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We theoretically study the dynamics of gain-driven magnon-polaritons (MPs), which characterizes auto-
oscillation of MPs, across the strong coupling (SC) and ultrastrong coupling (USC) regimes. Taking into account
the magnon dynamics via the magnetic flux, we present an effective circuit model of gain-driven MPs, which
allows us to manipulate the coupling strength of MPs by tuning the size of a ferromagnet and incorporates
the self-Kerr nonlinearity of magnons due to the shape magnetic anisotropy. In the SC regime, we find that
the self-Kerr nonlinearity generates a frequency shift and reduces the coherent magnon-photon coupling. In
contrast, in the USC regime, we find that the coherent magnon-photon coupling not only overcomes the self-Kerr
nonlinearity but also effectively couples to gain via the imaginary part of complex eigenfrequencies, resulting in
magnonlike auto-oscillations. Subsequently, the USC enables one to widely tune the auto-oscillation frequency
by means of an external magnetic field. These findings indicate that there is a trade-off relation between the
coupling strength of MPs and the self-Kerr nonlinearity of magnons. This work contributes to the understanding
of the interplay between gain-loss and USC in nonlinear polariton dynamics, offering a novel principle for
frequency-tunable maserlike devices based on gain-driven MPs.

DOI: 10.1103/q418-bxr6

I. INTRODUCTION

Cavity magnonics is one of the prominent platforms for
hybrid-quasiparticle physics, wherein the key excitation is
magnon-polariton (MP), that is, a hybridized quasiparticle
consisted of electromagnetic fields (photons) in a cavity and
collective spin excitations (magnons) in a magnet [1–3]. MPs
exhibit rich dynamics and enhanced controllability, which
have inspired the development of novel quantum devices
such as quantum detectors [4], quantum memories [5,6], and
maser-like devices [7,8].

As an important point for practical applications, stronger
coherent magnon-photon coupling enables faster and more
efficient control of quantum states. However, the achiev-
able coupling strength is fundamentally limited by the large
mode volume of microwave cavities relative to the small
size of typical magnets, resulting in coupling strengths (g)
that are much smaller than the natural angular frequency
(ωr) of either the photon mode or the magnon mode.
Therefore, realizing the so-called ultrastrong coupling (USC)
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regime [9,10]—characterized by a coupling-to-frequency ra-
tio g/ωr � 0.1—is highly desired, which opens up a new
frontier in hybrid light-matter interactions [11]. The USC
regime is typically characterized by the vacuum Bloch-Siegert
shift [12,13] on polariton eigenfrequencies, which emerges
in the framework beyond the rotating-wave approximation
(RWA) and associates with the excitation number nonconserv-
ing process in the quantum level. Very recently, USC in MP
systems has been achieved experimentally in structure-based
platforms with various shapes of magnets, such as supercon-
ductor/ferromagnet nanostructures [14–16], slab geometries
[17], and magnetic metamaterials [18,19], thereby overcom-
ing the limitation of conventional cavity-based MP systems.

Recently, gain-embedded cavity magnonics has emerged
as a platform to engineer a gain-driven MP [8,20], which
displays auto-oscillation of polaritons and self-selection of a
sustained oscillation mode. In the viewpoint of practical appli-
cations, the gain-driven MP possesses advantageous features,
involving high coherence and high power output [8,21,22],
injection locking [8,23], microwave amplification [8,23],
frequency-comb generation [24], and meterscale strong cou-
pling [25]. Despite its potential, the theoretical treatment of
the gain-driven MPs remains incomplete. Most existing mod-
els are based on a two-mode version of the Tavis-Cummings
model in the framework of RWA, which assumes the strong
coupling (SC) regime and treats the dynamics of MPs as
a linear response. Consequently, intrinsic nonlinear effects,
especially magnonic self-Kerr nonlinearity arising from the
magnetic anisotropy in magnets [26–28], are often neglected.
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Experimentally, the self-Kerr nonlinearity arises in nonlinear
systems, including cavity magnonic platforms [29,30], when
subjected to sufficiently strong external driving fields. Then,
the self-Kerr nonlinearity typically manifests as a power-
dependent shift in the resonance frequency. As a consequence,
the conventional Tavis-Cummings-type models fail to fully
capture dynamics of gain-driven MPs, particularly in regimes
where the self-Kerr nonlinearity and the USC play a critical
role. A more comprehensive description of the gain-driven
MP thus requires incorporating the nonlinear response of
magnetization dynamics into the theoretical framework, espe-
cially when aiming to explore operation regimes beyond the
SC regime.

In this article, we theoretically demonstrate that the role
of magnonic self-Kerr nonlinearity in gain-driven MPs varies
significantly across coupling regimes. To this end, we consider
a gain-embedded cavity magnonics system in which a gain
is described by a negative differential resistance and MPs
are described by an inductor with inserted ferromagnet. This
effective circuit model incorporates the self-Kerr nonlinearity
of magnons due to the shape magnetic anisotropy of the ferro-
magnet and allows us to manipulate the coupling strength of
MPs by tuning the size of the ferromagnet. In the SC regime,
we show that the self-Kerr nonlinearity dominates the dynam-
ics of the gain-driven MP, resulting in a nonlinear frequency
shift and a suppression of the coherent magnon-photon cou-
pling. Consequently, the gain-driven MP mostly reduces to
an original auto-oscillation of the photon-mode. In contrast,
in the USC regime, the self-Kerr nonlinearity is effectively
suppressed by the coherent magnon-photon coupling, leading
to stable auto-oscillations of the MP. Moreover, we show
that the coherent magnon-photon coupling effectively couples
to gain via the imaginary part of complex eigenfrequencies,
enabling to control the auto-oscillation frequency by means
of an external bias magnetic field. We also discuss a trade-off
relation between the coupling strength of MPs and the self-
Kerr nonlinearity of magnons as well as the interplay between
gain-loss and USC in nonlinear polariton dynamics.

This article is organized as follows: In Sec. II, we intro-
duce an effective circuit model, which describes gain-driven
MPs with magnonic self-Kerr nonlinearity. In Sec. III, based
on the circuit model, we discuss the effects of the self-Kerr
nonlinearity and gain on the eigenmode of a gain-driven MP.
In Sec. IV, in order to demonstrate the nonlinear and gain
effects discussed in Sec. III, we numerically investigate the
transient response and auto-oscillation of gain-driven MPs in
the SC and USC regimes. Finally, in Sec. V, we summarize
our results and discuss the scope of our study.

II. EFFECTIVE CIRCUIT MODEL

We begin by constructing an effective circuit model of
gain-driven MPs. The circuit model consists of a single-mode
LC resonator with an inductor involving a ferromagnet and an
amplifier circuit with a negative differential resistance com-
ponent. The schematic image of the circuit is shown in Fig. 1.
In the circuit model, MP is expressed by the dynamics of the
LC resonator coupled to a ferromagnet [31–35]. The nega-
tive differential resistance component provides a gain to the
circuit, which drives auto-oscillation of an electrical current

FIG. 1. (a) Effective circuit model of gain-embedded cavity
magnonics system in which h(t ) = hx x̂ is a microwave magnetic
field (photon) in an inductor and m(t ) is nonlinear magnetization
dynamics (magnon) of a ferromagnet (FM) with the shape magnetic
anisotropy. S represents an “S-type” negative resistance element bi-
ased at the operating point. (b) Schematic image of the dynamics of
gain-driven magnon-polaritons. Here, the cross-section of the induc-
tor is assumed to be rectangular, which is characterized by d and dM

being the thickness of the inductor and ferromagnet, respectively, as
well as the common width w.

modeled by a van der Pol (vdP) oscillator with a single limit
cycle. The electric current flowing in the inductor generates a
microwave magnetic field via Ampère’s law, which is treated
as the photonic degree of freedom. Also, this microwave mag-
netic field drives precessional motion of the magnetization in
the ferromagnet, which corresponds to the magnonic degree
of freedom and is governed by the Landau-Lifshitz-Gilbert
(LLG) equation,

dm
dt

= −γ m ×
(

− 1

Ms

δUm

δm
+ μ0H (t )

)
+ αm × dm

dt
, (1)

where m = (mx,my, mz ) is the unit vector aligned with the
magnetization direction of the ferromagnet with the saturation
magnetization Ms, γ is the gyromagnetic ratio, μ0 is the per-
meability of vacuum, and α is the intrinsic Gilbert damping
constant. Here, the total magnetic energy is given by

Um = −μ0Msm · H0 + 1

2
μ0M2

s m2
z , (2)

where H0 = H0ẑ is a static external magnetic field applied
normal to the surface of the ferromagnet. Here, we assume
that the ferromagnet has the film shape modeled by the second
term in Eq. (2). Also, the term H (t ) in Eq. (1) represents the
microwave magnetic field induced by the alternating current
I (t ) via Ampère’s law, which is given by the RLC-circuit
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equation (Kirchhoff’s voltage law)

N
d�(t )

dt
+ RI (t ) + Q(t )

C
+ VS (I ) = 0, (3)

where Q(t ) is the accumulated charge on a capacitor with
an electrostatic capacitance C, R represents a resistance in
the RLC circuit. Here, �(t ) is the magnetic flux inside the
inductor, which is given by

N�(t ) = LI (t ) + Ll

N

dM

d
Msmx, (4)

where dM is the film thickness of the ferromagnet and L =
μ0N2wd/l is a self-inductance of the inductor with the length
l , width w, thickness d , and a turn number N . Note that a pa-
rameter dM/d is responsible for tuning the total spin number
of the ferromagnet. Also, VS (I ) is an electromotive force of a
negative resistance component labeled S in Fig. 1(a), which is
expressed as VS (I ) = −Ra(I (t ) − IB) + rb(I (t ) − IB)3, where
Ra is a gain (in units of �), rb is a nonlinear resistance (in units
of �A−2), and IB is a static bias current. To ensure dimen-
sional consistency of the physical quantities, we introduce the
effective magnetic field along the x-axis, hx(t ) = NI (t )/l/Ms,
which yields the vdP equation [36] instead of Eq. (3)

d2hx

dt2
+ 2ωc

(
β − βa + βbh2

x

)dhx

dt
+ ω2

c hx = −dM

d

d2mx

dt2
,

(5)
where ωc = 1/

√
LC is the resonance angular frequency of

photon, β = R
√

C/L/2 is an effective circuit damping, βa =
Ra

√
C/L/2 is an effective gain, and βb = rb(Msl/N )2√C/L/2

is an effective nonlinear damping. By combining and solving
Eqs. (1) and (5), the dynamics of the gain-driven MP can
be obtained. As we will see in Sec. IV, this effective circuit
model provides a comprehensive framework that captures the
self-Kerr nonlinearity, gain, and the USC in the MP system.

Throughout this article, the circuit parameters used in the
calculations are as follows: R = 1.0 �, C = 1.0 pF, l =
w = 1.0 mm, N = 100, d = 100 nm, Ra = 2.0 �, and rb =
20 � A−2, which corresponds to ωc/(2π ) = 4.49 GHz, β =
1.4 × 10−2, βa = 2.8 × 10−2, and βb = 0.4. For simplicity,
we also assume IB = 0. The material parameters used in our
calculation are those of Yttrium Iron Garnet (YIG), given
by γ = 1.76 × 1011 T−1 s−1, Ms = 120 kA/m, and α = 10−4

[31,37].

III. EFFECTS OF MAGNONIC SELF-KERR
NONLINEARITY AND GAIN

Here, based on the circuit model, we discuss the effects of
magnonic self-Kerr nonlinearity and gain on the eigenmode
of a gain-driven MP. To this end, we herein deal with approx-
imated LLG equations by assuming a small oscillation of the
magnetization.

A. Magnonic self-Kerr nonlinearity

To facilitate the subsequent analytical treatment and to
capture the essential nonlinear behavior of the gain-driven
MP, we derive a second-order approximation of Eq. (1) by ex-
panding it in terms of the transverse magnetization (magnon)
m⊥ = mx + imy, under the assumption mz ≈ 1 − |m⊥|2/2.

This approximation is valid in the regime of relatively
small angle precession and enables analytical access to a
nonlinear frequency shift and suppression of the coherent
magnon-photon coupling. The resulting approximated form
of the LLG equation reads as follows (see also Appendix A):

dm⊥
dt

= − iω̃mm⊥ + iγμ0M̃shx − iα̃
dm⊥
dt

− i
α

2
m⊥

d|m⊥|2
dt

,

(6)

where

ω̃m =
{

0 (H0 < M̃s)

γμ0(H0 − M̃s) (H0 � M̃s)
(7)

is the resonance angular frequency of magnon including the
self-Kerr nonlinearity with

M̃s = Ms

(
1 − |m⊥|2

2

)
, (8)

α̃ = α

(
1 − |m⊥|2

2

)
. (9)

Equation (8) indicates that a second-order correction (|m⊥|2)
modifies the saturation magnetization especially at the steady
state, which manifests the generation of a nonlinear frequency
shift and modulation of the coupling strength, as discussed
below. Since Eq. (6) can be rewritten as dm⊥/dt = −i(ωm +
γμ0Ms/2|m⊥|2)m⊥ · · · , where ωm = 0 or γμ0(H0 − Ms) is
the eigenmodes of magnon in the linear response, Eq. (6) cor-
responds to the Duffing-type oscillator in the framework of the
second-order approximation [27,28,38]. Then, the first term
in the right-hand side of Eq. (6) leads to a nonlinear frequency
shift proportional to the square amplitude |m⊥|2, from ωm to
ωm + γμ0Ms|m⊥|2/2, which can be recognized as magnonic
version of the Kerr effect [38]. In a physical perspective, the
self-Kerr nonlinearity microscopically corresponds to a four-
magnon interaction in the long-wavelength limit, whose origin
is magnetic anisotropy such as the shape magnetic anisotropy
in this work as well as magnetocrystalline anisotropy [26].
Also, the second term in the right-hand side of Eq. (6), cor-
responding to the coupling to the photon field hx, anticipates
that the m⊥-nonlinear term modulates the coupling strength
via a modified saturation magnetization M̃s at the steady state.

In the subsequent analysis, we employ Eq. (1) to perform
numerical calculations while we make use of its second-order
approximation to obtain analytical insights into the nonlinear
oscillation dynamics. It is worth noting that the MP system
described by Eqs. (5) and (6) is mathematically equivalent
to a fourth-order autonomous dynamical system consisting
of a Duffing-type oscillator (magnon) coupled to a vdP-type
oscillator (photon), which allows the coexistence of several
attractors such as fixed points, a limit cycle, and chaos [39].

B. Complex eigenfrequency including gain

To derive an excitation condition of the gain-driven MP, we
investigate the complex eigenfrequency of MP described by
Eqs. (1) and (5). To this end, we decompose m = (mx, my, 1)
by assuming |mx|, |my| � 1. Restricting to linear order in mx
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and my, Eq. (1) reduces to a simple oscillator

d2mx

dt2
+ 2αωm

dmx

dt
+ ω2

mmx = γμ0Msωmhx, (10)

wherein
√

1 + α2 ≈ 1 is assumed for α � 1. Based on the
small oscillation ansatz hx(t ) = h̃xe−iωt [for linearized (5)]
and mx(t ) = m̃xe−iωt [40], we obtain the coupled LLG and
RLC-circuit equations

�̄

(
h̃x

m̃x

)
= 0 (11)

with

�̄ =
(

ω2 + 2i(β − βa)ωcω − ω2
c (dM/d )ω2

γμ0Msωm ω2 + 2iαωmω − ω2
m

)
.

(12)

Hence, the complex eigenfrequencies ω±/(2π ) are obtained
by solving the determinant of Eq. (12).

For the case of small damping such as |β − βa| � 1 and
α � 1, the real part of the complex eigenfrequency is as-
sociated with the coherent magnon-photon coupling. Then,
the coupling strength at the original modes crossing point
(ωm = ωc) is defined as

g ≡ Re[ω+] − Re[ω−]

2

∣∣∣∣∣
ωm=ωc

≈ 1

2

√
dM

d
γμ0Msωc. (13)

On the other hand, the imaginary part of the complex eigen-
frequency characterizes the energy dissipation of the system:
−Im[ω±] > 0 corresponds to loss and −Im[ω±] � 0 is gain.
For a given external magnetic field, auto-oscillation occurs at
the region of −Im[ω±] � 0. In Figs. 2(a) and 2(b), we plot the
imaginary part of the complex eigenfrequencies at the original
modes crossing point in SC and USC cases, respectively.
Based on Eq. (13), Fig. 2(a) is a strongly coupled case with
dM/d = 0.02 corresponding to g/ωc = 0.07 and Fig. 2(b) is
an ultrastrongly coupled case with dM/d = 1 corresponding
to g/ωc = 0.49. For a normalized gain βa/β = 2 (correspond-
ing to Ra = 2 � and R = 1 �), one can see the relation of
−Im[ω+] < −Im[ω−] in both cases. Accordingly, ω+-mode
that obtains a larger gain is energetically more stable and
thereby is excited. This self-selection can be understood by
considering the complex mode splitting at the original modes
crossing point (see Appendix B)

ω+ − ω−
2

∣∣∣∣
ωm=ωc

= g − 1

2
g(α + β − βa)i, (14)

in which a finite imaginary part generates a difference of the
lifetime between the ω±-modes, resulting in the self-selection.
Figures 2(c) and 2(d) show the real part of the complex eigen-
frequencies at the original modes crossing point as a function
of βa/β. For βa/β = 2, auto-oscillation frequencies �/(2π )
are 4.80 GHz for the SC case and 7.16 GHz for the USC
case, whose values appear to be mostly independent of βa/β

in both cases. Note that this independence sustains as long as
the threshold gain for Im[ω±] = 0 is relatively small and far
from the exceptional point which leads to the level attraction
between ω±-modes [20,40].

FIG. 2. Imaginary part of the complex eigenfrequencies of the
linearized gain-driven MP at the original modes crossing point
(ωm = ωc) as a function of a normalized gain (βa/β). (a) SC case
with dM/d = 0.02 and (b) the USC case with dM/d = 1. The real
part of the complex eigenfrequencies of the linearized gain-driven
MP at the original modes crossing point as a function of a normal-
ized gain (βa/β). (c) SC case with dM/d = 0.02 and (d) the USC
case with dM/d = 1. Auto-oscillation (�) occurs at the region of
−Im[ω±] � 0. For βa/β = 2, Re[ω+] mode is excited by the self-
selection.

IV. NUMERICAL DEMONSTRATION

To demonstrate the nonlinear and gain effects discussed
in the previous section, we simulate the transient response
of gain-driven MPs with the magnonic Kerr nonlinear-
ity. Without loss of generality, we consider the strongly
coupled case with dM/d = 0.02 (corresponding to g/ωc =
0.07) and the ultrastrongly coupled case with dM/d = 1
(g/ωc = 0.49). Also, we numerically investigate the behav-
iors of the auto-oscillation frequency of gain-driven MPs
with the self-Kerr nonlinearity as a function of an external
magnetic field.

A. Transient response

1. Strong coupling regime

For the SC regime, Figs. 3(a) and 3(d) show the time evo-
lution of photon (hx) and magnon (mx), respectively, wherein
two distinct types of the oscillation pattern can be identi-
fied especially by Fig. 3(d). The first type appears in the
early stage of the dynamics, roughly from t = 0 ns to t =
10 ns, and is characterized by rapid growth and transient
behavior. The second type persists over a longer duration,
at least from approximately t = 10 ns to t = 50 ns, indicat-
ing a nonlinearity that influences the entire course of the
dynamics.

In order to elucidate the underlying cause of the two
distinct oscillation patterns, let us discuss the corresponding
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FIG. 3. Time evolution and its Fourier spectra of the gain-driven MP in the SC case with dM/d = 0.02. (a) Time evolution of the photon
amplitude. (b) Fourier spectrum of (a) in the time domain 0 � t � 10 ns. (c) Fourier spectrum of (a) in the time domain 40 � t � 50 ns.
(d) Time evolution of the magnon amplitude. (e) Fourier spectrum of (d) in the time domain 0 � t � 10 ns. (f) Fourier spectrum of (d) in the
time domain 40 � t � 50 ns. The Fourier spectrum of mz is shown in magenta. Insets show the corresponding phase-space trajectories of the
photon and magnetization trajectories for the magnon dynamics. The calculations are performed with the initial condition of hx (0) = 0.01 and
mx (0) = 0 at the original modes crossing point (ωm = ωc).

Fourier spectrum of the oscillation, as shown in Figs. 3(b) and
3(c) for photons as well as Figs. 3(e) and 3(f) for magnons.
Note that insets in each Fourier spectrum correspond to the
phase-space trajectories of photon and magnetization trajecto-
ries for the magnon dynamics. At first, the oscillation pattern
observed early (from t = 0 to 10 ns) in the dynamics is charac-
terized by two major peaks seen in Fig. 3(b) or Fig. 3(e). These
two peaks correspond to the energy splitting caused by the
coherent coupling between photons and magnons. Therefore,
the origin of the first type oscillation pattern is regarded as
transient Rabi-like oscillations [22]. In contrast, the oscillation
pattern observed for t � 10 ns is governed by the magnonic
self-Kerr nonlinearity and manifests as a frequency-comb–
like sideband structure. As shown in Fig. 3(f), the Fourier
spectrum of mx(t ) in the interval 40 � t � 50 ns consists of
a dominant peak at ω0 (close to the linear magnon frequency)
accompanied by a set of regularly spaced sidebands. The Kerr
nonlinearity induces a slow nonlinear oscillation of mz(t ) at a
characteristic frequency ωz/(2π ) ≈ 2 GHz in Fig. 3(f). The
Fourier analysis of mx(t ) shows that the spectral peaks are
well described by

ωn = ω0 + nωz (n = 0,±1,±2, . . . ), (15)

with an almost constant spacing 
ω = ωn+1 − ωn ≈ ωz,
demonstrating a comblike sideband structure. The magnetiza-
tion trajectory shown in the inset of Fig. 3(f) is the geometric
projection of this two-frequency (quasiperiodic) motion. The
rapid rotation at ω0 combined with the slow modulation at ωz

produces a slowly rotating and breathing closed orbit in the
(mx, my, mz ) space, which has no counterpart in the linear dy-
namics [41,42]. However, this frequency-sideband generation
is also transient. Until t = 500 ns, we have a stable auto-
oscillation characterized by a single-mode peak at 4.42 GHz.

This is the main mode of magnons (ωm) driven by a gain but
its value visibly deviate from the auto-oscillation frequency
�/(2π ) = 4.80 GHz anticipated by the analysis of the com-
plex eigenfrequency [see Fig. 2(a)], which is attributed to a
frequency shift due to the self-Kerr nonlinearity. This issue
will be addressed in greater detail subsequently.

2. Ultrastrong coupling regime

For the USC case, Figs. 4(a) and 4(d) show the time evo-
lution of photon (hx) and magnon (mx), respectively. They
appear to be more stable oscillation patterns than those of the
SC case, as seen in Figs. 3(a) and 3(d). In fact, when we look at
the corresponding Fourier spectra displayed in Figs. 4(b) and
4(c) for photons as well as Figs. 4(e) and 4(f) for magnons,
we find a transient Rabi-like splitting at least in the duration
from t = 0 ns to t = 10 ns, but in a flash we have a stable
auto-oscillation characterized by a single-mode peak until
t = 50 ns. As shown in Figs. 4(c) and 4(f), the phase-space
trajectories of the photon and magnetization trajectories for
the magnon dynamics exhibit limit cycles in each dynamics,
respectively [39]. Also, let us recall that in the SC case the
onset time was determined to be approximately 500 ns to
achieve a stable auto-oscillation. In addition, the main mode
of magnons has ωm/(2π ) = 7.28 GHz, whose value is close
to the auto-oscillation frequency �/(2π ) = 7.16 GHz antic-
ipated by the analysis of the complex eigenfrequency [see
Fig. 2(b)]. Therefore we can mention that the onset time of the
stable oscillation is shorter in the USC regime than in the SC
regime, which is attributed to the absence of the frequency-
sideband generation in the USC regime. In other words, USC
suppresses the frequency-sideband generation caused by the
self-Kerr nonlinearity in the SC regime.
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FIG. 4. Time evolution and its Fourier spectra of the gain-driven MP in the USC regime with dM/d = 1. (a) Time evolution of the photon
amplitude. (b) Fourier spectrum of (a) in the time domain 0 � t � 10 ns. (c) Fourier spectrum of (a) in the time domain 40 � t � 50 ns.
(d) Time evolution of the magnon amplitude. (e) Fourier spectrum of (d) in the time domain 0 � t � 10 ns. (f) Fourier spectrum of (d) in
the time domain 40 � t � 50 ns. Insets show the corresponding phase-space trajectories of the photon and magnetization trajectories for the
magnon dynamics. The calculations are performed with the initial condition of hx (0) = 0.01 and mx (0) = 0 at the original modes crossing
point (ωm = ωc).

B. Auto-oscillation

1. Strong coupling regime

Figure 5(a) shows the auto-oscillation frequency �/(2π )
of the gain-driven MP for the SC case with dM/d = 0.02.
The green solid line represents the result obtained by us-
ing the LLG equation [Eq. (1)] while the magenta solid-line
represents the result obtained by using the linearized LLG
equation [Eq. (10)]. To clarify the impact of the nonlinear
terms in the LLG equation [Eq. (1)] on the auto-oscillation
frequency, both frequencies are plotted together for compari-
son. Focusing on the green solid line in Fig. 5(a), we find that
the point of the external magnetic field at which a maximum
level repulsion occurs is shifted to the left side compared to
the result of the linearized approximation (magenta solid line).
Note that each maximum level repulsion occurs at μ0H0 ≈
0.244 T on the green solid-line and at μ0H0 ≈ 0.311 T on the
magenta solid line. This shift is identified with the frequency
shift from �/(2π ) = 4.80 GHz to 4.42 GHz previously found
in the transient response. Furthermore, the magnitude of the
level repulsion, which corresponds to the effective coupling
strength g̃, is reduced compared to the result (g) obtained by
the linearized LLG equation (magenta solid line). In Fig. 5(a),
the value of g̃ at μ0H0 = 0.244 T is given by g̃ ≈ 0.24g, which
implies that the Kerr effect of magnons strongly suppresses
the coherent magnon-photon coupling. Then, the gain-driven
MP behaves like the original photon-mode driven by a gain,
whose auto-oscillation frequency is mostly independent of the
external magnetic field.

To begin our discussion on the nonlinear frequency shift
and the suppression of the coupling strength in the SC regime,
we use an approximated form of the LLG equation [Eq. (6)].
Let us effectively include a correction of the second-order
approximation [Eqs. (8) and (9)] into the complex eigenfre-
quency of the linearized gain-driven MP. At the steady-state

of magnon dynamics, the system settles on a limit cycle on
which the transverse amplitude is time independent while its
phase rotates. This means that |m⊥(t )|2 = m2

x (t ) + m2
y (t ) is

constant over time on the limit cycle. We therefore replace
|m⊥(t )|2 in Eqs. (8) and (9) by a constant amplitude m2

∞
defined from the limit cycle as m2

∞ ≡ 〈|m⊥(t )|2〉T , where
〈· · · 〉T denotes the time average over one period. We define
� as the angular frequency of the limit-cycle auto-oscillation
of the bright magnon-polariton mode. For nearly circular
precession, mx(t ) = m∞ cos �t and my(t ) = m∞ sin �t , so
that |m⊥(t )|2 = m2

∞ exactly. We therefore replace |m⊥(t )|2 in
Eqs. (8) and (9) by a constant value of m2

∞. Namely, we have
M̃s = Ms(1 − m2

∞/2) and α̃ = α(1 − m2
∞/2), by which we

replace Ms and α in Eq. (10) to take into account a correction
of the second-order approximation. Then, magnon dynamics
is governed by

d2mx

dt2
+ 2α̃ω̃m

dmx

dt
+ ω̃2

mmx = γμ0M̃sω̃mhx, (16)

where ω̃m = ωm + γμ0Msm2
∞/2, M̃s = Ms(1 − m2

∞/2), and
α̃ = α(1 − m2

∞/2). In the same manner as Eq. (11), the cor-
rected complex eigenfrequencies ω̃±/(2π ) are obtained by the
determinant of

�̄nl =
(

ω2 + 2i(β − βa)ωcω − ω2
c (dM/d )ω2

γμ0M̃sω̃m ω2 + 2iα̃ω̃mω − ω̃2
m

)
.

(17)

In Fig. 5(b), we show the imaginary part of the complex eigen-
frequencies as a function of the external magnetic field. For
this calculation, we use m∞ = 0.914 for μ0H0 = 0.244 T at
t = 500 ns obtained by solving Eqs. (1) and (5). To clarify the
impact of the second-order approximation on the imaginary
part of the complex eigenfrequency, the result obtained by
the linearized LLG is plotted together for comparison. For
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FIG. 5. (a) Auto-oscillation mode (�) of the gain-driven MP for
the SC case with dM/d = 0.02 as a function of an external mag-
netic field. The green (magenta) solid line represents the solution
obtained without (with) the linearized approximation in the LLG
equation [Eq. (1)]. Red and blue dashed lines (ω±) represent the real
part of the complex eigenfrequency of the linearized gain-driven MP.
Inset shows the zoom of the auto-oscillation mode. For calculating
the auto-oscillation frequency, we used the magnetization dynamics
between t = 490 and 500 ns to obtain the corresponding Fourier
spectrum. (b) Imaginary part of the complex eigenfrequencies with
the second-order correction (the self-Kerr nonlinearity) as a function
of an external magnetic field.

both cases, the green-shaded regions represent self-selection
of bright modes, which is characterized by a sustained os-
cillation. Note that the dark modes that fade away within
a limited time due to large dissipation do not appear. The
switching point between two bright modes is the point at
which the imaginary part of the complex eigenfrequencies
crosses (damping exchange point). As shown in Fig. 5(b),
the second-order correction, i.e., the self-Kerr nonlinearity,
causes the damping exchange point to shift to the left side
(down to μ0H0 = 0.244 T) from the original crossing point,
which is good agreement with the shift in Fig. 5(a). On the
other hand, the coupling term between magnons and photons
in the right-hand side of Eq. (16) indicates that the effective

FIG. 6. (a) Auto-oscillation mode (�) of the gain-driven MP for
the USC case with dM/d = 1. For calculating the auto-oscillation fre-
quency, we used the magnetization dynamics between t = 490 ns and
500 ns to obtain the corresponding Fourier spectrum. (b) Imaginary
part of the complex eigenfrequencies of the linearized gain-driven
MP as a function of an external magnetic field. The solid lines
represent the SC case with dM/d = 0.02 and the dashed ones for the
USC case with dM/d = 1.

coupling strength g̃ is reduced by the self-Kerr nonlinearity
via a modified saturation magnetization M̃s. By using M̃s ≈
0.58Ms for m∞ = 0.914, the estimated value is g̃ ≈ 0.76g. Let
us recall that in Fig. 5(a), the value of g̃ at μ0H0 = 0.244 T
is given by g̃ ≈ 0.24g. Hence, the effective coupling strength
is overestimated for comparison with the result obtained by
using Eq. (1), which may be attributed to a higher-order
correction of the approximation beyond Eq. (6) and also to
the self-consistency of coupled nonlinear dynamics between
magnon and photon subsystems.

2. Ultrastrong coupling regime

Figure 6(a) shows the auto-oscillation frequency �/(2π )
of the gain-driven MP for the USC case with dM/d = 1. The
green and magenta solid lines represent the results obtained
without and with the linearized approximation in the LLG
equation [Eq. (1)], respectively. As seen, both lines appear
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to be almost the same and strongly depend on the external
magnetic field, indicating that the coherent magnon-photon
coupling is much larger than the nonlinear interaction of
magnons characterized by the self-Kerr nonlinearity. In other
words, USC suppresses the frequency shift caused by the
self-Kerr nonlinearity in the SC regime. This implies that
nonlinear magnetization dynamics are suppressed under USC
conditions and that there exists a trade-off relation between
the coupling strength and the magnitude of the self-Kerr non-
linearity.

The trade-off relation can be intuitively understood by con-
sidering the behavior of the ferromagnet and the microwave
magnetic field inside the inductor in each coupling regime
(SC and USC). In the SC regime, which has a small dM/d
(or g/ωc) factor, the ferromagnet effectively behaves as an
extremely thin film inserted into the inductor. This results
in a sufficiently large amplitude of magnetization dynamics
relative to the microwave magnetic field inside the inductor,
as seen in Figs. 3(a) and 3(d). Thus a small dM/d (or g/ωc)
factor leads to enhanced nonlinear magnetization dynamics.
In contrast, in the USC regime, which has a large dM/d (or
g/ωc) factor, a thicker ferromagnet is inserted into the induc-
tor compared to the SC case. Substantially, the amplitude of
magnetization dynamics remains small relative to the strength
of the microwave magnetic field inside the inductor, as seen
in Figs. 4(a) and 4(d). Therefore a large dM/d (or g/ωc) factor
contributes to the emergence of nearly linear magnetization
dynamics.

Furthermore, in Fig. 6(a), we find that the point of the
external magnetic field at which a maximum level repulsion
occurs is shifted to the right side compared to the original
modes crossing point at μ0H0 ≈ 0.311 T. Note that a maxi-
mum level of repulsion occurs around μ0H0 ≈ 0.397 T on the
green solid-line as well as the magenta solid-line. To under-
stand the origin of this shift, we analyze an imaginary part
of the complex eigenfrequency of the linearized gain-driven
MP based on Eq. (12) [see also Appendix B]. In Fig. 6(b),
we show the imaginary part of the complex eigenfrequencies
as a function of the external magnetic field. To clarify the
impact of the USC on the imaginary part of the complex
eigenfrequency, not only the USC case but also the SC case
are plotted together for comparison. For both cases, the green-
shaded regions represent self-selection of bright modes. As
shown in Fig. 6(b), increasing the coupling strength causes
the damping exchange point to shift to the right side (up to
μ0H0 = 0.398 T) from the original crossing point, which is
in good agreement with the shift in Fig. 6(a).

The origin of this shift can be understood by considering
the complex mode splitting at the original modes crossing
point [Eq. (14)]. Equation (14) indicates that a gap opens in
the imaginary parts of the complex eigenfrequencies at the
original modes crossing point, resulting in the observed auto-
oscillation frequency shift in Fig. 6(a). Hence, the origin of the
auto-oscillation frequency shift is related with the magnon-
photon coupling and gain. Based on Eq. (14), in the SC
regime with a relatively small coupling strength, the shift of
the damping exchange point appears to be absent. In Fig. 6(a),
we find that the large shift of the damping exchange point in
the USC case results in the emergence of the magnon-like
mode in 0.3 T � μ0H0 � 0.4 T compared to the SC case.

Since this feature is prominent in the USC regime, suggesting
that, for applications such as maserlike devices, the USC is
advantageous owing to a widely tunable frequency range and
controllability of auto-oscillation frequency by means of the
external magnetic field.

V. CONCLUSION

In conclusion, we have theoretically investigated the non-
linear dynamics of gain-driven MPs based on an effective
circuit model that combines the RLC-circuit equation for
photons and the LLG equation for magnons. Numerical cal-
culations revealed that in the SC regime, magnonic self-Kerr
nonlinearity plays a dominant role in the dynamics of magnon,
resulting in transient frequency-sidebands generation and a
frequency shift. These nonlinear effects suppress the coherent
magnon-photon coupling in the gain-driven MP. In contrast,
in the USC regime, the self-Kerr nonlinearity is effectively
reduced, leading to stable and nearly linear oscillations of
the gain-driven MP. Consequently, the auto-oscillation mode
exhibits magnon-like features over a broader range of external
magnetic fields.

Theoretical analysis based on the LLG equation with suit-
able approximations confirmed a trade-off relation between
the coupling strength and the self-Kerr nonlinearity: increas-
ing the coupling strength suppresses the observed nonlinear
behavior, thereby enhancing stability and tunability of the
gain-driven MP. Furthermore, the USC induced a frequency
shift in the auto-oscillation mode due to a shift of the crossing
point of the imaginary part of the complex eigenfrequency,
which is attributed to the interplay between gain-loss and
USC in polariton dynamics. These results suggest that ultra-
strongly coupled MP systems provide a promising platform
for developing maser-like devices [7,8] with a widely tunable
frequency range and controllability by means of the exter-
nal magnetic field. In addition, the present study suggests
that magnon (spin) auto-oscillation can be realized by uti-
lizing gain-driven hybrid systems, i.e., gain-driven coherent
magnetization dynamics, which may provide a novel opera-
tional principle for spintronic oscillators such as spin-torque
oscillators [7,43].
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FIG. 7. Imaginary part of the complex eigenfrequencies of the
linearized gain-driven MP as a function of an external magnetic field.
(a) SC case with dM/d = 0.02 and (b) USC case with dM/d = 1.

APPENDIX A: COHERENCE AND NONLINEARITY
IN LLG EQUATION

Here, we show which term represents the “coherence” and
“nonlinearity” in our model via Eq. (6). Combining Eqs. (6)
to (9), Eq. (6) is rewritten as follows:

dm⊥
dt

= − iωmm⊥ − i
γμ0Ms

2
|m⊥|2m⊥ + iγμ0Mshx

− i
γμ0Ms

2
|m⊥|2hx − iα

dm⊥
dt

− iα
m2

⊥
2

dm∗
⊥

dt
. (A1)

The magnon-photon coherent coupling is represented by
the third term of the right-hand side in the above equa-
tion, which describes the transverse magnetization (magnon)
driven by the microwave magnetic field (photon) in the lin-
ear response. On the other hand, the nonlinearity in our
model is characterized by the second and fourth terms of the
right-hand side in Eq. (A1). The former (the second term)
originates from the shape magnetic anisotropy in Eq. (2).
This amplitude-dependent magnetization feeds back into the
magnon dynamics as a Kerr/Duffing-type frequency shift, i.e.,
as a nonlinear self-action of the magnon mode. The latter
(the fourth term) describes the nonlinear coupling between
magnons and photons, which modulates the coupling strength
at the steady state.

APPENDIX B: DERIVATION OF COMPLEX
MODE SPLITTING

The complex eigenfrequencies ω±/(2π ) of the linearized
gain-driven MP are obtained by solving the determinant of
Eq. (12):(

ω2 + 2i(β − βa)ωcω − ω2
c

)(
ω2 + 2iαωmω − ω2

m

)
− (dM/d )γμ0Msωmω2 = 0. (B1)

At the original modes crossing point, let us introduce a classi-
cal version of the RWA [33–35], namely, ω2 − ω2

c ≈ 2ωc(ω −
ωc) and ω2 − ω2

m ≈ 2ωc(ω − ωm ), to Eq. (B1). Furthermore,
writing ω = ωc + δ with δ � ω, we neglect the terms of order
δ2 and δ(dM/d )γμ0Ms, leading to

(ω + i(β − βa)ω − ωc)(ω + iαω − ωm ) − g2 = 0, (B2)

where g = √
(dM/d )γμ0Msωc/2. Then, we find the complex

eigenfrequencies at the original modes crossing point

ω± = ωc ± g − 1
2 (α + β − βa)(ωc ± g)i. (B3)

Therefore, the complex mode splitting is given by Eq. (14).
Figure 7 shows the imaginary part of the complex eigen-

frequencies of the linearized gain-driven MP with (without)
RWA in each coupling regime. As shown in Fig. 7(a), in
the SC regime, the RWA appears to be a good approxi-
mation which well reproduces the result of the w/o RWA.
In contrast, in the USC regime, one can find a visible de-
viation of the damping exchange point between the two
calculation cases in Fig. 7(b), indicating that a nontrivial fre-
quency shift such as BS shift affects the self-selection of the
gain-driven MP.
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