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many-body localized spectrum
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We develop variational continuous unitary transformations (VCUTs), which integrate Wegner-Wilson flow
equations with tensor network techniques to approximately diagonalize many-body localized (MBL) Hamilto-
nians. The diagonalizing unitary is represented as a matrix product operator whose bond dimension controls
the accuracy. For the disordered Heisenberg chain, VCUTs accurately reproduce the full spectrum across the
ergodic-to-MBL crossover at small system sizes and scale to L = 48 sites. Beyond eigenenergies, the method
can track the spatial entanglement structure of the diagonalizing unitary U (/) at each flow step, enabling
identification of local integrals of motion deep in the MBL phase.
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I. INTRODUCTION

As one of the most intriguing phenomena in the field,
many-body localization (MBL) is intrinsically different from
Anderson localization due to its emergent integrability, which
robustly prevents thermalization and conductivity even in the
presence of interactions [1-8]. The fully many-body localized
(fMBL) phase is characterized by a complete set of L quasilo-
cal integrals of motion (LIOMs) {t?}: |, known as I-bits
[9,10]. These [-bits can be constructed from the physical spin
operators o via a quasilocal unitary transformation U that
diagonalizes the Hamiltonian : tf = U'o?U. The operator
U connects the physical basis to the /-bit basis in which the
Hamiltonian takes a diagonal form:

M= hti+ Y Jyiti+---, (1)

i<j

where the couplings J;; decay exponentially with distance
|i — j|. As evident from this form, the /-bits are mutually
commuting operators that also commute with , giving rise to
the emergent integrability of the fMBL phase. Crucially, both
U and the [-bits exhibit spatial locality: the /-bits are expo-
nentially localized around their associated lattice sites, and U
can be approximated by a finite-depth quantum circuit and ad-
mits an efficient MPO representation [11-13]. Consequently,
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applying U to the 2L product states in the [-bit basis yields
all eigenstates with area-law entanglement. Furthermore, the
exponentially decaying interactions J;; between [-bits lead to
slow dephasing dynamics, which govern the spreading of lo-
cal operators. In fMBL systems, a local operator spreads only
logarithmically in time,  ~ & In(¢), where £ is the localization
length [14—16]. In contrast, ergodic systems exhibit ballistic
operator spreading, bounded by the Lieb-Robinson velocity
[17], which sets the maximum speed at which information can
propagate in systems with local interactions.

Verifying the existence of [-bits and understanding the
ergodic-to-MBL transition requires probing the properties of
highly excited eigenstates. This can be achieved either by
computing eigenstates directly or by investigating the time
evolution of many-body systems, which reveals whether a
system thermalizes or not. Both approaches face significant
challenges due to the exponential growth of the Hilbert space,
severely limiting accessible time scales and system sizes.

Exact diagonalization (ED) provides numerically exact
results but is limited to small system sizes (L < 20). The shift-
and-invert technique [18] extends ED to larger systems (L <
26) by targeting eigenstates at specific energies. However, this
method requires inverting the shifted Hamiltonian, typically
performed via LU decomposition. Since the sparsity pattern
of the Hamiltonian is not preserved during decomposition,
the resulting memory overhead becomes the main bottleneck,
and the method remains restricted to computing individual
eigenstates rather than the full spectrum.

Tensor network methods offer an alternative route. DMRG-
X [19] adapts the density matrix renormalization group to
target highly excited eigenstates by exploiting their low
entanglement in the MBL phase. However, the method re-
quires a good initial guess and converges reliably only deep
in the localized regime where eigenstates resemble product
states. Near the transition, increased entanglement limits its
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applicability. Unitary tensor network approaches [11-13] rep-
resent the diagonalizing transformation U as a tensor network,
providing access to all eigenstates simultaneously. These
methods exploit the finite-depth circuit structure of U in the
MBL phase but rely on local optimization schemes that can
become trapped in local minima, and their accuracy degrades
as the system approaches the ergodic-to-MBL transition.

Continuous unitary transformations (CUTs) [20,21] of-
fer an alternative by letting the Hamiltonian flow toward a
diagonal form via coupled differential equations. However,
this system of equations is not closed, and the number of
terms proliferates during the flow, necessitating truncation
schemes [22,23]. The recently developed Tensor Flow Equa-
tions (TFE) [24,25] use an expansion in interaction strength,
yielding promising results for weakly interacting systems
but becoming less accurate at strong correlations. Previous
attempts to combine tensor networks with CUTs include time-
evolving block decimation (TEBD)-based approaches [26]
and Baker-Campbell-Hausdorff (BCH)-based unitary tensor
networks [27]. However, obtaining the complete spectrum
with controlled accuracy using tensor-network-based flow
equations has remained out of reach.

In this work, we present variational continuous unitary
transformations (VCUTs), a method that combines tensor
network representations with Wegner-Wilson flow equa-
tions using the time-dependent variational principle (TDVP)
algorithm [28,29]. Unlike TEBD, TDVP naturally handles the
long-range interactions generated during the flow. By repre-
senting the diagonalizing unitary as a matrix product operator
(MPO) with controlled bond dimension, VCUTs provide an
optimized truncation scheme based on entanglement, enabling
access to the entire spectrum with controlled accuracy.

We benchmark VCUTs against ED and TFE for system
sizes L < 16, demonstrating accurate approximation of the
full spectrum across the ergodic-to-localized crossover. The
method maintains accuracy for system sizes up to L = 48,
well beyond the reach of ED. Furthermore, VCUTs provide
direct access to the dynamics of the diagonalizing unitary
transformation and the spreading of local operators, offering
real-space-resolved insights into the localization transition.
We observe that spatially localized regions of high entangle-
ment persist deep into the localized regime, concentrated at
bonds with small local disorder gradient Ah;, directly reflect-
ing the resonance structure of the MBL phase, and reliably
identify LIOMs in this regime.

The paper is organized as follows. Section II introduces the
model, and Sec. III describes the VCUTs method. Results are
presented in Sec. IV, followed by a discussion in Sec. VII.

II. THE MODEL

We study the disordered Spin—% XXZ chain with open
boundary conditions, a paradigmatic model for investigating
many-body localization. The Hamiltonian reads

J

L—1 L
M= Jo(SiSiy, + S8, + ASISE )+ )RS5 ()
j=1 j=1

where Jj is the exchange coupling, A controls the interaction
anisotropy, and the on-site fields #; are drawn independently

from a uniform distribution h; € [-W, W] with disorder
strength W. Throughout this work, we set Jy = 1.

The isotropic case A = 1 corresponds to the random-field
Heisenberg chain (RFHC), a canonical model for MBL with
the ergodic-to-MBL transition previously estimated at critical
disorder strength W, ~ 3.7 [8,14,30-32]. The critical disorder
depends on the interaction strength A [32]: weaker interac-
tions bring the system closer to the noninteracting Anderson
localized limit, such that for A = 0.5 the transition is expected
at a lower value of W,. We note, however, that finite-size
effects in numerical studies remain a concern. The observation
of slow dynamics toward delocalization deep in the putative
MBL phase has raised questions about the stability of the
MBL phase in the thermodynamic limit [33-36].

III. THE METHOD

A. Continuous unitary transformations

Continuous unitary transformations (CUTs) provide a
framework for diagonalizing quantum Hamiltonians by flow-
ing them toward diagonal form [20,21]. The flow is governed
by the differential equation

dH(
4D _ o, wa, 3)

d/
where [ is the flow parameter and n(/) is an anti-Hermitian
generator. The formal solution is given by

H() = UDHOU (1), )

with U(l) = Tj exp(— [i n(I")dl'), where 7; denotes flow-
ordering. A common choice is the Wegner generator [20],

n(l) = [Ha(l), Hoa(D], &)

where Hq(l) and Hoq(/) denote the diagonal and off-
diagonal parts of the Hamiltonian, respectively, as illustrated
in Fig. 1(b). This choice guarantees that the off-diagonal
norm decreases monotonically, driving the Hamiltonian to-
ward diagonal form as [ — oo. Once the flow converges, the
eigenvalues can be read off from the diagonal elements of
‘H(l), and the diagonalizing unitary U (/) connects eigenstates
to the computational basis.

B. Tensor network formulation of the flow

The key idea of VCUTs is to represent the flowing Hamil-
tonian H (/) as a matrix product operator (MPO) and solve the
flow equation (3) using tensor network techniques. At each
infinitesimal flow step, the Hamiltonian evolves according to

H( +dl) = "DV (1)e 1D (6)

To cast this into a form amenable to standard MPS time-
evolution algorithms, we vectorize the MPO by combining the
bra and ket indices at each site into a single index of dimension
d?, yielding a matrix product state (MPS) representation of
the vectorized Hamiltonian. This vectorization technique is
analogous to that used for matrix product density operators
(MPDOs) [37-40]. Formally, we map H(l) — |H(l))), as
illustrated in Fig. 1(a). This vectorization transforms Eq. (6)
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FIG. 1. Tensor network representation of the VCUTs method.
(a) Vectorization of an MPO into an MPS by combining the bra
and ket physical indices at each site into a single index of dimension
d?. (b) Construction of the Wegner generator n(l) = [Ha(1), Hoa(1)]
as the commutator of the diagonal and off-diagonal parts of the
Hamiltonian. (c) The local superoperator I4/(I) from Eq. (8).

into a Schrodinger-like equation,

d|H(
% =UDIHD))), )

where U(l) is a superoperator that acts on the vectorized
Hamiltonian. The local tensor components of Z/(/) on site j
are given by

UWhH=n)r -1 )", ®)

where 1/ (1) is the local tensor of the Wegner generator defined
in Eq. (5), as shown graphically in Fig. 1(c). The superoper-
ator U(I) can itself be represented as an MPO acting on the
enlarged local Hilbert space of dimension d?; we refer to this
as a super-MPO (SMPO) [37-40].

To solve Eq. (7), we employ the time-dependent variational
principle (TDVP) algorithm, which provides a stable and ef-
ficient framework for time-evolving MPS [28,29]. Since the
superoperator U(/) is generally non-Hermitian, we employ
the Krylov-Arnoldi algorithm to compute the required matrix
exponentials [41,42].

C. Diagonalizing unitary and local integrals of motion

Beyond the eigenvalue spectrum, VCUTs provide direct
access to the diagonalizing unitary U (/) and the local integrals
of motion (LIOMs).

a. Diagonalizing unitary. To construct the diagonalizing
unitary U (I) within the tensor network framework, we start

from the MPO representation of the identity operator

=Y lo)ol, ©)
where the sum runs over all computational basis states o =
(o1, ..., 01). The identity MPO has bond dimension 1 with

local tensors 8(,1(,;. We vectorize this MPO into an MPS rep-
resentation |/)) and evolve it alongside the Hamiltonian using
the same TDVP setup. At each infinitesimal step, U (I) updates
via left multiplication by ¢"¥%_ In the vectorized representa-
tion, this is implemented using a modified superoperator with
local components

U, =nel, (10)

yielding the vectorized diagonalizing unitary |U(/))).

b. Local integrals of motion. In the MBL phase, the LIOMs
7% are quasilocal operators that commute with each other and
with the Hamiltonian [9,10]. They are related to the bare spin
operators by the diagonalizing unitary,

i =U'0U. (11)

Once the flow converges and the final diagonalizing unitary
U is obtained, we compute the LIOMs by applying U to
the MPO representation of the bare spin operator af. Alter-
natively, we can access the dressing dynamics of r]?(l ) by
updating 7;(/) = U(Z)Taj? U(l) at each flow step along with
the Hamiltonian.

D. Implementation details

In our implementation, we represent the vectorized Hamil-
tonian with a maximum bond dimension Dy. The Wegner
generator 7(/) is represented as an MPO with bond dimension
D, = Dy, as illustrated in Fig. 1(b). The diagonalizing unitary
U (1) requires a slightly larger bond dimension to maintain
accuracy throughout the flow, and we use Dy = Dy + 8. To
assess convergence with respect to bond dimension, we test
Dy =16, 32, and 48 in our benchmarks.

The progress of the flow is monitored via the off-diagonal
variance

V() = ZiLZ Hij (DI, (12)
i#]
which can be computed efficiently using tensor network con-
tractions. The flow is terminated when the variance decreases
below a threshold V(1) < 1077V (0) relative to the initial vari-
ance, or when the variance decrease stalls (less than 0.05%
reduction over 20 consecutive steps).

We employ an adaptive time-stepping scheme that dynam-
ically adjusts the flow step d/ based on the variance reduction
per step. At each step, the algorithm tests three candidate step
sizes (0.9d/, d/, 1.1d/) in parallel and selects the one yielding
optimal variance reduction. The target is a variance drop of
1%-3% per step: if the drop exceeds 3%, the step size is
reduced by a factor of 0.8; if below 1%, it is increased by a
factor of 1.2.

The TDVP algorithm introduces several sources of error
[29]: (i) projection error arising from the finite bond dimen-
sion of the MPS ansatz, (ii) time-step error of order O(dl?)
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per step from the second-order integrator, (iii) truncation error
from bond dimension reduction in TDVP2, and (iv) local
solver error from the numerical computation of matrix ex-
ponentials. For the local solver, we use the Krylov-Arnoldi
algorithm with tolerance 10712, Krylov dimension 20-40
(scaled with system size) rendering the solver error negligible.
We adopt a two-stage approach: initially, we use two-site
TDVP to allow the bond dimension to grow dynamically as
the flow progresses. Once the bond dimension reaches the
specified cutoff Dy, we switch to one-site TDVP for the
remainder of the flow. This hybrid strategy balances flexibility
in capturing the growing entanglement with the computational
efficiency and stability of single-site updates. The dominant
sources of error are therefore projection error and time-step
error, which we can control through careful selection of Dy
and adaptive time-stepping.

For computing the autocorrelation function, the trans-
formed states [v,,) = U |n) obtained from VCUTs are gener-
ally nonorthogonal. To extract proper eigenstates, we solve the
generalized eigenvalue problem Hmnc,((") = EkSmnc,(("), where
H,, = (Yu|H|¥,) and S, = (¥, |¥,) are the Hamiltonian
and overlap matrices. We orthogonalize using Cholesky
decomposition of the overlap matrix S = LL”, which is
equivalent to Gram-Schmidt orthogonalization, transforming
to H=L""H(L™")" and solving the standard eigenvalue
problem.

IV. RESULTS

We benchmark VCUTs on the disordered XXZ chain de-
fined in Eq. (2). The implementation parameters are specified
in Sec. III D. Throughout, error bars and shaded bands denote
+20/+/N, where o is the standard deviation over the N
disorder realizations.

A. Full spectrum in the localized regime

We first compare the eigenenergies obtained by VCUTs
with exact diagonalization (ED). Within VCUTs, the eigenen-
ergies are read directly from the diagonal elements of the
flowed Hamiltonian, and for individual disorder realizations
(e.g., L =8, W = 6) the VCUTs results agree well with ED
throughout the spectrum.

We quantitatively benchmark VCUTs against ED and
Tensor Flow Equations (TFE), another CUTs-based method
capable of accessing the full spectrum. TFE has been success-
fully applied to finite-size quantum many-body systems, in
some cases reaching sizes beyond ED [24,25,43]. For com-
parison, we use TFE with the exact same implementation as
in Ref. [25]; for details, see Appendix D. To quantify the ac-
curacy, we define the relative energy error for each eigenstate
) as

) (j)
ECUTs B EED

E(J') _ =
Egp

ED —

) 13)

and compute the median error over all eigenstates in the zero
magnetization sector,

med(egp) = med ().
j

In Fig. 2, we compare the median errors for TFE and
VCUTs across a range of disorder strengths. For L = 8 [panel
(a)], VCUTs with bond dimension Dy = 16 already outper-
form TFE for all values of W. Increasing the bond dimension
to Dy = 48 further improves the accuracy, with the most
significant gains observed in the localized regime at large
W. The same comparison at L = 16 [panel (b)] confirms that
VCUTs maintain their advantage over TFE at larger system
sizes, with the error consistently a factor of 2-3 smaller
across all disorder strengths. This is despite TFE employing
a state-of-the-art generator optimized for the small-disorder
regime [25], whereas VCUTs use only the standard Wegner
generator. To assess the scalability of VCUTs, we examine
the variance suppression across different system sizes. In
Fig. 2(c), we show both the initial variance V (0) and the
final variance V (lg,,1) as a function of L for several disorder
strengths. For L = 8 and 16, the data points represent the
median over 50 and 30 disorder realizations, respectively;
for L =32 and 48, we report the median over 10 disorder
realizations (Dy = 48). The initial variance grows linearly
with system size, V(0) « L, reflecting the extensive number
of off-diagonal terms in the Hamiltonian. The final variance
remains orders of magnitude smaller than V(0) across all
system sizes and disorder strengths, demonstrating that the
Hamiltonian is approximately diagonalized even for L = 48,
well beyond the reach of ED.

B. Entanglement structure of the flow

A key feature of MBL systems is that the diagonalizing
unitary U can be represented as a finite-depth quantum cir-
cuit [13,44], implying an efficient MPO representation with
bounded bond dimension. In VCUTs, the full unitary is con-
structed as a product of infinitesimal transformations,

1 1
uy=[Je"" =Java). (14)
I'=0

I'=0

where each dU(I") = "™ is an MPO, obtained at each
step by the same TDVP2 procedure described in Sec. IIIC.
The entanglement structure of these infinitesimal generators
provides insight into the spatial organization of the flow.

In Fig. 3, we show the bond entropy SV of the diago-
nalizing unitary U(/) as a function of bond index and flow
step for L = 48 and W = 12, deep in the MBL phase. The
entropy SU grows predominantly at bonds where the local
disorder gradient Ah; = |h; — h;y1| is small (blue-shaded re-
gions), corresponding to near-resonant pairs of neighboring
sites. These bonds are the first to accumulate entanglement
as the flow progresses, forming a high-entropy core (enclosed
by the red contour). To delineate this core, we use the finite-
size estimate h. ~ 2 for the critical disorder gradient as a
resonance criterion: bonds with Ah; < h,. are classified as
near-resonant (red points in the top panel). We then set the
entropy threshold SY, to the lowest bond entropy among
these near-resonant bonds at the final flow step, and define
the “bubble” as the connected region where SU > SU. . In the
top panel, bonds with Ah; > h. that nonetheless lie inside the
bubble are marked in orange: although initially off-resonant,
their bond entropy exceeds the threshold, indicating that they
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FIG. 2. Mean of the median relative energy error with respect to ED (A = 0.5) as a function of disorder strength W [(a) and (b)], and
variance suppression as a function of system size L [(c)]. (a) L = 8: TFE (triangles), VCUTs with Dy = 16 (diamonds) and Dy = 48 (squares),
averaged over 50 disorder realizations. (b) L = 16: TFE (triangles) and VCUTs with Dy = 48 (squares), averaged over 30 disorder realizations.
(c) Initial variance V (0) (black circles, solid line) and final variance V (l4,,) (open markers, dashed lines) as a function of system size L
for disorder strengths W =1, 2, and 6. For L = 8, Dy = 32, median over 50 disorder realizations; for L = 16, Dy = 48, median over 30
realizations; for L = 32 and 48, Dy = 48, median over 10 disorder realizations.

have been “heated” by the adjacent high-entropy resonant as a stringent test of the quality of the LIOMs obtained from
(red) bonds. Bonds with Ah; > h, outside the bubble (blue  the diagonalizing unitary.

points) remain largely unaffected. This spatial selectivity con- We compute the infinite-temperature autocorrelation func-
firms that the entanglement generated during the VCUTs flow tion of the o* operator located at the middle site j = L/2:

is governed by the local resonance structure of the disorder

landscapet providing a di¥ect real—spage picture of where the C@t) = iTr[ oi(t)o? (0)]7 (15)
emergent integrals of motion are localized. 2L J J

where o7 (1) = ¢"o7e~""!. Using the LIOM representation

12 = UTo?U obtained from VCUTs, the autocorrelation can
Having established that VCUTs accurately reproduce the be computed efficiently. For comparison, we also compute the

eigenenergies, we now investigate their ability to capture autocorrelation using ED (which provides the exact result) and

real-time dynamics through the autocorrelation function. The  TFE.

dynamical autocorrelation of a local operator provides a direct This strategy is complementary to real-time TDVP

probe of the localization properties of the system and serves and related tDMRG approaches. In real-time TDVP, the

V. REAL-TIME DYNAMICS

102 F ' ' '

. o -9-Q ) [ ) . 9.

& . Q\.—., ° . . ) /ta \ }pa\ '/9\\ ,l.s iy /P ol I \\./,Q s . /,0 A, ,,l o0 ®

q 1 01 - v @ ¢ 1 e . . ‘\‘/ ® Ap=2
10~ 4

1 1
W i )
n
-2
0 0 47 10

Flow step
B (@)} e}
o (@] (@]
o o o

N
o
o

_I *‘ 1 1
1 10 20 30 4
Bond index

FIG. 3. Spatially resolved bond entropy SV of the diagonalizing unitary U (1) during the VCUTs flow for L = 48, W = 12 (single disorder
realization, Dy = 48). (Main) SV on a logarithmic color scale as a function of bond index (horizontal) and flow step (vertical). The red contour
encloses the high-entropy core (SY > SY, , where the threshold is set adaptively from the minimum final SV among bonds with Ak; < 2).
Blue shading marks bonds where Ah; < 2. (Top) Local disorder gradient Ah; = |h; — h;4 | at each bond; scatter points are colored red (below
Ah threshold), orange (above threshold but inside the entropy core), or blue (above threshold and outside the core). The entropy accumulates
preferentially at low-A# bonds, revealing the resonance-driven spatial structure of the flow.
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FIG. 4. Disorder-averaged dynamical autocorrelation (C(z)) for
L =38, A=0.5, and four disorder strengths W =1, 2, 4, and 6,
averaged over 50 realizations. Solid lines: ED (exact). Dashed lines
with square markers: VCUTs (Dy = 48). Dotted lines with trian-
gle markers: TFE. Different colors correspond to different disorder
strengths. A moving average is applied for > 1000 to reduce os-
cillations. The autocorrelation is computed from the LIOM 1}, =
U'o} ;U located at the middle site. The uncertainty is drawn as a
shaded band for ED and as error bars on the markers for VCUTs.

tensor-network approximation is updated continuously during
the physical time evolution, so finite-bond-dimension errors
accumulate dynamically. VCUTs instead use TDVP to inte-
grate the flow equation and construct an approximate diagonal
representation once; the resulting unitary can then be reused to
evaluate long-time dynamics for many states or observables.
The price is that the finite maximum bond dimension intro-
duces errors in the diagonalizing unitary, which manifest as
spurious dephasing at long times; this makes the autocorrela-
tion a sensitive benchmark for the quality of the flow.

In Fig. 4, we show the disorder-averaged autocorrelation
for L = 8 at four representative disorder strengths spanning
the ergodic-to-MBL crossover. At early times (¢t < 10), both
VCUTs and TFE show excellent agreement with the exact ED
results across all disorder strengths. This demonstrates that
the LIOMs obtained from both methods accurately capture the
short-time dynamics, which is governed by the local structure
of the operators.

The long-time behavior reveals an interesting dependence
on disorder strength. In the ergodic regime (W = 1), VCUTs
maintain good agreement with ED even at longer times,
demonstrating that the method captures the essential physics
of the delocalized phase. At the crossover (W = 2) and in the
localized regime (W = 6), VCUTs and TFE exhibit similar
long-time behavior, with the autocorrelation approaching a
finite saturation value characteristic of localized systems.

However, subtle deviations between VCUTs/TFE and ED
emerge at very long times in the crossover and localized
regimes. This mismatch arises because the transformed states
|Y,) = U |n) obtained from VCUTs are not exactly orthog-
onal due to the finite bond dimension truncation, and these
nonorthogonality effects accumulate over many eigenstates
and manifest as deviations at long times. To address this,

we apply the Gram-Schmidt orthogonalization procedure de-
scribed in Sec. III D to the transformed states, which mitigates
but does not fully eliminate the effect. We find that this orthog-
onalization improves the long-time dynamics; the results are
shown in Fig. 4. Nevertheless, VCUTs exhibit slightly better
overall correspondence with ED compared to TFE, consistent
with their nonperturbative treatment of interactions.

To further investigate the accuracy and efficiency of
VCUTs in real-time dynamics, we perform a single-
realization comparison with ED at L = 16 in the half-filling
sector, showcasing a typical disorder realization at the largest
system size accessible by ED without excessive computa-
tional cost. In the half-filling sector, each pair of half-filling
[-bit bitstrings |x), |y) is weighted by |rxy|2, where

wy = (Tily), 1 =U'U, (16)

with 7y, obtained by MPO-MPS contraction of the tracked
observable. Distinct pairs are sampled with probability pro-
portional to |7:,(y|2 by number-resolved conditional MPO
sampling; because the sampling distribution matches the
pair weights, this unbiased estimator concentrates effort on
the dominant contributions and converges much faster than
uniform sampling while requiring far fewer pairs than the
full O(10%) half-filling sum. Figure 5 shows the autocorre-
lation for W =2 and 4 at weak and moderate interactions
(A = 0.1 and 0.5). In the strongly localized regime (W = 4),
VCUTs accurately reproduce the ED reference at both inter-
action strengths with a fixed bond dimension Dy = 48. At
weaker disorder (W = 2), however, the deviation of VCUTs
from ED increases over time, especially for the strongly
interacting case A = 0.5. This reflects the breakdown of
the low-entanglement assumption underlying the finite bond
dimension Dy = 48 used in the VCUTs flow: capturing long-
time dynamics in this regime requires larger operator bond
dimensions. Appendix B confirms this picture by comparing
VCUTs with a direct operator-space tDMRG (TDVP2) evolu-
tion, which allows us to grow its bond dimension adaptively
with a fixed truncation error threshold € = 10~*. The tDMRG
bond dimension exceeds Dy = 48 already att >~ 5 for W =2
and at t ~ 16 for W = 4, and the onset of this crossing coin-
cides with the point at which the VCUTs residual begins to
grow.

VI. INSIGHT INTO THE ERGODIC-TO-LOCALIZATION
CROSSOVER

A key signature of the ergodic-to-MBL transition is the
behavior of eigenstate entanglement entropy [14,45,46]. In
the ergodic phase, eigenstates exhibit volume-law entangle-
ment consistent with the eigenstate thermalization hypothesis
(ETH), while in the MBL phase, eigenstates follow an area
law due to the localized nature of the LIOMs. Near the tran-
sition, the sample-to-sample fluctuation of the entanglement
entropy develops a broad maximum, which has been proposed
as a practical indicator of the crossover region and the critical
disorder strength W, [12,47].

In Fig. 6, we compare the L = 16 half-cut entanglement
entropy statistics obtained from VCUTs with exact diagonal-
ization for center-spectrum states. The VCUTs-dressed states
are generated by applying the diagonalizing unitary U from
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FIG. 5. Dynamical autocorrelation (C(¢)) at L = 16 for a single
disorder realization. The two panels show (a) A = 0.1 and (b) 0.5
for disorder strengths W = 2 and 4. Solid lines are ED and dashed
lines with open square markers are VCUTs obtained from the flow-
dressed LIOM rj? with a fixed bond dimension Dy = 48. Both ED
and VCUTs are evaluated using 10° importance-sampled pairs. Since
this is a single-realization benchmark, no error bars are shown. The
curves are plotted up to t = 10°.

the flow to product states |n), |¢,) = U |n). In panel (a),
we plot the mean entanglement entropy (S)s., = ((S)c.s)ns
where the half-chain entanglement entropy S, is first aver-
aged over eigenstates s and spatial cuts ¢ for each disorder
realization n, and then averaged over realizations. In our case,
c runs over the three most central left-right bond cuts (the
middle bond and its two nearest neighbors), which provides a
robust estimate of the half-chain entanglement while remain-
ing accessible from the MPS bond structure. (S); , decreases
monotonically with increasing disorder strength, reflecting
the crossover from volume-law to area-law entanglement. In
panel (b), we show the sample-to-sample fluctuation diagnos-
tic A;ﬁmples = 0,((S™)c.5), following Refs. [12,47], where o,
denotes the standard deviation across disorder realizations.
A¥™' thus quantifies how strongly the mean entangle-
ment entropy varies from sample to sample at fixed disorder
strength; a pronounced peak signals enhanced heterogeneity
in the crossover regime. For each method, we select the 1500
eigenstates closest to its own many-body spectrum center.
With Dy =64, VCUTs qualitatively reproduce the
crossover behavior: the mean entropy captures the monotonic

T T T T T T T T T
4 - ED (L =16) _
= VCUTs (L =16, Dy=64)

samples
A S

FIG. 6. Half-cut entanglement entropy statistics for L = 16, A =
0.5, center-spectrum states as a function of disorder strength W.
(a) Mean entanglement entropy (S), ,, using 1500 states per disor-
der realization and 29-30 realizations per disorder strength, for ED
and VCUTs with Dy = 64. (b) The corresponding sample-to-sample
fluctuation diagnostic AY™"*. The two thin vertical dashed lines in
panel (b) mark the critical disorder W, estimated independently for
ED and VCUTs from the peak of Ay™' (quadratic fit around the
maximum), giving WEP ~ 1.87 and WYUT ~ 1.97 (at Dy = 64).
The inset in panel (b) zooms into the VCUTSs curve near W =~ 2.
Error bars denote 95% confidence intervals estimated from disorder
fluctuations.

decrease from volume-law to area-law scaling, and the fluc-
tuation diagnostic AY™' develops a broad peak in the
crossover region. To estimate the critical disorder strength, we
fit a quadratic to AY™' around its maximum and extract the
peak position. This gives WY°UT ~ 1.97, in reasonable agree-
ment with the ED estimate WEP ~ 1.87 [vertical dashed lines
in panel (b)]. The remaining deviations between VCUTs and
ED are concentrated in the low-disorder regime and appear
consistently in both panels. In panel (a), VCUTSs underesti-
mate the mean entanglement entropy at weak disorder, where
the eigenstates are most strongly entangled and the finite
bond dimension can no longer faithfully represent their full
entanglement structure; at strong disorder the two entropies
become indistinguishable, consistent with the area-law scaling
that the MPO ansatz is designed to capture efficiently. The
same finite-bond-dimension bias underlies panel (b), where
it slightly shifts the fluctuation peak toward stronger disorder
and produces the small overestimate of W, noted above.
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VII. DISCUSSION

We have developed variational continuous unitary transfor-
mations (VCUTs), a method that combines Wegner-Wilson
flow equations with tensor network techniques to approxi-
mately diagonalize many-body Hamiltonians. By representing
the flowing Hamiltonian as an MPO and employing TDVP
for the integration, VCUTs provide a controlled truncation
scheme based on entanglement that prevents the proliferation
of terms inherent to conventional CUTs implementations. The
bond dimension Dy serves as the single control parameter that
governs the trade-off between accuracy and computational
cost.

We benchmarked VCUTs on the disordered XXZ chain
across the ergodic-to-MBL crossover. For small system sizes
(L = 8), VCUTs accurately reproduce the full spectrum, out-
performing the perturbative TFE approach for all disorder
strengths. The method scales to system sizes up to L = 48,
well beyond the reach of exact diagonalization, demonstrating
the practical utility of the tensor network formulation.

Beyond eigenenergies, VCUTs provide direct access to the
diagonalizing unitary U and the local integrals of motion.
The spatially resolved bond entropy SV of the diagonalizing
unitary reveals that, deep in the MBL phase, the entanglement
concentrates at bonds with small local disorder gradient A#;,
identifying the near-resonant bonds that govern the spatial
structure of the emerging LIOMs. This provides a direct real-
space picture of the localization mechanism, consistent with
the finite-depth circuit structure expected for MBL systems
[11]. The LIOMs obtained from VCUTs accurately capture
both short-time and long-time dynamics of the autocorrelation
function, and the eigenstate entanglement entropy statistics
provide insights into the ergodic-to-MBL crossover. The ad-
ditional L = 16 half-filling tDMRG benchmark described in
Sec. V also clarifies the method’s dynamical regime of reli-
ability: at strong disorder and weak interaction, the VCUTs
autocorrelation agrees quantitatively with both ED and direct
tDMRG evolution, whereas at stronger interaction the long-
time plateau can be overestimated when the generator MPO is
bond-dimension limited. In the noninteracting (A = 0) An-
derson limit, by contrast, the flow-dressed LIOM admits a
compact MPO representation with very small bond dimen-
sion, so no truncation error arises. Appendix A confirms this
for L = 32: the VCUTSs autocorrelation reproduces the exact
free-fermion result, demonstrating that the method scales to
larger lattices without spurious dephasing when the operator
entanglement remains low.

The main limitation of VCUTs lies in the ergodic regime,
where the flow generates high entanglement that exceeds
the capacity of the finite bond dimension. This manifests
as reduced accuracy at small disorder and a mild shift of
entanglement-based crossover diagnostics (such as the peak
n AY™') Increasing the bond dimension systematically
improves the results, suggesting that the method can be refined
to capture the transition region more accurately.

Several directions for future improvement are apparent.
First, the standard Wegner generator used here becomes inef-
ficient near degeneracies; incorporating scrambling transfor-
mations [24] via a combination of Wegner and Toda-Mielke
generators (Appendix C) could enhance performance in such

cases. Second, advances in tensor network algorithms and
high-performance computing would enable access to larger
bond dimensions and system sizes. More broadly, the tensor
network framework developed here is not tied to a specific
flow scheme: while the Wegner generator requires compress-
ing an MPO of bond dimension ~2D3,, alternative generators
with a more favorable bond-dimension scaling could poten-
tially improve the efficiency of this method. It would also
be interesting to explore hybrid approaches that combine the
CUT framework with neural network representations [48],
which have shown promise for long-time dynamics in strongly
disordered systems.
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APPENDIX A: NONINTERACTING ANDERSON
BENCHMARK

As an additional check that the finite-bond-dimension
flow does not introduce uncontrolled dephasing by itself, we
benchmark VCUTs in the noninteracting limit A = 0, where
the local autocorrelation can be computed exactly from the
single-particle Anderson problem. In this limit, the spin chain
maps to a quadratic fermion Hamiltonian H = ) I c}'h,mcm,
with h the L x L single-particle Anderson Hamiltonian. For
the local density n; = c;c j, the infinite-temperature autocor-
relation is

C,(t) = 2—1LTr[nj(t)n<,-]. (A1)
Since the Hamiltonian is quadratic, the exact reference used in
Fig. 7 is obtained without many-body exact diagonalization:
we diagonalize only the L x L single-particle Anderson ma-
trix and evaluate the return probability G;;(t) = (j| e~ jy,
from which the infinite-temperature autocorrelation follows as
(05 (1)) = 1Gj; ().

The VCUTs curve is evaluated in the same ensemble, but
using the flow-dressed LIOM. We initialize the local ob-
servable as the o® operator on the middle site and evolve
it alongside the Hamiltonian MPO through the VCUT flow
using TDVP2 with a fixed truncation threshold of 10~ and
no bond-dimension cap, letting the operator bond dimension
grow freely. The flow produces a near-diagonal Hamilto-
nian H = UTHU and the dressed observable ¢ = U'o7U
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FIG. 7. Noninteracting Anderson benchmark for a single disor-
der realization at L = 32. (a) Normalized local autocorrelation C(t)
for W =1 and 6. Solid lines are the exact free-fermion Anderson
result and open markers are the VCUTs result obtained from the
flow-dressed LIOM t}; a moving average is applied for 7 > 20 to
reduce rapid late-time oscillations. (b) Bond dimension x.s of the
flow-dressed LIOM 7} during the VCUTSs flow.

represented as an MPO. The autocorrelation is then

1 i o
VCUT _ iHt —iHt
o =5 Tr[e™ tfe " 7]

B
=5z Joxy )
2 -

with 7, = (xlrjﬂy). Here |x) = |x;...x.) labels an occupa-
tion configuration in the flowed /-bit basis, with x; =0, 1.
In the noninteracting case, the flowed diagonal energy is
additive,

E, =Ey+ kaxk,
X

(A3)

so the phase factorizes into local contributions,

P E—ED H el =yt (A4)
k

This factorization makes the comparison efficient as an MPO
contraction. If Wy[«, B, Xk, yi] is the tensor of the dressed ob-
servable on site k, with «, 8 the MPO bond indices and xi, yx
the physical indices, the time-evolved tensor is constructed
locally as

Wk(t)[as ﬁs Xk s yk] = Wk[Ol, /31 Xk s yk]eiék(Xk_yk)l- (AS)
The trace in Eq. (A2) is then the double-layer MPO con-
traction of Wi (¢) with W/ along the chain, followed by the
normalization factor 27%. This avoids summing explicitly
over all 2F many-body configurations while remaining exactly
equivalent to the spectral expression above for a diagonal
noninteracting .

For a single disorder realization at L = 32, Fig. 7(b) shows
that the resulting bond dimension yqps of the flow-dressed
LIOM 7% remains extremely compact—never exceeding
~6 even after thousands of flow steps—demonstrating that
the operator retains a highly efficient MPO representation
throughout the flow. Panel (a) compares the autocorrelation
obtained from this flow-dressed LIOM with the exact free-
fermion result for disorder strengths W = 1,6 up to t = 10°.
The agreement is quantitative at strong disorder and remains
good at weaker disorder, confirming that the flow does not
by itself produce spurious dephasing errors in this Anderson-
localized benchmark.

APPENDIX B: TDMRG RESIDUAL DIAGNOSTIC
FOR THE INTERACTING L = 16 BENCHMARK

The L = 16 autocorrelation benchmark in Fig. 5 shows
the largest VCUTs-ED deviation for the more strongly in-
teracting case A = 0.5 at weaker disorder, especially W = 2.
To separate this finite-bond-dimension effect of the VCUTs
flow from possible artifacts of the reference time grid, we
performed an independent operator-space tDMRG calculation
for the same disorder realization in the half-filling sector. We
evolve the Heisenberg operator

oi(t) = eMaie M, (B1)

introduced in Eq. (15): the initial operator is written as an
MPO, vectorized into an MPS following the same procedure
as for the flowing Hamiltonian in Sec. III, and propagated
by two-site TDVP (TDVP2) on the commutator superopera-
tor £ = i[H, -]. Unlike one-site TDVP, the two-site scheme
allows the operator bond dimension to grow adaptively to
meet a fixed truncation threshold € = 1074, up to a maximum
Xmax = S12.

We define the residual §C(t) = Cpethoa(t) — Cep(t) and
plot |8C| in Fig. 8(a) for W = 2 and 4 at A = 0.5. The devia-
tion of the VCUTs autocorrelation is rooted in the insufficient
bond dimension Dy = 48 of the flow-dressed LIOM rj? at
weaker disorder: panel (b) shows that the tDMRG bond di-
mension exceeds 48 at roughly the same time as the VCUTs
residual rises above ~1072. At stronger disorder (W = 4), the
entanglement growth is slower, and the Dy = 48 cap remains
adequate for longer times, so VCUTs maintain better accu-
racy. In general, the interacting system at stronger disorder is
captured more faithfully by the finite-bond-dimension flow.
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FIG. 8. tDMRG diagnostic for the L = 16, A = 0.5 autocorre-
lation benchmark of Fig. 5. (a) Absolute residual |§C(¢)| for W =
2 and 4. Solid lines denote tDMRG and open square markers denote
VCUTs. (b) tDMRG bond dimension y during the real-time evo-
lution. The horizontal dashed line marks Dy = 48 and the vertical
dashed lines mark the times at which yx first reaches this value.

APPENDIX C: TENSOR NETWORK REPRESENTATIONS
FOR GENERATORS

In this Appendix, we describe the tensor network con-
struction of the Wegner and Toda-Mielke generators used in
continuous unitary transformations.

1. Wegner generator

The Wegner generator defined in Eq. (5) can be equiva-
lently written as

nw(l) = [Ha(D), H(D], (ChH

since [Hq(l), Hq(l)] = 0. This form is more convenient for
implementation because it requires only one commutator
rather than explicitly separating Hoq(1).

The diagonal part H4(l) is obtained by setting all off-
diagonal elements within each local d x d block of the
physical indices to zero. The commutator is then computed
using standard MPO arithmetic, as illustrated in Fig. 9(a).
The resulting generator has bond dimension scaling as 2D?,
where D is the bond dimension of the Hamiltonian MPO. To
prevent memory growth during the flow, we apply variational
compression [49,50] to reduce the bond dimension, which
also avoids artificial memory effects that can arise from SVD-
based truncation.

Ha(l)

IIIIIIIIII

60444 40044

©
0 - 09 - 90

Myt 1. NMyp M

AL AR

A NMEL MG

FIG. 9. Tensor network construction of flow generators. (a) Weg-
ner generator nw (/) = [Ha(l), H(l)] computed as the difference of
two MPO contractions. (b) Toda-Mielke generator nr(/) obtained via
element-wise multiplication (denoted x) of the Hamiltonian with
upper and lower triangular mask tensors. (c) Iterative construction
of the upper triangular mask tensor ./\/l[” for a system of length L.

2. Toda-Mielke generator
The Toda-Mielke generator [51] is defined as

1P (1) = sgn(B — @) Hap (1), (C2)

which preserves the band structure of the Hamiltonian while
lifting degeneracies. Unlike the Wegner generator, this re-
quires constructing upper and lower triangular mask tensors
in the many-body Hilbert space. We use the 2 x 2 build-
., N=1[, 1, and Myr =[5 . The
upper triangular mask tensor ./\/l[L] is constructed iteratively
as shown in Fig. 9(c), and the lower triangular mask M[L]
follows analogously. Both masks are highly compressible to
bond dimension D = 2, independent of system size L. The
Toda-Mielke generator is then obtained by element-wise mul-
tiplication of (/) with these masks [Fig. 9(b)]; details on
element-wise MPO multiplication can be found in Ref. [52].

ing blocks I = [(1]

APPENDIX D: TENSOR FLOW EQUATIONS (TFE)

TFE and VCUTs are both based on Wegner’s flow equa-
tions but differ in their operator representation and truncation
scheme. In TFE, operators are expanded and truncated to
a specified order in the interaction strength U, yielding a
resummed perturbative expansion that is most accurate at
weak interactions. For the TFE simulations presented in this
work, we run the flow using a combination of scrambling and
Wegner generators until / = 1000 or until the convergence
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criteria max [H3) ()] < 1076 and max [H (1) < 10~ are
satisfied, where H(()%f)‘(‘”(l) denote the remaining off-diagonal

elements in the one- and two-particle sectors, respectively, as

introduced in Ref. [25]. Since TFE is formulated for fermionic
operators, a Jordan-Wigner transformation is applied to ex-
press Eq. (2) in terms of interacting spinless fermions.
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