PHYSICAL REVIEW B 113, 014308 (2026)

2School of Natural Sciences, Technische Universitdt Miinchen (TUM), James-Franck-Str. 1, 85748 Garching, Germany

®

Entanglement dynamics from universal low-lying modes

Shreya Vardhan®'-" and Sanjay Moudgalya © 237

1 Stanford Institute for Theoretical Physics, Stanford University, Stanford, California 94305, USA

3Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, 80799 Miinchen, Germany

(Received 26 November 2024; revised 17 October 2025; accepted 19 November 2025; published 14 January 2026)

Information-theoretic quantities such as Renyi entropies show a remarkable universality in their late-time
behavior across a variety of chaotic many-body systems. Understanding how such common features emerge from
very different microscopic dynamics remains an important challenge. In this work, we address this question in
a class of Brownian models with random time-dependent Hamiltonians and a variety of different microscopic
couplings. In any such model, the Lorentzian time evolution of the nth Renyi entropy can be mapped to evolution
by a Euclidean Hamiltonian on 2 copies of the system. We provide evidence that in systems with no symmetries,
the low-energy excitations of the Euclidean Hamiltonian are universally given by a gapped quasiparticlelike
band. The eigenstates in this band are plane waves of locally dressed domain walls between ferromagnetic
ground states associated with two permutations in the symmetric group S,. These excitations give rise to the
membrane picture of entanglement growth, with the membrane tension determined by their dispersion relation.
We establish this structure in a variety of cases using analytical perturbative methods and numerical variational
techniques and extract the associated dispersion relations and membrane tensions for the second and third Renyi
entropies. For the third Renyi entropy, we argue that phase transitions in the membrane tension as a function
of velocity are needed to ensure that physical constraints on the membrane tension are satisfied. Overall, this
structure provides an understanding of entanglement dynamics in terms of a universal set of gapped low-lying

modes, which may also apply to systems with time-independent Hamiltonians.

DOI: 10.1103/prp6-yShi

I. INTRODUCTION

Chaotic quantum many-body systems show the universal
phenomenon of thermalization. When an arbitrary initial state
is evolved to sufficiently late times, it starts to macroscopi-
cally resemble a thermal density matrix p©®. This process is
independent of most details of the initial state and microscopic
dynamics of the system. While thermalization is ubiquitously
observed, much remains to be understood both about the
mechanism for its robustness across a variety of different
microscopic dynamics and about the effective field-theoretic
approaches which can capture its essential aspects. Such an
understanding would be valuable not only for quantum many-
body physics but also for understanding the process of black
hole formation in quantum gravity, which is an example of
thermalization [1,2].

Thermalization can be probed by using correlation func-
tions of few-body operators in the time-evolved state, as well
as information-theoretic quantities such as the Renyi entropies
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of a subsystem. For an initial state py and a unitary time-
evolution operator U, the time-evolved nth Renyi entropy of a
subsystem R is given by'

Snr(t) = — In Tr[pp(t)"],

1
(n—1)
pr(t) = TrglU poU '],
At late times in chaotic systems, S, g(f) saturates to a value
that depends only on p®%, reflecting the fact that most details
of the initial state are forgotten. For example, if p is pure and

one of the subsystems is much larger than the other, we expect
the general behavior

Jlim S, g(r) = min(S,x(0°). S, 2(p“7))- )

nz=2. (1)

The late-time value (2) is intuitively expected based on the
behavior of the Renyi entropies in random pure states [3-7],
and was argued for more systematically in Ref. [8].

For the evolution of correlation functions during thermal-
ization, it has long been understood that there are universal
behaviors not only in the saturation value but also in the way
in which it is approached at late times. For example, one
expects the late-time behavior of correlation functions of any
conserved charge density to be governed by hydrodynamic

'The n — 1 limit is the von Neumann entropy.
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modes, which depend on the conservation law but not on
details of the microscopic dynamics.

A substantial amount of evidence has been gathered for a
similar universality in the growth of S, z(#) in chaotic sys-
tems before it approaches its late-time value (2), starting with
observations of a linear in ¢ regime in a variety of chaotic sys-
tems [9-11]. By synthesizing various observations, Ref. [12]
conjectured a membrane formula to describe entanglement
growth in general chaotic quantum many-body systems. This
formula was found to hold in two very different examples of
analytically tractable chaotic quantum many-body systems:
random unitary circuits [13—16], which involve a discrete
chaotic evolution with random gates, and holographic con-
formal field theories [17]. While the result turns out to be
the same, the formula is derived in these examples using
techniques which are specific to each model. There have been
attempts to understand the general origin of this universality
in nonrandom chaotic Floquet systems [18].

In this work, we identify the origin of the membrane
picture across various examples in a large class of chaotic
quantum many-body systems from a common set of gapped
low-lying modes of an effective Hamiltonian on multiple
copies of the system. These modes resemble hydrodynamic
modes that are commonly used to understand the late-time
behavior of chaotic systems with conserved quantities, which,
in certain kinds of systems, can also been understood as low-
lying modes of appropriate effective Hamiltonians [19-21].
These hydrodynamic modes are universal in the sense that the
ground states of the excitations are completely determined by
the symmetries of the systems [21], and hence the form of
the low-energy excitations is fixed. The gapped modes that
govern the entanglement dynamics are also universal in the
same sense, i.e., they are dressed domain wall (DW) excita-
tions on top of ferromagnetic ground states of the effective
Hamiltonian, which are in turn completely specified by (the
absence of) symmetries of the evolution. We demonstrate the
robustness of this physical picture in random time-dependent
Brownian Hamiltonians, which, unlike Haar random circuits,
have a variety of tunable parameters that allow us to probe a
large class of models. We provide a precise physical interpre-
tation of the membrane tension function, the key ingredient of
the membrane formula, in terms of the dispersion relation of
these modes.

We show that the membrane picture for discrete-time
random unitary circuits derived in Refs. [12,14-16,18] is a
specific case where this structure applies, but in most of this
work the time evolutions we consider are continuous. The
entanglement membrane in such discrete circuits has been
related to dressed domain walls in effective statistical models
that appear in their analysis [16,18]. Our analysis provides a
simple physical picture for the appearance of such a dressed
domain-wall structure and relates it to the symmetries of the
multiple-copy effective Hamiltonian. The same set of modes
that we find here can, in principle, be defined in systems with
fixed time-independent Hamiltonians and even in continuum
quantum field theories such as holographic CFTs. It is tempt-
ing to speculate that the same modes also govern the late-time
evolution of the Renyi entropies in these contexts and are
entanglement analogs of hydrodynamic modes for correlation
functions.

T=t En(v)

_(x-y
D
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y

FIG. 1. Left: Example of a candidate line appearing in the mini-
mization of (3). Right: A cartoon of the membrane tension function.
The first two constraints in (4) are equivalent to the fact the £(v) is
tangent to the y = v line at some v = vj.

In the rest of the Introduction, we first briefly review the
membrane picture and then summarize our methods and
results.

A. Review of membrane picture

For simplicity, let us state the membrane formula in the
case of one spatial dimension. Consider the evolution of the
Renyi entropy S,(x,?) of a pure or mixed state for the left
half-line region ending at x. According to the conjecture of
Ref. [12], this quantity can be expressed as the following
minimization problem in any chaotic system. Let us extend
the one-dimensional system to a two-dimensional slab, with
an auxilliary time axis 7 going from t = 0 to 7 = ¢, as shown
in Fig. 1. Then consider all possible lines with different ve-
locities v starting at x and extending into the t direction. At
sufficiently late times, S, (x, t) is given by

Sp(x, 1) = min[s, eq E,(V) t +Sp(x —vt,t =0)].  (3)

Here s, oq is the nth Renyi entropy density of the equilibrium
state. The function &£,(v) is model dependent but is conjec-
tured to always be an even convex function, with a minimum
atv = 0. Itis expected to also universally satisfy the following
constraints:

Ewp)=1, &(vg)=vp, &)= forall v (4)

for some velocity vp, which are necessitated by physical
conditions we discuss below. A natural generalization of the
formula also holds for multiple intervals and higher dimen-
sions; for details, see Ref. [12].

To understand the physical consequences of this formula, it
is useful to understand its prediction for an initial mixed state
with volume law entropy with some coefficient s:

Sy, t =0)=sx (x+L/2), 0<s5< Speq, 5)

where we have assumed that the system has total length L,
with positions labeled from —L/2 to L/2. For such states (3)
predicts that

Sn(x,t) =Sn(xst =0)+Sn,eq Fn(s) t, (6)
where the entropy growth rate I',(s) is related to &, (v) through
) vs
I';(s) = min, (En(v) - ) (N
Sn,eq

The constraints (4) are known to be equivalent to Ref. [12]—
the physical condition that the entropy of the initial

014308-2



ENTANGLEMENT DYNAMICS FROM UNIVERSAL ...

PHYSICAL REVIEW B 113, 014308 (2026)

equilibrium state should not grow, i.e.,
1—‘n(sn,eq) =0. (®)

vp is the velocity that minimizes (7) for s = s, ¢, and due to
the fact that s < s, ¢4, Only velocities v < vp are physically
relevant for the evolution of the entropy.

B. Summary of results

In this work, we consider a family of Brownian time
evolutions in lattice systems, with independent random local
Hamiltonians acting at each infinitesimal time step. Various
specific examples of similar models have been introduced
and studied in the literature over the years [20-35]. These
models are less random than Haar-random unitary circuits
and have various tunable microscopic parameters. The key
simplification of such models is that after averaging over ran-
domness, the Lorentzian evolution (U ® U*)" on 2n copies
of the system, which governs the evolution of the nth
Renyi entropy, can be replaced with a Euclidean evolu-
tion on 2n copies with a non-negative frustration-free local
Hamiltonian P,,,:?

U @U*®" =P, )

We will explain the precise setup and derive this mapping
from Lorentzian to Euclidean evolution in Sec. II. We will
sometimes refer to Py, as the super-Hamiltonian in the dis-
cussion below. Due to the mapping in (9), the low-energy
properties of the super-Hamiltonian determine the late-time
evolution of quantities such as the nth Renyi entropy. This
allows us to use both physical intuition and precise analyt-
ical and numerical techniques from the low-energy physics
of quantum many-body systems and apply them to under-
standing the physics of thermalization. Moreover, it turns out
that the ground states of P,, can completely be understood
in terms of the symmetries of evolutions, independent of the
details of the couplings used in the Brownian evolutions. This
structure also allows us to conjecture general statements about
the nature of low-energy excitations that control the late-time
dynamics of relevant physical quantities.

For n = 1, correlation functions of few-body operators in
the thermal state or a time-evolved state can be written as tran-
sition amplitudes under the evolution operator (9). Some hints
that the lessons we learn from Brownian models apply more
generally come from Refs. [20,21], which studied Brownian
models with a variety of symmetries, and derived the associ-
ated hydrodynamic modes using the low-energy spectrum of
P,. For example, in models with global U (1) symmetry, these
works used the low-energy gapless modes of P, to derive dif-
fusive behavior of two-point functions of the charge density.
These low-energy modes are the natural excitations on top of
the ground states of P, that are completely specified in terms
of the symmetry algebra of U (1) [21,36].

The Renyi entropies can be written as transition amplitudes
under (9) for n > 2. We first show that in general Brownian
models with any symmetry, we can use the ground states of

’In Haar random circuits, this average maps to a classical statistical
mechanics model [14,15].

P, to derive a late-time saturation value of S, g(¢) consistent
with the equilibrium approximation of Ref. [8] and, in par-
ticular, with (2). We then specialize to the case of Brownian
models with no symmetries, where P»,, has an n!-dimensional
ground state subspace. The ground state subspace is spanned
by states associated with permutations in &,, which have a
product form between different sites i of the system:

®i|a>iv o€ 'Sn- (10)

The precise definition of |o) will be given in Sec. II. We
will provide more intuition for why states associated with
permutations should be relevant for the late-time behavior of
the Renyi entropies at the end of the Introduction.

In one spatial dimension, we find evidence that the low-
energy excitations of P, in models with no symmetries
have the following universal structure. Let us denote the
identity permutation in S, by e, and the cyclic permutation
(mn—1n—2...1) whichsendsnton—1,n—1ton—2,
and so on, by 1. There exists a band of first excited eigenstates
above the ground state that are well approximated by plane
waves of locally dressed domain walls between the states
associated with n and e. More explicitly, forn = 2 and n = 3,
we find that they can be well approximated as

.....

where A is O(1) in the thermodynamic limit, and |¢) is an
arbitrary state in the full Hilbert space on 2n copies of A
sites from x + 1 to x + A. For n = 2, we will show that the
structure (11) of the eigenstates in the thermodynamic limit
leads to the membrane formula (3) for a half-line region,
while for n =3 we get the membrane formula along with
some additional structures. These eigenstates have a gapped
dispersion relation E(k), which determines the entanglement
growth rate I',,(s) of (6) through the relation

Lu(s) = E(is)/Sn.eq- 12)

This in turn determines the membrane tension £ through the
inverse of (7). While we mostly focus on infinite systems and
the entanglement about a single cut, the natural multiparticle’
versions of these single domain wall excitations give rise to
the membrane picture for subsystems consisting of one or
more intervals.*

We establish the above universal structure of the low-
energy eigenstates of P, by studying the following cases:

(1) We start with the simplest case of a maximally random
Brownian Hamiltonian, where the local coupling operators
are drawn from the Gaussian unitary ensemble (GUE)

*Note that these effective particles which appear in the chaotic
systems in this work have an entirely different structure from the
quasiparticle picture of Calabrese and Cardy [37]. The latter applies
to integrable systems and gives very different results for the evolution
of S, 4(¢) for multiple intervals from the chaotic case [38,39].

4However, for entanglement in finite systems or finite intervals, one
needs to also account for annihilation of domain walls at the bound-
ary or with each other, which would modify the simple plane-wave
nature of the excitations. These processes are important for capturing
the saturation of entanglement in such regions at late times.
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ensemble and the local Hilbert space dimension g is large. For
the second Renyi entropy in this case, the super-Hamiltonian
is analytically tractable, and allows us to explicitly see that
the low-energy eigenstates have the form (11).

(2) Next, we consider the second Renyi entropy in the
same model at finite local Hilbert space dimension g. Since
the super-Hamiltonian is no longer analytically tractable,
we use a version of the variational approach used for
extracting low-energy excitations of gapped Hamiltonians in
Refs. [40-42]. This method allows us to both verify that the
eigenstates are well approximated by (11) and to extract their
dispersion relation E (k). In this case, the on-site Hilbert space
dimension of the super-Hamiltonian is sufficiently small
that we can also check E (k) obtained from the variational
method with results from exact diagonalization, finding good
agreement.

(3) We then turn to the case of the higher Renyi entropies
in the same model, in particular, focusing on the third Renyi
entropy. While we can no longer use exact diagonalization
due to the large on-site Hilbert space dimension of the super-
Hamiltonian, we again use the variational approach to check
that the low-energy eigenstates have the structure (11) and
extract the associated E (k).

(4) Finally, we consider the evolution of S, in a class of
Brownian models where the coupling operators are fixed to be
those of the mixed field Ising model, and only the coefficients
appearing next to the operators have time-dependent random-
ness. For generic values of the coupling strength, the model
is expected to be chaotic, except close to a special integrable
(free-fermion) point. Consistent with this expectation, we find
good evidence for the structure (11) using the variational
approach in the general case and a breakdown of this structure
close to the integrable point.

In cases 1, 2, and 4 above, we find that the membrane
tensions for the second Renyi entropy resulting from the
dispersion relations E (k) satisfy (4) or, equivalently, I'>(s)
satisfies (8). The case of the third Renyi entropy from point 3
turns out to be more subtle. The naive growth rate I'3(s) from
the dispersion relation of modes (11) appears to be nonzero
at s = 53¢, Which is unphysical. However, we conjecture
that the evolution of S; also receives contributions from a
second set of modes besides (11) in this case. We argue that
beyond some value of s, the naive growth rate I'3(s) should
be replaced with the growth rate implied by this second set
of modes, which is the same as I'>(s). In terms of the true
membrane tension £3(v), we find that this single first-order
phase transition in I" leads to two phase transitions in terms
of &(v) at velocities v] < vy < vg. We have a first-order
phase transition at v = v} [where &(v) is discontinuous] and
a second-order transition at v = v} [where &5 (v) is discontin-
uous but £(v) is not]. For v < v3, &3(v) is smaller than &, (v),
while for v > v}, &(v) = & (v).

While the above discussion of &(v) uses an assumption
about the existence of the second set of modes which should
be more carefully checked in future work, it allows us to
propose a form of & (v) at finite ¢ and general v. Hence, we
are able to provide a characterization of the phase transitions
of &(v) in a more general regime than previous discussions
in random unitary circuits [16], where evidence for a phase
transition was found using expansions for large ¢ and large

Try, Trg
A

[ $n ¢'n

Y
Po

FIG. 2. Tr[p4(¢)"] can be represented as a Lorentzian path in-
tegral on 2n copies of the theory, with n forward and n backward
evolutions. The initial conditions of the path integral are determined
by po, and the final conditions are determined by the pattern of traces
in Tr[pa(2)"].

v. Our physical picture for the origin of the phase transition
appears to be similar to the one in Ref. [16].

The structure of the modes (11) can be seen as a simple and
precise realization of an insight from Ref. [18] about the cru-
cial role played by permutations in the late-time evolution of
the Renyi entropies. Note that the Lorentzian path integral rep-
resentation of the quantity Tr[p4(¢)"], shown schematically in
Fig. 2, involves an integrand of the form e’ 2-i=1 S1¢i1= 21 S1#}]
where ¢;, ¢; represent the dynamical fields of the theory along
forward and backward contours, respectively. Reference [18]
noted that we get stationary contributions in this path integral
from configurations where each ¢; is equal to some ¢, j for
some o € S, as the phase in the exponent cancels. From other
configurations, in a chaotic system, we should expect rapidly
oscillating contributions that cancel among themselves. Based
on this observation, Ref. [8] developed a systematic approxi-
mation for the saturation value of S, 4(¢).

At late times before saturation, it is natural to expect that
the dominant configurations should be such that each ¢; is
locally equal to some ¢ j) for some o € S, but different
permutations can appear in different regions. Reference [18]
developed a self-consistent numerical scheme based on this
idea for evaluating the membrane tension in circuit and
Floquet models, including nonrandom models. The scheme
involved a sum over space-time diagrams for the propaga-
tion of entanglement domain walls, where the contributions
from diagrams with large spacetime regions with states or-
thogonal to the permutation subspace were neglected. In the
random models considered in this work, we can better un-
derstand the suppression of such diagrams due to the high
energy of the associated configurations in the Euclidean super-
Hamiltonian. The analog of the summation over diagrams
from Ref. [18] is automatically performed by the low-energy
dispersion relation of the super-Hamiltonian. The structure of
low-lying modes in (11) provides a natural language for gen-
eralization to continuum systems, as we discuss further in the
final section.

The plan of this paper is as follows. We introduce the
family of models we study and derive the mapping (9) from
the Lorentzian to the Euclidean time evolution in Sec. II.
We discuss the structure of the ground states and derive the
equilibrium approximation for these models in Sec. III. We
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FIG. 3. We consider a family of random time-dependent Hamil-
tonians, where individual terms have a spatially local structure.

then provide a detailed analysis of both the second and third
Renyi entropies in the Brownian local GUE model in Sec. IV.
In Sec. V, we discuss the robustness of the same structure in
more general Brownian models and provide numerical results
in a Brownian version of the mixed field Ising model.

The results up to this point are all for one spatial dimension.
For the more challenging case of higher dimensions, we derive
the membrane formula in a large ¢, small v limit of the local
GUE model in Sec. VI, using a different approach from the
one-dimensional case. We end with a number of open ques-
tions in Sec. VII. Various technical details as well as a few
conceptual points are discussed in the Appendixes.

II. SETUP

In this work, we will consider a class of lattice models
in one or more spatial dimensions with Brownian time-
dependent Hamiltonians. We label one copy of the full Hilbert
space ‘H. The Hamitonians consist of a sum of local random
terms {H,(¢)} (shown in Fig. 3) which are uncorrelated for
different o and ¢:

H(@t) =) Hy(t), Hot)=0, (13)

Hy (1)ijHp(t )t o< 80p8(t —1'). (14)

We can analyze the dynamics under this setup by formally
discretizing the time evolution in small steps of size € and
regularizing the delta function between different times by
replacing it with één/, SO

t/e
Uy=[Je ™", 1= je. (15)
j=1

One simple choice, which we will discuss in Sec. IV, will be
to take the matrices {H,(¢)} themselves to be random. A less
random class of models is one where we fix some set of local
Hermitian operators {B,} and take the coefficients appearing
next to them to be random:

H(t) =) Ju(t)Ba, (16)

where {J,(¢)} are random i.i.d. real numbers drawn from a
Gaussian distribution, such that

2 20 Sup Sur
T =0, T OI@) = =Seab
€

a7
for some arbitrary positive numbers g,. We can make a variety
of choices of {B,}, where cases with different symmetries will
correspond to different dynamical universality classes [21].
For example, in a spin-1/2 system in d spatial dimensions with
sites labeled by i, j, we could consider a case where {B,} =
{Xi, Z;, Z;Z;} for nearest neighbors i, j. In this case, the time
evolution does not have any symmetry. Another choice is

e

fi bi f2 by f3 b

L8R S A N A
U

fi bi fa b2 f3 b

SRS O

e
e e e e e e e

Qier (M Bier (el

FIG. 4. Left: Example of a domain wall final state relevant for
the evolution of the nth Renyi entropy for region R in two spatial
dimensions. Right: We show the pattern of entanglement between
different copies in the states |e) and |n) for n = 3.

to take {By} = {Z;, Z;Z;, X;X; + Y;Y;}. These operators com-
mute with the total charge Zi Z;, so the time-evolution has a
U(1) symmetry.’

The dynamical quantities of interest in this work are the
nth Renyi entropies S, g(t) of a subsystem R. These can
be expressed as transition amplitudes on 2n copies of the
system H®?",

e~ DS = Ty pg (2]
= (R ® el U @UMI|po.e).  (18)

where * denotes complex conjugation, and in the bra and the
ket we have introduced compact notations for certain states in
H®2", These states are associated with an operator O acting
on H, and permutations o € S,,, which are defined as follows.
Let {|i)} be the basis states for one copy of the Hilbert space,
i.e., H. We define

(iri}...ini} |0, 0) = O (19)

ilié(l)"' ini;(»x)'
In cases where O is the identity operator, it will be convenient
to label the corresponding states simply by the permutation,

that is,

(iyi} . inil|o) = 8 (20)

ili,’,(l)"‘Sini:,(n)'
In (18), e refers to the identity permutation, and n refers to
the single-cycle permutation (n n — 1...1). Further, we can
also consider such states |og) with a fixed permutation on the
Hilbert space of some subsystem R; in lattice systems with
sites labeled by i, we have |og) = ®;cr|o);. The final state in
the bra in (18) therefore has a domain wall at the boundary
% between the regions, see Fig. 4. From (18), the evolution
of the Renyi entropy of any initial state can be understood in
terms of the backward time-evolution of this domain wall final
state under (U ® U*)®". In the rest of this work, we will make
use of this perspective, which appears often in the literature on
Haar-random circuits, e.g., Refs. [14,15].

Let us label the 2n copies of the system in (18) by f;, b;
fori =1, ..., n, corresponding, respectively, to the n forward

3We can see the symmetries in each case by computing the commu-
tant of the operators {B,} (i.e., the algebra of operators that commute
with these terms) [21,36].
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evolutions by H(¢) and n backward evolutions by H(¢)T. On
expanding (15) for a step of size ¢ and using the averages in
(17), we find

(U(e) @ U(e))®" ~ 1 — ePy, + O(e?),

P2n = Z JaPZn,av
o

n

Y By —Bh,)| - @D

j=1

P2n,a =

By re-exponentiating (21), we find
U @U@ e =™, (22)

In particular, the average over the random J,(¢) allows us to
replace the original Lorentzian time evolution on 2n copies of
the system with a Euclidean evolution, with a non-negative
super-Hamiltonian P,. From (18), the expression for the
randomness-averaged Renyi entropy then reads

e 5D = (g @ egle™" | po. e). (23)
Note that throughout this work, we assume that
Sp(x, 1) & —In(e=Snx1), 24

hence we will use Eq. (23) to evaluate the randomness av-
eraged S,(x,t). Various earlier works [14,15] have showed
numerically that the difference between the two quantities is
negligible in similar random unitary circuit models. Analytic
justifications for this approximation in other similar models
are presented in Refs. [16,18,43]. We will henceforth also be
suppressing the use of —, and all the quantities we compute
are randomness averaged with the assumption of Eq. (24).

We will first briefly discuss the structure of the zero-energy
ground states of P, in Sec. III, and then discuss the structure
of its low-energy eigenstates in models without conserved
quantities in the later sections.

III. LATE-TIME SATURATION VALUE

The super-Hamiltonian (21) consists of a sum of positive
semidefinite operators, so its eigenvalues are all non-negative.
Any ground state must be frustration-free, meaning that it is
annihilated by each term:

PulY)y=0 <& Pyuly)=0 foreach «o. (25

One explicit set of zero-energy eigenstates of P,, can be
constructed as follows. Let C be the set of all operators which
commute with all elements of {B,}, which is also known as
its commutant algebra [36], and characterizes the symmetries
of the time evolution. Let {Q,,} be an orthonormal basis of
operators for C, i.e., they satisfy Tr[anQm/] = 8- Now for
any choice of a sequence (my,...,m,) and a permutation
o € S,, let us define a state |my, ms, ..., m,; o) in H®*":

L] mn;0>

Q). (26)

Inlg(n)

<lll/llnl;l |m1, nmop, ..
= (le) (sz)

Here each i), i;) labels basis states in H like in (19) and runs
from 1 to D, the total Hilbert space dimension, and each my

- -
Il Rl ()

goes from 1 to d¢, the dimension of C, and labels an element
of C. Since each Q,, commutes with all {B,}, the above states
are zero-energy eigenstates of P»,,. Assuming that these states
span the ground state subspace of P»,,% we have the following
late-time limit of the Euclidean time-evolution operator:

lim e ™" ~

Z |ml7m25 "'7mn;0><m15 m27 "'amll;a|'
t—>00
my,..., My
eS8,
27)

The above expression assumes that the states in (26) can be
treated as approximately orthonormal, which is true for the
purpose of the expression (18) when the initial state py can
access a large effective Hilbert space dimension.” More gen-
erally (27) would also involve various Weingarten functions
of the permutations on n copies, see, e.g., Ref. [48]. The
main idea, however, is that the ground state of the super-
Hamiltonian, and hence the associated late-time saturation
values, can be determined by the symmetries of the evolution.

Putting this projector into (23), in the case where the initial
state pq is pure, we find

lim ¢~ D50 = % " (g @ eglp“P o), (28)
—>00 S
o0EO,

where

P =" "Tr(Q},p010m. (29)

|pD, o) is defined as in (19). See Appendix A for details of
the derivation. It is natural to think of o9 defined above as an
equilibrium density matrix which coarse grains over all details
of py other than the information about the conserved charges.
We discuss an explicit example in Appendix A for the case
where the time evolution has a U (1) symmetry, which makes
this interpretation clearer.

It was previously argued in the context of general chaotic
quantum many-body systems in Ref. [8] that the expression
(28) gives the saturation value of the nth Renyi entropy in
an equilibrated pure state which macroscopically resembles
some equilibrium state p°?. The Brownian models we con-
sider in this work provide one explicit confirmation of this
general argument, with a precise form of p¥ given by (29).
The general properties of the expression (28) are discussed in
Ref. [8]. In particular, the sum over permutations ensures that
the nth Renyi entropy in R is equal to that in R at late times,
as required by the unitarity of the dynamics. In the thermo-
dynamic limit, it is explained in Ref. [8] that the dominant
permutation in (28) is always either o = e or o = 7, leading
to the physically expected result in (2).

SThis is true if this ensemble of evolutions forms an exact n design
in the — oo limit [44-46], which should be the case for generic
choices of B,. This is easily provable in many cases for n =1 [21]
but there are simple exceptions for n > 2, e.g., when {B,} can be
written as quadratic operators in fermions [30,33,47], which do not
form 2-designs. We also discuss this in Sec. V.

7See the example in Appendix A for a more explicit discussion of
this point.
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IV. BROWNIAN LOCAL GUE MODEL

Let us consider a d-dimensional lattice, with a g-
dimensional Hilbert space at each site. As a first simple model,
we take the {H, ()} to be random Hermitian ¢>x¢> matrices
acting on pairs of nearest neighbors i, j on a lattice and drawn
from the GUE ensemble, so®

1
(H;,j(t))ap(H; j(t))sy = 704y 0ps-

(H;,j())ap =0, 2eq?
(30)

By similar steps to the discussion around (21), for this model
we obtain the following super-Hamiltonian on H®" (again
labeling copies with forward evolution f; and those with back-
ward evolution b;, withi =1, ..., n):

Py, = ZPZn.ijv

(i)

1 N
Pzn,ij = 5 |:”I - Z M}k,h/MJJ‘k,hz
k,l=1

1 : . : .
+ ) Z (kavﬁS:]/Ck»fl + Sbkvblsika)} . (3D

q 1<k<I<n

where [ is the identity operator in H®", M;',S is the projector
onto the maximally entangled state between the copies r and
s at site i, defined as

14
|MAX>i,.,iJ. == |a>i,,|a)ig (32)
ViZ

and Si,s is the swap operator between copies r and s at site i,
which has the action S£s|a)i,|b>i5 = |b); |a); . P», has a large
symmetry group which includes S, xS, corresponding to per-
muting the forward and backward copies independently; see
Ref. [33] for a detailed symmetry analysis of Hamiltonians of
this kind.

For n =1, this super-Hamiltonian has a unique ground
state given by ®;|e);, where |e) is two-copy state associated
with the identity permutation, see Eq. (20). Alternately, this
can just be understood as the vectorization of the identity
operator, which is the only symmetry of the evolution on
the doubled Hilbert space [21]. Moreover, it is easy to check
that it is composed of commuting terms and is therefore ex-
actly solvable, with a gapped spectrum with discretely spaced
energy levels. This leads to a simple exponential decay of
infinite-temperature autocorrelation functions of any operator
A, which can be written as

(A()A) g = (A e] e 1 1A, e). (33)

This is consistent with the physical expectation from the lack
of any symmetries in the time evolution.

Since Eq. (30) does not have any symmetries, for general
n, as discussed in Sec. III, its zero-energy ground states are

8For recent discussions of the spectrum of this time-dependent
Hamiltonian in the case without spatial locality, see Refs. [49,50].

the n! product states with the same permutation at each site:

1
®i<7|a)i>a o €S, (34)
qn

These can be thought of as ferromagnets of S, degrees of
freedom. We hence expect P,, to be gapped and the low-
energy excitations to be domain walls between the different
ferromagnetic ground states. The structure of the low-energy
excitations leads to the membrane picture of entanglement.
P>, also has the nice property that the subspace spanned by
states of the form ®;|o;); for o; € S, is closed. While this
closure is indeed special to the choice of local terms drawn
from the GUE ensemble in Eq. (30) and does not generally
hold for all Brownian evolutions of the form of Eq. (16), it
simplifies analytical and numerical computations discussed
later. However, we emphasize that the ground states are al-
ways of the form of (34) for general Brownian models as
well, which leads to the universality of the physics we discuss
below.

The saturation value of the nth Renyi entropy in this model
obtained from the ground states (34) is the special case of
(28) with p©¥ =1/D, where D is the total Hilbert space
dimension. As discussed in Ref. [8], Eq. (29) for this case is
equal to the average value in random product states [3—7]. The
equilibrium entropy density for each of the Renyi entropies is
therefore

Sneq = Seq = Ing. 35)

A. Second Renyi entropy

Let us now focus on the structure of the super-Hamiltonian
(31) for the case n = 2. In this case, following the discussion
around Eq. (34), we have two degenerate ground states,

1Gp) =111 1G) =N 1) (36)

where
1
1) = Zle) = IMAX) , IMAX) 1,
1
1) = ;]|77> = [MAX) 1, IMAX) 1,), . (37

where IMAX) is defined in Eq. (32).

It will be useful to express Py in terms of these spin states.
Note that |1) and ||) are normalized but do not form an
orthonormal basis as (1 | |) = 1/4. It will be convenient to
work in a biorthogonal system and introduce the following
two states:

7 1 T 1
q2_1<|T)—5|¢)), |¢)—q2_1<|¢>—5|T)>,

(38)

1) =

which have the property that (s'|s) = 8,y fors, s’ € {1, |}. We
can then write Py in the subspace spanned by [1), || ) at each
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site as follows:

Py =Ag+ Ay,

Ag=>" [1 — [P = D

(i)

Q| =

LJ

(IN)+|1T>)((TTI+<NI)] ,

| R -

A= Z SUTOEA DD (39)
i -4 ij

where (ij) denotes nearest-neighboring sites on a lattice and,

for instance, |1 1) denotes |1);]1) ;. This representation will be

useful as the final state in the expression for the second Renyi
entropy in (23) is a domain wall state of the form

(& ® gl = ¢" Ricr (V]; ®ici (1;- (40)

Note that the matrix expression for P, in this basis is non-
Hermitian due to the nonorthonormality of the basis. These
non-Hermitian matrices can be expressed in terms of Pauli
matrices, and these have been referred to as entanglement
feature Hamiltonians in earlier literature [51,52].

While the above representation will be convenient for some
of our later analysis, we can also represent A in the following
orthonormal basis for one site:

1
——(N) + ),

2(1+7)

1
[2(1- )

Defining the Pauli matrices with respect to these states, where
|[4+) and |—) are the eigenstates of the Z operator, we obtain
the following representation:

=) = A1) = NN. (41)

1 1
Py =~ Z |:1 —XiXj — - (Zi+ Z)) + - (ZZ; +Xin)i|-
i) 4 a
(42)
In one spatial dimension, P lies on a parameter line of
the spin-1/2 XYZ spin chain in an external magnetic field
known as the Peschel-Emery line [53,54]. On this line, the
Hamiltonian is known to lie within the Ising ferromagnetic
(Z, symmetry broken) phase and was previously noted to have
two frustration-free product ground states, which are of the
form (36). We discuss this mapping in Appendix B.
In the rest of this section, we specialize to one spatial
dimension. We will consider higher dimensions in Sec. VI.

1. Large q limit

Note that without the O(1/¢*) term, Eq. (42) is simply
the transverse field Ising model (TFIM). Hence, in the large
q limit, the low-energy physics is expected to be similar to
that of the Ising model, although we will not use this for any
of the analytical analysis. Instead, we choose to take a large
g limit in the bi-orthogonal basis by ignoring the A; term
in (39), which is O(1 /qz). In one spatial dimension, the left
eigenstates of the non-Hermitian Hamiltonian Ay will turn

out to be analytically tractable. We assume that the system
has L sites labeled from x = —L/2 tox = L/2 — 1 and open
boundary conditions (OBCs), but we will take L — oo for
most purposes, and the left eigenstates of Ay will be exactly
solvable in this limit. Note that the zero-energy left eigenstates
of Ag are simply (G4| and (G| given by (36), which are the
same as the zero-energy eigenstates of the full Hamiltonian Py.
Due to this feature, A turns out to be a better first approxima-
tion for understanding the structure of the first excited states
than the transverse field Ising model obtained by keeping the
O(1) and O(1/q) terms in (42).

To find the low-energy left-eigenstates, note that Ay has
a particularly simple left-action on the domain wall states
defined as

(Del = (4 oo da e b 1L (43)
given by

1
(Dx|Ag = (Dy| — 5(<Dx+l| + (D1, (44)

where we have implicitly defined (D_ Loy | =(G4| and
(D%_1 | = (G, | at the boundaries. This is thus a process where
the domain wall can hop freely in the bulk of the system, and
can be absorbed at the boundaries.” From (44), we can observe
that in the L — oo limit, the lowest band of left eigenstates of
Ay above the ground state is given by!?

(Yl =Y (Dl E(k)zl—gcosk. (45)

We expect that this should be a good approximation for the
eigenstates for finite but large L as well, and the spectrum is
gapped as we are in the regime g > 1. As we illustrate in
detail in Appendix C, the complete spectrum of Ay is solvable
at finite system sizes L, which we can use to further verify
the structure of these left-eigenstates. In fact, as we illustrate
there, a Hamiltonian that resembles Ao with ¢ — g + g~ also
turns out to be Hermitian (evident when expressed in the basis
of Egs. (41)), and can hence be used as a solvable toy model
for understanding the essential physics of super-Hamiltonians
that appear in this work.

Let us now apply this structure to understand the evolution
of S, for a half-line region to the left of x,

e = gH (D e | po, €). (46)
It is useful to introduce the states

IDx) =11 dhagr - 1) 47

and a domain wall propagator (considered, for instance, in
Ref. [18])

G(x,y,t) = (Dyle™™"|Dy) (48)

Note that since A is non-Hermitian, and because we are working
in a non-orthogonal basis, domain walls cannot be created at the
boundaries.

19Strictly speaking, if we are working with a finite but large system
size L with open boundary conditions, the ¢** should be replaced by
a sin(kx), see Appendix C for an exact solution.
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in terms of which (46) can be written as
eI =3 " Gx, y, e 2 0=0, (49)

y
Here we have used the fact that the action of Ay does not create
additional domain walls, and we can hence insert a resolution
of identity ), |D,)(Dy]| restricted to the single domain wall
subspace in (46). Then using (45) and working in the L — oo
limit, we can express (48) as

T dk , —
G@JJ)Z/QEEe%HW%W’ v="1T 60)

For E(k) of (45), this can be evaluated exactly for integer
values of vt (which is what we are interested in) to be

2t
G,y t)y=e"' w(—) if v eZ, (51)
q

where I, (o) is the modified Bessel function of the first kind of
integer order vt¢, and we have used the identity of Eq. (D10).

While Eq. (51) is exact, we are interested in the late-time
limit r > 1 with v being O(1) in this limit. This can in
principle be obtained using a standard Debye expansion of the
modified Bessel function, see the discussion around Eq. (D12)
in Appendix D. However, here we illustrate a more general
method to evaluate (50) in this limit, that should work for
arbitrary dispersion relations E (k).

Then the integral over k in Eq. (50) can alternatively be
evaluated using the saddle-point approximation for large 7.
The saddle-point value k, lies on the imaginary axis, and by
deforming the contour to pass through its steepest descent
contour, we get

Glx,y,1) ~ e £, v=x:y, (52)
where
E(k,) + ik, , ,
gy = BRI TR i, (53)
Seq

Now putting (52) into (49), we obtain precisely the membrane
formula for the second Renyi entropy in the large ¢ limit:

eng(x,t) ~ § e E(v)t—8,(x—vt,t=0)
v

= S(x, 1) & miny[seq EW)t 4+ So(x —vt,t =0)], (54)

where in the second step we have used that v ~ O(1) and
t > 1, and ignored contributions that are smaller than linear
int.

The membrane tension from the dispersion relation (45)

is!!

1 2 :
glarge q)(v) =—|1-Z/1+ qv + v arcsinh %
ng| ¢ 2 2

(55)

"Note that (55) by itself does not satisfy the constraints (4) except
in the strict large g limit (56). It does satisfy the constraints at finite g
if we make some replacements of g — g + g™, which can be seen as
a simple analytical toy model for the membrane tension function; see
Appendixes C 2 and Appendix B 3. This is not an accident, and there
is a different choice of ensemble of random circuits for which a toy
dispersion relation [55,56] is relevant; see discussion in Sec. IV B.

Its strict large ¢ limit is

lim £w) = |v|, (56)
q— 00

which satisfies the constraints (4) in a somewhat degener-
ate way. As we will discuss in the following sections, the
expressions (49)—(54) will turn out to apply to more gen-
eral cases than the large ¢ limit of the current model. The
modified dispersion relations E (k) in these cases will lead to
other, more general expressions for £(v). Finally, we would
also like to point readers to Appendixes C and D for exact
computations of the propagator and membrane tension for
a toy super-Hamiltonian where the domain wall excitations
are exact for any finite size L, where the final results closely
resemble to ones discussed above.

Before discussing these more general cases, let us briefly
discuss the form of S, for a region consisting of one or more
intervals in the large ¢ limit. Since the final state in this case
would contain more than one domain wall, we now need to
consider multiparticle excitations of Ay involving more than
one domain wall. For a state with two or more domain walls,
we can check from (39) that the left action of Ay can cause
domain walls to annihilate in pairs. It is useful to divide Ay
into two parts,

Ag=Ar + A, (57)

where Ay keeps the number of domain walls fixed, while A,
causes the annihilation of pairs of domain walls. A, has a
block-diagonal structure, while the whole matrix Ay has a
lower-triangular structure due to A.. The energy eigenvalues
of A are therefore the same as those of Ay. Denoting the
multiple domain wall states by (Dy, x|, X1 <X < ... <Xy,
it is easy to check that the domain walls are noninteracting
under the action of A;. Hence, the eigenstates of Ay take a
simple free fermionlike Slater determinant form:

)

ei 27:1 kjx; (D

X5y Xn

, (58)

X1 <X22<.:..<Xn
with energies E(ky, ..., k,) given by the sum of the one-
particle energies E(k;) in (45). Hence, the energies of the
multiparticle states under Ao are also sums of one-particle
energies,'” although the eigenstates are more complicated
superpositions of (58). As we discuss in more detail in
Appendix F, this structure leads to the membrane picture for
multiple intervals.

2. General structure

The key physical properties of Ay that give rise to the
membrane picture in the above discussion are:

(1) The ground states are simply ferromagnetic states of
the form of Eq. (36).

12This is also evident if one performs the basis change of (41)
on A in (39) and then performs a Jordan-Wigner transformation of
(B9)—the resulting Hamiltonian is a non-Hermitian noninteracting
Hamiltonian.
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(ii) The spectrum is gapped, so e~2®) has an exponential
decay for any initial state, leading to linear growth of S,(¢).

(iii) The one-particle eigenstates of the A are plane waves
of domain walls between the two ferromagnetic ground states.

(iv) Domain walls are noninteracting other than the pos-
sibility of pairwise annihilation and annihilation at the
boundaries.

In the following, we will show that properties (i)—(iii)
remain robust for the full Hamiltonian Py at finite g. (i) just
follows from the symmetries of the system and always holds
for all the systems we consider in this work. Given that ground
state structure, we expect that it is generically gapped, so (ii)
holds, and we expect that its excitations are domain walls, so
(iii) should be robust up to some local dressing of the domain
walls. In Sec. IV, we will further show that all these proper-
ties remain robust for Brownian models with fixed coupling
operators. We also expect that property (iv) is robust, but this
is harder to show explicitly, and we do not comment further
on it until the Discussion, Sec. VII.

Due to the robustness of (iii), the formulas (49) and (50)
will also apply to the second Renyi entropy in all remaining
examples we consider. It is useful at this point to summarize
some general consequences of these formulas, which we will
use in the later discussion.

For an initial mixed state of the form (5) with entropy
density s, the evolution of S, is given by

s Co(ral *© T dk ptik—s
oS — S(x+2)/ dv/ 27 o ER)Fikv—sv)t (59)
oo N

The saddle-point equations for v and k in the above integral
are

k=—is, E'(k)=—iv, (60)

which imply (6) with the entropy growth rate'?

Ay :

[a(s) == rrake E(is)/Seq, (61)
where we have used the fact that E(k) is an even function.
Eq. (53) is then equivalent to the statement that £(v) is the
Legendre transform of —I'(s),

& (v) = max <E + Fz(s)> , (62)
N Seq

which also follows from (7) and was previously noted

in Ref. [12].

In particular, from Eq. (61) we obtain that for an initial pure
product state, which has entropy density s = 0, the entangle-
ment velocity of the second Renyi entropy v » is proportional
to the gap in the spectrum:

Seq

Sr(x, 1) = Seq VE21,

3Note that initial states of the form (5) should grow at this rate
for any finite # in the L — oo limit, although for a finite system this
would slow down due to the gradual increase of entropy density in
the system.

From (61), the constraints (4) or (8) are equivalent to the fact
that

E(iseq) = 0. (64)
Using (60), in terms of the dispersion relation, vg is given by
vg = —IE'(—iSeq)- (65)

Note that the condition (64) does not need to be imposed as
an external input. The evolution of the entanglement entropy
of S, for a maximally mixed initial state can be expressed as

max 1
S = gh(D e <®ia|¢>;>. (66)

By acting with e~ on the left, we get (59) with s = s¢q due
to the structure of the low-energy excitations, and by acting
on the right we get a time-independent result due to the fact
that ®;|1); is a zero-energy eigenstate of P,. (64) must always
be true to ensure consistency between these results.'*

One interesting aspect of the condition (64) is that it is
sensitive to the UV behavior of the dispersion relation E (k), as
it involves an O(1) imaginary value of k. We will return to the
implications of this UV sensitivity in the Discussion section.

3. Finite q

At finite g, the A; term in (39) can send a single domain
wall state (D,| to a three domain wall state (D,_ . 41| and
vice versa, so the exact low-energy eigenstates are no longer
plane waves of single domain walls as in (45), and the exact
energies are also modified. Nevertheless, since the ground
states of Py are still ferromagnetic states of the form of (36),
we expect the low-energy excitations to be gapped (dressed)
domain walls between the two ground states, similar to (45).
To numerically determine the momentum-resolved dispersion
of the low-energy eigenstates, we study Py with symmetry-
twisted (antiperiodic) boundary conditions, as discussed in
Appendix B."

The low-lying spectrum as a function of k is shown in
Fig. 5 for ¢ = 2, 3, 4. In all cases, we find that Py is gapped,
consistent with expectations in the ferromagnetic phase. The
gap leads to a linear growth of entanglement for a prod-
uct state, according to (63). To verify the robustness of the
membrane picture, we need to further address the following
questions:

(1) Forg > 3, 4, we find a single-particle band in the spec-
trum well-separated from the multi-particle continuum for all
k. It is natural to expect that the eigenstates in this band have

“There is a subtlety here when working with finite system sizes;
see Appendix C 3 for a discussion.

5Tn summary, the momentum resolution cannot be obtained di-
rectly with a finite-size OBC Hamiltonian due to lack of translation
invariance. On the other hand, periodic boundary conditions (PBCs)
do not allow for an odd number of domain walls. By inserting a
symmetry twist at the boundary, one domain wall gets pinned at
the boundary while the other can disperse, and we can obtain the
momentum-resolved dispersion of a single domain wall. This is
expected to match the low-energy spectrum to match that of the OBC
Hamiltonian for large system sizes.
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FIG. 5. The red data points show the momentum-resolved low-energy spectra for P4 in (39) or (42) for L = 14 for (a) ¢ = 2, (b) ¢ = 3, and
(c) g = 4. These energies are found using exact diagonalization with the twisted boundary conditions described in Appendix B. The ground
states are at E = 0 and the low-energy spectrum is almost unchanged between L = 12 and L = 14. These are compared to the blue curves,
which are the dispersion relations obtained from the minimization of the expectation value of P, in the states (67) for A = 4, L = 40 with open

boundary conditions.

a quasiparticle structure [40]. Can these quasiparticle states
be understood as locally dressed versions of the domain wall
states in (45) in a precise sense?

(2) For g = 2, the gap between the single-particle states
and the multiparticle continuum vanishes beyond some value
of k. Are there still well-defined quasiparticle states within the
continuum at large k?

Both questions can be simultaneously addressed using a
technique for obtaining low-energy dispersion relations along
the lines of Refs. [40-42]. These references introduced a gen-
eral variational ansatz for low-energy excitations of gapped
spin chain systems, starting from the assumption that the
ground state is well-approximated by a matrix product state.
In the case of the Hamiltonian P4, since we know that the
exact zero-energy eigenstates are the product states |1 ... 1)
and || ... |), we can use a particularly simple version of the
general ansatz:

1), (67)

X

where |p i1 .x+a) 1S an arbitrary state in the subspace
spanned by [1), |]) on A sites, which has total Hilbert space
dimension 2.1

We increase the value of A starting from 0, and minimize
the expectation value (Y |Ps|1r) over all choices of |¢) for a
given A. We explain details of the variational optimization
in Appendix G. As discussed in Refs. [40—42], rapid con-
vergence of the dispersion relation on increasing A indicates
that the eigenstates of P, are well-approximated by (67) for
O(1) A, and this interpretation also holds when the dispersion
relation lies within a multiparticle continuum. The results
are shown in Fig. 6, where we find rapid convergence of

!9The actual dimension of the subspace spanned by the states in
(67) is slightly smaller than 2% due to the redundancy between
certain choices of |¢) in the thermodynamic limit. For example, for
n = 1, there is only one linearly independent choice |¢) = || ), and
for n = 2, we can consider an arbitrary superposition of the form

[9) = alL)1) + BITIN).

the dispersion relation with A for all values of k for both
q = 2 and g = 3. We also compare the variational dispersion
relations to the energies obtained from exact diagonalization
in Fig. 5, finding good agreement in cases where the latter
show a well-defined single-particle band. The expectation
value with A = 0 already gives a good approximation for the
numerically observed dispersion relation; see Appendix B 3
for details.

These results confirm that the low-energy eigenstates rele-
vant for the evolution of e~52**") have the structure of localized
domain wall-like states at finite g, including in the case g = 2
at all k. Putting this structure (67) of the eigenstates into (46),
we have!”

SN o 3G gikOn

k Yy

X(De|(Id - Ay Dy gl Tyass - 1)

X - byttt a Ty rass - TDIpo. ).
(68)

Since |¢...) is some superposition of configurations of |1) and
[{) spins, for A of O(1), the factor in the last line of (68) con-
tains a term proportional to e~5202/=9 a5 well as terms pro-
portional to e=52(= 32212+ 82324 831U U2t At 32+ A ].1=0)
for all odd m > 3, for some O(1) A;. Since A is O(1), in the
scaling limit of late time and large system size, the differences
between these terms can be ignored, and they can be combined
into ¢ e=52%=0) for some O(1) number c. Similarly, the factor
in the first line of (68) can be replaced with §,,, in this limit.
Hence, the analysis of (48)—(54) also applies to this case, with
the change that E (k) should be used to denote the numerically
obtained exact dispersion relation at finite ¢ from Fig. 5,
instead of the large-q dispersion relation of (45).

7Note, in particular, that in the ¢ = 2 case, even though the ener-
gies of the multiparticle continuum are comparable to those of the
single-particle band, the final state (D, | has significant overlap only
with the eigenstates of the single particle band, so the approximation
in (68) is valid.
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FIG. 6. The energies obtained by minimizing the expectation value of P, for the Brownian local GUE model (39) within states of the form
(67) for increasing values of A from 1 to 4, for L = 40 and (a) ¢ = 3 and (b) ¢ = 2. The insets plot Ex — Ex4 as a function of A for a few
values of k from k = 0 (lightest) to k = & (darkest), which shows that the dispersion relations are converging rapidly with A in both cases,
indicating that the domain wall excitations (67) are a good approximation to the true eigenstates.

We determine £(v) by fitting E (k) to the general form

Ninax

E(k) = Z ¢ cos(nk), (69)
n=0

for some finite Np,x, and then numerically solving the equa-
tion for k, in (53). This procedure gives us the membrane
tensions in Fig. 7. Let us make a few observations about these
results:

(1) For each ¢, £(v) is convex and satisfies the general
constraints (4) for vg given by (65).

(2) The entanglement velocity vg » from (63) is nonmono-
tonic as a function of ¢, increasing up to ¢ =5 and then
decreasing. The eventual decreasing behavior is consistent
with the large g limit (56), where vg » — 0. Note, however,
that the quantity s.q vg 2, which determines the coefficient of
the linear growth of S, for a product state with time, increases
monotonically with ¢g. Moreover, by choosing a different over-
all normalization of the Brownian GUE Hamiltonian, we can
obtain a finite vg , in the ¢ — oo limit, similar to previous
calculations in the SYK chain [57].

(3) The butterfly velocity vg from (65) monotonically in-
creases with q.

We note one subtlety of the above discussion. For any
choice of A at which we choose to truncate the approximation
(67), there will be small corrections in the exact eigen-
state proportional to N/ B \J/x)|¢x+1 ..... x+r>|Tx+r+l B T) for
r > A.In principle, there could be initial states py with entan-
glement structures that would lead to a nontrivial competition
in (46) between the suppression of such components in the
eigenstate, and an enhancement of the corresponding overlap
factor (4 ... bxl(@urtwrl{Mrrast -+ Moo, €). We argue
in Appendix H using a somewhat different approach that such
corrections are not important. This argument makes use of the
convexity of the numerically obtained membrane tensions in
Fig. 7, together with the structure of the interaction picture
diagrams we get from treating A; as a perturbation.

B. Comparison to Haar random unitary circuits

It is instructive to rephrase the evolution of the second
Renyi entropy in Haar random circuits in the above language
of low-energy modes of a one-dimensional quantum Hamilto-
nian, as an alternative to the standard discussion in terms of a
mapping to a two-dimensional classical statistical mechanics
problem. In these models, we apply two-site random unitaries
drawn with the Haar measure in some pattern, which can
either be applied to a random pair of nearest-neighbor qubits
at each time step as shown in Fig. 8(a) or in a brickwork
pattern shown in Fig. 8(b).

For the circuit where Haar random gates are applied
randomly (say, with open boundary conditions), the average
of the unitary (U(¢) ® U(z)*)®? for integer times ¢ can be
written as [56]

1

U & UG )®2 = L
U@)QU@) ) =My, 12

Mg = it

(70)

where we have also averaged over the positions of application
of the random gates, defined time ¢ with a factor of (L — 1)
to account for the fact that there is a single gate in each layer.
Further, M; ;1 is the four copy average of each Haar random
unitary, which is given by!®

Mis = [Mm DG

q
7 +1

+ . (71)

ii+1

(T8 +1IADUM + (NI)}

3The expression in terms of kets and bras of 4 and | spins (without
involving 1 and |) can be derived using standard Weingarten calcu-
lus, e.g., see Ref. [13], and this expression is obtained by applying
similarity transformations between the different bases discussed in
Appendix B 1.
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Local Brownian GUE model, n=2
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FIG. 7. Top: We show the membrane tension curves for the sec-
ond Renyi entropy for various ¢ from the fitting of E(k) to (69)
with Npax = 4. (NMmax = 2, 3 give similar curves.) For ¢ > 3, we use
E (k) from exact diagonalization, while for ¢ = 2, we use E (k) from
the variational method for A = 4, so that (4) is only approximately
satisfied. Bottom: We show v » and vg as a function of g.

Note that M;; ., is Hermitian, and this can be seen by
expressing it the orthonormal basis of Eqs. (41), where it reads

1 1
M1 ==+ ———
R TP

X [qXiXj +q VY +Zi+Zinl. - (72)

(a) (b)

] ) D )]

FIG. 8. Random unitary circuits with (a) randomly applied two-
site gates and (b) a brickwork pattern.

Interestingly, this is a completely free-fermion operator under
the Jordan-Wigner transform [of the form of Egs. (B9)], hence
the spectrum of My, is completely solvable. As we discuss be-
low, a single domain wall (D,| is only allowed to hop around
under the action of such a moment operators and, hence,
unlike in the GUE model, there is no splitting of domain wall.
From these expressions, it is easy to verify that (1 --- 1|
and (| --- || are eigenstates of MI(QLfl) of Egs. (70) with
eigenvalue 1. Further, the action of M, ;| on each domain wall
reads
_q
q>+1
Mp of Egs. (70) then has precisely the same structure as the
toy Hamiltonians discussed in Appendix C (up to overall fac-
tors). For large L, the plane waves of domain walls of the form
(Y| of Eq. (45) can then be shown to be exact eigenstates of
M with eigenvalue e~ 5+®), where

(M M1 = {1+ (D, (73)

1
ER(k)z—(L—l)ln|:1—L_1<1—q+

Zq—l cos(k))j|

2
~ (1 = cos(k)). (74)

Hence, the averaged evolution of the domain walls under this
Haar random circuit is simply equivalent to the imaginary
time evolution under a super-Hamiltonian with a dispersion
relation Eg(k), and the membrane tension can be derived using
Eq. (53). This dispersion relation is also very close to the one
obtained for the Peschel-Emery model (see Appendix B 3)
and such a membrane tension also satisfies the membrane
constraints (see Ft. 11).

On the other hand, for the brickwall circuit, the average

(U(t) @ U(t)*)®? for a time ¢ can be written in the notation of
the previous subsections as

UORUMHP =My, M= [] Mii1 [] Miis1.
i=odd i=even

(75)

Note that M is not Hermitian due to the brick-wall geometry
of noncommuting Hermitian operators {M; ;;}. Here we can
see that (... 1], (J ... || are left eigenstates of M with
eigenvalue 1, and that (| in (45) (with the sum restricted to
odd x, hence the momentum restricted to —7 < k < 7)is an
exact left eigenstate of M for any value of g, with eigenvalue
e 2B (®) where Epaar (k) is defined as
2
Etau(t) = 1n L1

— Incosk. (76)

Applying the relation (53) for this dispersion relation gives
a simple derivation of the membrane tension for this case,
found previously in Ref. [12]. Unlike the membrane tensions
in the Brownian models in the rest of this work, £(v) in this
model diverges for v = 1 and is not well-defined for v > 1,
indicating the sharp light-cone in Haar-random circuits.

We emphasize again that the main difference between the
four-copy evolution by (75) for the Haar random circuit and
the evolution by e~ for the local GUE model is the fact
that a single domain wall can split into multiple domain walls
under the latter but not the former. From the discussion of
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the previous subsection and Appendix H, we learn that this
splitting of the domain walls does not have a qualitative effect
on the membrane picture for the second Renyi entropy and
only serves to renormalize the membrane tension. This is
equivalent to the fact that the exact low-energy excitations
in the GUE model are not bare domain walls of the form
of Eq. (45) but rather dressed domain walls of the form of
Eq. (67). However, this can lead to differences in certain phys-
ical quantities, and in Appendix I, we give one such example
related to operator growth, which shows a qualitative differ-
ence between Haar random circuits and the GUE model due to
this domain wall splitting. We also note that Ref. [56] recently
obtained a large class of random evolutions that have solvable
or free-fermion second-moment operators, and it would be
interesting to examine the domain wall dynamics in those
cases. An even earlier work [55] also studied the dynamics
of purity using the low-energy excitations of Hamiltonians
that closely resemble Eq. (72), and it would be interesting to
establish a more concrete correspondence.

C. Higher Renyi entropies

Let us now discuss the structure of the super-Hamiltonian
P>, of (31) in the more general case where n > 3. Recall from
the discussion of Sec. III that due to the absence of symmetries
of the model, the ground states are given by ferromagnetic
states of the form (34). Further, as discussed around (34),
the Hilbert space at each site that has dimension n!, i.e.,
spanned by the states #|a) ;» 1s closed under the action of
P>,,, which simplifies the analysis although this is special to
the GUE model. For studying the excitations, it is convenient
to introduce the notion of the Cayley distance d (o, T) between
two permutations o, T € S,, which is the minimum number of
transpositions (swaps) (i j) needed to go from o to t. For any
0,6 € S, such thatd(o,5) = 1, we have

1 1
(016 |Poy = (0](0] — 5((0|<0I + (Gl + ?((ﬂ(ffl-
(77)

Comparing to (39), we see that the action of P, on states
constructed only from any such pair (5|, (o] is identical to
the action of P4 on (1], ({|. Indeed, this reduction is needed to
ensure that we get consistent results on computing the quantity
Tr[p()]" *Tr[p(t)*] = Tr[p(t)?] using a general P,,. Hence,
the subspaces spanned by configurations of such pairs {o, 5}
are closed under the action of P,,. Following the discussion
in the n = 2 case in Sec. IV A, we have eigenstates of Py,
approximately given by plane waves of domain walls between
each o and &, with the same dispersion relations as those
found in Fig. 5. However, the action of P, on permutations
o, 6 with d(o,6) > 1 is not as simple as (77), and this
complicates their analysis, as we discuss below.

Recall from (23) that the final state that appears in the
expression for e~ s (n . ne.i ... e|, where n =
(nn—1n—-—2...1).Since d(n, e) > 1 for n > 2, it turns out
that the subspace spanned by configurations of (1| and (e| is
not closed, and there is no exact eigenstate of P», consisting
only of (| and (e|, even in the large ¢ limit. See Eq. (E7) in
Appendix E for the explicit expressions for n = 3.

1. Naive entanglement growth rate from domain wall excitations

To analyze this case, let us start with the following
variational ansatz for the excitations of P, in the sector
with |n) ... |n) toward the left boundary and |e) ... |e) states
toward the right boundary,"”

W) & D e 0 ndI) it craleiatie),  (78)

X

where |@),1 . ,+a 1S some state in the (n!)A-dimensional
Hilbert space consisting of all possible permutation states on
A sites. Like in Sec. IV, we minimize the expectation value
(k| Pon |1 ) over all possible choices of |¢) for increasing val-
ues of A, and check whether the resulting estimate for the dis-
persion relation converges with A. We show the results of this
procedure for n = 3 with A from 0 to 4 in Fig. 9. We find rapid
convergence for A > 2 for all values of g. Like in the case of
P, the convergence with A is increasingly fast for larger q.
We therefore learn that the lowest energy excitations in the
relevant sector are well approximated by (78) for O(1) A.

Let us now discuss the consequences of (78) for the time
evolution of the nth Renyi entropy given by (23). Here we are
interested in the evolution of a domain wall state of the form
(n...0v€x41 - - . €|, which we will refer to as an entanglement
domain wall. For general n, it is useful to define the domain
wall propagator [similar to (48)] as

—Py,t

Gu(x,y, 1) =(n...Nx€xy1...¢le |7_7~--7_7yéy+1-~-é>,

(79)

where |&) is defined such that (see Appendix E for an explicit
example with n = 3)

(t]6) = 8o (80)

We assume that the nth Renyi entropy in the scaling limit is
well approximated by

e_(”_l)sn(x«l) — Z (;n(x7 Y, t)e—(ﬂ—l)s,,(y,t=()), (81)
y

which can be justified by arguments analogous to those below
(68). Putting (78) and the corresponding dispersion relation
E, (k) into (81), for an initial mixed state with entropy density
s for the nth Renyi entropy, analogous to (59), we find

e~ (= DSu(x.0)

_ e—(n—l)s(x%)/oo dv /n %e—[E,,(k)Hkv—(n—l)sv]z'
oo _x 27
(82)
The saddle-point equations for v and k are
k=—iln—1)s, E (k)= —iv, (83)

which naively lead to the following growth rate for the nth
Renyi entropy:
- E,(k=—-in—1
F 5y o Enlk = =i = Ds)
Seq(n — 1)

(84)

“We look for eigenstates which asymptotically have this form, so

they have non-negligible overlap with the final state in the expression
for e~ ("= DS,
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FIG. 9. Dispersion relation E, (k) for the third Renyi entropy (n = 3) in the local GUE model, for L = 100 and (a) ¢ = 3, and (b) ¢ = 10.
The insets show |Ex.; — Ea| for various values of &, indicating the convergence (see caption of Fig. 6 for the conventions). For ¢ = 10, the

curves from A = 2 to A = 4 are almost coincident.

An example of T',(s) from (84) for n =3 and g = 8 (with
A = 4) is shown in Fig. 10. Again, we find this function by
fitting E3(k) to the form (69). The figure also shows I';(s) for
the second Renyi entropy from the dispersion relation E;(k)
for the same value of q.

2. Unphysicality of naive analysis

However, we find that ['3(s) cannot be the true growth
rate. We see that while I';(s) obeys the condition (8) needed
to ensure that S»(x,7) of the equilibrium state should not
grow, the curve for ['3(s) appears not to obey this condition.
This implies it gives the unphysical prediction that S3(x, ) of
the maximally mixed equilibrium state increases rapidly. By
similar reasoning to the discussion around (66), we know that
this prediction cannot be correct.

In the above discussion, we made the approximation that in
the expression for e~"~DS» only the domain-wall eigenstates
of P,,, i.e., |Yy) of (78) contributed, and this was sufficient for
the analysis of the dynamics of entanglement domain walls
for n = 2. Assuming Eq. (24), the only way to avoid the

Q
I
o

above unphysical conclusion should be that comparable con-
tributions to e~"~DS must also come from a different set of
energy eigenstates which we have not taken into account. We
now conjecture a possible structure of these other eigenstates
which can give a simple resolution of the above issue.

3. Possible resolution: Scattering states

As discussed above, for the nth Renyi entropy we are inter-
ested in the dynamics of a domain wall with Cayley distance
n, i.e., between the permutation degrees of freedom (e| and
(nl, which we refer to as the entanglement domain wall. It is
easy to show using Eqgs. (31) that at large g this entanglement
domain wall splits into smaller domain walls with a smaller
Cayley distance; see Appendix E for the explicit expressions
for n = 3. This splitting happens until we are ultimately left
with a gas of domain walls, each between permutations of
Cayley distance 1, which we will refer to as elementary do-
main walls.

Recall from the discussion around (77) at the beginning of
this section that elementary domain walls can still be thought
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of as low-energy excitations of P, for n > 2, although these
eigenstates would have a very small overlap with the final state
(n...1nxexs1 - .. e|. Then there is a natural guess for scattering
states formed by multiple elementary domain walls, which
could have significant overlap with the final state, which is a
single entanglement domain wall. These scattering states are
expected to be of the form

E e—i(k1X1+...kn71Xn71)

X1 e
x|n...ny 77)(('1’:) .. 77)((’2171) ngﬁ) ... n)(é'fz) ey i41...€),
(85)

where we have defined the permutation
n® = (kk—1...1). (86)

We would further expect the energies of the states of the form
(85) to be approximately Z;’;ll E,(k;), where E»(k) is the
dispersion relation found numerically for the second Renyi
entropy in Sec. IV A 3. For n = 3, we can check numerically
that E5(k) obtained from the variational calculation in Fig. 9
is smaller than the energies of these hypothetical states with
free single-transposition domain walls:

Es(k) < min  (Ex(ki) + Ex(k2)). (87)

kiks st ky+ko=k

This is also visible from the expression for the bare energy
in the action of Ps on these permutation states; see discussion
around Eq. (E7) in Appendix E.

The entanglement domain wall can be interpreted as a
bound state of the n — 1 elementary domain walls, which
have an effective attractive interaction between them. A sim-
ilar attractive attraction was also argued for using different
techniques in random unitary circuits [16]. Even though the
lowest excitations are these bound states, scattering states of
the form (85) may still be present as higher excited states in
the spectrum of P,,, and they may have significant overlap
with the entanglement domain wall. Such higher energy states
can also contribute to the growth rate I',,(s) for an initial mixed
state with entropy density s, since these might contribute more
in the saddle point evaluation of integrals such as those in
Eq. (59). We will assume this in the rest of the discussion
and discuss a scenario that could resolve the unphysicality
discussed in the previous section.”’

4. Route to a consistent membrane picture

We now assume the existence of contributing scattering
states and conjecture a plausible scenario for how a consistent
membrane picture could emerge. Scattering states such as (85)
would give a contribution G,(x,y,7)" to the entanglement
domain wall propagator G, (x, y, t), which would correspond
to the elementary propagating freely and join back to form
the entanglement domain wall. This would then be added to

2Tt would be challenging to numerically check that these states are
present in the spectrum by exact diagonalization due to the large on-
site Hilbert space dimension of the super-Hamiltonian, which allows
us to access only small system sizes. However, we comment on other
methods that can be used to check this in the Discussion.

the contribution from the states (78), and putting this into the
expression for S3, we would get a sum of two terms:

e—2S3(X,l) ~ e—Zseq T3(s)t 4 e—2seq l’z(x)l7 (88)

where we have assumed that the overall constants in front are
of similar magnitude. From the competition between the two
terms, the true growth rate for the third Renyi entropy at late
times is given by

[3(s) = min(I3(s), Ta(s)). (89)

At the critical value s = s* where ['3(s) and T'»(s) cross
(see left panel of Fig. 10), (89) implies a first-order phase
transition in I'3(s). For s > s*, I'3(s) = ['2(s), so, in particular,
the constraint (8) is satisfied. We show the particular case
q = 8, but we find that the curves cross at all values of ¢ that
we checked, from g = 3 to ¢ = 10. The ratio s*/s.q appears
to increase monotonically with g.

Using the general formula (62), we can find the membrane
tension & (v) as the Legendre transform of —I"3(s). Assuming
(89), there are three possible sources of the maximum value in
the Legendre transform: it could come either from the region
0 < s < 5%, where I';(s) = ['3(s), or from the endpoint at
s =s*, or from the region s > s*. We find three distinct
regimes for the behavior of £3(v) depending on which of these
options dominates:

&(v) v <o}
&) = { Ts3(s0) + % v ovf vl (90)
&(v) v > vl

Here &;(v) is the Legendre transform of —I'3(s) restricted to
the regime s < s, where it is convex,?!' and s, is the value of s
at which the second derivative of T'; changes from negative to
positive. & (v) is the membrane tension for the second Renyi
entropy found previously. The two critical velocities are

V) = —Seq [3(sc), V3 = —Seq [5(s¥). on

In the center and right panels of Fig. 10, we show the
membrane tension of (90) obtained from I';(s) and TI'(s)
shown in the left panel there, and its first derivative. The
membrane tension has a first-order phase transition at v = v,
and a second-order phase transition at v = vj.

We now make a brief technical note on the difference of the
analysis we used above from the n = 2 case. In this discus-
sion of this section, we did not directly use the domain wall
propagator (79) to derive the membrane tension, but instead
found it indirectly as the Legendre transform of —I'3. The
form of the dispersion relation E3(k) is such that the domain
wall propagator from the states (78),

~ T dk .
Gi(x,y,t) = / E e—(Es(k)-&-zkv)t’ (92)

can be used to obtain the membrane tension & (v) only up to
v] by similar steps to (53). For v > v{, the propagator has an
oscillating behavior with time due to a change in the structure

2INote that the Legendre transform of the full function —T'3(s) is
not well-defined as it is not convex.
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of the solutions to the saddle-point equation E;(k) = —iv. The
propagator in this regime v > v] does not contribute to the
evolution of the entropy in the combined saddle-point analysis
in the integral over v and k for ¢=2%. From the saddle-point
equations (82), we get a well-defined result for I'; for any s.
The Legendre transform of —I'3 by itself is again not well-
defined beyond v, but the Legendre transform of the negative
of (89) is well-defined, as discussed above, and this should be
seen as the definition of the membrane tension for this case.

5. Discussion

In Ref. [16], the membrane tension for the third Renyi
entropy was studied for random unitary circuits. The calcula-
tions in that context, which were done in expansions for large
q and large v, also gave indication of a phase transition in
&3(v). The physical mechanism suggested for the unbinding
phase transition there appears similar to the one discussed
here. From the calculations in the present model at finite g
and general v, we see that there are two phase transitions
in &(v). Unlike in the large ¢ random circuit calculation
of Ref. [16], where the critical velocity appeared to be vg,
we find that both critical velocities are smaller than vp at
finite g.

It is also important to note that another logical con-
sequence of having scattering states contribute to e~5:*")
is that the entanglement domain wall can evolve into two
elementary domain walls that need not be close to each
other. This would then mean that e~5*®") can also depend
on more complicated measures of the initial states such as
(€ ex,0x41" " Ox,Mxyt+1 - - 1|00, €), Where o is a permuta-
tion with Cayley distance 1 to both e and 5. This object, in
general, cannot be expressed in terms of the entanglement
entropies. This possibility is not consistent with the membrane
picture for entanglement, which posits a simple formula of
the form of (3), where S3(x, ¢t) depends only on S3(y, 0). To
establish the membrane picture more firmly for higher Renyi
entropies, it would be important to rule out such possibilities
and rigorously test the conjectures we have made here, which
we leave for future work.

V. BROWNIAN MODELS WITH FIXED
COUPLING OPERATORS

Let us now consider the family of models in (16), where
the coupling coefficients {J, (¢)} are random and uncorrelated,
but the operators {B,} are fixed and act on a system with a
g-dimensional on-site Hilbert space. This is a less random and
hence more realistic example of a chaotic system than the one
considered in Sec. I'V.

The super-Hamiltonian (21) for this case still has the prop-
erty that any of its terms P, that has support on m sites
annihilates configurations of the form | )®" on those sites for
any o € S,. This implies that the states (34) are still ground
states in this case. In cases where the time evolution has no
symmetries, we expect that these are generically a complete
basis for the ground state subspace, so the saturation value of
S,.4(t) is given by the Page value [3], and s¢q =Ing.

Unlike in the GUE case, the action of a general P, , can
now take a general initial state with different permutation

states at different sites into the subspace orthogonal to all the
permutation states, hence the effective Hilbert space on each
site is now qz”-dimensional, rather than n! dimensional in the
GUE case. However, since the ground states are still of the fer-
romagnetic form of (34), it is natural to once again conjecture
that the low-energy excitations are well approximated by the
structure in (11) for O(1) A, with the state |¢),
living in the full (¢**)*-dimensional Hilbert space.

Numerically, it is feasible to test the above conjecture using
the variational technique of Appendix Gupto A =3 forg=2
and n = 2, where the maximum Hilbert space dimension of
the effective Hamiltonian for the variational problem (see
Appendix G) is < 16°. For concreteness, let us take the set
of coupling operators to be the following spin-1/2 operators
in a one-dimensional system of L sites:

{Bo} =X, Zi, ZiZi 1} (93)

Taking the g, in the variance of the couplings (17) to be some
positive numbers gy, gz, gzz, respectively. In the discussion
below, we will fix gx = gzz = 1 and consider a variety of
different values of gz. We expect this time evolution to be
chaotic for generic values of gz, except at the point gz = 0,
where the time-dependent Hamiltonian is only a linear su-
perposition of {X;} and {Z;Z;,,} operators and hence has a
quadratic (noninteracting) Majorana fermion representation
using the Jordan-Wigner transformation.

We show the results of the variational method for this fam-
ily of models in Fig. 11, which confirms the expectation that
the eigenstates have the structure (11) for generic gz. The dis-
persion relation in the cases gz = 1.0 and gz = 0.5 converges
rapidly. For gz = 0.0, corresponding to the free fermion case,
the dispersion relation shows slower convergence.

The Brownian free Majorana fermion evolution corre-
sponding to gz = 0 was previously studied in Ref. [30], where
it was found that P, can be mapped to the ferromagnetic
Heisenberg model. The ground state subspace for this case
is much larger than the one spanned by (36) (which can be
attributed to so-called superoperator [47] or quadratic sym-
metries [58]), and it has gapless low-energy excitations which
lead to a growth of S, proportional to +/7 rather than .
Hence, the variational ansatz (11) is likely to not be a good
approximation to the true low-energy eigenstates for g, = 0.0,
consistent with our observations.

The closing of the gap of P4 (or, equivalently, vanishing
of the entanglement velocity vg) can be seen as a precise
information-theoretic signature of a transition from chaotic to
free-fermion integrable behavior in this family of models. Any
nonzero gz causes the model to lose its free fermion character
and recover the general features of chaotic many-body
systems, hence opening up a gap in the thermodynamic limit.
At finite system size, we expect a crossover from chaotic to
integrable behavior at small gz, similar to the discussion in
Ref. [30].

While we do not have an independent check of the disper-
sion relations from exact diagonalization of P, in the above
family of models (due to the large on-site Hilbert space
dimension ¢* = 16), we have performed the following two
consistency checks, which verify that the dispersion relation
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FIG. 11. Dispersion relations obtained for various values of gz from minimizing (Y |Ps|y) for Py corresponding to the couplings (93)

within the subspace spanned by the ansatz |1 of (67), with ¢,

«+a) now interpreted as an arbitrary state in the Hilbert space corresponding

to four copies of the spin-1/2 Hilbert space of the original system on A sites. We find rapid convergence of E (k) with A for (a) gz = 1.0 and
(b) 0.5, where we should expect the model to be chaotic, and slower convergence for (c) gz = 0, where it is integrable. To check the convergence

of the gaps Ex (k = 0) for different gz, we can consider the ratio r(g;) =

EanaU=lPass U=l We find r(g. = 1) = 0.078, r(gz = 0.5) = 0.101,

Ep—1 (k=0)—Ep=2(k=0)"

and r(gz = 0) = 0.515, giving better indication of convergence for gz # 0.

is close to convergence for gz = 1.0, 0.5 and far from conver-
gence for g, = 0.0:

(1) We directly evaluated the amplitude e
(D,|e P |py, e) using the time evolution block decimation
(TEBD) method for imaginary time evolution [59] for an
initial pure product state pg. For generic values of gz, we find
that this quantity has an exponential decay regime for a large
range of times, corresponding to linear growth of the entropy.
This gives an independent calculation of the entanglement
velocity vg » defined in the first equation of (63), which can
be compared to the one found from the gap of the dispersion
relation. For gz = 1.0, 0.5, we find good agreement up to
about 10% of the values, which are expected from the level
of precision on both sides of the calculation. For g; = 0, we
do not see a linear growth regime from TEBD.

—Sa(xt) _

3.0

2.5

0.0

FIG. 12. Membrane tensions for the second Renyi entropy for
the model of (93), obtained from the A = 3 dispersion relations of
Fig. 11 using the fitting to (69) with Ny« = 5. The gz = 1, 0.5 cases
satisfy the constraints to a good approximation up to small numerical
errors. We do not expect the gz = 0 case to satisfy the constraints
since the variational computation of the dispersion relation does not
converge for the A we can access.

(2) We find the membrane tensions from the A = 3 disper-
sion relations in Fig. 12. £(v) for gz = 0.5, 0.1 approximately
obeys the constraints (4), while the gz = 0 case does not.

VI. MEMBRANE PICTURE IN GENERAL
SPATIAL DIMENSIONS

Let us briefly discuss how the above picture generalizes
to higher spatial dimensions d > 2. It is useful to return to
the simplest case of the second Renyi entropy in the Brown-
ian GUE model, where the super-Hamiltonian Py in arbitrary
dimensions is given by (39) or (42). To find the second Renyi
entropy S>(2, t) of aregion R with boundary X, the final state
in (23) is a domain wall between (|| and (1| along X, as
shown in Fig. 13(a), which we call (Dyx]|. As a first approx-
imation in the large ¢ limit, let us again ignore the A term of
(39). Even with this simplification, it is not straightforward in
to diagonalize A in the subspace relevant for the evolution of
(Dyg| for d > 2. However, we can obtain an expression for the
evolution of S, » for an infinitesimal time step of length 8¢ by
noting that

1
(Ds]Ao =) ((D2| - 5(<Dz+ﬁ,| + (Dz—ml)>, (94)

xex

where X = 77, corresponds to inward or outward deformations
of ¥ by a single lattice site in the direction normal to the
surface at x.22 See Fig. 13 for an illustration in d = 2. Hence,
close to a small segment of the domain wall, the dynamics in
higher dimensions resemble the one-dimensional dynamics in
(44) in the direction normal to the surface.

22We assume that the shape of the initial surface ¥ is such that it
does not pinch off and split into two domain walls in time 6.

014308-18



ENTANGLEMENT DYNAMICS FROM UNIVERSAL ...

PHYSICAL REVIEW B 113, 014308 (2026)

@[5 (b) [5m

(I

FIG. 13. In (a), we show we label an arbitrary point x on a surface ¥ and show the definition of 7i,. In (b) and (c), we show the corresponding

states (Dx., | and (Dy_j, | appearing on the right-hand side of (94).

Now, by linearizing the evolution of 2, 5 (t) = e (&) =
(Dy]e™" | py, e) for a short time 8¢, we find

0Z !
E;ﬂ_” = (ZZ,E(z) - ez )+ Zzﬁz—fu(f)))-

xex

95)

By taking continuum approximations for the differences and
sums in the above expression, we obtain

8230) _ _/ dd—'x[<1 - %> - 133}22,20). (96)
ot > / a

For the second Renyi entropy, on ignoring a second derivative
term 83)52(2, t) which is negligible in the scaling limit of
large system size and late time (96) is equivalent to

1) _ seq/ 41X T(s(x)), 97)
ot >
where
s(x) = w, F(s):i<1—%—ls2>. (98)
an Seq q q

As discussed in Ref. [12], a differential equation of the form
(97) is equivalent to the membrane formula in arbitrary di-
mensions with £(v) given by (62), which for this case is

1 2 2
E(v) = —(1 ——+ﬂ),
q 4

Seq
independent of the spatial dimension d. In particular, the
above series of steps are valid in the case d = 1, where, com-
paring to (55), we see that we have obtained the membrane
tension we would get from first taking the large ¢ and then the
small v limit in d = 1. Recall that to satisfy the constraints
(4), the higher order terms in both v and 1/¢g are important.
To go beyond the quadratic approximation in v, we need
to find an alternative to taking the continuum limit in (95).
The higher order corrections in 1/g come from incorporating
corrections from the term in the last line of (39), which causes
domain walls to split as shown in Fig. 14(a) and gives rise

99)

(a)

to spacetime diagrams like those in Fig. 14(b), which should
renormalize the membrane tension. These are analogous to
the diagrams for d = 1 discussed in Appendix H 1, which
provide an alternative way of understanding corrections to
the dispersion relation and membrane tension away from the
large g. It would be interesting to quantitatively incorporate
the effects of such diagrams and see whether they lead to a
dimension-dependent membrane tension, as observed in holo-
graphic CFTs [17].

Finally, we note that the super-Hamiltonian P, for the
GUE model on any lattice in one or higher dimensions is
the Peschel-Emery Hamiltonian of Eq. (42) on that lattice.
For large ¢, the low-energy physics of this Hamiltonian is
expected to resemble that of the TFIM in the presence of a
weak field of O(1/q), which is the Hamiltonian obtained by
ignoring the O(1/¢%) term in Eq. (42). Indeed, as discussed
in Sec. IV A, many of the properties of P, in one dimension
are similar to those of the one-dimensional TFIM, e.g., the
symmetry-broken degenerate ground states and the structure
of the low-energy domain wall excitations. It is natural to
expect similar connections in higher dimensions too, at least
for large g, i.e., the entanglement membrane picture in higher
dimensions should be related to the low-energy physics of
higher dimensional transverse field Ising models in a weak
field. It would be interesting to explore this connection in
future work.

VII. CONCLUSIONS AND DISCUSSION

In this work, we have identified the microscopic mecha-
nism which is responsible for the emergence of the membrane
picture of entanglement dynamics in Brownian time evolu-
tions of the form (14). The Lorentzian time evolution of the
Renyi entropies in such models can be mapped to a Euclidean
evolution by a super-Hamiltonian living on multiple copies of
the system. The ground state of this super-Hamiltonian is de-
termined by the symmetries of the system, and, in evolutions
without symmetries, which is what we have restricted to, this
ground state manifold is twofold degenerate, resembling an

(b} s T=t
@ @ =0

FIG. 14. (a) An example of how a single domain wall splits under the acting of A; in d = 2. (b) Some of the resulting spacetime diagrams

which should renormalize the membrane tension.
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Ising ferromagnet. The low-energy excitations on top of this
ferromagnet are naturally of the form of dressed domain walls,
and we have demonstrated that this structure leads to the mem-
brane picture for the growth of second Renyi entropy in this
class of evolutions. We demonstrated this in maximally ran-
dom Brownian GUE models in one spatial dimension using
analytical perturbative techniques and exact diagonalization,
as well as variational numerical techniques for probing the
low-energy eigenstates. We also provided evidence that the
same structure of low-energy modes appears in more generic
examples of Brownian models, independent of details of the
interactions, as long as they have no symmetries. The mem-
brane tensions in all cases are determined by the dispersion
relations of the low-energy modes, and we showed that they
satisfy the expected physical constraints. We further used the
variational techniques to study the third Renyi entropy, and
argued that, in this case, the membrane tension exhibits a
first-order as well as a second-order transition as a function of
velocity. Collectively, these examples provide an understand-
ing of how universality emerges in the late-time dynamics of
entanglement entropies in this class of quantum many-body
systems.

While the above derivation of the membrane formula from
the microscopic dynamics is specific to this particular class of
Brownian models, we find that it provides a number of useful,
generalizable lessons. First, while conventionally used Haar
random circuits allow for accurate computations of similar
objects [13,16], a simple physical picture that should apply
more broadly can be hard to extract from them. On the other
hand, these Brownian evolutions encompass a much larger
class of systems that hinders exact solvability, but that very
feature forces us to think in terms of objects that are univer-
sal to these class of systems, which in this case are simply
the low-energy modes of effective super-Hamiltonians. These
low-energy modes could also motivate a natural path toward
building an effective theory for more general chaotic sys-
tems, including fixed Hamiltonians without any randomness.
Some motivation that the structure found here should extend
to more general systems comes from considering the n = 1
super-Hamiltonians (living on two copies of the system) in
U (1)-conserving versions of these models, previously stud-
ied in Refs. [20,21]. These papers found that the diffusive
behavior of the two-point functions of the charge density
comes from certain gapless low-energy eigenstates of the n =
1 super-Hamiltonian. These gapless excitations can be seen
as a precise realization of the hydrodynamic modes which are
expected to govern diffusive behavior of two-point functions
much more generally. Hence, we can also expect that the
entanglement modes found in this work are likely to also exist
in more general systems, consistent with the expectation from
Ref. [18].

Alternative approaches which start from the assumption
that such gapless modes exist have previously been used to
construct effective field theories of hydrodynamics [60,61].
It is then natural to ask whether one can formulate an ef-
fective field theory for entanglement dynamics based on the
set of low-lying modes living on four or more copies that we
found in this work. Note that any such effective field theory
would need to contain several new elements relative to those
developed in earlier works [60,61]. The modes leading to the

membrane picture differ from hydrodynamic modes in that
they are gapped”? and also exist without any symmetries of the
system, as we have demonstrated in this work. Moreover, even
above the gap, the dispersion relation at O(1) values of the
momentum k is physically relevant for obtaining the correct
dynamics of highly entangled initial states. In particular, since
Seq = O(1), a small k expansion of the dispersion relation will
not satisfy the condition (64); this UV sensitivity suggests that
the conventional approach of derivative expansions might not
be the right way to formulate the relevant EFT if we want it
to capture the correct physics for all kinds of initial states and
for all times.

In holographic theories, the modes that lead to diffusion
in the boundary conformal field theory correspond to quasi-
normal modes in the bulk gravity dual [62]. Based on the
results of this work, it is natural to ask what the analog of
these quasinormal modes is for observables like the nth Renyi
entropy and the von Neumann entropy. It would be interesting
to identify such modes in the replicated geometries for the nth
Renyi entropy in the prescription of Refs. [63,64], as well as
their analytic continuation to n — 1.

In the context of higher Renyi entropies, it would be in-
teresting to better understand the transition that we found in
&;3(v) as a function of v. At a technical level, it would be good
to use the methods of Ref. [42] for probing multiquasipar-
ticle excitations to check the existence of the excited states
(85), which is assumed in obtaining our expression (89). At
a conceptual level, there are interesting questions about what
this transition means information-theoretically. In particular,
beyond v}, we find that £&3(v) becomes equal to &, (v), which,
in particular, implies that vg defined through (4) is the same
for n =2 and n = 3. Is there a simple physical reason why
the butterfly velocity according to this definition should be
the same for all the Renyi entropies? It would also be good
to collect more data on such phase transitions in more general
Brownian models and for n 2> 4. This would require technical
improvements to the variational methods used in this work,
for instance, by combining them with a matrix product state
ansatz (see Ref. [65] for a review). The physical existence
of these transitions in generic non-Brownian models or time-
independent systems should also be verified more carefully,
for example, using direct computations of the entropies.

The methods developed in Ref. [42] and their extensions
could also be useful for a number of related questions. Recall
that in the large ¢ limit, to show the membrane picture for
multiple intervals even for the second Renyi entropy, we used
the fact that multiple domain walls were essentially nonin-
teracting in this limit. For the membrane picture for multiple
intervals to be robust at finite ¢ and, in more general cases,
the quasiparticles consisting of dressed domain walls should
be weakly interacting, which can be checked using such nu-
merical methods. Higher dimensional generalizations of these
methods could also be useful in understanding the physical
picture for entanglement growth in higher-dimensional sys-
tems, which were discussed in Sec. VI, although the fact that

23The fact that the modes are gapped is needed to ensure exponen-
tial decay of e~*=D% or, equivalently, linear growth of the entropies.
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domain walls are no longer particlelike would change the
physics significantly in higher dimensions.

It is also important to understand how the physical picture
of this work is modified in cases where the system has con-
servation laws. The simplest such case one can consider is
to take Brownian models like the ones studied in this work
with an additional U(1) conservation law. Renyi entropies
in systems with U (1) conservation are said to show a ~NJt
growth [66—68]. However, it is not yet clear whether these
results hold universally, and what the underlying mechanism
is [69,70]. In the super-Hamiltonian for this case, there is an
interesting and rather intricate coupling between the domain
wall degrees of freedom discussed in this work, and the hy-
drodynamic degrees of freedom associated with the conserved
charge density. We plan to report on these results in upcoming
work. This interplay between the entanglement domain walls
and hydrodynamic modes can also be explored for a variety
of other symmetries, such as dipole or multipole conservation
[71-73], or other unconventional symmetries such as quan-
tum many-body scars [74,75] and Hilbert space fragmentation
[36,76]. Hydrodynamic modes for these unconventional sym-
metries were derived using the n = 1 super-Hamiltonian in
Refs. [20,21].

The super-Hamiltonians found in this work govern the
evolution not only of the Renyi entropies but also of
other interesting dynamical quantities that probe chaos and
thermalization. In particular, the out-of-time-ordered corre-
lator (OTOC) can also be written as a transition amplitude
under Py:

OTOC(x, . 1) = Te[Ve ()W, Vi (1)W,]]

= (W, nle” ™|V, e), (100)

where we use the notation of Sec. II, and x and y are the spatial
locations of the two operators. By putting the eigenstates
of P, that we found in (11) into this expression, we obtain
the following expression for the OTOC, previously noted in
Refs. [18,77] (assuming that y > x, and after an average over
unitary rotations of the operators V., W,, which allows us to
write the boundary conditions for this quantity in terms of

1), 1) [18]):
OTOC(x, y, 1) = Z o Sea(E200) V)

oo

(101)

Using the constraints & (vg) = vg, &(v) > v, we see that if
t < (y—x)/vp, then vp is included in the sum over v, so
OTOC(x, y,t) ~ 1. If t > (y — x)/vp, then the OTOC starts
to decay, and is dominated by the endpoint contribution from
v=(y—ux)/t in (101) due to the convexity of & (v). By
expanding close to v = vp and using (4), we find the diffusive
broadening of the operator front first noted in Refs. [14,15]:

—x — 2
oroc =~ exp (5 efom U0,

(102)
A particular case where this structure should apply is in the
Brownian SYK model [24,25]. In this model, there is an alter-
native effective description in a certain large N limit in terms
of collective degrees of freedom known as scramblons. The
diffusive broadening (102) is very nontrivial to derive from

the Feynman diagrams of the scramblon field theory [78]. It
would be interesting to understand how the effective modes
found in the present work emerge from the scramblons in the
appropriate late-time limit.

Finally, it would be interesting to understand if the modes
discussed in this work provide insights into entanglement
dynamics in a variety of other situations, such as systems
with long-range interactions [20,79-81], Clifford circuits
[82,83], dual unitary circuits [84], or in the presence of
measurements [85].
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APPENDIX A: DERIVATION OF THE EQUILIBRIUM
APPROXIMATION FOR BROWNIAN MODELS

In this appendix, we provide some details of the derivation
of the equilibrium approximation for Brownian models, dis-
cussed in Sec. 111, as well as some explicit examples.

Let us first justify the assumption that the states
|my, ..., m,; o)definedin (26) can be treated as orthonormal.
First note that since {Q,,} is an orthonormal basis for C, we
have (m|, ..., m;olmy,...,my;0) = ]_[j 8,,,1.,,,,;_. Next, con-
sider the overlap between states with o # 7. For 0,7 € S,,
suppose o't has k cycles, with lengths Iy, ..., [, respec-
tively. More explicitly, say the cycle decomposition is given
by

O'_l‘L' = (Cllql . .al,ll) (a2,1 .. .Clzqh) e (Clkyl PN akyzk) .
(AD)
Then we have the following general expression for the over-
lap:
(my,...,m,;sigmalmy, ..., m,;tau)

k
= l—[ TI'I:Q;L”;' , Qm”i,l Qjﬂ[,. N Qm“i,z T Q'Tﬂ[l.l Qm“u» ] (A2)
il i, i,2 il i

In most examples of interest, the products (A2) for o # t are
suppressed compared to 1 in powers of the total Hilbert space
dimension. For example, in the case with no symmetries, we
only have the option m = 1, corresponding to the normalized
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identity operator I /+/D, and hence the overlap in (A2) is D* ",
where D is the total Hilbert space dimension. Another simple
example we can consider is a spin-1/2 chain of length L with
conserved U(1) charge ZZL: 1 Zi. In this case, we can take
take a basis for C consisting of projectors onto sectors with
different values of the total spin. Let Py be the projector |0) (0|
onto the one-site state with spin —1, and P; the projector |1)(1|
onto the state with spin 1. Then we can take the following
basis of L + 1 operators for C:

1
On = 7) Z ®h 1 (PDi, ®peiiy,....in) Po)p »
m i1<...<lp

m=0,...,L. (A3)

For this case, we can check that (m}, ..., m,; o|my, ..., my;
7) for o # 7 is either exactly zero or suppressed in powers of
( ri,-)’ (ls;), which are typically large.

Based on the above argument, the states |my, ..., m,; o)
can be treated as an approximately orthonormal basis for the
ground state subspace for P»,. Then, by putting (27) into the

expression (23) for the Renyi entropy, we find

lim Tl 1= ) D (ke ®eplQuy. - Qn,20)
mp,..., m,;0 o

X {Omys - -

Now suppose that o has k cycles, and its cycle structure is

o=Wi1...01,)br1...02) ... (bea...bry). (AS)
|

< Om,;0lpo, e). (A4)

Then

k
Qs+ Onioloo. ) = [ [T, o0... 0, ol
i=1 '

(A6)
In the case where py is a pure state, the above expression

simplifies to

Qs -+ Omi0lpo.€) = [ [ Tr[ Q] po].

i=1

(AT)

Combining this with the other factor inside the sum in (A4),
we find

lim Trlor @) T =) (e ® eglp?,0),  (AB)
—>00

o
with

pV = " TrlQ}, p010m. (A9)

In the case with no symmetries, p°® is always the infinite
temperature density matrix //D. In the spin-1/2 U(1) case
discussed above, suppose pp is an initial state with a fixed total
spin g. Then, using (A3),

p(eq) — L

(3) heei,

which is the maximally mixed density matrix restricted to the
spin g quantum number sector.

(A10)

APPENDIX B: DETAILS ON THE PESCHEL-EMERY HAMILTONIAN

In this appendix, we will discuss the details of the GUE super-Hamiltonian P, of Eq. (39), show the mapping to the Peschel-
Emery Hamiltonian of Eq. (42), and discuss numerical and analytical methods to probe its low-energy spectrum.

1. Mapping to the Peschel-Emery Hamiltonian

For numerical exact diagonalization, it is convenient to work in the orthonormal basis {|+), |—)} of Egs. (41) instead of the
biorthogonal system {|1), [1), |{), |{)} of Egs. (37) and (38), which are convenient for analytical calculations discussed in this

work. In this biorthogonal system, operators can be given the following matrix representation:>*
~ = = - - 31 ayi Ay NA=
0 =ai I Dt +ay DU+ a0t +a il = 0T = (“Ii aIi) ags == (s'|0I5), (BI)

whereas in the orthonormal basis of (41), the same operator can be represented as

-~

O=a | )+ +a|+){=lay|=){+ +a_|=-){-]

= O(+—a+_) = (a++ a+>’ sy = (S|6|S/>» (B2)

a—4 a__

The transformation of the vector (matrix) representations of states (operators) between the biorthogonal system and the
orthonormal basis can be compactly described as a similarity transformation. Denoting the vector in the basis {|a), |b)} with
a superscript such as v, we can use Eqs. (41) to directly see that

1

1

\/2(1+5)

) = SU(N) — (S_I)TU(N), S = |

1 g+l g=1
\/Z(ITE) , S—l — 2q 2q (B3)

0-1)

- gl [a=1
2q

R0 i

*Note that one could also work in a different biorthogonal system obtained by interchanging {|1), 1)} and {|1), |{)} in Egs. (B1), and the
matrix representation of operators in that system would be related as O+ 1V = (O T)T |
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This leads to the relation between the matrix representations of an operator O in the biorthogonal system and orthonormal basis
as

o=+ — soMthg-1 (B4)
In the biorthonormal basis, the nearest-neighbor term of the super-Hamiltonian P, of Eq. (39) reads

0O o0 0 0

A TS Y
B _
H, = _Z 1 ql _z , (BS)
a 4 q
0 0 0 0
with basis elements on the rows (columns) ordered as {11, 1, 41, {4} ({171, #{, 14, L1}). This can be converted into the
orthonormal basis ordered as {++, +—, —+, ——} using a similarity transformation with the matrix S ® S:
1 1 1
H? = S®SHE(S'os™) = z[]1 R1-XRX --(ZR1+182)+ 5(ZQZ+X ®X)}, (B6)
q q

where X, Y, Z are the 2 x2 Pauli matrices in the {|+), |—)} basis. This leads to the expression of (42) for P, on any general lattice.
This Hamiltonian has exact frustration-free ground states |G4) and |G ) are of the form of Eq. (36), as evident from the fact that
H$|TT) = H,g,ui) = 0. The representation Eq. (B8) in the orthonormal basis of (41) also clearly reveals the Z, symmetry of
the system and that |G4) and |G, ) spontaneously break this symmetry:

0= HZ‘, 01Gy) =1G,), QIG,) = |Gy). (B7)
J
Restricted to one spatial dimension with L sites labeled from 1 to L, the Hamiltonian of (42) reads
Lmax
1 1
H=2) |1=XX; - ;G T2+ @ XX | (B8)

j=1
where Ly.x = L — 1 for OBCs and L,.x = L for PBCs. As we now show, this exactly lies on the Peschel-Emery line [53,54] in
the Ising ferromagnetic phase. This can be explicitly seen in the fermion language using a Jordan-Wigner transformation with
the substitutions

Xj = (=D)Z(ch 4 ep), Y= —i(—DZem(e] —¢)),  Zj=—(=1)" =2n; — 1, (B9)
where cj., cj,andn; := cjc ; are the fermion creation, annihilation, and number operators. Up to an overall constant of (L — 1)/2,
the Hamiltonian of Eq. (B8) then maps to the standard form of the Kitaev Hamiltonian, given by Eq. (4) of Ref. [54]:

i i 124
Hiitaoy = —t X]: (clej1 +He) — A X]: (ciel, +He) - 5 2,: (nj+nj—H+U Z]: (2n; — 1)2nj — 1),  (B10)
with the parameters

Aer=1(1-1 _2 =L Lot (B11)
- —2 qz ) M_q’ _2q2 /’L_ .

This satisfies the Peschel-Emery condition for having frustration-free exact ground states [54]. To relate these parameters to the
phase diagram of the Kitaev model in Fig. 1 of Ref. [54], we can use the parametrization

w _ 4q v 1
to@2—-1 t  @P-1
It is clear that this entire line lies in the Ising Z, symmetry broken phase, which is also the topological phase in the Kitaev chain.

Large g corresponds to the weak interaction limit, and smaller g to stronger interactions. Moreover, ¢ = 1 is a pathological point,
since Eq. (B8) becomes a commuting projector Hamiltonian with an integer spectrum.

(B12)

2. Low-energy excitations from twisted boundary conditions

We now describe a method to numerically study the low-energy excitations of the Peschel-Emery Hamiltonian of Eq. (42)
using exact diagonalization. Since its exact ground states spontaneously break the Z, symmetry of Eqs. (B7), we expect the
low-energy excitations to be gapped DWs between the two ground states of the form (67).

A technical obstacle to obtaining the dispersion relation of the low-energy mode with OBCs is the boundary condition. While
momentum is not well-defined with OBCs due to lack of translation invariance in a finite system, PBCs forbid single DW
excitations just by geometry, i.e., DWs always occur in pairs with PBCs. However, the single DW dispersion relation can be
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probed by imposing symmetry-twisted boundary conditions (also called antiperiodic BCs) by inserting a symmetry flux into the
system, which pins the position of one of the DWs while allowing the other DW to move freely.

A standard procedure for inserting a symmetry flux to any symmetric Hamiltonian H with an on-site internal symmetry
0=1] ;8j 1s described in Ref. [86], which we summarize here. The chain with PBCs is divided into three contiguous parts A,
B, C, and the symmetry operations restricted to each part is defined as Q, = [] jea8j» @ € {A, B, C}. The Hamiltonian is also
divided into three disjoint parts H = Hup + Hpc + Hca, where Hyg for o, 8 € {A, B, C} only contains terms that are completely
within the region o U 8. The twisted Hamiltonian is then given by H;,, = QaHap QZ + Hpc + Hcy. Since the terms of H that are
completely within or completely outside of region A commute with Q4 (due to its on-site structure), the addition of a symmetry
flux only changes the Hamiltonian terms that straddle A and B.

While the twisting breaks the translation symmetry of the system, it preserves a twisted translation symmetry, given by the
operator 7y, which satisfies 7.2 = Q, where Q is the symmetry operator. The eigenstates of H can hence be labeled by a
momentum w.r.t. the twisted translation operator, in particular, the symmetry sector corresponding to symmetry Q eigenvalue
€' splits into L sectors labeled by twisted momenta k € (2 Z + 6)/L. For large enough system sizes, we expect the low-energy
excitations of the system with twisted BCs, which are single DWs, matches that of OBCs, which are also single DWs. However,
the correspondence is not one to one, for example, the symmetry-broken ground states of the OBCs are themselves not the
ground states of the Hamiltonian with twisted BCs.

Inserting a Z, symmetry flux in the PBC Peschel-Emery Hamiltonian of Eq. (BS), we obtain the twisted Hamiltonian

L1
1 1 1 1
Hyy = 3 Z |:1 — XiXjm — (Z +Zi1) + (Z iZj+1 +XX+1)] 2|:1 + X X1 — Z(ZL +Z1)+ ;(ZLzl _XLXI):|7
(B13)

which has a twisted translation symmetry that satisfies 7% =[] ;Zj- Hence we can obtain its eigenstates separately in the
I1 ; Z; = +1 sector, where the momenta are quantized as 277 /L and in the I1 i Z; = —1, where the momenta are quantized as
(2Z + 1)z /L. It is easy to check that the last term in Eq. (B13) has ground states of the form {|1), |{ 1)} unlike the terms in the
sum, which have ground states {|11), |{ |)}. Hence in the low-energy spectrum, one DW is pinned to the boundary whereas the
other DW can disperse, revealing a clear band of one DW states shown in Fig. 5. We have verified that states of similar energies
also appear in the spectrum of the OBC Hamiltonian, which shows the correspondence between systems with OBCs and twisted
BCs. This physics can also be checked in the exactly solvable transverse-field Ising model in the ferromagnetic phase.

3. Analytical estimate of the dispersion relation

In this section, we give an estimate of the dispersion relation in the Peschel-Emery model at finite ¢ by evaluating its
expectation value in the state (67) with A = 0. This calculation can be done semianalytically and gives a reasonable estimate for
the exact dispersion relation. We also show that the corresponding variance is small for large g.

The simplest expression for a single DW state is obtained by setting A = 0 in Eq. (67):

L—1
1 nw
(V) = \/_Nn_ ;cn,xmx), N, = Zc;xcn,x/ (Dy|Dy) ch Cnx =7 pE 7 Cnx = exp <— 1Tx> (B14)

x,x

where |D,) = || -+« {x1xs1 - -+ 1), N, is a normalization constant, and we have chosen momentum to be quantized in units of
%, which is the case with OBC. While |v,) is not orthogonal to the ground states |G ) and |G| ), we find that orthonormalizing it
does not change the computations below. For these computations, it is convenient to invoke the representation of the Hamiltonian
in the nonorthogonal {£, |} basis, which is different from the biorthogonal and the orthonormal basis discussed in Appendix B 1.
Following the discussion there, we can derive the matrix representation of the nearest-neighbor term of Eq. (B6) in this basis by
a simple transformation (which is not a similarity transformation, since the basis is no longer biorthogonal):

~ 1\% __ __ o
HYO = (s HTHOS™ = Hnn=(1—;> AT AL+ 1T EAD. (B15)

With this expression, and denoting the Hamiltonian as H = ) ; ;’\j, j+1, where E j+1 1s the nearest-neighbor term, the expectation
value of the energy in the state (B14):

= (YulH|Y) = Zcmcﬂxw |H|Dy) Zcmcmw 1) j+11D)
n.)(xj
1 1 1) - 1)
=/72 Cnx(VH Hml 1) = N( ——2) Zc“c”= = (1—?), (B16)
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where in the second line we have used the fact that E j+1/Dx) = 0 unless x = j. We numerically observe that it can be written
as

g oL LY, 2 ) v (B17)
L= R — — — CoS| — ns
N, q’ q+q" L
where |8,| appears to be of O(1/¢*) and decreasing with L for the system sizes we can access. Setting 8, = 0, we obtain a
toy dispersion relation that gives rise to a membrane tension that satisfied the constraints of (4), as discussed in Appendix C 2.
Indeed, the curves shown in Fig. 6 obtained using the methods of Appendix G for larger values of A are also well approximated
by Eq. (B17) with §, = 0.
To understand why {|y,,)} are good trial states, we compute their energy variances, which are given by

1
o) = (Ul H2l) — (B = 1~ > ¢} Cnw (D H?|Dy) — (E,)*

no_

L-1 L-1

1 1 - o~
= A_/' C:,xcnqx (Dx |ilz,x+l |Dx> + A_/- Z (C:,x_lcn,x + C:_xcn,xfl)(Dxfl |hx71,xhx,x+l |Dx) - (En)2
T x=1 m x=2
L—1 3 L-1
1 ( 1 )2 1 ( 1 ) 2
=—|1-—= ey ———|1——= (¢ Cax+C Car1) — (EV™
N 7 ; g, 7 ; ! ’ (B:™)

L—1<1 1)2 | 2(L—2)<1 1) (nn) L—1<1 1>2 B13)
= - — —— (|l == )cos|— ) — - — ,

N, q* g(L—1) q* L N q*

where we have evaluated the various matrix elements using the expressions of (B15). Using (B17), we further obtain

2—E<5 +cos<ﬂ)[ 2 —2<L_2)<1—l)]>~E<5 +#cos<ﬂ>> (B19)
o =\ L)lg+a' qz-D\ ~¢))) T e ™\ ))

where in the last step we have used that L large. Since |E,| ~ O(1), we have that G,f ~ 0(]8,]), which from our numerical
observations is O(1/¢*) and appears to be decreasing with system size L.

APPENDIX C: EXACTLY SOLVABLE SUPERHAMILTONIANS

In this appendix, we discuss exactly solvable toy models with bare domain walls as exact excitations. This will help us
understand the qualitative feature of more general GUE models. We consider models that act on the |[1) and ||) degrees of
freedom, defined in Egs. (37), and have an action that resembles that of Ao® in Egs. (39) and (44), i.e.,

HN) =H) =0, HIt) =IM) =t + 14, HID) =14 = (011) + 14D, (€D

where we treat ¢ in this appendix as a free parameter. While H is a non-Hermitian for general ¢, by expressing it in the
orthonormal basis of Eqgs. (41), we can check that it is Hermitian when ¢ = ﬁ, and we discuss this case in more detail
in Appendix C2.

1. Exact solution of single-domain wall excitations

For completeness, we start by defining the two kinds of domain walls, |D,) and |5x), as

D) =14 bt oo D D) =11 A o ). (e2))
Note that this is not an orthogonal basis, hence it is convenient to work in a biorthogonal basis by also defining the objects
D) =11 LA D) =11 R D (€3)

Analogs of these with higher numbers of domain walls can be similarly defined. The action of the Hamiltonian on the domain
walls of Egs. (C2) then reads

H|D,) = |Dy) — £(IDs—1) + |Doy)), if 2<x<L—2,
H|Dy) = D) — £(1D2) + G1)), H|Dy 1) = |Dp—1) — £(Dp2) + |G))),
H|Dy) = |Dy) = £(IDy-1) + |Dei1)), if 2<x<L-2,

H|D\) = |Dy) — €(D2) + 1Gy)),  H|Dp—y) = |Dr_1) — €(IDr—2) + |Gy ). (C4)

2 Note that due to our unfortunate choice of convention, what we refer to as the left eigenstates of A, in the main text are the right eigenstates
of H in this appendix.
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This shows that domain walls in the bulk are allowed to hop under the action of H, whereas on the boundaries they can be
annihilated. It is easy to also show that the action of H on a state with multiple domain walls is similar, i.e., the domain walls in
the bulk hop independently, and those on the boundaries can be annihilated. Hence the action of H can only decrease the number
of domain walls in the system, since they can be annihilated but not created at the boundary of the system.

Hence, in a biorthogonal basis ordered by the increasing number of domain walls, the matrix of H has a block upper triangular
structure, i.e.,

My My, O .- 0
0 M M, :

H=]: : , (C5)
: . 0 My, Mpo;,
0 ... . 0 M,

where M, is a matrix that denotes the action of H on n domain walls, M), ,1 are rectangular matrices of appropriate sizes, and
the matrix elements are numbers of the form (D...|H|D...) (or analogs with D — D). Due to this structure, if we are interested in
eigenstates that have at most n domain walls, we can truncate H to only the first two blocks, composed of My, My, 1, M}, without
changing its right eigenvectors. Using the actions of H from Egs. (C4), this truncated matrix has dimensions 2L x2L, and in the
basis ordered by {|G4), |G,), |D1), ...|Dp—1), ID1), ..., |[Dr—1)} can be written as

0 0 o Wt
(Mo Moy |0 0wl oT
M_(O Ml)_ 0 0 B ol (C6)
0O 0 O B
where we have defined
1 —£ 0 0
—L 1 —/ . :
V== 0 - Oz, w'=0 -+ 0 —Opg, B=|0o . . .0 (o))
: . =4 1 —£
o .. 0 ¢
L—1xL—1

Using the block upper-triangular structure of M, it is easy to see that all the eigenvalues of M are twofold degenerate, and they are
just the eigenvalues of the diagonal blocks—there are two zeros and two each of the eigenvalues of the matrix B. The structure
of the right eigenvectors are a bit more complicated, as we discuss below.

The zero right eigenvectors of M are simply of the foom (1 0 --- O)T and O 1 --- O)T, respectively, and the
eigenvectors of H thus are the two ground states

H|Gy) =HI|G}) =0. (C8)
The other (unnormalized) right eigenvectors of M are of the form
SI;IUTwa SgleI//ot
~1..T —-1.,,T
MY, =g, Wy, MV, =¢e,V,, Yy = %a ;l/) Ve , W= b l()) Va ) (C9)
0 Vo
where ¢, and ¥, are the eigenvectors of B, which (without normalization) read
. [ Tmax To
BYy = €qVo, Yax =sin (T), &g =1—20cos (T)’ I1<x,a<L-1. (C10)

This means that the corresponding (unnormalized) right eigenvectors of H that satisfy H|W¥,) = &4|¥,) and H |q!a) = 80,|"r/a>
are

L—-1
Wa) = Y YaalDy) — &5 W 11Gt) + Y 11G1)),
x=1
Wa) = Y VaalDx) — & Wa11G)) + Vs 11G1)). (C11)

x=1

The complete set of right eigenvectors of H in the single-particle sector are thus |G4), |G, ), {|W)}, and {|1TJa)}.
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It is natural to wonder what the left eigenvectors for general £ look like. These can be computed exactly, in principle, by
computing the right eigenvectors of the matrix H” for H of Eq. (C5) and expressing the resulting vectors in terms of [D...)
instead of |D...). While these are guaranteed to coincide with the right eigenvectors in the Hermitian case, that is not true for
general £. Herle we will not pursue that computation since we are primarily interested in Hermitian super-Hamiltonians, and

setting £ = T provides us with a simple example of such a case.

2. Hermitian case

When ¢ = #, i.e., when H is Hermitian, this can be verified by expressing it in the orthonormal basis of Egs. (41) by
using the similarity transformations defined in Appendix B 1. In this orthogonal basis, the Hamiltonian reads
H(ﬁ— ! )—Zl ! GX: X1 +q YY1 +Z + Zi1] (C12)
—q+q_1 = j 2 24+4h gAjAjp1 g LjXjpq j j+11-

Note that under the Jordan-Wigner transformation, this maps onto free fermions, which is consistent with the exact solvability
illustrated in Appendix C 1.

In such a case, the right eigenvectors of H are also the left eigenvectors. In that case, we can also verify (with tedious algebra)
that the many-body eigenstates corresponding to the different energies are orthogonal. An orthogonal basis can also be defined
as

Gs) := Gy £ (G)), W z) = W) & |Ty), (C13)
which satisfy
2 To
H|Gy) =0, H|V,1)= [l - - €O <—)}|\Il(,,i). (C14)
q9+q° L

In the continuum limit, this dispersion reads
2
E(k) =1 — ——— cos(k), (C15)
q+q

and it is easy to verify that it satisfies the membrane constraint E (i In g) = 0 of Eq. (64). We discuss some physical aspects of
this in Appendix C 3. Further, vg can be computed for this dispersion relaton using Eq. (65) as

_q—q

vp = . Cl16
B q + qfl ( )
Various computations also require the norms of these eigenstates, which can be computed to be
(G+|Gy) =14
L—1L-1 L-1
Nt o= (Wil Wos) = D) Y oWafelle =¥ =26, € pus Y Varnfe@) +6.°Crepo o, (CI7)
x=1 x'=1 x=1
where we have defined
Pat = Var £ Vor1, rei=lqh fi) =g £q . (C18)
Using Egs. (C10), we can evaluate the expressions in Eq. (C17) to find the identities
L1
D Wanfr(r) =6, ripa s,
x=1
%Lizp Vox fullx —x') =260 sin [ 22 ) e er CamE sl () |+ £ (C19)
Lol axVa,x'J+ - o I o +Pa,+ + B + ) I ) .
Combining these, the norms can be expressed and approximated in the large L limit as
L L —q!
where we have used that p, ; = 2sin (%)80,,0(1(1, Da,— = 2sin (%)(Sa,everh r+ ~ 1, and neglected the second term in the

approximation.
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3. Comments on the membrane constraint

We now comment on a few subtle aspects of the membrane constraint relation as derived in the main text in (64), which
attributes the origin of this constraint to the structure of the ground state of Ps. At first sight, this might appear a bit strange
since the constraint is on the excited state dispersion relation, which is usually thought to be independent of the structure of the
ground state since the excited states and ground states are orthogonal. Here we derive this constraint for this toy model using an
alternate method, and clarify this subtlety.

As discussed in the main text, this membrane constraint is equivalent to the fact that entropy growth rate I'(s) for a mixed
state of entropy density s should vanish for a maximally mixed state, where s = s.; = In(g). For a mixed states p; that satisfies
(5), we can write down the purity and initial growth rate atr = 0 as

—$, —Ht 95> (Dy|H | ps)
e (Dxle™" | ps) = Ta(s) o le=0 Dl (C21)
Using the action of H in Egs. (C4) for domain walls in the bulk (with £ = #), and the fact that (D,|p;) = e™*, this can be
simplified to
Ty(s) = _£<Dx+1|ps) — £(Dy—1]ps5) + (Dx|ps) —1_ 2 COSh(S) — E(is). (C22)
(Dxlpy) q+q!
It is then clear that the membrane constraint of E(iln g) = 0 follows from the fact that the growth rate I';(s) should vanish at
s = Ing, i.e., for maximally mixed states. Note that this computation, unlike the one presented in the main text, does not rely on
the structure of the ground state but only on the bulk propagation of domain walls.

Note that there is a constraint on the dispersion relation of the domain wall excitations in spite of it being orthogonal to the
ground state (i.e., | 0s=ng, €)) because the bulk of the domain walls is not orthogonal to the ground states. That is, as discussed
in Egs. (C11), the domain wall excitations at any finite size are of the form

[Wa) = celGr) + Y CaxlDi) + ¢y |Gy). (C23)

While the full state is orthogonal to the ground states, the bulk part of the state, i.e., just > c|D,), which is close to the full
eigenstate for large L, is not orthogonal to the ground state. This bulk state is sufficient to determine the dispersion relation, and
since it is not orthogonal to the ground state, the ground state imposes a constraint on the dispersion relation of the domain wall
state, as discussed around (66).

APPENDIX D: METHODS FOR EXTRACTING THE MEMBRANE TENSION
In this appendix, we provide some details on extracting the membrane tension using different methods and comparison with

numerical methods. We also demonstrate both methods on the toy model discussed in Appendix C 2.

1. Dispersion relation method

To extract the membrane tension numerically from the dispersion relation of the domain wall, we use a simple fitting function
of the form of Eq. (69). The precise membrane tension can be extracted using the Legendre transform of E (k), given by

E(i Nimax . h Ninax
E) = (”;)Hv _ L ¢ C(l’s MOFTXV  Ghere Elix) = iv = Y cumsinh(ny) = —v. (D)
ng ng "0

This can be solved numerically to extract £(v) from any general E (k).
For the toy super-Hamiltonian discussed in Appendix C 2, from the dispersion relation of Eq. (C15), we can compute its

Legendre transform to be
1 2 Y vg+q7")
Ev)y=—|1- ( 1) + 02+ varcsinh(—) . (D2)
Ing q+q- 2

It is easy to verify that this satisfies the membrane constraints £(vg) = vg, where vp is defined in Eq. (C16).

2. Propagator method

Alternately, we can also extract the membrane tension using the domain wall propagator, which was referred to as the modified
partition function in Ref. [18], where it conjectured that

G(.X, ¥, t) - (Dx|€7Ht|Dy) ~ e*ln(‘])g(v)f e, (D3)
where the - - - are subdominant at large times, and the domain wall states are defined in Eqgs. (43) and (47). Note that this is

simply the domain wall propagator discussed in the main text, e.g., in Eq. (48), hence Eq. (D3) is essentially Eq. (52). Given
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a super-Hamiltonian H, we can numerically compute the membrane tension £(v) by computing F (x), := G(x,y = 0,1 = x/v)
for each v using standard tensor network methods, such as TEBD, and extracting the slope of — In F'(x = vt), as a function of ¢.

Further, we can also quantitatively verify Eq. (D3) for toy super-Hamiltonians such as those discussed in Appendix C where
the bare domain walls are exact excitations. We will set £ = ﬁ in this computation, since we are ultimately interested in Her-
mitian super-Hamiltonians, see Appendix C 2. We can unpack the expression for Z(x, y, t) in Eq. (D3) in terms of the eigenstates

of H as
G(x,y,1) = Y _ (Dy|E,)(Ey|Dy)e ™. (D4)

n

The complete weight of |D,) lies within the space spanned by domain wall states of the form of |\, ), |\Tla) of Eq. (45) and the
ground states |Gy ), |G, ) [i.e., (Di|E,) = O for all other eigenstates], and we can write

G(x,y,t) =

D, |V, MW, ,|D,)e !
ZN(HZ< o) (a4 (D)™ + 70—

o

D o AD W) (W, - [Dy)e ™, (D5)

where we have used the orthogonal basis of Eqgs. (C13), and N, . are defined in Eq. (C17). The exact expressions for the overlaps
in Eq. (D5) and their large L approximations read

L—1
(Dl Wo i) =Y Yo (q " kg D) — e Wt £ Yo ) (g £ g EY)

= Y fellx = X') — &3¢ pas fio(x) = sin (%) [285113(& cos (”L—“) - fi<1>> n ri]

x'=1
~1
. 19—q . [(moax — . (may
~ g, e sin ( 7 )(“pa,i|Dy) = Yy, = sin (T) (D6)
where have used the notation of Egs. (C18) for the fact that
<G:|:|B)) = <ﬁx|5y> = Oa (Dx|5») ~ Sx,y- (D7)
Taking everything together, we can express the propagator as
L -1
1 oot [ DxlWa i) | (Dx|Wa,-) 2 _
G(x,y,1) == o,y fal : - ~ = a,xVa,y 20,17 D8
(3, 1) Z;w,)e ( T L;w,w,}e (D8)

where we have used the overlaps are in Eq. (D6), and the energies ¢, and the wave functions v, , are in Egs. (C10) (with
{ = #)' For large L, we can then write G(x, y, t) as an integral as

2 T 1 T 1 T
Gx,y, 1)~ = / dk sin(kx) sin(ky)e E®" = — / dk cos(k(x — y)) e E®r — — f dk cos(k(x +y)) e E® (DY)
T Jo T Jo T Jo
where E (k) is the continuum dispersion relation in Eq. (C15). We can then evaluate the integrals of the form as in Eq. (D9),
1 (" !
— / dk cos(kX) e~ (1=2¢cosNt — =11 (201) ifX € Z, (D10)
T Jo

where Iy (o) is the modified Bessel function of the first kind. Hence the expression of the propagator reads

G(x, y. 1) —’[1 ( 2t ) I ( 2 )} -ty ( 2 > ifor €7 (D11)
X, Y, ~e x=y\ = 1) tWty\ T ~e v Iv )
Y "\g+q! Ng+q! "\g+q7!

where the second approximation is justified since we are interested in the regime where x, y ~ O(L) in the middle of the system,
|x — y| = vt with v ~ O(1), and times O(1) « t <« O(L). This expression of G(x, y, t) is completely independent of the full
system size L and only depends on the velocity v and time ¢, similar to the expressions in the main text.

For large ¢, the asymptotics of this modified Bessel function can be analyzed using the Debye expansions, which says that
[87]

1 1
Le) ~ ——(1 4375 0(—) forlarge v, n(£) = T+ 22 4+ 1n — . (D12)
2wy v 1+ 1422
Using this, we can substitute v = vt and ¢ = %1 to obtain that
(g+q~ v
e_t]ut< 2t ) ~ e*[#»ul ﬂ((ququ])l,) ~ e—]n(q)g(v)t for lal‘ge t, (D13)
q+q
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where £(v) is the membrane tension of the toy model, shown in Eq. (D2), where we have used that arcsinh(x) = In(x +
+/1 + x%). Hence, combining Egs. (D11) and (D13), we obtain the scaling of the propagator as expected in Eq. (D3).

As we discussed in the main text, the low-energy excitations of more general super-Hamiltonians are dressed domain walls,
hence we expect that the analytical computations above should also approximately hold for the those. It would be interesting to
check this more carefully in future work.

APPENDIX E: SUPERHAMILTONIANS FOR HIGHER RENYI ENTROPIES

In this appendix, we write down expressions for the super-Hamiltonians that govern the behavior of the higher Renyi entropies.
As discussed in Sec. II, in general, for 2n copies, we can write down a local basis of permutation states as identities (normalized)
that couple n copies of U with n copies of U*, hence the 2n-copy super-Hamiltonian has basis states from elements of S,,. The
permutation states |o) that span the local Hilbert space, are defined in Eq. (20). It is convenient to define normalized versions of
these permutation states |o'), which are defined as

5) = q 2o, (E1)

which are normalized as (o|o’) = 1. Note that when n = 2, we have |1) = [¢) and ||) = [7]), which is the relation in Egs. (37).
Further, similar to Egs. (37), |&) can be expressed in terms of [MAX) dimers [defined as in Eq. (32)] as

n

5) = Q) IMAX) ;. (BIF) =g, (E2)
=1

where d(o, t) is the Cayley distance between the permutations o and 7. The general super-Hamiltonian for the GUE model is
given in Egs. (31).

We now focus on n = 3 and illustrate the structure of Ps, which has been used in the discussion in Sec. IV C. We can denote
the six on-site permutations as

e=(123), «x=@213), «K=(0132), t=231), u=@321), n=0312). (E3)

The Cayley graph has the following distance structure:

dle,k)=d(e,k")=d(e,u) =d(n, k) =d(n, k") =d(n, n) =1,
de,n) =d(e,1)=d(n, 1) =dk,k)=dk,p) =dk', n)=2. (E4)

So, this Cayley graph is bipartite with two sublattices A = {«, ', p} and B = {e, n, 7}, with

d(A,B)=1, d(A,A)=d(B,B)=2. (ES)

We can further denote the normalized versions of these states as {|¢), |), [K'), |T), |1}, |7)}, which are defined as in Eq. (E2).
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The action of the super-Hamiltonian P of Egs. (31) on these states then reads

Pslaa) =0, a €8s,

~y 1 i 1 ~7 D! 1 RR / ’ /
Pofad) = 7 | 3loa’) = = 3 (@B) +1BZ) + 5 ) (-1»7IBB) |, e’ €A afto BpeB,
B BB

~ I s 2 ~~ 2~
Pslap) = E[ZIO!,B) - E(Ifxa) +188) + ?Iﬂa)], €A, peB (E6)

The first line shows the six ferromagnetic ground states. The second line shows that a domain wall between permutation states
of Cayley distance 2 can dissociate into more elementary domain walls at leading order in 1/g, i.e., those whose Cayley distance
is closer. In particular, for the e — n domain wall that is of physical interest, we have that

1 1 1
Fslen) = 5[3|€77) - E(IEV) +1vn)) + ?(—Z(IKK) + 1k'c") + lup)) + Ivv))], (E7)

where |v) := |o) + |67) 4+ |u). The third line in Egs. (E6) shows that permutation degrees of freedom with Cayley distance 1
behave similar to |1) and || ) in the case of n = 2, i.e., in Eq. (39). Note that the bare energy of the e —  domain wall is lower
than that of the e — v and v — 5 elementary domain walls combined, which leads to the rich physics discussed in the main text
in Sec. IV C.

For completeness, we also write expressions for the biorthogonal basis states {|@)} corresponding to the permutation states
{|&)}, which satisfy the property (@|8) = 8q.8- The analogous states for n = 2 are shown in Egs. (38). The expressions for these
read

2

=~, q 2 ~ ~ -~
=— 2 -2 — , E8
D= a4 )WHEQ &) q% 1) (ES)

where A, A’ are states from one sublattice and B is a state on the other sublattice of the Cayley graph. The expressions for |B) are
obtained bjust by switching the sublattices.

For numerical purposes, it is convenient to work with an orthonormal set of basis vectors analogous to (41) for n = 3. When
n = 3, a convenient candidate is of the form

0. 1) := mm + 17y + ) + o) + 1) + 1o7)),

0, 1) := W(M +1T)+ ) — o) — lw) — o)),

11, 1) = \/#7_1)04 +0’|7) + 0ln) + @l0) + olu) +107),

I1,4) = ﬁ(@ + &?7) + wln) — o) — lu) — |o),

2.1) = Jﬁi_l)ua +lt) + &?ln) + 0lo) + @) + o)),

2, ) = ﬁ(m +o0lt) + o) — 0lo) — @’|u) —l0"), (E9)

where we have labeled them by a qutrit-qubit degrees of freedom, as common for S3 models [88], and w = #

As a sidenote, when ¢ = 2, we have |0, |) = 0, which means that the permutation states are linearly dependent. This
overcompleteness of the permutation states has been noted in Ref. [48], and one way to see that is the overlap matrix is not
invertible. But they still seem to have six ground states, so perhaps everything is ok, except for the local basis. Contrary to
the case where the dimers connecting the spins are singlets (instead of [IMAX)), where all crossing configurations are linearly

dependent on the noncrossing configurations [89], which does nott seem to be true here, at least for four sites.

APPENDIX F: MULTIPLE INTERVALS AND MULTIPARTICLE EXCITATIONS

In the main text, we mostly discussed the evolution of the Renyi entropies for the half line region in one spatial dimension.
To distinguish the entanglement dynamics in chaotic systems from that in integrable systems like the quasiparticle model [37], it
is important to also consider the evolution of the Renyi entropies for multiple intervals [38,39]. In this appendix, we first briefly
review the implications of the membrane picture for regions consisting of one or more intervals from Ref. [12]. We then explain
how in the large ¢ limit of the GUE model (Sec. IV A 1), these results can be obtained from the structure of the multiparticle
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(a) (b)

X1 X2 X1 X2

V1 vy

=0 =0
x1 + vqt Xy + vyt ’

FIG. 15. Two possible membrane configurations for a single interval.

excitations of Ag. A similar picture should hold away from this special limit, as we have shown that the lowest excitations of P
are quite generally given by well-defined gapped quasiparticles.

Consider the evolution of the entanglement entropy for a single interval. For simplicity, consider the case where the initial
state is a pure product state. In applying the membrane formula for the Renyi entropy S, to a finite interval [x;, x,], we need to
consider the minimum over all possible velocities in the two configurations Figs. 15(a) and 15(b).

From the configurations in Fig. 15(a), we get

C, =t min [Seq(gn(vl )+ E(v2))] = 22‘Seq VEn, VEn = &:(0). (F1)
V1,02
From the configuration in Fig. 15(b), since we must have (|v;| 4 |v2|)t = x, — x; for the membranes to join together,
. (2 —x1)
Cp = min Seq |:(En(vl) + gn(UZ))—l = Seq (x2 — x1), (F2)
V1,02 [vi| + |va]
where we have used the constraints (4) to see that the quantity in (F2) is minimized for |v;| = |v;| = vp. Minimizing between
C, and Cp,, we see a linear growth of entanglement entropy followed by saturation at the thermal value:
. 2tSeq VE.n < e
Sy, ;) =1 2 (F3)
(XZ_xl)Seq tz ZZU_EI

For R consisting of m intervals [x, yi] U [x2, y2] U - - - U [x,,, Y], we have a minimization over a larger set of configurations,
which leads to the following result:

Snr(t) = min [Z S (Lxi. Yy i), r)} : (F4)
" Li=1

(F4) is always nondecreasing as a function of time, in contrast to the evolution of multiple interval entanglement entropy in the
integrable quasiparticle model [38].

To derive this formula for the Brownian models of this work, we need to understand the structure of the multiparticle
excitations involving more than one domain wall. We will understand this structure for the simplest case of Ay from (39).

For an initial state with two or more domain walls, the action of Ay can cause domain walls to annihilate in pairs, and it is
useful to divide Ag into parts Ay and A. as we discuss below (57). The action of Ay on the multidomain wall state (Dy, . x|,
X] < xp < --- < X, is given by

1
<Dx1 ..... X |Af = Z <<Dx1 ..... xkl - Z](<Dx| ,,,, xj+1,..., xk‘ + <Dx1 ..... xj—1,..., xk‘)) (F5)

when all |x; — x;| > 1. If any x;, x; are such that |x; — x;| = 1, the action is such that we can simply delete the terms with any
repeated x; appearing on the right-hand side of (F5). The action of A, is

2
<Dx|,...,xk |Ac = _5((SX1+],XZ(DX3,X4,...,X;<| +-- 4+ Sxk,l,xk<Dx|,xz,...,xk,zD’ k 2 2. (F6)

An initial state with zero or 1 domain walls is annihilated by A..
Due to (F5), eigenstates of Ay take a simple noninteracting, free fermionlike form of (58) with energies given by the sum of
the one-particle energies in (45), E(ky, ..., k,) = Z'}:] E(k;). Hence, the total propagator can be written as

n
(Dyy.... | Dy, ..y,) = [ [ Gy 1), (F7)

i=1

where G(x;, y;, t) is the single-particle propagator defined in (48).
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Consider the evolution of S, for a region consisting of m intervals, R = [x;, x2] U ... U [x2,—1, X2,n]. Expanding the evolution
under Ay in the interaction picture, treating A, as the interaction, we get

67S2,R(t)lﬂl‘gcq — qL< e*Aol"po’ e) (Fg)

X5 X250005 X2m

t
—A —A —A(t—
= ¢"(Dy,....x0 € ftlpo,€)+fdfqu( ..... oo €TV Ace™ M g, )
0

¢ - =y m
+ f dt / ... / dtn(Dyy.. oy [€ A1 AT AL LM IR gy ), (F9)
0 0 0

We can check from (F6) that after m + 1 insertions of A, at any intermediate times, the state (Dy, _,, | necessarily gets
annihilated, so the interaction picture expansion truncates at (F9). Using (F7) and (F6), together with the expression (52) for
the domain wall propagator, we can show that the sum over the m terms in (F9) leads precisely to the minimization of (F4) in
the scaling limit.

APPENDIX G: VARIATIONAL APPROACH FOR LOW-ENERGY EXCITATIONS OF P,

In the variational calculations discussed in this work, our goal can be stated as follows: We select some orthonormal basis
of candidate states, {|V,)}, a =1, ..., m for some m. We then consider a general state in the subspace spanned by {|v,)}, i.e.,
l¥) =), cal¥a), and want to minimize the expectation value (|H|) of some Hamiltonian H with respect to the coefficients
ca» Subject to the normalization condition Y |c,|* = 1. It is easy to see that this minimization problem is equivalent to finding
the lowest energy eigenstate of an effective Hamiltonian projected to the |1,) subspace:

(H Yoy = (Yl H|Yp). (G1)

The smallest eigenvalue of H°T is the minimized expectation value in the given subspace, and the corresponding eigenvector
corresponds to the optimal coefficients c,. The calculation shown in Appendix B 3 is a trivial m = 1 version of this procedure.
For our Hamiltonian P,, we generally look for excitations of the form

W) = fZe—”“m M)l ®) it vralesrat - - le). (G2)

It is natural to parametrize the excitations as plane waves due to the translation invariance of P,,. For a system with open
boundary conditions, this is a natural ansatz in the thermodynamic limit. Taking the form of the excitations to be asymptotically
[n) ... |n) toward the left and |e) ... |e) toward the right ensures that we are in the right sector of the Hilbert space for finding
eigenstates of P, that contribute to the nth Renyi entropy of the left half-line. It also ensures that the states we consider have
vanishing overlap with any of the ground states in the thermodynamic limit, so the above minimization procedure will give an
estimate of the lowest excited energy with the given momentum and not the ground state energy.

Now for any given A, we must find an appropriate orthonormal basis of states of the form (G2). Let us start with the
simplest nontrivial example of A =2 for P, of the GUE model, where |n) = ¢q||), |le) = g|1). In this case, the two options
(D) 1002 = Wapt M)y and @), w42 = [1) 14114 ) 142 span the whole relevant Hilbert space—the other two possibilities are
redundant as the the resulting states differ from these cases only by an overall phase in the thermodynamic limit. However, note
that the two states

) =) = Ze““ SR AN (RS S Jvs | K MEST L) (G3)

i) =) = Ze*’k*u [N (E S MRTRA TS [ NER ) (G4)

are not orthonormal. To find H° in an orthonormal basis, we use the following two steps:

(1) We find the four matrix elements (w,i |P4|1//,f ) directly in the thermodynamic limit. This is easy to do due to the fact that
(s5|(Ps)ij = (Py)ijlss) = 0, where (Py);; is the nearest-neighbor term in P.

(2) We construct the gram matrix with matrix elements <1ﬁ]i|1ﬁ‘1{ ) semianalytically for a large value of L and use it to construct
an orthonormal basis for the subspace spanned by (G3) and (G4). In practice, L = 50 is sufficient for the convergence of the
O(1) coefficients of |1//k1), |1p,3) in the orthonormal vectors. We then transform (1ﬂ1i|P4|1//,f ) found in point 1 to the orthonormal
basis to find H.g, which is simply a 2 x2 matrix in this case.

We then plot the lowest eigenvalue of H.g obtained for each k to obtain the A = 1 curves in Fig. 6. The generalization of
this procedure to higher A for P, in the GUE model is straightforward. For the remaining cases of Ps in the Brownian GUE
model and of Py in the Brownian mixed field Ising model, again we use the same two steps Let us describe the A = 1 case more
explicitly in each case.
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For the third Renyi entropy in the GUE model, we need to allow for arbitrary permutations in S3. A convenient way to form
an orthonormal basis for this case is as follows. Let us label the one-site states associated with permutations other than |e) and
[n) as |o,), a=1\ldots, 4. First, for each |o,), subtract the components of the state along both |n) and |e) to get a state |5,). Then

find the orthonormal states |7,),a = 1, ..., 4, in the subspace spanned by |5,). Then for the A = 1 case, the relevant set of five
states is

v =N )— pv Z ) ) agle) e - - le), (G5)

v) = qum Z M) ) le)sa - le), a=1,...,4 (G6)

Note that we have not included the state with |e) at x, as this is redundant with the choice (G5). The states (G6) are already
orthonormal among themselves, and orthogonal to |1ﬁk")) The normalization factor N'(L) in W’“) has to be computed
numerically, and converges to some O(1) constant for large enough L. We can then find the matrix elements of P, directly
in the thermodynamic limit.

For P4 of (21) for the mixed field Ising model couplings in (93), we need to consider a 16-dimensional Hilbert space at
each site. We can construct an arbitrary one-site orthonormal basis of states |a), a = 1, ..., 14, which are orthogonal to the
permutation subspace spanned by |e), |n). Then for A = 1, we can take the orthonormal basis to be

W) = ML )——Z ) ) l€) e - - le)s (G7)

[y @) = qu Z Ky nela) @) g - le),  a=1,..., 14, (G8)

where again the normalization factor M (L) can be computed numerically for finite L until it converges to some O(1) number, and
the only remaining microscopic inputs needed to compute the matrix elements of P in this basis directly in the thermodynamic
limit are the two-site matrix elements such as (a 1[(P4);;|b 1), (I al(P4);;|b 1), and so on.

APPENDIX H: ARGUMENTS USING DIAGRAMMATIC APPROACH IN THE BROWNIAN GUE MODEL
1. Diagrams in interaction picture

In Sec. IV A 3 of the main text, we used the structure of the eigenstates for any finite g to argue that the domain wall propagator,
defined as

G(x,y,t) = (Dile™™|Dy), (H1)

is given by

Glx,y.1) = f e I b (H2)
b b x 2]-[ b t‘ b
where E (k) is the exact dispersion relation at finite g, which we obtained numerically. In this appendix, we will use perturbation
theory to understand the structure of the diagrams coming from A; in (39) that correct the large g propagator from Ag:

_ T dk -
R R B e (H3)
-7

The resummation of all such diagrams should in principle lead to the exact result (H2). Note that we are now using “0” subscripts
to denote G, E, and £ for Ay, which we found in Sec. IV A 1, to distinguish them from the exact quantities appearing in (H1).
Quantitatively, the perturbation theory approach is much weaker than the numerical techniques discussed in the main text. In
particular, the corrections that we obtain order by order in 1/g do not lead to membrane tensions that satisfy the constraints
(4) well at finite g. Moreover, this discussion only applies to g > 3, as the zeroth order Hamiltonian A is gapless for g = 2.
However, one advantage of discussing the diagrams is that they allow us to better explain the connection of our results to the
diagrammatic approach used for circuit models in Ref. [18]. The diagrammatic approach in the interaction picture may also be
more directly generalizable to higher dimensions than the dispersion relation approach discussed in the main text.
Let us use the following expansion of the Euclidean time-evolution operator:

t t t—1
€7P4t = eiAOz — / dn €7A0,]A1€7A0(,711) + / dn f dty €7A0,]AleiAotzAleiAO(titl ) + - (H4)
0 0 0

Putting this expansion into (D,|e~"*'|D,), the first term gives the bare propagator Gy(x, y, ) from the previous section. Recall that
the action of A; sends a state with one domain wall to a state with three domain walls. For the second term in (H4) to contribute
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(a) (b)

A |t
Al bt

At + 4

FIG. 16. Interaction picture diagrams coming from (H4).

to the domain wall propagator, two of the three domain walls created by the action of A; must annihilate at an intermediate time
11 +t{ between f; and ¢ due to the action of A, defined in (F6), see Fig. 16(a). The resulting contribution to the domain wall
propagator is

t t—t
G(x,y,t) Df dtlf dtl’(DX|e*Af"A1e*Af’lAcg*Af(’*tl*’l)|Dy)_ (H5)
0 0

By inserting resolutions of the identity in the energy eigenbasis of A before and after A; and A., and doing the integrals over ¢
and 74,

G(x,y,1) = / dke™ =y ~Folkx

n Z k=)~ Eo(bn (Wk|A1|1pk1,k2,k3><1ﬁkl,kz,k3|Ac|1ﬁk)<

1 — e~ (Eolki ka,ks)—Eo (k)
+ e
Eo(k) — Eo(ky, k2, k3) )

—t
koker Kook Eo(ky, ko, k3) — Eg(k)

~ / dke™ "B R (L — Fi(t -, (H6)

Fik) = Z <Wk|A1|¢k,,k2,k3)(1/fk1,k2,k3|Ac|wk)’ HT)

e Eo(k) — Eo(ky, ka, k3)

where (Y, 1, 1, | was defined in (58), and |, 4, 4,) is defined such that
(Wi o[ Vktorks) = 1o (Vpropon [ Vkiskoks) = 0 for {py, ..., pa} # {ku, ko, k3). (H8)

In the final expression (H6), we have kept only the leading linear-in-¢ term in the large ¢ limit, ignoring the O(1) and
exponentially suppressed terms. This leading contribution comes from the regime in the diagram Fig. 16(a) where #{ is O(1).
[The proportionality to ¢ in the second term of (H6) comes from the fact that the small bubble of O(1) size | can be placed at
any value of #; from O to 7.] By summing over the leading contributions at large ¢ from the series of diagrams in Fig. 17, the

YV

FIG. 17. The set of diagrams which leads to exponentiation of corrections from Fig. 16(a).
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correction in (H6) exponentiates to
G(x,y, 1) = /dkefik(xfy)*(Eo(k)JrFl e (H9)

Similarly, one can check that the leading correction at large ¢ from the diagram in Fig. 16(b), which comes from the third term
in (H4), is

(Wl AUk, ko ks ) Wk ks JAT [k
Eo(k) — Eo(ky, ka, k3)

G(x,y,1) D — / dke Ve PO (B () 1),  Fak)= Y (H10)

ki ko k3
and exponentiates to give a correction F, (k) in the energy. In all, these renormalize the bare dispersion Ey (k) to E (k), where
E(k) = Eo(k) + Fi(k) + F(k)+ - -- . (H11)

By extending the same reasoning to higher order terms in the expansion (H4), we can see that the exact dispersion relation at
finite g is a resummation of the full set of diagrams in the interaction picture where we have departures from the one domain
wall subspace into the multiple domain wall subspace for an O(1) amount of time at intermediate times. These are precisely
analogous to the diagrams considered for circuit and Floquet models in Ref. [18]. Note that the corrections Fj(k) and F, (k) to the
dispersion relation E(k) found above can also be independently derived by using a version of Schrodinger picture perturbation
theory adapted to the non-Hermitian starting point Ag.

In the next subsection, we will use a thickened line to denote the exact propagator of (H2) at finite g, which should now be
understood as a sum over the following set of diagrams for O(1) departures from the one domain wall subspace:

x
\ = x +R +\§+%+...
Yy
2. Argument that configurations where the domain wall splits are subleading for any initial state

Under the action of the full Hamiltonian P4 in (39), a single domain wall state (D,| can evolve to a state with an arbitrary
number of domain walls, so (49) for the large ¢ limit should be replaced with the following expression for the exact evolution at
finite ¢:

e =N " (Dyle ™ |Dy)(Dylpo. €) + Y (Dile ™Dy, y,5,) Dy, 32351 00- €)
y Y1,Y2,)3

+ Y (Dile™™ Dy, .y ) Dy, yslpo. €) -+ (H12)
Viseens Ys

where we have inserted a resolution of the identity in the subspace of odd numbers of domain walls to the right of e=*’. Note
that, for instance, (Dy, y, ,,|p0, €) = e~ 52(17002110b2.331.1=0),

Using the interaction picture diagrams of the previous section, (Dy|e™"'|Dy, ,, ,,) can be expressed as follows in terms of the
exact propagator G(x — y, t’), again up to an overall prefactor which does not have an exponential dependence on ¢:

t
<Dx|eip4t|Dy1,y2,y3) =/ dty ZG(X —x1, 11)G(x1 — y1,t —11)G(x1 — y2,t — 11)G(x1 — y3,t — 7). (H13)
0

X1

This gives the following contribution to (H12), which can be represented by a sum over diagrams shown in Fig. 18(a) (for now,
let us ignore the dashed line in the figure):

oS0 - _% Z Ze*[lSqu("clf;x)7(1‘711)53&] [5(,\»}:{1)+£(>‘,2;‘:1 )+S(V;}:fl‘ )]e—Sz([—oo,yl]Ubvz,ysl,t=0)_ (H14)
Y1,Y2,¥3 11,X1

If we have a pure product initial state py such that the initial value of S, for any region is zero, then it is immediately clear that
any such contribution where the domain wall splits are exponentially suppressed in time compared to the first term in (H12).
Even taking into account the contribution from an arbitrary initial state, we can use the convexity of the membrane tensions
obtained in Fig. 7 to show that the first term of (H12) dominates, as follows.

Let us fix some arbitrary set of positions i, y», 3. Consider an initial state that is maximally mixed in the region [y}, ¥»] and
has maximal entanglement between the degrees of freedom in [¥,, y3] and the degrees of freedom to the left of ;. See Fig. 18(b).
For this state, the initial entropy contribution S, ([—00, ;] U [y2, ¥3], # = 0) in (H14) is minimized for y, y2, y3 = 1, ¥2, 73.
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b
(b) ®72- 1i/q
f_‘_\

|ﬁ%ﬁ

V1 V2 V3

FIG. 18. (a) Configuration where the domain wall splits into three. (b) Initial state for which (a) with y, y,, y3 = 31, ¥2, 3 minimizes the
initial entropy contribution compared to all other configurations where the domain wall splits into three.

Let us now consider the total potential contribution to the S, (x, t) from the diagram in Fig. 18(a) with yy, y», y3 = ¥, 73 for

this initial state:
_x>zl + 5eq [5(” _’“) +5<y2 _x‘> +5<y3 >](r —1). (H15)
t—n r—n t

Let us now compare this contribution to the single domain wall configuration shown with the dashed line [coming from the first
term of (H12)], which contributes

X1
Ssolid = Seq S(

3 —

X
Sdashed = Seq 5( >t + Seq (2 — 1) (H16)

5<x1_x>t1+5<y3_xl)(t—t1)>€<y3_x)t, (H17)
h t—n t
and by similar steps to those leading to (F2), by making use of the constraints (4):

yir—X Y2 — X1
5( P— )(r t1)+5<t_ 1

al )(t—r1)>y2—y1. (H18)

Now using the convexity of £(v),

We therefore find that Sgsneq always wins in the minimization problem in the scaling limit. It is clear that if Sqaspeq Wins even for
this choice of initial state, it will also be the dominant contribution for any other choice of initial state.

By a simple extension of this argument, all other diagrams coming from the third and remaining terms in (H12) are subleading
compared to the first term of (H12) in the scaling limit.

APPENDIX I: OPERATOR GROWTH INTERPRETATION OF DOMAIN WALL SPLITTING

Consider a basis of operators O, for a single site, « = 1, ..., ¢%, such that O; = I, and satisfying éTr[OZO,g] = 84p. By
taking tensor products of these operators, we can also construct a basis |0,),a =1, ..., ¢g*" of operators for the full system,
satisfying #Tr[OZOb] = 8 up.

Let us introduce the two-copy states |O,) associated with these operators, such that (i j|O,) = (O );;. In terms of these states,
the four-copy spin states defined in (37) and (38) can be shown to be written as

*
It) = |1 1), =7 Z w)|0}), I

o .
=2 (- Z 10,)10}) Y Y 10.)10)). 12
a=2

It is natural to introduce the notion of a probability that some initial operator A in the full system evolves to some final operator
B under the unitary evolution U (¢) [14,15,90,91]:

2
P(A — B,1) = ‘qiLTr[B*U(t)AU(t)*]

1 Il #\®2 t
= qj(BHB [(U@) @ U@)*)®?|A)AT). (13)
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Using (I1), for any initial operator A and some position x in the system, we define P(A, x, t) as

PA,x, 1) = Z

O,ending to the left ofx

P(A — Oy, t) = (DU @U@ )®*A)|AT), 14)

r_.
3 X

where “O, ending to the left of x” means that the O, is equal to the identity for all sites to the right of x. This is the total
probability that operator A evolves to an operator that has support only on the left of x. Now consider two different kinds of
initial operators A from the basis O, ending at some point y, (meaning that A has a nontrivial operator O,, # I at y,, but is equal
to the identity everywhere to the right of y,). One type of operator has nontrivial operators at all sites to the left of y,, while the
other is equal to the identity at some y; < y, and nontrivial at all other y < y,. Consider the quantity P; — P>, where

Pl = <P(A’ X, t))Aending aty,, identity aty; » PZ = (P(A’ X, t))Aending aty,, non-trivial aty; » (15)
where () denotes the average over all basis operators O, with the property described in the subscript. Using (I12),
P =P =¢" DAUO QUL Ty 18y Ly reedy, Dot 1) (16)

In random unitary circuits, since a single domain wall does not split, we have P; = P,, indicating that the evolution of the
endpoint of an operator is independent of its internal structure, which is consistent with a maximally random time evolution. In
the Brownian GUE model, P, — P, is highly suppressed at late times, but nonzero, indicating that there is some slight sensitivity
of the operator growth to the internal structure. However, such effects do not modify qualitative features of the dynamics such as

the validity of the membrane picture for the second Renyi entropy.

[1] T. Banks, M. R. Douglas, G. T. Horowitz, and E. Martinec, AdS
dynamics from conformal field theory, arXiv:hep-th/9808016.

[2] V. Balasubramanian, P. Kraus, A. Lawrence, and S. P. Trivedi,
Holographic probes of anti—de Sitter spacetimes, Phys. Rev. D
59, 104021 (1999).

[3] D. N. Page, Average entropy of a subsystem, Phys. Rev. Lett.
71, 1291 (1993).

[4] E. Lubkin, Entropy of an n-system from its correlation with a
k-reservoir, J. Math. Phys. 19, 1028 (1978).

[5] S. Lloyd and H. Pagels, Complexity as thermodynamic depth,
Ann. Phys. 188, 186 (1988).

[6] C. Nadal, S. N. Majumdar, and M. Vergassola, Statistical dis-
tribution of quantum entanglement for a random bipartite state,
J. Stat. Phys. 142, 403 (2011).

[7] S. Leutheusser and M. Van Raamsdonk, Tensor network models
of unitary black hole evaporation, J. High Energy Phys. 08
(2017) 141.

[8] H. Liu and S. Vardhan, Entanglement entropies of equili-
brated pure states in quantum many-body systems and gravity,
PRX Quantum 2, 010344 (2021).

[9] H. Kim and D. A. Huse, Ballistic spreading of entanglement in
a diffusive nonintegrable system, Phys. Rev. Lett. 111, 127205
(2013).

[10] H. Liu and S. J. Suh, Entanglement tsunami: Universal scaling
in holographic thermalization, Phys. Rev. Lett. 112, 011601
(2014).

[11] T. Hartman and J. Maldacena, Time evolution of entanglement
entropy from black hole interiors, J. High Energy Phys. 05
(2013) 014.

[12] C.Jonay, D. A. Huse, and A. Nahum, Coarse-grained dynamics
of operator and state entanglement, arXiv:1803.00089.

[13] A. Nahum, J. Ruhman, S. Vijay, and J. Haah, Quantum entan-
glement growth under random unitary dynamics, Phys. Rev. X
7,031016 (2017).

[14] A. Nahum, S. Vijay, and J. Haah, Operator spreading in random
unitary circuits, Phys. Rev. X 8, 021014 (2018).

[15] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and S. L.
Sondhi, Operator hydrodynamics, OTOCs, and entanglement
growth in systems without conservation laws, Phys. Rev. X 8,
021013 (2018).

[16] T. Zhou and A. Nahum, Emergent statistical mechanics of en-
tanglement in random unitary circuits, Phys. Rev. B 99, 174205
(2019).

[17] M. Mezei, Membrane theory of entanglement dynamics from
holography, Phys. Rev. D 98, 106025 (2018).

[18] T. Zhou and A. Nahum, Entanglement membrane in
chaotic many-body systems, Phys. Rev. X 10, 031066
(2020).

[19] E. McCulloch, J. De Nardis, S. Gopalakrishnan, and R. Vasseur,
Full counting statistics of charge in chaotic many-body quantum
systems, Phys. Rev. Lett. 131, 210402 (2023).

[20] O. Ogunnaike, J. Feldmeier, and J. Y. Lee, Unifying emer-
gent hydrodynamics and Lindbladian low-energy spectra across
symmetries, constraints, and long-range interactions, Phys. Rev.
Lett. 131, 220403 (2023).

[21] S. Moudgalya and O. I. Motrunich, Symmetries as ground
states of local superoperators: Hydrodynamic implications,
PRX Quantum 5, 040330 (2024).

[22] N. Lashkari, D. Stanford, M. Hastings, T. Osborne, and P.
Hayden, Towards the fast scrambling conjecture, J. High
Energy Phys. 04 (2013) 022.

[23] S. Xu and B. Swingle, Locality, quantum fluctuations, and
scrambling, Phys. Rev. X 9, 031048 (2019).

[24] P. Saad, S. H. Shenker, and D. Stanford, A semiclassical ramp
in SYK and in gravity, arXiv:1806.06840.

[25] C. Siinderhauf, L. Piroli, X.-L. Qi, N. Schuch, and J. I. Cirac,
Quantum chaos in the Brownian SYK model with large finite
n: OTOCs and tripartite information, J. High Energy Phys. 11
(2019) 038.

[26] M. Bauer, D. Bernard, and T. Jin, Stochastic dissipative
quantum spin chains (I): Quantum fluctuating discrete hydro-
dynamics, SciPost Phys. 3, 033 (2017).

014308-38


https://arxiv.org/abs/hep-th/9808016
https://doi.org/10.1103/PhysRevD.59.104021
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1063/1.523763
https://doi.org/10.1016/0003-4916(88)90094-2
https://doi.org/10.1007/s10955-010-0108-4
https://doi.org/10.1007/JHEP08(2017)141
https://doi.org/10.1103/PRXQuantum.2.010344
https://doi.org/10.1103/PhysRevLett.111.127205
https://doi.org/10.1103/PhysRevLett.112.011601
https://doi.org/10.1007/JHEP05(2013)014
https://arxiv.org/abs/1803.00089
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevX.8.021014
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevB.99.174205
https://doi.org/10.1103/PhysRevD.98.106025
https://doi.org/10.1103/PhysRevX.10.031066
https://doi.org/10.1103/PhysRevLett.131.210402
https://doi.org/10.1103/PhysRevLett.131.220403
https://doi.org/10.1103/PRXQuantum.5.040330
https://doi.org/10.1007/JHEP04(2013)022
https://doi.org/10.1103/PhysRevX.9.031048
https://arxiv.org/abs/1806.06840
https://doi.org/10.1007/JHEP11(2019)038
https://doi.org/10.21468/SciPostPhys.3.5.033

ENTANGLEMENT DYNAMICS FROM UNIVERSAL ...

PHYSICAL REVIEW B 113, 014308 (2026)

[27] M. Bauer, D. Bernard, and T. Jin, Equilibrium fluctuations in
maximally noisy extended quantum systems, SciPost Phys. 6,
045 (2019).

[28] D. Bernard and L. Piroli, Entanglement distribution in the quan-
tum symmetric simple exclusion process, Phys. Rev. E 104,
014146 (2021).

[29] D. Bernard, F. H. L. Essler, L. Hruza, and M. Medenjak, Dy-
namics of fluctuations in quantum simple exclusion processes,
SciPost Phys. 12, 042 (2022).

[30] T. Swann, D. Bernard, and A. Nahum, Spacetime pic-
ture for entanglement generation in noisy fermion chains,
arXiv:2302.12212.

[31] T. Zhou and X. Chen, Operator dynamics in a Brownian quan-
tum circuit, Phys. Rev. E 99, 052212 (2019).

[32] S.-K. Jian and B. Swingle, Note on entropy dynamics in the
Brownian SYK model, J. High Energy Phys. 03 (2021) 042.

[33] Y. Bao, S. Choi, and E. Altman, Symmetry enriched phases of
quantum circuits, Ann. Phys. 435, 168618 (2021).

[34] S.-K. Jian, G. Bentsen, and B. Swingle, Linear growth of circuit
complexity from Brownian dynamics, arXiv:2206.14205.

[35] S. Leontica and M. McGinley, Purification dynamics in a
continuous-time hybrid quantum circuit model, Phys. Rev. B
108, 174308 (2023).

[36] S. Moudgalya and O. I. Motrunich, From symmetries to com-
mutant algebras in standard Hamiltonians, Ann. Phys. 455,
169384 (2023).

[37] P. Calabrese and J. Cardy, Entanglement and correlation func-
tions following a local quench: A conformal field theory
approach, J. Stat. Mech. (2007) P10004.

[38] S. Leichenauer and M. Moosa, Entanglement tsunami in
(1+ 1)-dimensions, Phys. Rev. D 92, 126004 (2015).

[39] H. Casini, H. Liu, and M. Mezei, Spread of entanglement and
causality, J. High Energy Phys. 07 (2016) 077.

[40] J. Haegeman, S. Michalakis, B. Nachtergaele, T. J. Osborne,
N. Schuch, and F. Verstraecte, Elementary excitations in
gapped quantum spin systems, Phys. Rev. Lett. 111, 080401
(2013).

[41] J. Haegeman, B. Pirvu, D. J. Weir, J. L. Cirac, T. J. Osborne, H.
Verschelde, and F. Verstraete, Variational matrix product ansatz
for dispersion relations, Phys. Rev. B 85, 100408(R) (2012).

[42] L. Vanderstraeten, F. Verstraete, and J. Haegeman, Scattering
particles in quantum spin chains, Phys. Rev. B 92, 125136
(2015).

[43] M. P. Fisher, V. Khemani, A. Nahum, and S. Vijay, Random
quantum circuits, Annu. Rev. Condens. Matter Phys. 14, 335
(2023).

[44] A. W. Harrow and R. A. Low, Random quantum circuits are
approximate 2-designs, Commun. Math. Phys. 291, 257 (2009).

[45] E. G. S. L. Brandao, A. W. Harrow, and M. Horodecki, Local
random quantum circuits are approximate polynomial-designs,
Commun. Math. Phys. 346, 397 (2016).

[46] N. Hunter-Jones, Unitary designs from statistical mechanics in
random quantum circuits, arXiv:1905.12053.

[47] M. Lastres, F. Pollmann, and S. Moudgalya, Non-universality
from conserved superoperators in unitary circuits,
arXiv:2409.11407.

[48] S. N. Hearth, M. O. Flynn, A. Chandran, and C. R. Laumann,
Unitary k-designs from random number-conserving quantum
circuits, Phys. Rev. X 15, 021022 (2025).

[49] S. Guo, M. Sasieta, and B. Swingle, Complexity is not enough
for randomness, SciPost Phys. 17, 151 (2024).

[50] H. Tang, Brownian Gaussian unitary ensemble: Non-
equilibrium dynamics, efficient k-design and application
in classical shadow tomography, arXiv:2406.11320.

[51] Y.-Z. You and Y. Gu, Entanglement features of random Hamil-
tonian dynamics, Phys. Rev. B 98, 014309 (2018).

[52] W.-T. Kuo, A. A. Akhtar, D. P. Arovas, and Y.-Z. You, Marko-
vian entanglement dynamics under locally scrambled quantum
evolution, Phys. Rev. B 101, 224202 (2020).

[53] I. Peschel and V. J. Emery, Calculation of spin correlations in
two-dimensional Ising systems from one-dimensional kinetic
models, Z. Phys. B 43, 241 (1981).

[54] H. Katsura, D. Schuricht, and M. Takahashi, Exact ground
states and topological order in interacting Kitaev/Majorana
chains, Phys. Rev. B 92, 115137 (2015).

[55] M. Znidari¢, Exact convergence times for generation of random
bipartite entanglement, Phys. Rev. A 78, 032324 (2008).

[56] R. Suzuki, H. Katsura, Y. Mitsuhashi, T. Soejima, J. Eisert, and
N. Yoshioka, More global randomness from less random local
gates, arXiv:2410.24127.

[57] Y. Gu, A. Lucas, and X.-L. Qi, Spread of entanglement in
a Sachdev-Ye-Kitaev chain, J. High Energy Phys. 09 (2017)
120.

[58] R. Zeier and T. Schulte-Herbriiggen, Symmetry principles
in quantum systems theory, J. Math. Phys. 52, 113510
(2011),.

[59] U. Schollwock, Matrix product state algorithms: DMRG,
TEBD and relatives, in Strongly Correlated Systems: Numerical
Methods, edited by A. Avella and F. Mancini (Springer, Berlin,
2013), pp. 67-98.

[60] M. Crossley, P. Glorioso, and H. Liu, Effective field theory of
dissipative fluids, J. High Energy Phys. 09 (2017) 095.

[61] F. M. Haehl, R. Loganayagam, and M. Rangamani, Topological
sigma models & dissipative hydrodynamics, J. High Energy
Phys. 04 (2016) 039.

[62] G. T. Horowitz and V. E. Hubeny, Quasinormal modes of ads
black holes and the approach to thermal equilibrium, Phys. Rev.
D 62, 024027 (2000).

[63] S. Colin-Ellerin, X. Dong, D. Marolf, M. Rangamani, and
Z. Wang, Real-time gravitational replicas: Formalism and
a variational principle, J. High Energy Phys. 05 (2021)
117.

[64] S. Colin-Ellerin, X. Dong, D. Marolf, M. Rangamani, and Z.
Wang, Real-time gravitational replicas: Low dimensional ex-
amples, arXiv:2105.07002.

[65] J. 1. Cirac, D. Pérez-Garcia, N. Schuch, and F. Verstraete,
Matrix product states and projected entangled pair states:
Concepts, symmetries, theorems, Rev. Mod. Phys. 93, 045003
(2021).

[66] T. Rakovszky, F. Pollmann, and C. W. von Keyserlingk, Dif-
fusive hydrodynamics of out-of-time-ordered correlators with
charge conservation, Phys. Rev. X 8, 031058 (2018).

[67] Y. Huang, Dynamics of rényi entanglement entropy in diffusive
qudit systems, IOP SciNotes 1, 035205 (2020).

[68] T. Zhou and A. W. W. Ludwig, Diffusive scaling of Rényi
entanglement entropy, Phys. Rev. Res. 2, 033020 (2020).

[69] M. Znidarig, Entanglement growth in diffusive systems,
Commun. Phys. 3, 100 (2020).

014308-39


https://doi.org/10.21468/SciPostPhys.6.4.045
https://doi.org/10.1103/PhysRevE.104.014146
https://doi.org/10.21468/SciPostPhys.12.1.042
https://arxiv.org/abs/2302.12212
https://doi.org/10.1103/PhysRevE.99.052212
https://doi.org/10.1007/JHEP03(2021)042
https://doi.org/10.1016/j.aop.2021.168618
https://arxiv.org/abs/2206.14205
https://doi.org/10.1103/PhysRevB.108.174308
https://doi.org/10.1016/j.aop.2023.169384
https://doi.org/10.1088/1742-5468/2007/10/P10004
https://doi.org/10.1103/PhysRevD.92.126004
https://doi.org/10.1007/JHEP07(2016)077
https://doi.org/10.1103/PhysRevLett.111.080401
https://doi.org/10.1103/PhysRevB.85.100408
https://doi.org/10.1103/PhysRevB.92.125136
https://doi.org/10.1146/annurev-conmatphys-031720-030658
https://doi.org/10.1007/s00220-009-0873-6
https://doi.org/10.1007/s00220-016-2706-8
https://arxiv.org/abs/1905.12053
https://arxiv.org/abs/2409.11407
https://doi.org/10.1103/PhysRevX.15.021022
https://doi.org/10.21468/SciPostPhys.17.6.151
https://arxiv.org/abs/2406.11320
https://doi.org/10.1103/PhysRevB.98.014309
https://doi.org/10.1103/PhysRevB.101.224202
https://doi.org/10.1007/BF01297524
https://doi.org/10.1103/PhysRevB.92.115137
https://doi.org/10.1103/PhysRevA.78.032324
https://arxiv.org/abs/2410.24127
https://doi.org/10.1007/JHEP09(2017)120
https://doi.org/10.1063/1.3657939
https://doi.org/10.1007/JHEP09(2017)095
https://doi.org/10.1007/JHEP04(2016)039
https://doi.org/10.1103/PhysRevD.62.024027
https://doi.org/10.1007/JHEP05(2021)117
https://arxiv.org/abs/2105.07002
https://doi.org/10.1103/RevModPhys.93.045003
https://doi.org/10.1103/PhysRevX.8.031058
https://doi.org/10.1088/2633-1357/abd1e2
https://doi.org/10.1103/PhysRevResearch.2.033020
https://doi.org/10.1038/s42005-020-0366-7

SHREYA VARDHAN AND SANJAY MOUDGALYA

PHYSICAL REVIEW B 113, 014308 (2026)

[70] T. Rakovszky, F. Pollmann, and C. von Keyserlingk, Entangle-
ment growth in diffusive systems with large spin, Commun.
Phys. 4, 91 (2021).

[71] E. Guardado-Sanchez, A. Morningstar, B. M. Spar, P. T. Brown,
D. A. Huse, and W. S. Bakr, Subdiffusion and heat transport in
a tilted two-dimensional Fermi-Hubbard system, Phys. Rev. X
10, 011042 (2020).

[72] J. Feldmeier, P. Sala, G. De Tomasi, F. Pollmann, and M. Knap,
Anomalous diffusion in dipole- and higher-moment-conserving
systems, Phys. Rev. Lett. 125, 245303 (2020).

[73] S. Moudgalya, A. Prem, D. A. Huse, and A. Chan, Spectral
statistics in constrained many-body quantum chaotic systems,
Phys. Rev. Res. 3, 023176 (2021).

[74] S. Moudgalya and O. I. Motrunich, Exhaustive characteriza-
tion of quantum many-body scars using commutant algebras,
Phys. Rev. X 14, 041069 (2024).

[75] L. Gotta, S. Moudgalya, and L. Mazza, Asymptotic quantum
many-body scars, Phys. Rev. Lett. 131, 190401 (2023).

[76] J. Feldmeier, W. Witczak-Krempa, and M. Knap, Emergent
tracer dynamics in constrained quantum systems, Phys. Rev. B
106, 094303 (2022).

[77] V. Khemani, D. A. Huse, and A. Nahum, Velocity-dependent
lyapunov exponents in many-body quantum, semiclassical, and
classical chaos, Phys. Rev. B 98, 144304 (2018).

[78] D. Stanford, S. Vardhan, and S. Yao, Scramblon loops,
arXiv:2311.12121.

[79] A. Schuckert, I. Lovas, and M. Knap, Nonlocal emergent hy-
drodynamics in a long-range quantum spin system, Phys. Rev.
B 101, 020416(R) (2020).

[80] A. Morningstar, N. O’Dea, and J. Richter, Hydrodynamics in
long-range interacting systems with center-of-mass conserva-
tion, Phys. Rev. B 108, L020304 (2023).

[81] J. Gliozzi, J. May-Mann, T. L. Hughes, and G. De Tomasi, Hi-
erarchical hydrodynamics in long-range multipole-conserving
systems, Phys. Rev. B 108, 195106 (2023).

[82] P. Sierant, M. Schird, M. Lewenstein, and X. Turkeshi, En-
tanglement growth and minimal membranes in (d + 1) random
unitary circuits, Phys. Rev. Lett. 131, 230403 (2023).

[83] G. M. Sommers, S. Gopalakrishnan, M. J. Gullans, and D. A.
Huse, Zero-temperature entanglement membranes in quantum
circuits, Phys. Rev. B 110, 064311 (2024).

[84] M. A. Rampp, S. A. Rather, and P. W. Claeys, Entanglement
membrane in exactly solvable lattice models, Phys. Rev. Res. 6,
033271 (2024).

[85] A. C. Potter and R. Vasseur, Entanglement dynamics in hybrid
quantum circuits, in Entanglement in Spin Chains: From Theory
to Quantum Technology Applications, edited by A. Bayat, S.
Bose, and H. Johannesson (Springer International Publishing,
Cham, 2022), pp. 211-249.

[86] M. P. Zaletel, R. S. K. Mong, and F. Pollmann, Flux insertion,
entanglement, and quantized responses, J. Stat. Mech. (2014)
P10007.

[87] F. Olver, Asymptotics and Special Functions (AK Peters/CRC
Press, New York, 1997).

[88] L. Bhardwaj, L. E. Bottini, S. Schifer-Nameki, and A. Tiwari,
Illustrating the categorical Landau paradigm in lattice models,
Phys. Rev. B 111, 054432 (2025).

[89] S. Moudgalya, S. Rachel, B. A. Bernevig, and N. Regnault,
Exact excited states of nonintegrable models, Phys. Rev. B 98,
235155 (2018).

[90] D. A. Roberts, D. Stanford, and L. Susskind, Localized shocks,
J. High Energy Phys. 03 (2015) 051.

[91] D. A. Roberts, D. Stanford, and A. Streicher, Operator growth
in the SYK model, J. High Energy Phys. 06 (2018) 122.

014308-40


https://doi.org/10.1038/s42005-021-00594-4
https://doi.org/10.1103/PhysRevX.10.011042
https://doi.org/10.1103/PhysRevLett.125.245303
https://doi.org/10.1103/PhysRevResearch.3.023176
https://doi.org/10.1103/PhysRevX.14.041069
https://doi.org/10.1103/PhysRevLett.131.190401
https://doi.org/10.1103/PhysRevB.106.094303
https://doi.org/10.1103/PhysRevB.98.144304
https://arxiv.org/abs/2311.12121
https://doi.org/10.1103/PhysRevB.101.020416
https://doi.org/10.1103/PhysRevB.108.L020304
https://doi.org/10.1103/PhysRevB.108.195106
https://doi.org/10.1103/PhysRevLett.131.230403
https://doi.org/10.1103/PhysRevB.110.064311
https://doi.org/10.1103/PhysRevResearch.6.033271
https://doi.org/10.1088/1742-5468/2014/10/P10007
https://doi.org/10.1103/PhysRevB.111.054432
https://doi.org/10.1103/PhysRevB.98.235155
https://doi.org/10.1007/JHEP03(2015)051
https://doi.org/10.1007/JHEP06(2018)122

