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Josephson phase shift and diode effect due to the inverse spin Hall effect
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We theoretically study the direct and inverse spin Hall effects in a superconductor-normal metal-
superconductor junction induced by a spin-orbit interaction that is invariant under spatial inversion. We show that
a supercurrent induces a spin Hall effect, leading to a static spin accumulation with opposite polarizations at the
two edges, analogous to that in normal conductors. For the inverse effect, we consider a spatially inhomogeneous
static magnetic field and show that it induces an anomalous phase shift, which, in the presence of higher
harmonics, results in a diode effect. Unlike Rashba systems studied previously, the present mechanism does
not require broken structural inversion symmetry, since an inhomogeneous magnetic field, equivalent to a spin

current, breaks the inversion symmetry extrinsically.
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I. INTRODUCTION

Spintronic effects in superconductors have attracted con-
siderable interest over the past few decades, driven by the
prospect of combining nondissipative supercurrents with the
nonvolatility of spin-based devices. After pioneering exper-
iments dating back to the late 1970s [1], superconducting
spintronics has undergone rapid development over the past
decade. Key advances include the realization of long-range
spin-triplet supercurrents in ferromagnet-superconductor hy-
brids [2-7], electric and magnetic control of superconducting
spin transport [8—10], and the integration of materials with
strong spin-orbit coupling (e.g., topological insulators and
Rashba interfaces) to manipulate spin textures [11-13]. These
developments open pathways toward dissipationless memory
and logic elements and deepen the interplay between super-
conductivity and topology [14,15].

Of particular recent interest are systems with broken
symmetries [16-22]. In superconductors lacking inversion
symmetry, nonreciprocal supercurrent transport becomes pos-
sible in the presence of an applied magnetic field or
magnetization. This manifests as a direction-dependent crit-
ical current, known as the superconducting diode effect, first
observed in inversion-asymmetric superlattices [23]. The su-
perconducting diode effect has since been demonstrated in
Josephson junctions comprising superconductors coupled to
normal metals or semiconductors with Rashba spin-orbit cou-
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pling [24-26]. Rashba spin-orbit coupling, which arises from
the interplay of spin-orbit interaction and inversion symme-
try breaking, generates a uniform spin polarization under an
applied current via the Rashba-Edelstein effect, for both dis-
sipative currents and supercurrents [27,28].

In superconductor-normal metal-superconductor (SNS)
Josephson junctions, Ref. [29] predicted that a supercurrent
induces a uniform spin polarization and, conversely, that a
magnetic field generates a supercurrent—an effect known as
the inverse Rashba-Edelstein effect. This inverse effect was
shown to produce an anomalous phase shift between the su-
perconductors. However, such a phase shift alone does not
give rise to a diode effect, as it does not break the symmetry
of the phase potential and therefore yields identical barrier
heights for both current polarities. More recently, it has been
shown that this anomalous phase shift can lead to a Josephson
diode effect when higher harmonics—arising from multiple
interface scattering—are taken into account [26].

In this paper, we study the spin Hall effect (SHE) and
its inverse effect (ISHE) theoretically in an SNS junction
(Fig. 1) induced by a spin-orbit interaction that is invariant
under spatial inversion. We show that a supercurrent induces
a SHE, leading to a static spin accumulation of opposite
polarizations at the two edges, analogous to the behavior in
normal conductors. We also investigate the inverse effect by
considering a spatially inhomogeneous static magnetic field.
Such a magnetic field, acting on the electron spin, generates
a steady spin current [30], which in turn couples to the su-
perconducting channel, inducing an anomalous phase shift.
We show that the anomalous phase shift gives rise to the
diode effect by accounting for higher harmonics. In contrast to
the diode effect due to the inverse Rashba-Edelstein effect, the
ISHE-induced diode effect does not require the system to lack
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FIG. 1. Schematic figures showing (a) the direct and (b) the
inverse spin Hall effect in SNS. In the direct spin Hall effect,
equilibrium spin polarization with spatial inhomogeneity arises as
a response to a supercurrent induced by the phase difference. The
inverse effect is induced by a static magnetic field with a spatial
gradient, resulting in a supercurrent and an anomalous phase shift.

inversion symmetry, since the spin current breaks inversion
symmetry extrinsically. In our setup, a spatially inhomoge-
neous magnetic field is essential for the diode effect, as it
induces a steady spin current, which breaks the inversion sym-
metry. In the Rashba case with broken structural inversion, in
contrast, a homogeneous applied magnetic field is sufficient
for the diode effect.

The paper is organized as follows. We start by summarizing
the direct and inverse spin Hall effects in normal metals, as
argued in terms of the spin density and electric current in
Sec. II. The model of the SNS junction and calculation scheme
by use of the lesser Green’s function is presented in Sec. III,
followed by the derivation of the Josephson current in our
scheme in Sec. IV. Our study of the supercurrent-induced spin
Hall effect starts in Sec. V, where we calculate the spin density
induced by the Josephson current due to a phase difference at
equilibrium, including to the linear order the self-energy due
to each SN interface. In Sec. VI, the inverse spin Hall effect
induced by an applied magnetic field gradient is calculated.
The higher harmonics of the inverse spin Hall current are stud-
ied in Sec. VII and the Josephson diode effect, the difference
in the critical current for superconductivity under opposite
current bias, is studied in Sec. VIII. Discussion on the SHE
and ISHE is presented in Sec. IX. The case of the Rashba spin-
orbit interaction, reported previously [29], is briefly argued in
Sec. X. Summary is presented in Sec. XI.

II. PREMISES ON SPIN HALL EFFECT
IN NORMAL METAL

Conventionally, the SHE in normal metal is described in
terms of the spin current generated by the applied electric field
[31]. Since the spin current is not directly measurable, it is
converted to an experimentally measurable spin accumulation
using the classical spin diffusion equation. This conventional
theory has a fundamental ambiguity arising from the noncon-
serving nature of spin current in solids.

A. Reciprocal relations in terms of spin density

A description free from such a fundamental difficulty can
be constructed in terms of the direct response function be-
tween spin density and electric current [32]. In the case of
a normal metal, the spin density induced by the applied elec-

tromagnetic field is written in terms of a vector potential A as
h
Si = XijAjs (1)

where the response function xl-sjh is a correlation function of
spin and electric current, with i, j = x, y, z denoting spatial
directions. As seen from the symmetry, x: does not have
a uniform component in inversion-symmetric systems, and
is expanded with respect to the external wave vector ¢ and
frequency €2 as [32]

X7(g. Q) = iegjuqe(ho + iQA + -+ -), )
which reads (by use of Maxwell’s equation B = —V x E)
s=2B—A(VXE)+---, 3)

in the ballistic case. A dynamic term A; indicates that spin
density arises from the vorticity of an electric current, V x j,
where electric current is j = ogE, op being the Boltzmann
conductivity. The SHE corresponds to this term. In fact,
the vorticity arises at the edge of the system, where the
current density diminishes, consistent with spin accumulation
resulting from the spin Hall effect [32]. Although the effect
induces a static spin accumulation in a static electric field, it
is a dynamic effect because the electric field induces out-of-
equilibrium responses. Due to Onsager reciprocity, the ISHE
induced by an applied magnetic field B, coupling to the elec-
tron spin is written in terms of the same response function as

Ji = —x}1v By, “
where y is the gyromagnetic ratio. The current induced by
the spin magnetic field thus reads

j=—v2V x By, —y\V x B, (5)

The ISHE, represented by the term A, is a dynamic effect,
while the static effect, Ao, describes the Ampere’s law. The
ISHE, being of dynamic origin, is a natural consequence of
the fact that normal current reacts to a physical field E and
not to the vector potential [29].

B. Diffusive case and spin Hall angle

Taking electron diffusion into account, ballistic behaviors
become nonlocal on the scale of the spin diffusion length, £,
and the spin Hall effect is modified to be [32]

S(r) = —i—; f dr Dy(r — )V  j)y. ©)

where D,(r) = [ g—f;ﬁ is the spin diffusion propaga-
tor, D being the diffusion constant, and 7, (related to £, as £ =
/D7) is the spin relaxation time (m and kr are the electron
mass and the Fermi wave number, respectively). Evaluating
the diffusion propagator in one dimension in the y direction
perpendicular to the junction, we have Dy(y) = 5xe MV/6,
where £ is the electron mean-free path. Treating the current
density without diffusion to vanish suddenly at the system
edges, y = £W/2 (W is the system width), Eq. (6) leads to

£ .
s:(y) = —ME Z—ée’w/(%) sinh 2. @)

s
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The maximum spin density at the edge is thus s, (£W/2) =
ZF%ME (1 — e W/&), In terms of the conventional dimen-
sionless spin Hall angle, defined as 6y, = o,/op, where oy
is the spin Hall conductivity, the spin accumulation density
at the edge is Seqge = OsnésvnkE, n and v being the electron
density and density of states at the Fermi energy, respectively.
From the agreement between the two approaches in the limit
W/ > 1, |s:(EW/2)| = Scqge, We identify the spin Hall an-
gle as
T 2nve?’
The coefficient A; induced by the random spin-orbit in-
teraction was calculated in Ref. [32] to be (note that the

definitions of the coefficients in Ref. [32] are different from
here)

®)

esh

A = %esovznﬂz, ©)

where €, is the energy associated with the spin-orbit interac-
tion. The spin Hall angle,

3
Osh = Eeso‘), (10)

is thus the ratio of the spin-orbit energy and the Fermi energy
€r ("“ 1 / l)).

III. MODEL OF SNS JUNCTION

We consider an SNS junction with a normal metal N with
spin-orbit interaction, described by a field Hamiltonian

H=Hy+ ) Hi+H, an
a=L,R

where the Hamiltonian for N represented by field operators ¢
and ¢ is

Hn = Z ekciacka + Hyo + [{impa (12)
ko
where ¢, = 572” — €r, Hy, being the Hamiltonian for the spin-

orbit interaction. Random impurity scattering conserving spin
is included by H;py, defined as

Himp = v; Z Z eii(k,fk)'R"cz,ck, (13)
KK
where v; is the strength of the impurity potential, and R; is
the position of impurities and i is the label of impurities. The
impurity scattering gives rise to a finite elastic lifetime and
diffusive electron motion.
The superconductors L and R are described by

d’, €k Ae™ 9\ [ duky
= akt .
Ha Xk: (da,k¢> <Ae’“’“ —e dl,_ki s (14)

where d;'ka and dy, are field operators of the electron in
superconductor ¢ = L, R with wave vector k and spin o. The
magnitude of the order parameter is A, and its phase is ¢,.
The interface hopping is represented by

Ho= Y Y tld},co+ cldaol, (15)

a,0=1,] rely

S N S
elPL g'(k, ) 6_7:901L
- o i
g'(—k+p, —w

FIG. 2. Schematic diagram showing the lesser Green’s function
in N, G=(r, r, ) (the Fourier transform of G=(r,t,7,t’) at equal
spatial positions, r = r’), to first order in the self-energies from L
and R.

where ¢ is the hopping amplitude assumed to be real and spin
independent. The hopping is treated as occurring at the inter-
face, I,. Although there have been extensive theoretical works
on SNS junctions [33], our model is minimal and sufficient to
capture the essence of supercurrent-driven spintronics.

A. Green’s function in N

We employ the path-ordered (Keldysh) Green’s function
method, as physical observables are presented in a more trans-
parent way than in the thermal Green’s functions (as in Ref.
[34]), although the two approaches give the same result for
equilibrium properties. Physical quantities in N are calculated
by use of the lesser Green’s function in N, G< = i{c'c). The
effects of two superconductors, L. and R, are included pertur-
batively as self-energies due to the L and R superconductors
assuming a weak junction [34]. A dissipative channel de-
scribed by electron-hole propagation, arising from the normal
Green’s function in the superconductor, is irrelevant and is
neglected. The supercurrent channel is induced by the su-
perconducting component of the self-energy, whose advanced
component is £2 = >y, F, where

Fa(t, 1) =i0(t" — 1)({doser (1), duie, (1)}),  (16)

is the advanced component of the anomalous Green’s func-
tion. Here, the summation over the wave vector is taken
independently of N approximating the interface I, as point-
like. The conjugate self-energy is

T =17 Zfzk, A7)
k

where

Fout, 1) =i0( — ;)({d{jm(r), djm(t’)}y (18)

The Green’s function contribution representing the second-
order Josephson coupling in the interface hopping is (sup-
pressing the spin index) (Fig. 2)

oo
G=(r,t,r,1') :/ dtI/dtz/dg/dm > lgtr.t. R 1)
- R..Rg

x Zp(t1, )g(Rr, 13, R, 1)

X Zr(t3, 14)g(Rg, 14,7, )]~ + (L < R),
(19)
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where g denotes the Green’s functions including the spin-orbit
interaction, and without superconductors, < denotes the lesser
component, and R, denotes the positions at the interface.
Evaluating the lesser component at equilibrium and at equal
times, we obtain

< / dCl) a a
G (r,t,r,t):/gf(a))g (r —Rp, 0)Z¢ (@)

x &'(Rg — Ry, —0) S} (0)g" (R — 1, w)
— (< a)+ (@L< R), (20)

where f(w) = [ef® + 1] is the Fermi-Dirac distribution
function, 8 = 1/(kgT') being the inverse temperature. Note
that due to an anomalous time ordering as a result of the
anomalous particle-particle propagation, one of the Green’s
functions has a frequency with opposite sign and retarded
and advanced interchanged. The anomalous propagation thus
leads to a contribution of a product of the retarded and ad-
vanced Green’s functions, which guarantees the long-ranged
supercurrent.

B. Self-energy due to S

The anomalous self-energies are written using the phase,
oL and @R, as

TE= Sle,  £i = $hei, 1)
where
1 1
@) =rPAY — Y (B ——, 22
(@) Xk:zsk;( oTa T @
with & =, /e,% + AZ, is common for L and R. Using an ap-

proximation that the density of states v is a constant and at
small w(< A), we obtain

/Y

S (w) = 2A
A2

— = (w). (23)

IV. JOSEPHSON CURRENT IN THE DIFFUSIVE CASE

Before exploring the spin Hall effect, let us first repro-
duce the Josephson current within the present formalism. The
derivation is essentially equivalent to that in Ref. [34], except
that the latter is based on the thermal Green’s function formal-
ism.

In the diffusive case, the Josephson current is supported by
long-range particle-particle propagation called the cooperon.
The current to second order in the self-energy reads (Fig. 3)

ji= i/ 6211_:(21‘(60) — DIZ(@)P? ;(ei“’ei”'L +e et

x Ky(p, ®)(nv?Tl, ,)*D(p, ), (24)

where n; is the concentration of impurity potential, and L =
(L, 0,0), L being the distance between the two interfaces. The
electron pair propagation is represented by an amplitude

Hp,a) = Zgzlic,a)grfkwtp,fw’ (25)
k

V;

Xy Xr

Xp X

FIG. 3. Diagrams representing the Josephson current in the dis-
ordered case. A pair of double dotted lines denotes particle-particle
propagation (cooperon). v; denotes a current vertex with an external
wave vector ¢, which represents the spatial variation of the current.
The wave vector p is the total wave vector of the propagating electron
pair, i.e., the cooperon wave vector. Left: Contribution in second
order in the self-energy due to superconductors. Right: Fourth-order
contribution.

and

1 1
Dp,w)= ————
. @) T Dp* — 2iw
is the cooperon propagator with the wave vector p, T being the
elastic lifetime. The bare response function is

Ky(p, w) = Z tr[g?c,wﬁxg?c,wgr—k-k—p,—w]’ 27
k

(26)

9; (i =x,y,z) being the velocity operator. Expanding with
respect to p, we obtain

Ki(p, w) = —47tvr2Dpx. (28)

In the diffusive case, I1,, ~ 27v7, and thus n;v? 11, , > 1.
We carry out the summation over p in three dimensions. The
cooperon propagator including, a factor p, arising from Kj, is
calculated as

= ——Dy(L, ). (29)

Z peetiPl +iL
(Dp* —2iw)*> 2D

P
The amplitude Dy is

eip-L
Dy(L.w)=)_ b7 e
p
1 T . /B
- eV o LletV L, (30)
4 LD

where sign corresponds to @ > 0 and w < 0. We focus on the
low-frequency regime, || < A and approximate ¥(w) as a
constant X. Integration over the frequency then reads

‘e:i:ip-L

d(,() PA
f 2 Cf@ =1 Xp: Dy —2ia7

L
=F—F(L/lr), 31
F oo F L) 31)

12 —\/3 32
r=y 7 (32)

is thermal diffusion length, and

o0 x2
F(u) = / dx tanh (F>e_" sin x. (33)
0 w

where
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FIG. 4. Diagram representing the fourth-order supercurrent,
which is carried by the two particle-particle propagators flowing in
the same direction. Other diagrams with particle-hole propagation do
not contribute to the supercurrent channel.

The diffusive Josephson current, including the self-energy to
second order, therefore, is

J1=Jjasing, (34)

with the critical current at the second order
2

. 2vX
Jeo = —;FF(L/ET)- (35

A. Spatially resolved Josephson current

To study the spin Hall effect, it is necessary to investigate
the spatial dependence of the Josephson current by calculating
its ¢ dependence, where ¢ denotes the wave vector in the
Fourier transform of the Josephson current. Including finite
wave vector ¢ at the current vertex, the current in the diffusive
regime in Fig. 3 reads

d
i) =i / —2”(2f<w> — D)
T

% Z(eigoeip-L + efiwefipL)
p
Ki(p, w) 1
X 2
T D(p )

—_—

? —2ioD(p— 1)’ —2iw

(36)

Defining a function, which determines the spatial dependence
of the current as
. 1 1
Li(g.w)= ) pje?* :
! XI,: " D+ %)’ —2iwD(p— 1) - 2iw
(37

we have

. dw ) .
Jir) = 8nvD/ E(Zf(w)— D[Z(@)]"Tx(r, ) sin @.
(38)

B. Fourth-order Josephson current

The Josephson current, including the self-energy to fourth
order, is necessary to study the diode effect. In terms of the
Green’s function, G=, the fourth-order supercurrent is repre-
sented by the diagram with two particle-particle propagators
as shown in Fig. 4. Diagrams containing the particle-hole
propagation contribute to normal current and are not con-
sidered. In the diffusive case, it includes four cooperons

modifying each of the four vertices representing the hopping
to the superconductor as in Fig. 3. Insertion of more cooperons
is possible, but the contribution is small due to the narrow
phase space. The dominant fourth-order Josephson current is,
therefore,

d
=i / 2—‘”(2f<w> — D[Z ()
T

x § (621(petp~L +€72w67’p1‘)

P
4
x K\ (p, 0)(nivi ) D(p, w)*,  (39)
with
kx 3 2
KPp.o)=>" %(gi’w) (8 kip—o) = —672 x Ki(p, w).
k
(40)
The cooperon contribution is
ip-L il ip-L
Z L - Z e—.. 41
" (Dp? —2iw)* 6D " (Dp?* = 2iw)?

The summation in three dimensions is

> et 1 L —VBraw
> (Dp? = 2iw)? 2w D32 |w|3/?
o] 1/2
+i| 2L — 1)-1]1,
<Lei((F) )]
(42)
and we have
dw peePl
—f, -1 I
,/ 27t( f )§ (Dp?* — 2iw)*
L2
=—————Fi(L/l7), 43
3 22D 4(L/€r) 43)
where
* dx x2 _ .
Fi(p) = — tanh | — Je *[(2x 4+ 1) cosx — sinx].
0 X 2u?
44
The fourth-order Josephson current is, therefore,
1 22
jW=_—yx? Fy(L/t7)sin2¢. (45)
J 8 D?

Josephson current to fourth order of the self-energy in the
diffusive regime is
J1 = je2sin@ + jessin2gq, (46)

where
Je2 2 ),

) 1 , 222

Jea = ng 2 fal/tr). (47)
The ratio of the two, which is crucial for the magnitude of
the Josephson diode effect, is j.4/j.2 = —ﬁ %Lz)z%, and is

=L’
governed by a parameter =5~ = 3Xt(L/ 0)%.
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i i

YR X Xr

—k+p —k'+p

FIG. 5. Diagrams contributing equally to the spin accumulation
induced by the SHE induced by random spin-orbit interaction (de-
noted by ®) due to impurity (dotted line) in the ballistic case. The
spin vertex is denoted by X, and black circles denote self-energies
¥ and Xy of the L and R superconductors. The external wave vector
is ¢, and p is the cooperon wave vector.

V. SUPERCURRENT-INDUCED SPIN HALL EFFECT

We here explore these responses for the supercurrent in an
SNS junction. The normal metal (N) has a spin-orbit inter-
action arising from random impurity, represented by a field
Hamiltonian

Hy = idovi 3 > e O PRIIU k) oler,  (48)
ki i

where Ay, is a constant. This interaction for a fixed configu-
ration of impurities breaks translational and space-inversion
invariance, since e~ ® OB _, oK ~k)Ri ypder spatial inver-
sion. For a physically meaningful momentum-conserving
result, average over random impurity positions needs to be
taken [35]. After the averaging, the inversion and translational
invariances are restored. Our model therefore does not break
inversion symmetry, unlike the Rashba spin-orbit case. We
shall demonstrate that even in this case, without structurally
broken inversion, the Josephson diode effect emerges, since
the application of a magnetic field gradient (equilibrium spin
current) breaks the symmetry.

The supercurrent induced by the two superconductors is
carried by the spin-singlet electron-electron pair propagation,
and thus, the SHE is represented by a nonlocal diagram con-
necting L and R superconductors, instead of a local vector
potential as in the normal metal case.

The inhomogeneous spin density induced by the spin Hall
effect is studied using a gradient expansion. We consider the
Fourier transform s(q) of the spin density, where g is the wave
vector, and expand the result to the linear order of ¢.

A. Ballistic case

In the ballistic case, where electron diffusion is neglected,
the spin accumulation induced by the supercurrent in N is

d
(@) =i / 22 0f @) - D)
T

X Z(ei*"eip'L + e_i‘/’e_ip'L)Ks,,-(q, P, ), (49)
P

where Kj ; is the spin Hall response function, shown diagram-
matically in Fig. 5,

FIG. 6. Diagrams that do not contribute to the supercurrent-
induced spin Hall effect.

1

o= ionad Sk +3)x (k+3)]
K.i(q. p. ©) = ikoniv; k%j (' +3) x (k47

x tr[ gy g (@)gj g (@)oigh_g (@)
X &y p ()8 p (—0)G ()], (50)

o; (i =x,y,z) being the Pauli matrix. As in the anomalous
Hall and spin Hall effects in normal metal [32,36], the third
order of the impurity potential is dominant, while the second-
order contribution vanishes, being purely imaginary (Fig. 6).
The contribution with the spin vertex and the spin-orbit inter-
action acting on different sides of the bubble, Fig. 6, vanishes,
too. The upside-down diagram, i.e., the retarded and advanced
interchanged, is w — —w contribution, resulting in a term
with hole nature, f(—w) = f(w) — 1. Expanding with respect
to the external wave vector ¢ to the linear order, we obtain

.
K@, p.©) = heomvniv] § =
kk'

X [k x k)i (3 g3 (@) + €tk — K gy ()]

X (84(@)) 8 iy (—0)E 4 p(—0). (5D

Evaluating the summation over wave vectors in the case of
small p and w, it is

K.i(q, p, ®) = =57 AoV oimDt*(q x p)i.  (52)

The response function odd in p means that the induced spin is
proportional to sin ¢ and to the Josephson current. The factor
q indicates that the spin accumulation is proportional to the
vorticity of the Josephson current induced at the edge. In the
present formalism, the wave vector p is provided by the SN
interfaces, while g for the spin density profile is provided by
the random impurities.

B. Diffusive case

In the model with random impurity, the dominant contri-
bution at long wavelength comes from diagrams involving
electron-pair propagation with successive impurity scattering,
the cooperon. The contributions with cooperons are shown in
Fig. 7. The contribution with a cooperon inserted between the
spin vertex and the spin-orbit interaction vanishes (Fig. 8).
The cooperon wave vectors for the two cooperons are p + %
and p — 4, as read from the diagram. The response function
K; ; is thus modified to be (using 27'(1)1:rzil)i2 =1

Kt,i(qa pa (1)) = KY,i(qa p9 C())
1 1 1
X2 02 _ o 02 i
D(p+ 2) iw D(p 2) iw
(53)
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FIG. 7. A diagram for the spin accumulation induced by the spin
Hall effect induced by random spin-orbit interaction (denoted by ®)
due to impurity in the diffusive case. Spin vertex is denoted by x and
black circles denote self-energy due to the superconductor. Single
dotted line denotes the impurity scattering, while the double dotted
line is a ladder of impurity scattering, the cooperon, describing the
diffusion of a spin-singlet electron pair.

The spin density induced by the spin Hall effect is
[ do
si(q) =i / 5, 3f (@) = DIZ (@)

% Z(eiq)eip-L + e—iqoe—ipL)

P
Ki(q,p. ®) 1 1
x 2 p N2 VP
(p+ 5) —2iw D(p - 5) —2iw
(54)
Defining
A 1 1
Ti(q,0)=) pje?* :
! zp: " D(p+ 1) —2ieD(p— 1) - 2i
(55

and noting that this function is odd in inversion along the x
axis, the spin density is

dw
s(r) = 1072 Ao v>vimD / E(z f(@) — D[Z()]?

X (V x I'(r, w)) sin ¢. (56)
Using the result of the Josephson current, (38), we obtain
s(r) = An(V x jy). 57
where
Ash = f—lnksovvim = %nesoi, (58)

is the spin Hall coefficient for the supercurrent, €5, = Ago vikp?
being the energy of the spin-orbit interaction. Thus, the
supercurrent-induced spin Hall effect has the same form as
in the normal case, Eq. (3), resulting in a spin accumulation

FIG. 8. A diagram with three cooperons separating the spin and
spin-orbit vertices vanishes.

FIG. 9. Diagram contributing to the inverse spin Hall effect in
the ballistic limit. A current vertex is denoted by v;, i = x, y, z being
the direction. An external wave vector ¢ is injected by the applied
magnetic field and is absorbed at the current vertex. The diagram
with v; and o; interchanged yields the same result. A diagram with
both v; and o; on either side of the spin-orbit interaction does not
contribute to the inverse spin Hall effect, as it is even in q.

that varies spatially perpendicular to the current and spin
directions.

VI. INVERSE SPIN HALL EFFECT

The inverse spin Hall effect is studied by calculating the
supercurrent when a spatially modulated magnetic field, By, is
applied. The spatial gradient of the magnetic field is a source
term for a spin current in the conventional picture. We write
the interaction Hamiltonian as

Hg =y / d’*rB; - c'oc. (59)

We thus include an additional current vertex in the diagram for
the spin Hall effect and evaluate the response to linear order
in the external wave vector ¢. As the current vertex is odd in
the wave vector, the response function is even in the cooperon
wave vector p, and is finite at p = 0. The inverse spin Hall
current is thus proportional to cos ¢, resulting in a phase shift.

A. Ballistic case

Diagram contributing to the response in the ballistic case
is shown in Fig. 9. For the current along the i direction and
j being the direction of the applied magnetic field, the bare
response function is

lap0 = ot (14 2) (4 )]

S g2’+% (Cl))vig21+% (w)g?H_% (a))gi_% (C())
X & sy (—0)F iy~ (—).  (60)

The contribution linear in ¢ for small p is

- .
Kitslh(q, p,w) = nvksonivf;]—mejkl Zkl{(k Ky
kK’

% (8(@))” (84(@)) 84 p ()t p(—)
= AsonzvzvimDrzeijqu. 61)

We see here that the response function is even in p, meaning it
sees the two superconductors symmetrically, resulting in the
cos ¢ dependence.
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FIG. 10. Diagram contributing to the diffusive ISHE at the sec-
ond order of the self-energy. A current vertex is denoted by v;. An
external wave vector ¢ is injected by the applied magnetic field and is
absorbed at the current vertex. The response function Kl'jh in Eq. (62)
represents the central part of the diagram without the cooperons.

B. Diffusive case

Including two cooperons, the inverse spin Hall supercur-
rent in the diffusive case (Fig. 10) is

i . dw 2
Jisn(q@) = iBs,j(q) E@f(w) — D[ZE(w)]
v v i1 Kin(@. p. ©)
ig ip-L —ip —ip-L ish\1> &>
x Z(e VoL | p=ip p=ip )T
P
1 1
D(p+ %)2 — 2iw D(p — %)2 — 2iw
Defining the second-order cooperon propagator as

, 1
ip-L
FZ(L3 w) = § e? (DPZ _ Ziw)z’ (63)
p

the inverse spin Hall current reads

(62)

Jisn = T hsov?v;mD(V x By)cos

dow 2
X / E(Qf(w)— DE(@)]'TaL, o). (64)

The w-integration is carried out neglecting w dependence of
Y(w) as

do
/—(Zf(w)— DT2(L, w)
/ tanh '3 e~ Ve/DL
87'r2D2 oz
X (cos v /DL + sin a)/DL)

=1 ZDLF(L/ZT) (65)
where the function F' () is identical to the one governing the
Josephson current, Eq. (33). The inverse spin Hall current is,
therefore,

Jish = YAisn(V x Bs)cos g, (66)
where
2
Aish = —€oV——F (L/Cr). 67
h = 26 veFL (L/LT) (67)

The total current, including the self-energy to second order
is, therefore,

J = jeasin(g + 8¢), (68)

FIG. 11. Fourth-order diagram contributing to the inverse spin
Hall effect in the diffusive case.

where

)\lgh T L
5(0 VV Bs 7= 7 €0V ——
1 €r

i G yV,B; ., (69)

is the phase shift. Equations (68) and (69) constitute the
central result of this paper. Superconductors thus absorb
the supercurrent induced by the inverse spin Hall effect
by adjusting their phase, in the same way as the inverse
Rashba-Edelstein effect [29]. There is, however, a significant
feature of the ISHE: the phase shift does not require broken
structural inversion symmetry. Instead, the gradient of the
applied magnetic field, which generates an inhomogeneous
spin accumulation equivalent to an equilibrium spin current,
is sufficient.

VII. HIGHER HARMONICS OF THE INVERSE
SPIN HALL EFFECT

The anomalous phase shift, which indicates a directional
current, might naively be expected to lead to a Josephson
diode effect, in which the critical current depends on the
direction of the current. This is not, however, the case. A diode
effect emerges when higher harmonics arising from multiple
interface scattering are taken into account [26]. In our scheme,
the fourth-order contribution to the ISHE is accounted for by
including the process shown in Fig. 11. Other processes, as
shown in Fig. 12, vanish.

The response function of the inverse spin Hall current,
including the self-energy to fourth order, is with two extra

Green S funCtlonS COInpared tO S]’l as

K3 (q. p. ) = idoniv] Y [( T
Py
X giq_% (CU)Uigz'+% (w)gz;w% (a))ng% (@)

X grfk’+p(_w)grfkw(_w)g?a,pwl (0)
X &k—pip, (@) (—0), (70)

FIG. 12. Fourth-order diagrams that cancel each other.
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which is calculated to obtain Ki(;l?ij i~ —rzKii,Jlll. The fourth-
order inverse spin Hall current is therefore

Jin = M (V,B.) cos 2¢, 1)
with
1 (SI2\?Fy(L/¢
)"(4}1) = Aigh — | — M (72)
is 2\D ) Fw/er)

Here the factor

F. —/mdeﬂth x
a(p) = A X tan 22

2, 25\ ..
X 1+2x+§x COSX — l—gx sinx |,

(73)

arose from the w integration of the four cooperon amplitudes,

ip-L

e
[y = _
4 Xp: (DP? — 2iwy*

1+i ( D\
2970 o]
lw| . [|o] 2 ol
L4+ Ly L =1+ 20/ =22 ) ), (74
><<+ p T\t 34 (74)

L

as
dw
/ E(sz - DIy =

The total supercurrent to fourth order, j®* = j; + j}‘” +
Jish + j) is, therefore,

JOY = jasin(e + 8¢) + jusinQe +8¢@). (76)

with ¢ of (69), and the fourth-order phase shift is

A
spW =y g (77)
Jc4

where

“4) i
Mo LT R, (78)
Jc4 4 F Je2

VIII. INVERSE SPIN HALL-INDUCED JOSEPHSON
DIODE EFFECT

The phase potential E(¢) is defined so that its derivative is
the supercurrent; j4 = %E (¢). The potential for the total
current (76) is (with a shift of the origin of ¢)

Eg) = jo(—cosp = T eosp +9)). (79

where ¢4 = ja/jo, and 8 = 8¢p® —28¢p. Our results,
Egs. (77) and (78), indicates 8¢ # 28¢, meaning that the
inverse spin Hall effect does induce an asymmetry of the
potential [Fig. 13(a)].

When an electric current jey is applied to the junction, the
potential is tilted, to be [Fig. 13(b)]

C
Eg) = jo—cosg — T cos2p +9)) = joup.  (80)

(b) 4 T T /
=10 =
-05 -—- /
oo — /',
~ 2 — 05 /, ///_
2 i —
@ /\ /I///
R0 7
r” \\\ ;‘l
2 e | o A -
-1 05 0 05 1

p/m

FIG. 13. (a) Top: Potential E(¢) including the second harmonic
with ¢, = 1 normalized by j., as a function of the phase difference
¢ with and without phase shift é. Finite § induces an asymmetry of
the potential. For clarity, ¢4 and § are chosen to be relatively large.
Bottom: The function J(¢) representing the Josephson current. The
maximum of J for finite § is at ¢ = ¢y + A¢, where ¢, corresponds
to the maximum at § = 0. The maximum value J(¢y + Agp) differs
for positive and negative ¢, giving rise to the Josephson diode effect.
(b) Tilted potential with ¢, = 0.5 and § = 1 under an external current
Jext (normalized by j.»). Due to the asymmetry, the critical current,
the current at which the barrier vanishes, differs for positive and
negative currents. We see that j.,, = 1.0 is above the positive critical
current, while je,, = —1.0 is still in the superconducting regime with
a barrier.

When the external current exceeds the maximum of the intrin-
sic current, superconductivity vanishes. The critical current,
j, is thus given by the maximum of j.|J(¢)|, where

J(p) = sing + ¢4 sin(2p + §). 81)

Due to the asymmetry introduced by § and cy4, the critical
current differs in the positive and negative directions, resulting
in the Josephson diode effect.

Let us study the case of small §. In the absence of §, the
maximum current for positive and negative directions are at
@ = %@y, where ¢y is determined by J'(¢p) = 0, i.e.,

cos(gg) = —2c4 cos(2¢p). (82)
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S N S
o *VB -
-
|

magnetic dot

FIG. 14. Schematic picture showing a magnetic field gradient
induced by attaching a magnetic dot to a side of the SNS junction.

The critical current is thus j*|5_y/je2 = £[J(¢o)| for pos-
itive and negative currents. Including the phase shift to the
linear order, the minimum is modified to be at ¢y + A¢
[defined by J'(+¢¢ + Ag) = 0], where
4c4 cos
Ap = __Tcacosgo 5. (83)
1 + 8c4 cos ¢g

Accordingly, the maximum of the function |J(¢)| is modified
to be

J(E£po + Agp)
where the shift is

— J(g) + AJ, (84)

AJ = c46 cos 2¢y. (85)

The magnitude of the critical current is |j%|/jo =
[J(po)| = AJ, and the difference of the positive and negative

critical currents, A j = jUT — 7 i

Aje VI+25(c)? -1
A, YNy _5%. (86)
Je2 Cy4

The ISH diode effect arises in general systems even
without structural symmetry breaking. The spin current, rep-
resented by an inhomogeneous magnetic field, is sufficient to
break inversion and time-reversal symmetries and induces the
diode effect.

Field gradient realized by a magnetic dot

A practical way to apply a field gradient is to put a mag-
netic dot near one of the edges of N (Fig. 14). If the spin
polarization of the electron in N near the dot is induced by
an exchange interaction Je, and if the polarization decays
on the length scale of the spin diffusion length, we have
y VB ~ Jox /€s. The phase shift, Eq. (69) reads in this case
8| = &l For L/t~ 1,% ~ land & ~ 1 (& ~
in terms of the spin Hall angle [Eq (10)], we have |8<p| ~0.2.
The parameter determining higher harmonics is estimated
as ¢4 ~ %(Er)z(%)“, where ¢ is the mean-free path. The
self-energy is o ~ €p if the hopping amplitude at the SN
interfaceist ~ ep. If L/ =3,t/er = 0.1, and ep7 = 10, we
have ¢4 ~ 0.5, resulting in §j./j.» ~ 0.1 for |§¢| ~ 0.2. This
nonreciprocality would be sufficiently large for experimental
detection.

(a) (b)

FIG. 15. Schematic illustrations of the nonuniform spin density
generated in N by (a) a domain wall in an adjacent ferromagnet and
(b) spin pumping from a ferromagnet.

IX. DISCUSSION

Let us look into the result of supercurrent-induced spin
Hall effect in the context of Sec. II. Mapping an SNS with
a small phase difference ¢ to a continuum system, sin ¢ is
replaced by LA, where A, = Vg is a vector potential. The
Josephson current is proportional to the vector potential as

j = jc2A¢a (87)
where ]'62 = jL. The SH response (57) reads (hsh = AquL)
s =AigV X A,, (88)

The spin Hall effect induced by a supercurrent is, therefore,
induced by a magnetic field B, =V x A, generated by the
superconducting phase, and it corresponds to the first static
term of Eq. (3).

The inverse spin Hall effect, Eq. (68), indicates that an
anomalous vector potential

84, =8¢/L = hisn(V x By), (89)

where Lig, = Y= ‘25“ is induced.

The supercurrent -induced direct and inverse spin Hall ef-
fects, therefore, correspond to static responses represented by
the term Xy of Eqs. (3) and (5), while those in dissipative
normal metals are represented by the dynamic term ;.

X. RASHBA-EDELSTEIN EFFECT

For the sake of comparison, in the case of the Rashba spin-
orbit interaction, a phase shift is induced by the field along the
y direction due to the inverse Rashba-Edelstein effect [29], in
addition to the ISHE. We consider the Rashba vector along the
7 axis, i.e., perpendicular to the junction. The Hamiltonian for
N is spin dependent as

Hy =) cilex+ vy - 0)ck, (90)
k
where
Vi =a@ x k), 1

o being the Rashba coefficient. The velocity operator is

ok
V= ——a@xo). (92)
m
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We consider the ballistic case. The retarded component of the
Rashba Green'’s function in the clean limit is

1

e = , 93
ko™ o —e —yp -0 4100 ©3)

where i0 is an infinitesimal positive imaginary part. It is useful
to introduce spin-diagonal Green’s functions and write

= frw — -ohy,, 94)
. |yk| .
where
T 1 T T 1 T
=t H= Y el o)
o=+ o
Here
1
e o6)

w — €y + 10 ’
is a diagonalized Rashba Green’s function, with €, = ¢; —
|yl (o = £1).

For the present spin-dependent Green’s function, the spin-
singlet nature of the superconductor needs to be taken into
account. Writing the spin suffix at interfaces og, o, = + ex-
plicitly, a static expectation value of an observable O with
finite wave vector ¢ is written as

0, = l/ Lef@ - DZ@? Y. Y

og.0L kp
x [e4[6*(k+ 3. 0)0G* (k- 1. w)]gm
X Gy (kP ~0)+ LR O7)

The spin summation is written by use of the Pauli matrix as
(for any 2 x 2 matrices A and B)

ZAUJ’Bfa,fa’ = tI'[O'xAO'th], (98)

where ' denotes transpose. We thus have

[ do ’
0, = 1/ E(Zf(w) - D3(w)
X %:ei”‘Ltr[ei‘pGa<k + %, a))OGa<k — %, a))

X 0 [G'(—k + p, —w)]'oy + (L < R)]. (99)

Luckily, however, in the case the Rashba vector is along the z
axis, we have o,[G ] = G;( »» and the response function
is simplified. The response function for the spin accumulation

in Eq. (49) is, therefore,

a a T
Z tI'|:Gk+ % ,wGin— % ,wG*ker,*w] :
k

Ki(q.p. w) = (100)

Let us first study the uniform spin polarization, ¢ = 0, cor-
responding to the Rashba-Edelstein effect. At the linear order
in the Rashba interaction, the result of ‘the response function in
the real space, K (0, L, w) =}, e (kHOLE (0, p, w), is

K0, L, w) = 4loemLZe ’(k+k)L( ) gz, o
k'

(101)

where g7 = denotes the Green’s function neglecting the Rashba
interaction, and the x and z components vanish. The spin
density to the lowest order of the Rashba interaction is thus

Sy = XRJI» (102)
with
dma
XR = —) (103)
€F

being the Rashba-Edelstein coefficient for the supercurrent.
The inverse Rashba-Edelstein effect is similarly calculated.
The uniform (¢ = 0) component of the response function is

> u[(Gi,0G} ,0iGh,
k
+ Gk woij a)v Gk a))G —k+p,—o

+Gl‘:,wf)iGl‘:,wG—k+p,—wo.j —k+p,—w]' (104)

IRE(O p,w) =

Using G}, ,0:G , = 0, Gy,
obtain

and the integration by parts, we

IRE (0 P, w) = —iLé;, tr [G}:,w"j Gli,wGrfk+p,7w
k

+G: G- o;G"

“ipeol (105)

k+p,—o
The inverse Rashba-Edelstein current to the linear order of the
Rashba interaction turns out to be

JIRE = XIREJj2Y By c0s @, (106)

where

XIRE = L XRE. (107)

Spin Hall effect in Rashba system

The spin Hall effect due to the Rashba interaction can be
analyzed in a similar manner. As pointed out in Ref. [37], the
spin Hall effect in Rashba systems is subtle when formulated
in terms of the spin current. In contrast, the present formula-
tion based on the spin density provides a clear description.

To include a spatial variation of the induced spin density,
we expand the response function (100) to linear order in the
external wave vector ¢, to obtain [a superscript (1) denotes the
linear order in q]

qj T
KY(q.p, o) = 5' > u[Gy MGy G iy o). (108)
k
where
Mji = ﬁjG;wO'i — UiG]i,wﬁj- (109)

It turns out that the linear contribution of the Rashba inter-
action vanishes, and the spin accumulation starts from the
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second order. The response function is

Kil,-)(qv pa 0)) = 4ia23iZQ,]’6le Z [ - klgr—k-kp,—w
k

(@) + i @.))

3m

+(=k+p) (gr—k+p$—w)2

w3, 2Kk s

— . 110
 ((6h) + 3 (k) (110)

The result of the Rashba-induced spin Hall effect is
Ssh = A (V X jip), (111)

where the spin Hall coefficient is
O(2m

A = —. 112
sh €F2 ( )

The inverse spin Hall effect due to the Rashba interaction
is studied by including an external wave vector g representing
the spatial variation in the response function for the inverse
Rashba-Edelstein effect, K{éE

ij _ 4 ~ a
I{ish(q’ p,®) = Z tr[g;chr%,wvig;lcf%,wg;c/vL%,wajg;c'f%,fw
k

a A a a
+ (gk+%,wvigk7%,woijgk+%,a)

a a A A A
+ gkf%,a)ajngr%,wvigkf%,ka)

X g;c',fw]k’szer' (113)

Expanding with respect to g, the inverse spin Hall contribution
(linear in q) turns out to be

Ké?”(% L w)= —iL(S,-x% Z Pk+E )L
K
X tr[Gli,lejG}‘l’wG;c,ﬁw]

= —iL5,K, ) (q. L. »). (114)
The inverse spin Hall current is, therefore,
Jish = Mndeay VyBs c cos @, (115)

where AR, = LAR.
Therefore, for the ballistic Rashba system, the second-
order supercurrent is

J = vjecoso(xireBs,y + A, VyBs ). (116)

The higher harmonics also exist for the Rashba case, resulting
in a diode effect [26]. The phase in Rashba SNS can, therefore,
be manipulated in two ways: by using the field along y and z
directions. The inverse Rashba-Edelstein effect reacts to the
uniform component of the applied field, while the ISHE reacts
to the spatial asymmetry of the field.

XI. SUMMARY

We have demonstrated that the ISHE in SNS Josephson
junctions provides a powerful mechanism for phase control
[38] via equilibrium spin currents generated by proximate
magnetic textures. Such equilibrium spin currents may arise,
for instance, from a proximate magnetic dot (Fig. 14) or
from an applied magnetic-field gradient. A static domain wall
carries an equilibrium spin current due to its nonuniform
magnetization structure [30]. Thus, an adjacent ferromagnet
hosting a domain wall [Fig. 15(a)] provides another possi-
ble source of an equilibrium spin current. Conversely, the
resulting anomalous phase shift may be used as a probe for
detecting domain walls in an adjacent ferromagnet. Beyond
equilibrium scenarios, one can further envision the injec-
tion of nonequilibrium spin currents, for example, through
spin pumping [Fig. 15(b)]. Altogether, these possibilities open
promising pathways for the magnetic control of Josephson
devices, and offer routes for detecting both equilibrium and
nonequilibrium spin currents. These prospects motivate dedi-
cated experimental efforts.
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