate
a finite contribution to the anomalous Hall conductivity in multilayers.

APPENDIX C: WARPED MODEL

1. Necessary designations

In this Appendix we introduce all the necessary definitions which we use in this paper for the warped model, see Eqgs.
17)—(23).

Firstly, let us define the Fermi momentum. Using the notation €2 — m?

= v2p2" we find
£2 = m? 4+ v?p™ 4 2vwp* 3 cos(3¢) + wrp*C. (ChH
Solving & = € using p = p/py, W = w/vpb leads to the condition
1=+ wp”" 3 cos(3¢) + w? > °. (C2)

We cannot solve this equation exactly, but we can find an approximate expression for the ¢-dependent Fermi momentum pg(¢) =
Dy in powers of @, Eq. (17). We remark that @ is a function of (e, m):

31
- w _ 122 1
W= —— 2(62 — 2y = T3 (62 1)3/2n- (C3)

m?

In the presence of warping we need a ¢-dependent replacement for the DOS,

o g .
prp(€) = / L5t ~ 13, $)) (C4)
0 T

which leads to Egs. (18) and (19) of the main text.

2. Trilayer graphene in warped model

In this Appendix we provide calculations for trilayer graphene, i.e., n = 3 in the warped case, for Egs. (20a), (25), (27), and
(29) from the main text. We start from the effective Hamiltonian Hs(w)

w) _ 3 L= m d_
HY = d(p)- 5 = ( ” _m), ()
withd_ = d,_(p) = vP° + w; d, = m.
a. Intrinsic contribution
Firstly, we consider the intrinsic contribution:
2 2
wint|n=3 _ € dp : R.(w) ; A, (w)
ny " - z f WTr(Jx(p)Gp Jy(p)Gp )v (C6)

where Gﬁ’(“)) =[e —i0 — ng)]’l. After taking the trace and with using C3 symmetry we deduce

€m3 o)
ol T e

w, int "=3 (C7)
b. Vertex correction

Before considering the noncrossing approximation we should consider vertex correction. It is a bit more convenient to use
bare vertices,

Jr = 5(0p,H £1i0, H) = 3:H, (C8)

1
2
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which are
0 3vP? 0 0
Jy = T |=0d oy T =|3vP? 0]|=0.do_, (C9)
0 0 -
where o1 = [0, £ i0,]/2.
We will need
1
R _
% I R (10
with

E=c+il;, m=m—ily; do=d,—ily; dy=d,—il\,.

Partial fraction decomposition leads to

ImgGR
GyGy = — 2 (Cl1)
L 2(T'e + I'idy + dey + I'sm)
S(p —
= © o) @ IV (C12)
20 fy(p)[Ln" (€ + m?) + vpide (T + 0.T,) ]
We find the following first-order correction to the vertex:

. = s [ @) TGN, c13)

with
Ni(p) = (di + (T £iT)) oz + [(¢ Fil)? — (m £ T o
+dy(m £ D)o, £ (T F Ty)(€ F iT)0. + da(e F iT2)op % (T, F Ty)(m = iMoo
Only terms which have the angular dependence ¢”/¢ with | € Z give the nonzero contribution. With keeping in mind that

dy ~ B39 1;d2 ~ et 3 1; j, ~ ¢¥2% we conclude that vertex correction for n = 3 is zero.

¢. Noncrossing approximation

For the noncrossing approximation we should consider the following integral:

2 2
wae|1=3 € d°p . . . .
oy = - f G )ZTT[J—GRJ+GA—]+GRJ—GA]

_ & [Cpdp (7 d s T 8(p—py)
= _/ / —361(10)1} p em2(0)€2 6f¢(p¢)|"=3

e 3emZ}" /2” d¢ B, 1
0

T2 2 = 0) €2 1m? 3 0
het—m 27 [3(Py) TV S + (53 cos (3) + ) (T + 0.7,")
Wi if =0 t——SE’”I(O] L =2 e th ithout warpi
e can see if i = 0 we ge T T = T i.e., the answer without warping.
d. X diagram

As in the isotropic model, the X conductivity bubble corresponds to

2
e €
ox’;=z( a) / TGy, j(P1)Gy, G, G, v(P2)Gp, Gy, |
{pi}

npu(€)
_ 2 <L)2/ (27)8(p1 + P2 — P3 — P4)IGp, 3Gy, IGp, RGy,
pu(@) ) Jipy [(@ +m)T0 + divpd (TP + 0 TO)][(€ + m)T + d(p)vpd (T + 0. 7")]
x {j+ (P2)j— (PO (TE[N_(p1)(€ + H)py N (p2)(€ + H)p, ] — Tr[N_(p1)(e + H)p, N1 (p2)(€ + H)p,])
— j=(02)j+ (PO (Tr[N-(p2)(€ + H)p, N1 (P1)(€ + H ), | — T[N_(p2)(€ + H)puNi-(p1)(e + H)p,]) ). (C14)
where
Ni(p) = dic& + (€2 —m?)oy + dimo, + di€oy. (C15)
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— warped, m=150 meV

FIG. 6. Diffractive skew-scattering component of anomalous Hall conductivity for trilayer graphene.

After taking momentum integrals, we obtain

2

n=3 e eEm
ol = a e
where
N« — 1 /d¢>1 d¢, des P\ Py Py J+(Po.) - (Por)
x3=- | 555 7= - - — ———
6. 21 21 27 f5,(P,) fr (Por) f(Pos) 1 = d—(Poi- Pio: Por) s (Por+ P Pss)
) [d* (ﬁ¢3)d+ (15052) —d_ (134)1 s Do ﬁ¢3)d+ (ﬁ¢z)+d* (p¢1)d+ (]5¢3)_d* (ﬁ¢1)d+ (P¢] s Do » ﬁ%)] : (d* ([3¢1)d+ (ﬁ‘f’Z) B 1)
[T + de(po ) (T3 + 0 T) [ G5 T" + du(Pon) (T3 + 2T
(C16)

with

_ _ _ _ i _ i _ i 3
di(p(m’ Dy s p¢3) = (p¢1 e:|:1¢1 +p¢ze:tl¢2 _ p¢3ei’¢3) + .

e. ¥ diagram

The contribution from the W diagram can be written as

O'xy = Z

- on(€)T (€2 +m)IP + dpvpy (T + 2 TV)][(€2 + mHIY + du(p)vpd (I8 + 0 T”)]
x {j—(p1)j+(P2) - Te[N_(p1)(€ + H)p, (€ + H)p,N1(P2) — N_ (PN (P2)(€ + H)yp, (€ + H)p, |
— j+(P)j-(p2) - Te[N4(p1)(€ + H)p, (€ + H)p,N_(p2) — Ny (P1)N_(p2)(€ + H)yp, (€ + H)yp, ]} (C17)

v & < € )2 / (27)28(p1 — P2 — P3 + Pa)IGp, IGp, (3Gp, ARGy, + TG, RGy,)
Wi [

After the same steps as for the X diagram, we receive

n=3 62 eEm
ol =@ N (C18)
where
Vo) / dey dep deps Py P, Py J1(Pg.)i—(Pg,)
w3 =7 A A A — — — — — — — — —
3J 2w 27 27 [y, (D)) S5, (Pon) S5s (Piss) 1 — d—(Poy» Pon» Pos)ds (Pon» P Pos)

1
(52T + di(po) (T + 0TGP TY + de(po) (1 + 0.7,)]

% [d-(Pp)d—(Por- Bonr s s (Pgr) - (4 (Pgn) — di () + d—(Py) s (P) - (A (Py,) — di (5ss)
+d—(Ps)d+(Pors Pons Pgs) - (d— (P, )d+(Pg,) — 1) — (d-(Pgs)d (Po,) — 1)]- (C19)

The influence of warping is most clearly manifested in the diffractive skew-scattering term; therefore, we compare the results
for this contribution with and without the warping effect in Fig. 6.
This concludes the derivation of Eqs. (29a) and (29c) of the main text.
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3. Tetralayer graphene in warped model

In this Appendix we provide calculations for tetralayer graphene, i.e., n = 4 in the warped case, i.e., Egs. (20b), (25), (28),
and (29) from the main text. We do the similar steps as for the trilayer case. We start from the effective Hamiltonian H,"

w 7 > d_
HA: ) - (p)'o (m‘l )a (C2 )
with d_ = dT = x_iy(p) =Pt +wP; d, =m.

a. Intrinsic contribution

Initially, we consider an intrinsic contribution. Doing the same calculations as for the trilayer case, see Appendix C2a, we
obtain

wint |n=4 em 1 2 ” p (16 + 4D + A p e 4 ~2)
o™ - w wp,e w
i h e 16m Jo f¢( o) Poe i
etm >
(6) ~ 7(3) (0)
Z_Z:<2j4 + I, +?I4 > (c21)

b. Vertex correction

For the noncrossing approximation, we should deal with the vertex correction. For tetralayer graphene we have different
definitions for currents:

0 mP" '+ @m—3Hwp* . 0 . 0
Jy = J+ =dyd oy, J = nvP" !+ (n— 3)wpn_4 0| =08_dio_.
0 0 i

We find the following first-order correction to the vertex:

8Jy =

( )% /(dP)JiQRgANi(P) Ni(p) = diox + [(e Fil3)* — (m £ il)’]ox + di(m £ D)o, + dreop.  (C22)

For n = 4 we may thus only keep
. .. . . . . . . T
jiNg = ji[(e Fil3)? — m+ i) ox ~ ji[e? — m? F2i(els +mD)] = ju |:62 —-m* T 216m71,§°)]. (C23)

This leads to
oL [62 —-m?F 2iem%I}l0)]
2(e2 + m2)p, IV

2 _ 2 (3)

Xf(d)'5(€—5)—0 € M Yo | nvnIIn tw
P)Jj+ — 0% 2(62+m2):F 62+m2 n n p() Ir(lo) .

8Jy =

For n = 4 we can use that §J+ o4, so the matrix structure is unchanged. It will be readily clear that this matrix structure is
also preserved at higher orders. We can just generally write J.+ = jioy

jx = Zj(k)

with ](0) = ji, ](il) = §j+. We see that for k > 2
€
JE = o f (dp)GRGANL(p). (C24)
Using the previously derived expression for N1 (p), we see that only the terms o survive angular integrals. This leads to

® e l)ai[ez—m F 2iem™ T (0)

=]J
- 2(e2 + m?)p, 7"

/ (dp)S(e — &)

2 2 (3)
k=) €E" —m . —E€Em mao (0) _ 34y .k
=ji @ ) +i P —1I, = 4vaI_io) + w |[A £ iB]". (C25)

=A =B
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We thus find in general that

3) (3)
. B
jo = [4vpi pPe™ +w| + [4vpd =+ w | —— +i|dvp 2w | ——— = jo + 8f + i) (C26)
[ 0 ] 014(10) 1—A OIKEO) (1—A)2 +
¢. Noncrossing approximation

For the noncrossing approximation we should consider the following integral:

ne e d’p Ry (A R A
ny = —lz (2]‘[)2Tr[J_G J+G —J+G J_G ],

where we put all the vertex correction only to the left vertex. Then

2
o™ = i f (dp)Gy Gy li-j+rIN-(P)ot] = i j-tr [Ny (p)o- T}

2 2
N | iy ol W R Gl 2 A L (c27)
h €2 +m? If)) [Iio)]2 (62 + 3m2)2 IA(;O)

d. X diagram

We should do the similar calculations as for trilayer case. We notice that for n = 4,

JL (I (p1) = j-(P1)J+(P2) + 85 (G- (P1) + j+ (P2)) + 82

We introduce the following notations for tetralayer graphene:

(3) 2 2
- - €EC—m _ _ _ _ . _ . _ . 4 oy . _ . _ .
81/ - |:4I£z0) * w:| dy (P¢1, D¢, p¢3) = (p¢]eil¢1 + p¢2eil¢2 - p¢3eil¢3) + w(p¢1 eiuﬁl + p¢2eil¢2 - p¢3eil¢3)y
4

€2+ 3m2;
(C28)
and we can get
2 2 2 2 2 232 2 2 23\3
X,,=4__e_em(e —m). n_ € em(es —m”) ' y € em(e” —m”) _ 3
Oxy = ho (€2 4+ m2)? x 4] h (€2 + 3m2)(e2 + m2)? Nx 4 I (€2 4 3mD)2 (e + m2)2 Nx 417, (C29)
where
1 d¢ de ds P\ P Py J+(P.) - (Ps)) _ _
SOy 7 S VY SR N ST . R
e 8(24(‘0))2 210 21 27 £y (Bg,) for(Pgs) fn(Pos) 1 — d— (Do, Posr Pss)ds (Bgys Psa» D) (@-(p0)2+(p) = 1)
[d-(Pg,)d+(Py,) — A—(Pgy+ Do+ Pos)ds (D) + d— (P, )ds(Pgy) — d— (P, )ds(Popy» Pon- Do) |- (C30)
NX4|2) — 1 . |:4‘,i3) ﬁ):| / %dﬁ@ Do\ P, Poss j+(ﬁ¢2) + j*(ﬁaﬁ])
' E%(IAEO))2 7 21 27 270 £, (o) fo, (Do) Fis (Pgs) 1 — APy s Pisss Pss ) (Pon > P> Py

(d—(Pg,)ds(Pg,) — 1) - [d—(Pgs)d (D) — d—(Pp,+ P Do)+ (Pon) + d— (P, ) (Poss)

—d_(Pg,)d+(Por Pass Pos)]- (C31)
2
Neal) = — S w} / d$r der des Pg\ P P I
’ 8(z) | 7" 2m 200 270 [y, (Pyi) f9:(Po:) Jos (Pos) 1 = A= (Por Pyss P ) (Pyis Pos Pos)

(d—(Pg,)d+(Pg) = 1) - [d—(Pos)ds (Pgr) — APy Do Py )ds (Pg) + d— (P, )d+ (Pys)

—d_(pg,)d+ (g, Pon> Pis)]- (C32)

e. ¥ diagram

After the same steps as for the X diagram, we can deduce the following:
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FIG. 7. Diffractive skew-scattering component of anomalous Hall conductivity for tetralayer graphene.

2 2 2 2 2 2 2 243
@ n=4 e“ em(e” — m~) n e em(ec —m 2y € em(e* — m*~) 3
=———— "N, - — - N, - — - N, , C33
Txy @ rme Ml T @@ e N T @ amr@ Mol ©9)
1 dd)l d¢2 d¢3 [3¢1p_¢2ﬁ¢2 1 . _ . _
Nw,4l”=—/——— - = ——— —————— 1+ (Pg) i (Ps))
4([20))2 2m 27 2m f¢1 (p¢1)f¢2(p¢2)f¢3 (p¢3) - d*(p¢17p¢zv p¢3)d+(p¢1»p¢29 p¢3) ’ l

[ ( D¢ d- (p¢l’p¢2’p¢3)d+(p¢z) ' (d+(ﬁ¢2

(Pg))ds (Poss Posr Pis) - (d—(Pos)d (P,

d¢1 de, dos

- d+(ﬁ¢3)) + d,(ﬁ¢])2d+(]_)¢2) ' (d+(ﬁ¢3)

— 1) = (d=(Pg:)d+ (Pg.) = 1)]. (C34)

- d+(p¢2))

Doy Py Poss 1

)
Pon)
3
Nyal? = —= I(O) [Izoz }
)+

x (ji+ (Pgs
’ (d+ (ﬁ 3 )

3
Ny 4P =

J-(Ps1)) - [d-(Ps,)d—(Por» Por> Pos)ds (Do) - (di (Pos)
—dy(Py,)) +d—(P4,)ds (Por» Pon» Pas) - (d—(Pgy)ds (D) — 1) —

2m 2m 2m f¢1 (ﬁ¢|)f¢z(ﬁ¢z)f¢3(ﬁ¢3) 1 _d*(ﬁlfil’ﬁ%’ﬁ¢3)d+(ﬁ¢l’p_¢2’ﬁ¢3)

—dy(Pg:)) +d-(py, )2d+ (Pg)
(d—(Ps,)d+(Ps,) — 1)].  (C35)

ZNZTS !

- d+(ﬁ¢3)) + d*(ﬁlﬁl)szr(ﬁ‘f’z) ’ (d+([3¢3)

! [4:@ . w] (=
4(1;50))2 14(10) 2r 27w 2n f¢1 (plbl)flﬁz (13¢2)f¢3 (13053) 1—d- (p_¢1 ’ ]_7¢2, ]_)¢3)d+ (ﬁ¢1 ’ ]_7¢2, ﬁlﬁs)
X [d—(pg,)d—(Por» Por» Pos)d+ (Pg,) - (di(Pg,)
+d_(Pg,)dr(Por> Po» Pos) - (d—(Pos)ds (Pgs) — 1) —

= d+(Ps))

(d-(Pg:)d+(Pg,) — 1)]- (C36)

In tetralayer graphene, the influence of warping is generally weak across all contributions. For consistency with the trilayer
case, we present in Fig. 7 only the results for diffractive skew scattering at the low-energy region, where the absolute value of
conductivity is decreased; however, even for this mechanism, the effect remains barely discernible.
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