
PHYSICAL REVIEW B 113, 214325 (2026)

Collective phonon mixing and eigenvector transport under isotope substitution
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Isotopic substitution modifies nuclear masses without altering the electronic potential-energy surface to first
order and is therefore often interpreted as a simple rescaling of vibrational frequencies. In solids with dense
phonon manifolds, however, mass substitution acts as a parametric Hermitian deformation of the mass-weighted
dynamical matrix, generating a continuous family of eigenproblems whose eigenvectors can undergo substantial
rotation within coupled subspaces. Here, we investigate hydrogenated and deuterated ZIF-8 using inelastic
neutron scattering and density-functional theory lattice-dynamics calculations. While many vibrational modes
exhibit near-ideal mass scaling and preserve their character across isotopic endpoints, modes embedded in
spectrally congested regions display pronounced redistribution of vibrational character that cannot be inferred
from frequency shifts alone. Because inelastic neutron-scattering intensity is directly weighted by hydrogen
displacement amplitude, spectral sparsity and congestion provide experimental indicators of predictable fre-
quency renormalization or susceptibility to qualitative eigenvector reorganization under deuteration. To establish
physically meaningful mode correspondence, we develop an adiabatic eigenvector-continuation framework with
overlap-based tracking and explicit stability diagnostics. These results show that vibrational identity in complex
framework materials is best understood as a continuous trajectory in eigenvector space and provide a general
framework for analyzing isotope-induced spectral flow in dense phonon systems.
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I. INTRODUCTION

Isotopic substitution is widely used in neutron scattering
because it modifies nuclear masses without, to first order,
altering the electronic potential-energy surface. This is ex-
ploited in several distinct ways. Due to the substantially
different coherent scattering properties of hydrogen and deu-
terium, deuteration enables high-sensitivity diffraction studies
of organic crystals [1]. Additionally, small-angle scattering
and reflectometry studies make extensive use of hydro-
gen/deuterium contrast variation, since the coherent scattering
lengths of hydrogen and deuterium differ strongly in both
magnitude and sign, enabling nanoscopic structural bound-
aries and components to be distinguished [2,3]. In vibrational
neutron spectroscopy, however, the situation is different: the
large incoherent scattering cross section of hydrogen makes
hydrogen-containing motions especially prominent in pow-
der inelastic neutron spectroscopy (INS) spectra. Deuteration
then modifies this neutron weighting and can be used both
as a contrasting species for peak identification of individual
molecular groups [4], and as a means for tracking the temporal
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evolution of phonon bands during isotopic reactions [5]. More
accurately, however, this does not simply provide a contrast-
ing mask, as it also acts to perturb the vibrational frequencies
of the spectra. In its simplest form, replacing hydrogen (1H)
with deuterium (2H) leads to the familiar mass-scaling relation
ω ∝ 1/

√
m for an isolated harmonic oscillator. While this

intuition is adequate for weakly coupled or spectrally sparse
systems, it becomes incomplete in extended solids and molec-
ular materials where vibrational states form dense, interacting
manifolds. In such systems, the central question is not simply
how far a peak shifts in frequency, but how vibrational identity
evolves when the mass matrix is perturbed.

Within harmonic lattice dynamics, isotope substitution en-
ters exclusively through the diagonal mass matrix (M) and
therefore acts as a deformation of the mass-weighted dynam-
ical matrix,

D = M−1/2�M−1/2, (1)

where � is the force-constant matrix. Changing the masses
while holding � fixed generates a continuous family of
Hermitian eigenproblems. Although the eigenvalues evolve
smoothly under such a perturbation, the associated eigenvec-
tors need not preserve a simple one-to-one correspondence
between isotopic endpoints. In spectrally congested regions,
even modest mass-induced perturbations can drive substantial
rotation of eigenvectors within coupled subspaces, leading to
avoided crossings and redistribution of vibrational character.
As a consequence, continuity of frequency ordering does not
imply continuity of vibrational identity.

2469-9950/2026/113(21)/214325(11) 214325-1 Published by the American Physical Society

https://orcid.org/0000-0002-8326-3097
https://orcid.org/0000-0002-3540-0253
https://orcid.org/0000-0003-2319-260X
https://orcid.org/0000-0001-9849-3306
https://ror.org/01t8fg661
https://ror.org/002h8g185
https://ror.org/0361bwx64
https://crossmark.crossref.org/dialog/?doi=10.1103/pz75-kvfy&domain=pdf&date_stamp=2026-06-24
https://doi.org/10.1103/pz75-kvfy
https://creativecommons.org/licenses/by/4.0/


ARMSTRONG, CAVAYE, SHARMA, AND POTTER PHYSICAL REVIEW B 113, 214325 (2026)

This distinction is not merely formal. Metal-organic
frameworks (MOFs), with their large unit cells and mixed
organic-inorganic composition, exhibit high densities of vi-
brational states across broad energy ranges. Framework
modes influence pore geometries, adsorption-site configura-
tions [6,7], and the entropic components of gas uptake [8],
all of which are sensitive to the detailed displacement pat-
terns of the underlying phonons. More generally, in molecular
solids and organic semiconductors, electron-phonon coupling
depends not only on phonon frequencies but on the spatial
structure of the vibrational eigenvectors that modulate transfer
integrals and site energies. In both contexts, understanding
how vibrational character reorganizes under mass perturbation
is therefore of direct physical relevance. INS is particularly
well suited to this task. For powdered materials, INS spectra
are often interpreted in terms of a generalized vibrational
density of states, but the measured intensity is additionally
weighted by neutron-scattering cross sections and the atomic
displacement patterns of the vibrational modes. Unlike optical
spectroscopies, INS probes vibrational eigenstates without
dipole or Raman selection rules and, in hydrogenous systems,
is strongly weighted toward hydrogen motion through its
large incoherent scattering cross section. Agreement between
neutron-weighted density-functional theory lattice-dynamics
(DFT-LD) calculations and INS therefore provides a stringent
test of both vibrational frequencies and displacement patterns
[9], and the associated thermodynamic free energies [10].

Crucially, because one-phonon INS intensity is propor-
tional to hydrogen displacement amplitude (modulated by the
Debye-Waller factor), peak intensities in the hydrogenated
spectrum encode quantitative information about the projection
of vibrational eigenvectors onto the perturbed mass subspace.
As the leading-order isotope-induced frequency shift depends
on this same projection, spectrally isolated peaks with large
hydrogen-weighted intensity can be expected to exhibit cor-
respondingly large and predictable shifts under deuteration.
Conversely, in spectrally congested regions where multiple
neighboring modes share substantial hydrogen displacement
weight, isotope substitution may promote collective redistri-
bution of vibrational character. INS therefore provides not
only a measure of vibrational frequencies, but an experimental
diagnostic of the expected stability or reorganization of dis-
placement patterns under controlled mass perturbation. While
isotope effects on vibrational frequencies are well established,
much less attention has been paid to how vibrational eigen-
vectors evolve under controlled isotope substitution in dense
molecular phonon manifolds.

In the present work we investigate hydrogenated and
deuterated ZIF-8 using INS measurements combined with
DFT-LD calculations. To establish physically meaningful
mode correspondence between isotopic endpoints, we treat
isotope substitution as a continuous mass deformation and
develop an adiabatic eigenvector-continuation framework. By
propagating the eigenvectors of the mass-weighted dynamical
matrix along this parameter and enforcing correspondence
via overlap-based tracking with explicit stability diagnostics,
we resolve ambiguities that arise in spectrally congested re-
gions. This approach reveals where vibrational identity is
preserved, where it is redistributed across coupled mani-
folds, and how interpolation resolution governs the apparent

behavior of near-degenerate modes. The analysis provides
a general eigenvector-resolved framework for understanding
isotope-induced spectral flow in dense phonon systems.

II. METHODS

A. Inelastic neutron spectroscopy measurements

Powder samples of the MOF ZIF-8 were measured in fully
hydrogenated and fully deuterated forms. The hydrogenated
and deuterated specimen masses were 2.325 and 1.517 g,
respectively. The hydrogenated form of ZIF-8 was charac-
terized by both x-ray diffraction and infrared spectroscopy
(see Appendix B, Figs. 10 and 11) and revealed a very clear
match to previous studies. INS measurements were performed
on the TOSCA spectrometer at the ISIS Neutron and Muon
Source, Rutherford Appleton Laboratory, United Kingdom
[11,12]. TOSCA is an indirect-geometry neutron spectrom-
eter optimized for measurements of vibrational dynamics in
organic molecular crystals, providing high resolution across
a broad energy-transfer range. All measurements were con-
ducted at a temperature of 10 K. Low-temperature conditions
minimize the Debye-Waller effect, thermal population fac-
tors, and anharmonic broadening, thereby enabling a direct
comparison with DFT-LD calculations. Owing to the large
difference in neutron-scattering cross sections between hydro-
genated and deuterated samples, the measurement times were
approximately 3 and 14 h, respectively, to achieve comparable
signal-to-background ratios.

Time-of-flight data were reduced within the MANTID

framework [13], and empty cell backgrounds were subtracted
from both datasets. The resulting spectra are presented in
units of energy transfer and directly compared with neutron-
weighted DFT-LD calculations.

B. Density-functional theory calculations

Periodic DFT calculations were performed to obtain the
equilibrium structure and vibrational properties of a pristine
unit cell of ZIF-8. All calculations were carried out using
the Vienna Ab initio Simulation Package (VASP) [14,15].
The exchange-correlation energy was treated within the
generalized gradient approximation using the Perdew-Burke-
Ernzerhof (PBE) functional [16]. Core-valence interactions
were described using the projector-augmented-wave method
[17], and a plane-wave basis set with an energy cutoff of
550 eV was employed throughout. Long-range dispersion in-
teractions were included using Grimme’s D3 correction with
Becke-Johnson damping (PBE-D3) [18].

Structural optimization was performed on a pristine ZIF-8
unit cell Zn12(C4H5N2)24, with both atomic positions and
lattice parameters fully relaxed. Phonon calculations were car-
ried out for the optimized structure using density-functional
perturbation theory. From the calculated phonon eigenvalues
and eigenvectors, neutronically weighted vibrational density
of states (in silico INS spectra) were simulated using the
ABINS package [19], which produces experimentally compa-
rable spectra. These spectra were further processed using the
MANTID framework [13]. Vibrational eigenmodes and atomic
displacements were visualized using JMOL [20]. Combina-
tions and overtones are presented in the direct comparison
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FIG. 1. Experimental INS spectra (top) and neutron-weighted
calculated spectra (bottom). Hydrogenated ZIF-8 is shown in black
and deuterated ZIF-8 in blue.

with INS data, but only fundamental modes are presented in
the rest of the paper to ease unique mode assignment.

III. RESULTS

A. Experimental validation of lattice dynamics
and direct observations

The experimental INS spectra of hydrogenated and deuter-
ated ZIF-8 are shown in Fig. 1, together with neutron-
weighted DFT-LD. The calculations reproduce peak positions
and relative intensities across the vibrational fingerprint re-
gion, confirming that the DFT-LD force constants accurately
describe the vibrational eigenproblem relevant to neutron
scattering.

The isotope-induced spectral response is strongly energy
dependent. Between approximately 200 and 450 cm−1, sev-
eral modes exhibit near-ideal mass renormalization (peak
positions shift downward while spectral shape and intensity
are largely preserved). A representative example occurs for
the hydrogenated frequency at ∼416 cm−1, which migrates
to ∼374 cm−1 for the deuterated system.

In contrast, the region 450–1200 cm−1 displays predom-
inantly nonideal behavior. Peak shifts are nonuniform and
frequency matching becomes ambiguous. Because this finger-
print region contains a high density of vibrational states, it
provides the most stringent test of vibrational identity under
mass perturbation.

B. Direct comparison of H and D eigenvectors

We now proceed to identify displacement pattern changes
between the hydrogenated and deuterated endpoints. Normal
modes are obtained from the mass-weighted eigenproblem,

Dqi = ω2
i qi, (2)

where the eigenvectors qi are dimensionless mass-
weighted normal-mode vectors, normalized such that qT

i q j =
δi j . To quantify comparison between H and D isotopes, we
compute the mass-weighted overlap between their respective
eigenvectors,

Oi j = ∣∣(q(H)
i

)T
q(D)

j

∣∣. (3)

FIG. 2. Mass-weighted overlap map for modes between 300 and
1200 cm−1. Oi j is represented by the color axis of the plot. Only pairs
with Oi j > 0.45 are shown. Fundamental mode neutron-projected
DFT spectra for H and D are shown on the x and y axis, respectively,
to aid visual band assignment.

The overlap map for modes in the 300–1200 -cm−1 range
is shown in Fig. 2. In spectrally sparse regions, each hy-
drogenated mode exhibits a single dominant overlap with a
unique deuterated mode (e.g., 416 cm−1), forming an approx-
imately one-to-one mapping across endpoints. In contrast,
within the congested fingerprint region, many hydrogenated
modes exhibit significant overlap with multiple deuterated
modes, indicating redistribution of vibrational character and
leading to ambiguity in assignments based solely on end-
point mass-weighted displacement patterns. Moreover, within
a given congested band, the overlap metric itself exhibits
substantial variation even across modes of similar frequency.
This broad distribution of overlap values reflects collective
mixing within near-degenerate manifolds and demonstrates
that the magnitude of the endpoint overlap alone is not a
reliable diagnostic of vibrational identity in dense spectral re-
gions.To gain some qualitative insight into these behaviors, we
examine representative displacement patterns (Fig. 3) of H-
and D bands, which broadly show a sizable overlap metric. All
displacement fields are shown in mass-weighted coordinates,
q = M1/2u (u representing the unweighted displacement),
allowing direct comparison between hydrogenated and deuter-
ated systems without trivial amplitude rescaling due to mass
changes. For ease of visualization, we present a single
molecular linker and two connected nodes from the chosen
eigenvector. Note that modes cluster into distinct bands, and
within these bands the range of overlaps was seen to vary sub-
stantially between hydrogenated and deuterated variants, thus
the illustrations are to be viewed as representative examples
of a given band.

Figures 3(a) and 3(d) compare the hydrogenated 416 -cm−1

mode with its deuterated counterpart at 374 cm−1. The spatial
distribution of atomic motion, phase relationships, and partic-
ipating atoms are very similar. Only the overall frequency is
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FIG. 3. Mass-weighted displacement patterns for representative
modes. (a)–(c) show hydrogenated ZIF-8 modes at 416, 639, and
734 cm−1, respectively. (d)–(f) show the corresponding deuterated
modes at 374, 546, and 553 cm−1, respectively.

reduced. The mass-weighted displacement pattern is therefore
well preserved, indicating that vibrational identity is main-
tained under isotopic substitution, which is in line with it
residing in comparatively sparse spectral region.

Figures 3(b) and 3(e) compare a hydrogenated mode
at 639 -cm−1 mode with a deuterated mode at 546 cm−1.
Here, the same atomic groups remain involved in the mo-
tion; however, the mass-weighted displacement amplitudes
are redistributed significantly. Relative amplitudes among hy-
drogen, carbon, and nitrogen atoms change, and the balance of
motion across the framework is altered. Although no entirely
new atomic species become active, the eigenvector has rotated
within its local subspace, leading to substantial quantitative
reorganization of vibrational character.

Figures 3(c) and 3(f) illustrate an even stronger deviation
from ideal behavior. The hydrogenated 734 cm−1 mode trans-
forms into a deuterated mode at 553 cm−1 with both amplitude
redistribution and qualitative change in motion. In addition
to altered relative displacements, new atomic participation
becomes evident: a methyl rocking component appears in the
deuterated case that is not prominent in the hydrogenated
mode. This represents genuine subspace reorganization rather
than simple amplitude modulation.

These three examples therefore span a progression from
near-ideal behavior (a/d), to quantitative eigenvector redis-
tribution (b/e), to qualitative mixing involving new atomic
motion (c/f). More broadly this highlights the inherent am-
biguity of such an endpoint analysis, as there is no reason a
priori to assume that a deuterated endpoint will share qualita-
tive eigenvector character with a hydrogenated counterpart. A
deeper analysis of the eigenvector transport is required in or-
der to understand the true correspondence of modes between
these endpoints.

C. Perturbative interpretation of frequency shifts,
mixing, and spectral intensity

To understand the transport between these isotopic end-
points, we employ a first-order perturbation theory approach
to the mass deformation (see Appendix A for detailed deriva-
tion). The transport of frequency can be understood through

the leading-order change in squared frequency, given by the
diagonal matrix element in the eigenbasis,

δω2
i = qT

i δD qi. (4)

Because δD arises from modification of the mass matrix, this
term depends explicitly on the projection of the eigenvector
onto the perturbed atomic coordinates.

Modes with large displacement amplitude on hydrogen
sites therefore exhibit the largest isotope-induced frequency
shifts. More generally, the relevant neutron spectroscopy
quantity is the incoherent one-phonon emission cross sec-
tion [21],(

d2σ

d� dE ′

)
inc,+1

= k′

k

∑
a

1

2ma

[
b2

a − (ba)2
]
e−2Wa (Q)

×
∑

i

|Q eai|2
ωi

(ni + 1)δ(ω − ωi ), (5)

where k and k′ are, respectively, the magnitudes of the incident
and final neutron wave vectors, Q is the momentum transfer,
E ′ is the final neutron energy, ma is the mass of atom a,
and b2

a − (ba)2 is the incoherent scattering-length variance
for atom a, related to the incoherent scattering cross sec-
tion by σ inc

a = 4π [b2
a − (ba)2]. Here, eai denotes the physical

displacement vector of atom a in mode i, ωi is the frequency
of mode i, ni is the Bose occupation factor, and Wa(Q) is the
Debye-Waller exponent. For an isotropic harmonic solid,

2Wa(Q) = Q2
〈
u2

a

〉
, (6)

with 〈u2
a〉 the mean-square displacement of atom a. Equa-

tion (5) shows that the measured peak intensity depends on
the incoherent scattering strength, the atomic masses, and
the mode displacement patterns. In the present hydrogen-
rich case, the spectrum is therefore especially sensitive to
hydrogen displacement amplitudes. Because the diagonal fre-
quency shift in Eq. (4) depends on the same projection of
the eigenvector onto the mass-perturbed subspace, the hy-
drogenated INS intensity provides a quantitative predictor of
the isotope-induced frequency renormalization in spectrally
isolated regions.

Beyond mere frequency shifts, changes in the eigenvectors
arise from the off-diagonal matrix elements,

δqi =
∑
j �=i

a ji q j, (7)

a ji ≡ qT
j δD qi

ω2
i − ω2

j

. (8)

In spectrally congested regions, small frequency separations
ω2

i − ω2
j amplify mixing between neighboring modes. If mul-

tiple nearby modes share substantial hydrogen displacement
weight, the same mass perturbation that produces large diag-
onal shifts also enhances off-diagonal couplings, promoting
collective redistribution of displacement character within a
coupled manifold.

The redistribution observed in Figs. 3(b) and 3(e) corre-
sponds to moderate off-diagonal coupling within a relatively
narrow manifold, whereas the qualitative change in Figs. 3(c)
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and 3(f) reflects stronger mixing across a broader coupled
subspace.

Experimentally, this behavior can be diagnosed by direct
comparison of the hydrogenated and deuterated INS spectra.
In congested regions, substantial redistribution of peak po-
sitions and relative intensities upon deuteration signals that
neighboring modes share significant hydrogen displacement
weight and are therefore strongly coupled through Eq. (7).
Conversely, minimal spectral redistribution within a dense
cluster indicates that despite small level spacings, the relevant
eigenvectors remain weakly entangled under the applied mass
perturbation.

D. Adiabatic eigenvector continuation under mass deformation

To resolve ambiguities inherent in endpoint comparison,
we introduce a continuous interpolation parameter s ∈ [0, 1]
and evaluate the eigenproblem for D(s) on a discrete grid {sk},
with total grid points Ns,

M(s) = (1 − s) MH + s MD, (9)

while the force-constant matrix � remains fixed. The result-
ing mass-weighted dynamical matrix defines a one-parameter
family of Hermitian operators,

D(s) = M(s)−1/2�M(s)−1/2. (10)

At each interpolation point sk , we solve

D(sk ) qi(sk ) = ω2
i (sk ) qi(sk ), (11)

with orthonormal mass-weighted eigenvectors satisfying
qT

i (sk )q j (sk ) = δi j . Because D(s) is Hermitian for all s, its
eigenvalues are real and its eigenvectors form an orthonormal
basis. In the absence of exact degeneracies, both eigenvalues
and eigenvectors vary continuously with s.

In a strictly nondegenerate spectrum, frequency ordering
would in principle be sufficient to define branch conti-
nuity. However, in dense vibrational manifolds it is not
known a priori whether true crossings, avoided crossings, or
higher-dimensional neardegeneracies occur. Moreover, even
when eigenvalue ordering is preserved, substantial rotation
of eigenvectors within near-degenerate subspaces can lead
to redistribution of vibrational character that is not captured
by frequency ordering alone. We therefore enforce continuity
through a maximum-overlap assignment rule, which directly
tracks eigenvector evolution and provides a diagnostic of sub-
space mixing.

For each eigenvector qi(sk ), we compute the overlap with
all eigenvectors at sk+1,

Oi j (sk ) = ∣∣qT
i (sk ) q j (sk+1)

∣∣. (12)

We then define

O(1)
i (sk ) = max

j
Oi j (sk ), (13)

as the largest overlap for mode i, and

O(2)
i (sk ) = max

j �= j (1)
Oi j (sk ), (14)

as the second-largest overlap, where j (1) is the index that
fulfills O(1)

i .

The propagated eigenvector at sk+1 is assigned to be the
eigenvector associated with O(1)

i (sk ). This procedure imple-
ments a discrete version of adiabatic eigenvector continuation
in the mass-weighted inner product.

For sufficiently small interpolation steps �s, first-order
perturbation theory gives

qi(s + �s) = qi(s) +
∑
j �=i

qT
j (s) ∂D

∂s qi(s)

ω2
i (s) − ω2

j (s)
�s q j (s) + O(�s2).

(15)

Equation (15) shows that eigenvector rotation is governed
by off-diagonal matrix elements of ∂D/∂s, amplified when
frequency separations become small. In the limit �s → 0,
the maximum-overlap rule converges to continuous adiabatic
evolution consistent with this perturbative form.

To quantify the stability of the propagation, we define the
overlap gap

�Oi(sk ) = O(1)
i (sk ) − O(2)

i (sk ). (16)

A large �Oi indicates unambiguous tracking of vibrational
identity. When �Oi becomes small, either strong subspace
mixing is occurring or the interpolation step is too coarse to
resolve rapid eigenvector rotation.

When |ω2
i (s) − ω2

j (s)| becomes comparable to the mag-
nitude of off-diagonal couplings, eigenvectors undergo rapid
but continuous rotation within a coupled subspace. If the
interpolation spacing �s exceeds this intrinsic rotation scale,
apparent crossings may arise from under-sampling. Refining
the interpolation grid reduces this artifact and restores smooth
eigenvector trajectories.

This framework provides a controlled and physically
transparent method for tracking vibrational identity un-
der continuous mass deformation and distinguishes genuine
avoided-crossing behavior from artifacts of coarse sampling.

E. Continuity diagnostic results

To quantify the robustness of the eigenvector-continuation
procedure, calculations were performed using a range of val-
ues of Ns. Figure 4 shows the variation of the normalized
probability distributions of �O across three orders of mag-
nitude of Ns. As the grid is refined, the long-tailed portion
of the distribution progressively diminishes, indicating the
suppression of low-gap (ambiguous) assignments. The 0.1st
percentile of P(�O), shown as a red boundary in Fig. 4,
shifts systematically toward higher values with increasing grid
density; by Ns = 10 000, this percentile has already risen to
�O ≈ 0.99. This indicates that the vast majority of matches
involve a large degree of separation from the next-best
candidate.

In parallel, we explicitly counted the number of apparent
crossings identified under discrete propagation and plotted
this quantity as a function of Ns in Fig. 5. The number of
crossings decreases monotonically with increasing grid res-
olution, tending asymptotically toward zero, while the 0.1st
percentile of P(�O) approaches unity. Taken together, these
results demonstrate that the low-gap events and apparent
crossings observed on coarse grids arise from under-sampling
of rapid but continuous eigenvector rotation. Upon sufficiently
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FIG. 4. Normalized probability distributions P(�O) for interpo-
lation grids Ns = 100, 1000, and 10 000. Histograms are shown on a
logarithmic scale to resolve the low-gap tail. The red bin marks the
∼0.1st percentile.

fine interpolation, the evolution becomes unambiguous, con-
sistent with avoided-crossing behavior rather than true mode
interchange.

Figure 6 shows the interpolated band diagram obtained
with a refined grid of Ns = 10 000. At this resolution the
majority of vibrational trajectories evolve smoothly across the
full interpolation range. Distinct bands can be identified, con-
necting clusters of modes at s = 0 to corresponding clusters
at s = 1. We assign colors to these bands based on the union
of their initial and final clusters, where a cluster is defined as
a set of modes separated by less than 10 cm−1 in frequency.
While many trajectories remain within their original cluster
throughout the interpolation, others depart from their initial

FIG. 5. Grid-resolution dependence of spurious mode crossings
and overlap robustness. The number of detected crossings (red, left
axis) decreases with increasing grid density Ns, while the 0.1st per-
centile of P(�O) (blue, right axis) increases toward unity, indicating
improved continuity in mode tracking. Solid lines show empirical fits
to guide the eye.

FIG. 6. Continuously tracked phonon modes calculated on a
dense interpolation grid of Ns = 10 000 points along the parameter
coordinate s. Colors denote modes by their combined origin (s = 0)
and destination (s = 1). Black diamonds indicate mode crossings.

grouping (e.g., near ∼670 cm−1) and/or merge into a different
final cluster (e.g., near ∼550 cm−1).

With only 13 apparent crossings (black diamonds in Fig.
6), these residual cases are confined to the most heavily spec-
trally congested regions of the interpolation parameter s. In
such dense regions the intrinsic rotation scale of the eigenvec-
tors becomes small, so that coarse discretizations in s fail to
resolve the local curvature of the trajectory and can produce
artificial branch interchange.

To further verify that these remaining crossings arise from
insufficient resolution rather than genuine spectral disconti-
nuities, we performed an additional targeted refinement in
the restricted interval s ∈ [0.2, 0.35], where the majority of
remaining residual crossings occur, using an additional Ns =
6000 grid points within this subdomain. This local refinement
reduces the number of apparent crossings to 3, which repre-
sents a threefold decrease for an equivalent fourfold increase
in grid points within this region (9 crossings within this region
for Ns = 10, 000, s ∈ [0, 1]). This further confirms that the
ambiguities are discretization artefacts and that the evolution
is consistent with avoided-crossing behavior.

Given the prohibitive computational cost of calculating
individual matrix elements on a fine grid for all sk , much of the
remainder of the text will evaluate elements on a Ns � 10 000
grid. Representative modes are chosen that do not undergo
apparent “crossings,” therefore ensuring mode continuity for
the studied modes.

F. Why a two-level (2 × 2) crossing picture is insufficient
in dense manifolds

The interpretation of apparent crossings is often motivated
by the standard two-level reduction. When two eigenvalues
approach one another, one projects the dynamical matrix onto
the subspace spanned by the corresponding eigenvectors and
studies an effective 2 × 2 model. Writing λ = ω2, this reduc-
tion yields

Deff (s) =
(

λi(s) Vi j (s)
Vi j (s) λ j (s)

)
, (17)
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with eigenvalues

λ±(s) = λi + λ j

2
±

√(
λi − λ j

2

)2

+ Vi j (s)2. (18)

Within this model a true crossing requires simultaneously
λi = λ j and Vi j = 0 at some s
. Otherwise, the minimum
separation is finite and the interaction is an avoided crossing.

The numerical experiments presented above already
demonstrate that the residual apparent crossings disappear
upon sufficient refinement of the interpolation grid. However,
the limitation of the 2 × 2 picture in the present system is
more fundamental. ZIF-8 exhibits spectrally congested mani-
folds/clusters, in which multiple eigenvalues remain mutually
close over extended intervals of s. In such regions there typi-
cally exist several indices k �= i, j, for which

|λi(s) − λk (s)| � |λi(s) − λ j (s)|, (19)

so that projection onto span{qi, q j} is not dynamically closed.
The eigenvector evolution is governed not by a single coupling
Vi j but by collective mixing within a near-degenerate sub-
space of dimension m > 2. Many transport coefficients aji(s)
therefore become simultaneously large for multiple j as band
spacings decrease, generating collective rapid rotation of qi(s)
within a multidimensional cluster rather than pairwise level
repulsion.

G. Collective coupling, nonlocal mixing,
and multiband collisions

We now examine the transport amplitudes a ji(s) directly
for representative cases. These quantities provide a resolved
view of eigenvector rotation under mass deformation and al-
low the mechanisms governing spectral flow to be visualized
explicitly. As discussed above [Eq. (15)], the magnitude of
a ji is controlled by two amplification channels: the spectral
denominator (ω2

i − ω2
j )−1 and the coupling matrix element

qT
j (∂sD) qi. The following examples illustrate how distinct

spectral geometries activate these terms.

1. Structural amplification: action at a distance

Figure 7 shows a ji(s) for the tracked band νs=0 ≈
816 cm−1. A pronounced coupling is observed to a nonadja-
cent band separated by three intermediate bands in frequency.
Because the frequency separation remains comparatively
large, this behavior is not driven by an anomalously small
spectral denominator; instead, it reflects a large coupling
matrix element. The two modes share displacement weight
on out-of-phase, out-of-plane coupled C-H wag motions.
These are isotope-sensitive coordinates, so ∂sD couples them
strongly despite their spectral separation. This provides a clear
example of “action at a distance,” in which structural simi-
larity rather than frequency proximity governs the transport.
Visualization of the mode in question shows that after follow-
ing the mode to its isotopic endpoint (s = 1) we see that the
nature of the mode has completely changed. Its displacement
pattern is now that of C–D in-plane scissoring. This strong
coupling to a much lower nonlocal mode has therefore im-
parted drastic qualitative change to the displacement pattern.

FIG. 7. aji (color axis) for the tracked band (∼816 cm−1) as a
function of s and ν. A pronounced coupling is observed between
this band and a nonadjacent band separated by three intermediate
branches in frequency, demonstrating long-range mode interaction.
This behavior illustrates action at a distance, whereby eigenvector
character is transferred between spectrally separated bands despite
the absence of nearest-neighbor proximity in frequency, facilitated
by large mass-perturbation couplings between structurally similar
displacement patterns.

2. Three-band encounter

Beyond this two-band nonlocal interaction, we observe
intermediate situations in which three trajectories approach
within a moderately narrow spectral window (Fig. 8). As
their squared frequencies evolve at unequal rates under mass
deformation, spectral separations are reduced and multiple
denominator terms become enhanced simultaneously. The
intermediate branch responds to both neighbors, producing
coordinated redistribution of vibrational character within a
locally coupled three-dimensional subspace. This regime al-
ready exceeds a simple pairwise avoided-crossing picture but
remains confined to a small cluster.

FIG. 8. Interaction amplitudes aji(s) (color axis) for the selected
mode i ≈ 658.9 cm−1(shown as a red line) within a three-band en-
counter region. Colored points denote the magnitude of aji coupling
to other modes. Enhanced amplitudes emerge as the three branches
approach in frequency, indicating gradual coordinated eigenvector
rotation.
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FIG. 9. Transport amplitudes aji(s) (color axis) in a densely con-
gested manifold, illustrating highly localized collective multimode
mixing. As multiple branches approach within a narrow spectral
window, the transport amplitude becomes distributed across a cluster
of nearby modes, consistent with rapid rotation within a higher-
dimensional near-degenerate subspace rather than isolated pairwise
interactions.

3. Collective rotation in a congested manifold

In the most densely populated regions, several eigenval-
ues remain mutually close over extended intervals of s. In
this regime, multiple denominator terms in Eq. (15) become
simultaneously large, and the transport amplitudes become
distributed across a cluster of nearby modes. Figure 9 shows
a representative example in which mixing with the above
band is initially weak in relative terms. This mode descends
through a first-order frequency shift, and upon close frequency
contact, the three bands are forced to undergo much more
aggressive eigenvector rotations to prevent a crossing. This
fine-scale rearrangement indicates an initial poorly projected
mass-perturbation overlap between the approaching modes,
where the rapid eigenvector rotation is driven instead by the
ω2

i (s) − ω2
j (s) denominator.

Taken together, these examples show that vibrational reor-
ganization under isotopic mass deformation is governed by a
delicate interplay between first-order frequency shifts initiated
by strong displacement patterns in the mass-substituted site,
spectral amplification (small denominators), and structural
amplification (large coupling matrix elements). The resulting
dynamics are intrinsically multilevel and cannot be reduced
to isolated two-state interactions. Vibrational identity in dense
framework materials is therefore defined by continuous trans-
port of invariant subspaces rather than by pairwise frequency
matching.

IV. CONCLUSIONS AND PREDICTIVE OUTLOOK

We have shown that isotope substitution defines a con-
trolled mass deformation of the dynamical matrix and
therefore provides a direct experimental probe of vibrational
transport geometry. Our conclusions show crucially that the
comparison of neutron spectra of hydrogenated and deuter-
ated samples does more than reveal frequency shifts. Changes

in peak distribution and intensity encode information about
qualitative redistribution of eigenvector character.

In spectrally sparse regions of a hydrogenated INS
spectrum, the qualitative and quantitative consequences of
deuteration can be anticipated directly from the experimen-
tal data. Equation (4) shows that the first-order frequency
shift under mass substitution is governed by the projection
of the eigenvector onto the mass-perturbed subspace. For
modes dominated by hydrogen motion, the mass-weighted
displacement amplitude on hydrogen sites is large, and the
resulting frequency shift upon deuteration is correspondingly
substantial. For INS, the measured intensity reflects hydro-
gen displacement amplitudes weighted by the scattering cross
section and modulated by the Debye-Waller factor. Once the
Debye-Waller contribution is accounted for, the relative inten-
sity of isolated peaks provides a direct experimental measure
of hydrogen participation and hence a quantitative predictor
of the isotope-induced frequency shift.

A complementary predictive insight arises in spectrally
congested regions. Here, the isotope response is governed
jointly by the diagonal frequency renormalization [Eq. (4)]
and the eigenvector transport amplitudes [Eq. (7)]. When
multiple neighboring modes possess significant displacement
weight on the perturbed mass subspace, small level spacings
amplify off-diagonal couplings and promote collective sub-
space rotation. Experimentally, comparison of hydrogenated
and deuterated spectra in such congested regions provides
a diagnostic of this mixing. Substantial redistribution of
peak positions and relative intensities upon deuteration sig-
nals strong shared displacement character among neighboring
modes and hence susceptibility to qualitative eigenvector reor-
ganization. Conversely, minimal redistribution within a dense
spectral cluster indicates that despite spectral crowding, the
relevant displacement patterns remain weakly coupled under
the applied mass perturbation. These concepts suggest there-
fore that deuteration can in principle be used as a means
to shift undesirable modes in frequency, or to alter their
qualitative displacement character completely. In particular,
we could imagine qualitatively altering “killer” modes in
organic semiconductors, or tuning gate-opening mechanisms
in flexible metal-organic frameworks. In fact, even greater
control may be achieved through selective deuteration of spe-
cific molecular groups. This targeted approach creates the
flexibility to apply changes to given displacement patterns,
while leaving other functionally beneficial ones unchanged.
With the information provided by INS, combined with these
controlled isotope substitutions, we arrive at a strategy for
deliberate phonon steering and controlled redistribution of
vibrational displacement character.
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APPENDIX A: DERIVATION OF MAIN EQUATIONS

1. Harmonic lattice dynamics and physical displacement fields

We consider a system of N atoms with equilibrium posi-
tions {Ra}. Let

u(t ) = {uaα (t )}
denote the Cartesian displacement vector, where uaα is the
displacement of atom a along Cartesian direction α ∈ {x, y, z}.

Within the harmonic approximation, the potential energy
expanded about equilibrium is

V (u) = V0 + 1

2

∑
aα,bβ

�aα,bβ uaα ubβ, (A1)

where � is the force-constant matrix with elements

�aα,bβ = ∂2V

∂uaα ∂ubβ
. (A2)

The equations of motion are

ma üaα (t ) = −
∑
bβ

�aα,bβ ubβ (t ), (A3)

which may be written compactly as

M ü(t ) = −� u(t ), (A4)

where M is the diagonal mass matrix.

2. Normal modes and mass-weighted coordinates

We seek harmonic solutions of the form

u(t ) = ui eiωit , (A5)

where ui is a time-independent displacement pattern and ωi is
the angular frequency of mode i.

Substitution yields the generalized eigenvalue problem,

� ui = ω2
i M ui. (A6)

Introducing mass-weighted displacement vectors

qi ≡ M1/2ui, (A7)

transforms the problem into the standard Hermitian eigen-
value equation,

D qi = ω2
i qi, (A8)

where the mass-weighted dynamical matrix is

D = M−1/2�M−1/2. (A9)

The eigenvectors satisfy the orthonormality condition,

qT
i q j = δi j . (A10)

All modes considered in this work correspond to �-point
normal modes and may be chosen real.

3. Isotope substitution as a mass perturbation

Isotope substitution modifies the atomic masses while leav-
ing the force-constant matrix unchanged to first order,

M → M + δM, � fixed. (A11)

Here, δM is diagonal and nonzero only on substituted degrees
of freedom.

This induces a perturbation of the dynamical matrix

D → D + δD, (A12)

through the mass weighting in Eq. (A9).

4. Derivation of the mass-induced perturbation δD

Starting from Eq. (A9), we write

D(M) = M−1/2 � M−1/2. (A13)

Under M → M + δM, the first-order change is

δD = δ(M−1/2) � M−1/2 + M−1/2 � δ(M−1/2), (A14)

where we have used δ� = 0.
Define the dimensionless diagonal matrix

G ≡ M−1/2 δM M−1/2. (A15)

For a diagonal mass matrix, the first-order variation of M−1/2

is

δ(M−1/2) = − 1
2 M−1/2 G. (A16)

Substituting into Eq. (A14) gives

δD = − 1
2 (GD + DG). (A17)

5. First-order perturbation theory for frequencies
and eigenvectors

At a fixed interpolation point, the unperturbed eigenprob-
lem is

D qi = ω2
i qi, qT

i qi = 1. (A18)

After a small mass perturbation, we write

D → D + δD, ω2
i → ω2

i + δω2
i , qi → qi + δqi. (A19)

Substituting into Eq. (A18) and retaining only first-order
terms gives

D δqi + δD qi = ω2
i δqi + δω2

i qi. (A20)

a. First-order shift in ω2
i

Left multiplying Eq. (A20) by qT
i yields

δω2
i = qT

i δD qi. (A21)
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b. First-order change in qi

Expanding

δqi =
∑

j

c ji q j, (A22)

and enforcing qT
i δqi = 0 gives

δqi =
∑
j �=i

c ji q j . (A23)

Projecting Eq. (A20) onto q j with j �= i yields

(
ω2

j − ω2
i

)
c ji = qT

j δD qi, (A24)

and therefore

δqi =
∑
j �=i

qT
j δD qi

ω2
i − ω2

j

q j . (A25)

6. Mode-resolved coupling and mixing amplitudes

The physically fundamental scalar coupling induced by the
mass perturbation between modes j and i is

Nji = qT
j δD qi. (A26)

The corresponding first-order mixing amplitude is
defined as

a ji = Nji

ω2
i − ω2

j

. (A27)

With this definition,

δqi =
∑
j �=i

a ji q j . (A28)

APPENDIX B: ZIF-8 SAMPLE CHARACTERIZATION

The x-ray diffraction pattern for the hydrogen version
of ZIF-8 is shown below (Fig. 10), as a proof of quality
synthesis.

FIG. 10. Diffraction pattern of hydrogenated ZIF-8 sample.

Below (Fig. 11) we present the Fourier transform infrared
spectra of ZIF-8 as further proof if its synthetic quality.

APPENDIX C: CONVERGENCE FIT FUNCTIONS
AND PARAMETERS

Crossings(Ns) = A1e−k1Ns + A2e−k2Ns + C. (C1)

A1 = 9.4 × 102, k1 = 3.6 × 10−3, (C2)

A2 = 2.6 × 102, k2 = 3.7 × 10−4, (C3)

C = 6.8. (C4)

P(Ns) = 1

1 +
(

N0
Ns

)β
. (C5)

N0 = 1.2 × 103, (C6)

β = 2.1. (C7)

FIG. 11. Fourier transform infrared spectra of hydrogenated ZIF-
8 sample.

214325-10



COLLECTIVE PHONON MIXING AND EIGENVECTOR … PHYSICAL REVIEW B 113, 214325 (2026)

[1] C. L. Bull, N. P. Funnell, C. J. Ridley, C. R. Pulham, P. L.
Coster, J. P. Tellam, and W. G. Marshall, Pressure-induced
isosymmetric phase transition in biurea, CrystEngComm 21,
5872 (2019).

[2] Y. Wu, X. Liu, A. Radulescu, L. Porcar, A. Krause-Heuer, H.
Jiang, H. Yang, Y. Ke, T. Darwish, and Z. Luo, Small-angle neu-
tron scattering differentiates molecular-level structural models
of nanoparticle interfaces, Nanoscale 17, 3798 (2025).

[3] H. Aoki, H. Ogawa, and M. Takenaka, Neutron reflectometry
tomography for imaging and depth structure analysis of thin
films with in-plane inhomogeneity, Langmuir 37, 196 (2021).

[4] D. Colognesi, S. D. Panfilis, F. Formisano, M. Á. González,
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