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Microscopic theory of an atomic spin diode
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We present a microscopic theory of an atomic spin diode. Our proposed system consists of two magnetic
adatoms deposited on the surface of a two-dimensional electron gas with Rashba spin-orbit coupling. A local s-d
type coupling between the local spins and the spins of the electrons induces a nonlocal Ruderman-Kittel-Kasuya-
Yosida type interaction and a Dzyaloshinskii-Moriya interaction, in addition to dissipative interactions, between
the spins. We derive the effective action for the spins using the Keldysh formalism. From the effective action,
we also derive equations of motion for the spins which are shown to be of Landau-Lifshitz-Gilbert type, and
give expressions for the effective field and Gilbert damping which appear in this equation. From our microscopic
theory, we find that for an in-plane magnetic field perpendicular to the vector connecting the two atoms, the
magnitude of the field and the distance between the atoms can always be tuned to engender perfectly diodic
coupling. Our findings may pave the way for experimental realization of atomic spin diodes.
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I. INTRODUCTION

The field of spintronics is concerned with the design and
engineering of new devices which are based on magnetic
materials, with the aim that these will eventually replace con-
ventional electronics [1–3]. Such electronic (CMOS-based)
devices rely on the transistor, which only allows transport of
charge across it when a gate voltage is applied. The device
which underlies the operation of the transistor is called a p-n
junction, or semiconducting diode, which allows the flow of
electric current across it in one direction, but strongly sup-
presses flow in the opposite direction—this is an example of a
nonreciprocal phenomenon [4,5].

In spintronics, however, one is interested in the transport
of information using the spin of the electron as opposed to
its charge. Such devices may transport information either
using spin-polarized electric currents or using magnons, the
quanta of spin waves, which have the advantage that the
propagation of such quasiparticles generates much less heat
than is lost to Joule heating in ordinary electronics [6]. One
may imagine, for example, a so-called magnon transistor,
allowing the transmission of magnons across it only under
certain conditions. The design of such a device would
also necessarily have to include some diode component,
facilitating this nonreciprocal behavior. Nonreciprocal spin
waves in certain systems have been known to exist since the
1960s [7], while recent experimental and theoretical works
have demonstrated a variety of ways in which one may
construct such a magnon transistor [8–11].
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Reference [10] demonstrates, phenomenologically at least,
the existence of a perfectly diodic (unidirectional) coupling
in an archetypal synthetic antiferromagnet structure, in which
the two ferromagnetic (FM) layers are coupled via a coherent
magnetic interaction [e.g., the Dzyaloshinskii-Moriya
interaction (DMI)], and an incoherent interaction (e.g.,
spin pumping across the spacer layer). The authors show
that, under certain assumptions, the magnetization dynamics
of each magnetic layer are qualitatively different; that is,
when one layer is driven with a microwave field, the other
layer undergoes its dynamics in response, but not vice versa.
This phenomenon has subsequently also been corroborated
using the Lindblad master equation formalism [11]. The key
ingredients for the perfectly diodic behavior emphasized in
Refs. [10,11] are DMI and dissipative interactions, which
precisely cancel one another for a specific field. This is an
implementation in a magnetic system of the ideas put forward
in Ref. [12] for coupling photonic cavities.

In this work, we derive a different version of the diode
condition which was derived in [10,11]. In contrast to the
phenomenological starting points of these previous works,
we begin from a microscopic model. The setup we con-
sider, as depicted in Fig. 1, consists of a system of two
atomic spins (magnetic adatoms), deposited on the surface
of a two-dimensional electron gas (2DEG) substrate. Rashba-
type spin-orbit coupling (SOC) is present, and we assume
a contact s-d coupling between the localized spins and the
spins of the electron gas. This kind of system has found
wide interest in recent years thanks to advancements in spin-
polarized scanning-tunneling microscopy techniques, which
make it feasible to not only construct such systems but also
to measure their spin-wave dispersion and various other mag-
netic properties [13–16].

Starting from a microscopic model allows us to derive,
rather than assume the presence of, the coherent and dissi-
pative interactions whose necessity was pointed out by Yuan
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FIG. 1. Two atomic spins are deposited on the surface of a two-
dimensional electron gas (2DEG). Local s-d type coupling to an
electron bath induces coherent and dissipative interactions between
the two spins.

et al. [10]. Moreover, this allows us to make contact with real
material systems and assess the feasibility of the experimental
realization of the diode effect.

Using a Keldysh approach to determine the effective dy-
namics of the atomic spins, we find that these dynamics are
of Landau-Lifshitz-Gilbert (LLG) type. The effective equa-
tions of motion contain nonlocal coherent and dissipative
interactions, as well as local Gilbert damping. Moreover,
examining the magnetic susceptibility, we find that for an
in-plane magnetic field perpendicular to the vector connecting
the two atoms, the magnitude of the field and the distance
between the atoms can always be tuned to engender unidi-
rectional coupling. These findings may prove beneficial to
future experimental studies of atomic spin diodes. The outline
of this work is as follows. In Sec. II, we give a description
of the model system and Hamiltonian and summarize our
key results. In Sec. III, we develop the action of this system
along the Keldysh contour. Using perturbation theory in the
s-d coupling constant, we integrate out the electronic bath
and derive an effective action on the spins. In Sec. IV, we
expand the electronic response function to first order in fre-
quency, allowing us to derive, under certain approximations,
analytical expressions for the former. In Sec. V, we relate the
real part of the retarded and advanced components of this
response function to the nonlocal Ruderman-Kittel-Kasuya-
Yosida (RKKY)–type coupling between the spins (including
an antisymmetric component, which is identified as the DMI),
while the imaginary part is related to the Gilbert damping. We
show that the equations of motion of the spins are exactly in
LLG form and study the linearized forms of these equations.
From the latter, we derive a generalized version of the diode
condition of Ref. [10] which applies when the nonlocal ex-
change and damping are tensorial in nature, as is found in our
case. In Sec. VI, we numerically simulate the full nonlinear
LLG and investigate the consequences of nonlinear effects for
the quality of the atomic spin diode. We further clarify the
role of finite temperature. We end with a short conclusion and
discussion of our results and provide some outlook on possible
continuations of our work.

II. MODEL AND SUMMARY OF RESULTS

In this section, we introduce the model considered in this
work. We give the Hamiltonian of this model system, and

give a brief description of the methodology which is used to
obtain the semiclassical equations of motion. Readers who are
mainly interested in the primary results of our work may want
to skip Secs. III and IV, and to this end we quote here the
equations of motion and the conditions we derive on the pa-
rameters which appear in the latter such that the transmission
of angular momentum between the two spins is unidirectional.

The setup we consider is depicted in Fig. 1. The Hamilto-
nian of this model system is given by

Ĥ = ĤS + ĤB + ĤSB, (1)

which we have split into system, bath, and system-bath inter-
action parts, in the context of an open quantum system [17].
This Hamiltonian consists of three parts. The first term, ĤS is
the spin Hamiltonian of the localized spins; we write this as

ĤS = −
∑

i

Bi · Ŝi, (2)

where Si are the localized spins at sites 1 and 2. The sum is
taken over spin sites i = 1, 2, and we have absorbed the units
of gμB into the definition of Bi.

The second term ĤB is the Hamiltonian of a two-
dimensional electron gas with Rashba spin-orbit coupling; it
is given by

ĤB =
∫

d2r ψ̂†(r)

(
p̂2

2m
+ λSO(ẑ × p̂) · σ

)
ψ̂ (r), (3)

where ψ̂†, ψ̂ are Weyl spinors in the standard σ z eigenbasis
{|↑〉 , |↓〉}, p̂ = −i∇ is the momentum operator with m the
effective electron mass, ẑ is the unit vector in the direction per-
pendicular to the plane of the 2DEG, and σ = (σ x, σ y, σ z )T is
a vector of Pauli matrices. We shall hereafter refer to ĤB as
the bath Hamiltonian, and to the 2DEG itself as the bath.

The last term, ĤSB, is the system-bath interaction. This is
assumed to be of s-d type and is of the general form [18]

ĤSB = −
∫

d2r Jsd (r)S(r) · s(r), (4)

where Jsd (r) is the strength of the s-d coupling, S(r) is a lo-
calized spin at position r, with s(r) the electronic spin density
at that same point.

For simplicity, we assume a contact (δ-function type) inter-
action between localized spins and itinerant electrons, i.e., we
write Jsd (r) = Jsd

∑
i δ(r − ri ), which reduces Eq. (4) to

ĤSB = −Jsd

∑
i

∑
μ

Ŝμ
i ŝμ

i . (5)

Note that the dimensions of Jsd are [energy] × [area].
After performing the Fourier transform, we find

ĤS = −
∑
i=1,2

Bi · Si, (6)

ĤB =
∑

ks

εksĉ
†
ksĉks, (7)

ĤSB = −Jsd

∑
i

∑
μ

Ŝμ
i ŝμ

i . (8)
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Equations (7) and (8) are written in the Rashba basis {ĉ†
ks, ĉks},

where k = (kx, ky)T , s = ±1 is the helicity index and (h̄ = 1)

εks = k2

2m
+ sλSOk = εk + sλSOk (9)

is the dispersion relation of electrons with momentum k in the
Rashba band s = {+,−}, whereas the creation and annihila-
tion operators in this basis are related to those in the spin-z
eigenbasis σ = {↑,↓} via(

ĉk+
ĉk−

)
= U †

k

(
ĉk↑
ĉk↓

)
= 1√

2

(
ieiφk 1

−ieiφk 1

)(
ĉk↑
ĉk↓

)
. (10)

The Rashba constant λSO appears as an overall prefactor to the
simultaneous equations obtained from solving, in momentum
space, for the eigenvectors of Eq. (3), so there is no depen-
dence on this parameter in Uk. Here, we define for conciseness

k = |k| =
√

k2
x + k2

y ; φk = arctan

(
ky

kx

)
.

In the basis (10), the components of the electronic spin density
ŝμ

i are given by

ŝμ
i = 1

A

∑
kk′,ss′

e−i(k−k′ )·ri〈s, k | σμ | s′, k′〉ĉ†
ksĉk′s′ . (11)

Using the Keldysh path integral formalism [19], we develop
the action of this model system. We integrate out the electron
bath using second-order perturbation theory in the s-d cou-
pling constant Jsd , thereby obtaining an effective action on the
spins which is written in terms of the spin-density spin-density
response function of the bath.

In the frequency domain, we expand the electronic re-
sponse function to first order in frequency and show that the
effective action yields the following equations of motion:

Ṡk (t ) = Sk (t ) ×
[

Bext +
∑

j

(�i j ∗ S j )(t ) + ξ j (t )

]
, (12)

where the friction kernel �i j is obtained from the microscopic
properties of the bath; in the low-frequency regime, Eq. (12)
simplifies to

Ṡk (t ) = Sk (t ) ×
[

Bext +
∑

j

Kk jS j (t ) − αk j Ṡ j (t ) + ξ j (t )

]
,

(13)

which is in the form of a generalized LLG equation. The ex-
change tensor Ki j and the Gilbert damping tensor αi j contain
both local (i = j) and nonlocal (i 	= j) terms. The relation
of these terms to the microscopic properties of the bath is
done in Sec. III, while explicit expressions for the bath re-
sponse functions are given in Sec. IV. While the details of the
derivation in Sec. IV are important for understanding which
approximations are used to arrive at our result, and for where
the structure of the exchange and damping tensors in Eq. (13)
comes from, they do not have any impact on the conclusions
made in Sec. V about the important bath-induced nonrecipro-
cal physics.

Linearizing Eq. (13), we study the magnetic susceptibility
and derive a condition on (a) the interatomic spacing R =

FIG. 2. Schematic representation of the time evolution along the
Keldysh contour C.

|r12| = |r21| and (b) the applied magnetic field B0 = |Bext|
such that the transmission of angular momentum between
spin 1 and spin 2, or vice versa, is entirely unidirectional. In
particular, we find that the transmission from spin 1 to spin 2
(or vice versa) vanishes at resonance, provided the magnetic
parameters satisfy

Dα1 + J0α0 = 0, (14)

where, for the specific geometry considered in Sec. V and as
components of the exchange and damping tensors appearing
in Eq. (13), J0 ≡ Kxx

12 = Kxx
21 = Kzz

12 = Kzz
21, D ≡ Kxz

12 = −Kxz
21

is the DMI strength, α0 ≡ αxx
12 = αxx

21 = αzz
12 = αzz

21 is the sym-
metric component of the damping, and α1 ≡ αxz

12 = −αxz
21 is

the chiral damping. In addition, we must also apply a specific
magnetic field, whose strength is given by

Bσ
0,η1η2,λ

= − Dσ

α0
− S

2
(J1(η1 + η2) + λ[(1 + η1η2)
0

+ (1 − η1η2)
1]), (15)

where σ = +1 denotes a diode biased in the 1 → 2 direction,
σ = −1 the opposite case, λ = ±1 denotes the two resonance
roots, η1, η2 = ±1 are used to denote whether the ground
state of the spins is FM or antiferromagnetic (AFM), 
0 =√

D2 + J2
0 , and 
1 =

√
J2

1 − 
2
0, where J1 ≡ Kyy

12 = Kyy
21 is

the other symmetric component of Ki j . Details of this calcu-
lation are given in Sec. V.

III. EQUATIONS OF MOTION

In this section, we derive the equations of motion for
the semiclassical spin dynamics of the system. We begin
with a brief overview of the Keldysh path integral formalism
[19–21], which is a widely used method for applying the
techniques of quantum field theory to nonequilibrium sys-
tems, and finds diverse applications in a variety of areas of
physics [22–24]. We then develop the combined action of
the system and bath, integrate out the latter, and derive the
equations of motion from the resulting effective action on the
former. We find that these equations of motion are in the form
of a generalized Landau-Lifshitz-Gilbert equation.

A. Keldysh path integral

To derive an expression for the real-time action, one con-
siders the coherent-state path integral along the Keldysh time
contour, depicted schematically in Fig. 2. At t = −∞, the
system and bath are initially in thermal equilibrium. An in-
teraction between the system and the environment is then
adiabatically switched on; this interaction reaches its full
strength before the observation time t0. The interaction is
then adiabatically switched off, and the system returns to
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equilibrium along the negative branch of the contour. For
works which apply similar techniques to study the dynamics
of spin systems coupled to an environment, one may consult
Refs. [25–28].

We develop the coherent path integral over fermionic
(Grassmann) fields {ψ∗

kα, ψkα} and coherent spin states |gi〉
along the contour C, and we find that the partition function is
given by

Z =
∫

D[g1]D[g2]
∫

D[ψ∗]D[ψ] exp (iS[S1, S2, ψ
∗, ψ]),

(16)

where Si(t ) = 〈gi|Ŝi(t )|gi〉 is the expectation value of the spin
operator Ŝi in the spin-coherent state basis which is defined by
the Euler angles (ψi, θi, φi ) as [29]

|gi〉 ≡ e−iφiS
z
i e−iθiS

y
i e−iψiS

z
i |S; S〉

= e−iψiSe−iφiS
z
i e−iθiS

y
i |S; S〉 , (17)

where |S; S〉 is the state with maximal spin, with S the spin
quantum number. Note that the Euler angle ψi gives an overall
phase and hence a gauge freedom to the spin coherent state.
The choice of gauge is important, as certain choices of gauge
will cause certain paths taken by the spins on the Keldysh
contour to vanish pathologically [27]. We discuss this gauge
freedom further in Sec. III B.

The action S[S1, S2, ψ
∗, ψ] which weights the path inte-

gral in Eq. (16) is written as the sum of three parts:

S[S1, S2, ψ
∗, ψ] =SS[g1, g2] + SB[ψ∗, ψ]

+ SSB[g1, g2, ψ
∗, ψ], (18)

where

SS =
∑

i

∮
C

dt [〈gi | i∂t | gi〉 − Bi · Si], (19)

SB =
∮
C

dt
∑
kα

ψ∗
kα (t )(i∂t − (εkα − μ))ψkα (t ), (20)

SSB = Jsd

∮
C

dt
∑

i

∑
μ

Sμ
i (t )sμ

i (t ), (21)

and the time-dependent electronic spin density is given by

sμ
i (t ) = 1

A

∑
kk′,ss′

e−i(k−k′ )·ri〈s, k | σμ | s′, k′〉ψ∗
ks(t )ψks′ (t ).

(22)

Here, the sums in Eq. (21) are taken over spatial indices (spin
components) μ and site indices i. To obtain an effective action
on the spins, we integrate out the fermionic fields. To do this,
we assume that the s-d coupling constant Jsd can be treated
perturbatively, such that we can expand the term eiSSB in pow-
ers of this quantity; this is a good approximation provided the
spin-flip scattering amplitude density is small [30,31], related
to the condition that the system is measured at a temperature
much larger than the Kondo temperature [32–37]—i.e., we
must be in a temperature regime where the RKKY interaction
is dominant over the Kondo effect.

The validity of this expansion is not controlled by the
parameter Jsd itself, but rather by the quantity Jsdρ, where

ρ is the electronic density of states at the Fermi level; each
power of the electronic spin density brings with it a factor of
the (constant) density of states, and Jsdρ 
 1 is typically a
very good approximation.

Expanding to second order in Jsd and performing the path
integral over the fermionic fields, we find that the first-order
term vanishes (physically, the Rashba 2DEG has no sponta-
neous spin-polarization), whereas the zeroth and second-order
terms can be re-exponentiated to obtain an effective action on
the spins of the form

iSeff[g1, g2] = iS0[g1, g2] + iSint[g1, g2], (23)

where

iSint = i
∮

C
dt
∮

C
dt ′∑

i j

∑
μν

Sμ
i (t )�μν

i j (t, t ′)Sν
j (t ′). (24)

Here, we defined the electronic spin-density spin-density re-
sponse function �

μν
i j (t, t ′) as

�
μν
i j (t, t ′) = iJ2

sd

2

〈
sμ

i (t )sν
j (t

′)
〉
0

= iJ2
sd

2

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri j

×
∑
ss′

Mμν

kk′,ss′Gss(k, t, t ′)Gs′s′ (k′, t ′, t ), (25)

where Gss is the electronic Green’s function on the Keldysh
contour, given by

Gss′ (k, k′; t, t ′) = 〈ψs(k, t )ψ∗
s′ (k′, t ′)〉0δss′δkk′ , (26)

and we defined the matrix element Mμν

kk′,ss′ as

Mμν

kk′,ss′ = 〈s, k | σμ | s′, k′〉〈s′, k′ | σ ν | s, k〉.

The subscript 0 which appears in Eqs. (25) and (26) implies
that the expectation values are taken with respect to the initial
equilibrium state of the bath, i.e., without any system-bath
interactions, such that time-reversal and inversion symmetry
are preserved. We also assumed that the bath is in the ther-
modynamic limit, such that the momentum space sums can be
replaced by integrals.

Having derived a formal expression for the effective action,
the next step is to extract from this measurable real-time
quantities. The prescription for converting quantities on the
Keldysh contour to measurable observables is called the
Keldysh rotation [19], which is the subject of the following
section.

B. Keldysh rotation

We begin with some basic rules for calculus of observ-
ables which live on the Keldysh contour. Let O+(t ) denote
an observable on the forward (+) branch of the contour,
and O−(t ) the same observable on the backward (−) branch.
The Keldysh rotation splits the observable into its so-called
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classical and quantum parts:

O±
1 (t ) = Ocl

1 (t ) ± Oq
1 (t )

2
, (27)

which intuitively represent the average value of the observable
and its fluctuating part, respectively. On the other hand, a two-
time quantity transforms as

O2(t, t ′) = �(t, t ′)O>
2 (t, t ′) + �(t ′, t )O<

2 (t, t ′), (28)

where O≷
2 (t, t ′) are the greater and lesser parts of the observ-

able, respectively. Performing the Keldysh rotation as given
by Eq. (27) leads one to define the retarded, advanced and
Keldysh components of O2 as

OR(A)
2 (t − t ′) = ±�(±(t − t ′))(O>

2 (t − t ′) − O<(t − t ′))

(29)

OK
2 (t − t ′) = O>

2 (t − t ′) + O<
2 (t − t ′). (30)

For example, the spins Si are one-time quantities, and trans-
form according to Eq. (27), whereas the Green’s functions
(26) are two-time quantities, and transform according to
Eqs. (29) and (30), as we now discuss in more detail.

We first focus on the system part of the action, Eq. (19).
Differentiation of Eq. (17) gives us

〈gi | i∂t | gi〉 = S[ψ̇i + φ̇i cos θi], (31)

where S is the spin quantum number. The magnetic field term
in Eq. (19) becomes, if we assume Bi = (0, 0, Bz

i )T ,

〈gi | Bi · Ŝi | gi〉 = SBz
i cos θi, (32)

from which we can see that SS is

SS = S
∑

i

∮
C

dt [ψ̇i + φ̇i cos θi + Bz
i cos θi]. (33)

Here is where the choice of gauge becomes important. We
choose, following Refs. [27] and [38], ψ = χ − φ, and χ̇ cl =
φ̇cl(1 − cos θ cl ), χq = φq(1 − cos θq). Under this choice of
gauge, Eq. (33) becomes, after Keldysh rotation,

SS = S
∑

i

∫
dt

[
φ

q
i θ̇

cl
i sin θ cl

i cos
θ

q
i

2

+
(

φ
q
i

θ̇
q
i

2
cos θ cl

i − 2φ̇cl
i sin θ cl

i − 2Bi sin θ cl
i

)
sin

θ
q
i

2

]
,

(34)

where henceforth, a time integral without the contour sub-
script denotes an integral over the real line t ∈ R.

We may make one further simplification to this action.
Noting that our semiclassical Euler-Lagrange equations are
obtained by variations with respect to quantum components

φq, θq, we may expand (34) to first order in these components:

SS = S
∫

dt
[
φ

q
i θ̇

cl
i sin θ cl

i − θ
q
i

(
Bi + φ̇cl

i

)
sin θ cl

i

]
. (35)

It is instructive to compute the classical and quantum com-
ponents of 〈gi | Ŝi(t ) | gi〉 ≡ Si(t ). To first order in quantum
components, we find

Scl
i = S

⎛
⎜⎝

sin θ cl
i cos φcl

i

sin θ cl
i sin φcl

i

cos θ cl
i

⎞
⎟⎠, (36)

Sq
i = S

⎛
⎜⎝

θ
q
i cos θ cl

i cos φcl
i − φ

q
i sin θ cl

i sin φcl
i

θ
q
i sin θ cl

i cos φcl
i + φ

q
i cos θ cl

i sin φcl
i

−θ
q
i sin θ cl

i

⎞
⎟⎠, (37)

giving us the useful relation

Sq
i = θ

q
i

∂Scl
i

∂θ cl
i

+ φ
q
i

∂Scl
i

∂φcl
i

. (38)

Performing the Keldysh rotation of Sint is no more diffi-
cult, though slightly more involved, as this term contains
a double time integral along the Keldysh contour. One
obtains

iSint = i
∑

i j

∫
dt
∫

dt ′
[

Sq
i (t ) · [�R

i j (t − t ′)Scl
j (t ′)

]

+ i
∑

i j

∫
dt
∫

dt ′ Scl
j (t ) · [�A

i j (t − t ′)Sq
i (t ′)

]

+ i
∑

i j

∫
dt
∫

dt ′ 1

2
Sq

i (t )�K
i j (t − t ′)Sq

j (t
′)

]
, (39)

where the retarded, advanced, and Keldysh components of the
response function are given by

�R(A)(t − t ′) = ±�(±(t − t ′))(�>(t − t ′) − �<(t − t ′));

(40)

�K (t − t ′) = �>(t − t ′) + �<(t − t ′). (41)

Having converted the contour integrals into real-time inte-
grals, we are in a position to study the dynamics of the spins
under the influence of the coupling to the electron bath. The
derivation of these equations is the subject of the following
section.

C. Equations of motion

The third term in (39) is quadratic in quantum com-
ponents of the spins. To remove this term, we perform a
Hubbard-Stratonovich transformation [39,40], which exactly
cancels this term at the cost of introducing a pair of aux-
iliary fields ξ1 and ξ2. The partition function of the system
becomes

Z =
∫

D[ξ1]
∫

D[ξ2]
∫

D[g1]
∫

D[g2]

× exp(iSeff[Ŝ1, Ŝ2, ξ1, ξ2]), (42)
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with the effective action

iSeff = iS
∑

i

∫
dt
[
φ

q
i θ̇

cl
i sin θ cl

i − θ
q
i

(
Bi + φ̇cl

i

)
sin θ cl

i

]

− i

2

∑
i j

∫
dt ξi(t )

((
�K

i j

)−1 ∗ ξ j

)
(t )

+ i
∑

i j

∫
dt Sq

i (t ) · [(�R
i j ∗ Scl

j

)
(t )
]

+ i
∑

i j

∫
dt Scl

j (t ) · [(�A
i j ∗ Scl

i

)
(−t )

]

+ i
∑

i j

∫
dt Sq

i (t ) · ξ j (t ), (43)

where we rewrote the integral over t ′ as a convolution.
One observes from Eq. (43) that (i) the fluctuating mag-

netic fields have a noise spectrum defined by the Keldysh
component of the magnetic field, namely,

〈ξi(t )ξ j (t
′)〉 = −i�K

i j (t − t ′), (44)

and (ii) the Lagrangian of the system is given by

L(t ) = S
∑

i

[
φ

q
i θ̇

cl
i sin θ cl

i − θ
q
i

(
Bi + φ̇cl

i

)
sin θ cl

i

]
+
∑

i j

Sq
i (t ) · (�R

i j ∗ Scl
i

)
(t ) + Sq

j (t )

· (�A
i j ∗ Scl

i

)
(−t ) +

∑
i j

Sq
i (t ) · ξ j (t ). (45)

From the Lagrangian, we obtain the equations of motion by
solving the Euler Lagrange equations for the classical compo-
nents of the angles φcl

k and θ cl
k :

∂L
∂φ

q
k

= ∂L
∂θ

q
k

= 0 k = 1, 2. (46)

Note that the right-hand side of the Euler-Lagrange equa-
tions, which depends on the time derivatives of the quantum
components φ

q
k and θ

q
k , is zero by virtue of the semiclassical

expansion of the action discussed above.
If we make use of Eq. (38) and rearrange a bit, we find that

the equations of motion for φcl
k , θ cl

k are

θ̇k = − 1

S sin θk

∂Sk (t )

∂φk
·
∑

j

[(�k j ∗ S j )(t ) + ξ j (t )], (47)

φ̇k = −Bk + 1

S sin θk

∂Sk (t )

∂θk
·
∑

j

[(�k j ∗ S j )(t ) + ξ j (t )],

(48)

where we defined the friction kernel:

�
μν
i j (t − t ′) = (�R)μν

i j (t − t ′) + (�R
)νμ

ji (t ′ − t ). (49)

Henceforth, we omit the cl superscript for the sake of
conciseness.

Following an approach similar to that which was used in
Ref. [27], we show that these equations of motion are in fact
exactly of the form of a generalized Landau-Lifshitz-Gilbert

equation, namely,

Ṡk (t ) = Sk (t ) ×
[

Bext +
∑

j

(� ∗ S j )(t ) + ξ j (t )

]
. (50)

It is well-known that the retarded and advanced components
of the response function � are related as [19]

(�R)† = �A,

where † denotes complex conjugation and exchange of the
time arguments, as well as the transpose with respect to both
site and spin indices. One immediately concludes that the low-
frequency expansion of � must give, in the frequency domain,

�(ω) = K + iωα, (51)

where we defined the reactive and dissipative parts of the
friction kernel as

K ≡ 2 lim
ω→0

Re[�R(ω)]; (52)

α ≡ 2 lim
ω→0

1

ω
Im[�R(ω)], (53)

such that Eq. (12) reduces to Eq. (13), as claimed.
One now sees that to make further progress in under-

standing the bath-induced dynamics of the spins, we need to
proceed with evaluating the real and imaginary parts of �R.
This calculation forms the subject of the following section.

IV. CALCULATION OF THE RESPONSE FUNCTION

A. Response functions in the frequency domain

To make progress with the evaluation of the response func-
tion, we first extract its greater and lesser parts, and apply the
following identities:

G≷(q, ± (t − t ′)) = 1

2π

∫
dω e∓iω(t−t ′ )G≷(q, ω); (54)

iG>
s (q, ω) = As(q, ω)(1 − NF(ω − μ)); (55)

iG<
s (q, ω) = −As(q, ω)NF(ω − μ), (56)

where NF(x) = 1/(eβx + 1) is the Fermi-Dirac distribution
function, and As(q, ω) is the spectral function of electrons
with momentum q and energy ω in the Rashba band s, defined
by

As(q, ω) ≡ i
[
GR

s (q, ω) − GA
s (q, ω)

]
, (57)

which may be taken to have a δ-function form if the finite
lifetime of electrons in the bath is neglected:

As(q, ω) = 2πδ(εqs − ω). (58)

Using the definitions from Eqs. (40) and (41), we obtain

(�R(A) )μν
i j (τ ) = ± �(±τ )

iJ2
sd

2

∫
dω′

2π

∫
dω′′

2π
e−i(ω′−ω′′ )τ

× (NF(ω′ − μ) − NF(ω′′ − μ))

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri j

× Mμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′), (59)
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(�K )μν
i j (τ ) = iJ2

sd

2

∫
dω′

2π

∫
dω′′

2π
e−i(ω′−ω′′ )τ

× [NF(ω′′ − μ) + NF(ω′ − μ)

− 2NF(ω′′ − μ)NF(ω′ − μ)]

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri j

× Mμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′), (60)

where we defined τ ≡ t − t ′ for brevity. The Fourier trans-
form yields

(�R(A) )μν
i j (ω) = − J2

sd

2

∫
dω′

2π

∫
dω′′

2π

1

ω − (ω′ − ω′′) ± i0

× (NF(ω′′ − μ) − NF(ω′ − μ))

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri j

× Mμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′); (61)

(�K )μν
i j (ω) = iJ2

sd

2

∫
dω′

2π

∫
dω′′δ(ω − (ω′ − ω′′))

× [NF(ω′′ − μ) + NF(ω′ − μ)

− 2NF(ω′′ − μ)NF(ω′ − μ)]

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri j

× Mμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′). (62)

Before we proceed any further, we note an important relation
between the Keldysh component and the retarded/advanced
components. Specifically, one has [19]

(�K )μν
i j (ω) = coth

( ω

2T

)[
(�R)μν

i j (ω) − (�A)μν
i j (ω)

]
. (63)

This equation holds generally (in thermal equilibrium)
whether one performs a low-frequency expansion of the re-
sponse function or not, and constitutes a statement of the
fluctuation-dissipation theorem (FDT): it relates the Keldysh
component, determining the correlations of the fluctuating
magnetic fields ξi(t ), to the imaginary part of �R, which,
as we shall see, determines the Gilbert damping, i.e., the
dissipation.

We now continue with the calculation. First, we evaluate
the momentum space integrals which appear in Eqs. (61)
and (62). As shown in Appendix A, these integrals have the
following matrix structure:

∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)

× As′ (k′, ω′) (64)

= m2

2

∑
ss′

k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

Jμν

ss′ (ω′, ω′′; ri j )

×�(ω′′ − ε0s)�(ω′ − ε0s′ ), (65)

where the matrix Jμν

ss′ (ω′, ω′′; ri j ) has components

J xx
ss′ (ω′, ω′′; ri j ) = J0(k0s′ (ω′)R)J0(k0s(ω

′′)R)

− ss′ cos(2θ )J1(k0s′ (ω′)R)J1(k0s(ω
′′)R);

J yy
ss′ (ω′, ω′′; ri j ) = J0(k0s′ (ω′)R)J0(k0s(ω

′′)R)

+ ss′ cos(2θ )J1(k0s′ (ω′)R)J1(k0s(ω
′′)R);

J zz
ss′ (ω′, ω′′; ri j ) = J0(k0s′ (ω′)R)J0(k0s(ω

′′)R)

− ss′J1(k0s′ (ω′)R)J1(k0s(ω
′′)R);

J xy
ss′ (ω′, ω′′; ri j ) = J yx

ss′ (ω′, ω′′; ri j )

= − ss′

2
sin(2θ )J1(k0s′ (ω′)R)J1(k0s(ω

′′)R);

J xz
ss′ (ω′, ω′′; ri j ) = −J zx

ss′ (ω′, ω′′; ri j )

= −(s′J1(k0s′ (ω′)R)J0(k0s(ω
′′)R)

+ sJ0(k0s′ (ω′)R)J1(k0s(ω
′′)R)) cos θ ;

J yz
ss′ (ω′, ω′′; ri j ) = −J zy

ss′ (ω′, ω′′; ri j )

= (s′J1(k0s′ (ω′)R)J0(k0s(ω
′′)R)

+ sJ0(k0s′ (ω′)R)J1(k0s(ω
′′)R)) sin θ,

where ri j = (R cos θ, R sin θ ), Jn(x) is the Bessel function of
the first kind at order n and we defined

k0(ε) =
√

q2
R + 2mε, k0s(ε) = −sqR + k0(ε).

The step functions appearing in Eq. (65) are necessary to
enforce the support of the spectral function Aα (k, ω) on the
physical domain k > 0 for all values of ω.

B. Keldysh component

Our aim is to perform a low-frequency expansion of the
expressions (61) and (62). For the retarded and advanced
components, we expand to first order in ω, whereas for the
Keldysh component it is sufficient to expand to zeroth order.
Such an expansion guarantees that the response functions
satisfy the low-frequency version of the FDT (63); we discuss
this point in more detail later on.

We first evaluate the Keldysh component, which contains a
δ function that sets ω′′ → ω′ − ω. Before proceeding further,
we examine the effect that this has on the integrand. Focusing
on the term containing Fermi functions, one can show that,
after integrating over ω′′,

[NF(ω′′ − μ) + NF(ω′ − μ) − 2NF(ω′′ − μ)NF(ω′ − μ)]ω=0

≈ 2T δ(ω′ − μ), (66)

in the limit that the derivative of the Fermi function with re-
spect to the Fermi level μ can be approximated as a δfunction;
this approximation is excellent provided T 
 TF , and is
fulfilled experimentally in a variety of archetypal 2DEGs
[41–51].

The Keldysh component becomes, to zeroth order in ω,

(�K )μν
i j (ω) ≈ iT J2

sd m2

4π

∑
ss′

(
1 − s

sqR

kF

)(
1 − s′qR

kF

)

× Jμν

ss′ (μ,μ; ri j ), (67)
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where we defined the Fermi wave vector kF =
√

2mμ + q2
R =

k0(μ) and kFs = −sqR + kF . We now proceed with the calcu-
lation of the retarded and advanced components.

C. Retarded and advanced components

We first split the energy denominator in Eq. (61) into its
real and imaginary parts according to the Sokhotski–Plemelj
theorem [52,53], and substitute Eq. (65) for the momentum
space integrals, yielding(

�R(A))μν

i j (ω)

= −J2
sd m2

4

∑
ss′

P
∫ ∞

ε0s′

dω′

2π

∫ ∞

ε0s

dω′′

2π

× (NF(ω′′ − μ) − NF(ω′ − μ))

ω − (ω′ − ω′′)

× k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

Jμν

ss′ (ω′, ω′′; ri j ) (68)

± iπJ2
sd m2

4

∑
ss′

∫ ∞

ε0s′

dω′

2π

∫ ∞

ε0s

dω′′

2π
δ(ω − (ω′ − ω′′))

× (NF(ω′′ − μ) − NF(ω′ − μ))
k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

× Jμν

ss′ (ω′, ω′′; ri j ), (69)

where P means that the result of the integral is to be un-
derstood in the Cauchy principal value sense, and we set
the lower bounds of the integrals using the step functions in
Eq. (65).

The frequency integrals in Eq. (69) are easily evaluated:
We first use the δ function to evaluate the integral over ω′′, set-
ting ω′′ → ω′ − ω as before. This shows that the zeroth order
term in the low frequency expansion of (69) vanishes when
evaluated at ω = 0. The first-order term is easily evaluated
using integration by parts. We find that

Im
[(

�R(A)
)μν

i j (ω)
] ≈ ±ωJ2

sd m2

16π

∑
ss′

kFskFs′

k2
F

Jμν

ss′ (μ,μ; ri j ).

(70)

It is this imaginary component of the retarded response func-
tion which enters into the Gilbert damping in the equation of
motion (13). Applying the identity (53), we find for the Gilbert
damping tensor:

α
μν
i j = 2 lim

ω→0

1

ω
Im
[
(�R)μν

i j (ω)
]

= J2
sd m2

8π

∑
ss′

kFskFs′

k2
F

Jμν

ss′ (μ,μ; ri j )

= α

4

∑
ss′

(
1 − sqR

kF

)(
1 − s′qR

kF

)
Jμν

ss′ (μ,μ; ri j ), (71)

where the local damping α is the limit of Eq. (71) as R → 0
and is given by

α = J2
sd m2

2π
. (72)

The structure of Eq. (71) reproduces the expression which
was recently derived for the Gilbert damping at a heavy
metal/ferromagnet interface [54].

Before proceeding with the principal value parts, we ob-
serve that

(�K )μν
i j (ω) = 2T

ω

[
(�R)μν

i j (ω) − (�A)μν
i j (ω)

]
,

which is the low-frequency version of the FDT given in
Eq. (63). The fact that these two forms agree in the ω → 0
limit justifies the different orders to which �K and �R are
expanded (zeroth and first order, respectively).

Using this result, and recalling Eqs. (44) and (53), we find
that, in the time domain,

〈ξi(t )ξ j (t
′)〉 = T αi jδ(t − t ′). (73)

For the principal value part (68), we may not trivially expand
the denominator in powers of ω. Examining the singular de-
nominator, one sees that the integral has a line singularity on
ω′ = ω + ω′′. In Appendix B, we discuss how this singularity
can be removed. We then compute the long-range distance
dependence of the exchange, finding agreement with previ-
ous works on the RKKY interaction in 2D [55,56], and also
evaluate the integral numerically. These different methods are
discussed in more detail in Appendix B, including detailed
explanations of the approximations we use. To evaluate the
integral numerically, we use

Kμν
i j = J2

sd mk2
F

8π2

∑
nn′

∑
ss′

cμν

nn′,ss′ (θi j )
∫ ∞

0
dρ

× [P̂ns(ρ)Ĥn′s′ (ρ) + Ĥns(ρ)P̂n′s′ (ρ)], (74)

where

P̂ns(ρ) =
∫ ∞

0
dEe−ρE

(
1 − sy

1 + E

)
Jn(x(1 − sy + E ));

Ĥns(ρ) =
∫ ds

0
dhe−ρh

(
1 − sy

1 − h

)
Jn(x(1 − sy − h)).

Here, E = mξ/k2
F , h = mζ/k2

F , y = qR/kF , x = kF R, and
ds = m(μ − ε0s)/k2

F . The coefficients cμν

nn′,ss′ can be deduced
from Eq. (65); n, n′ are the orders of the Bessel functions
which appear therein.

For the case where we want to understand the long-range
distance dependence, the integrals in Eq. (68) can, as men-
tioned above, be evaluated analytically. One obtains, using
Eq. (52):

Kμν
i j = J2

sd mk2
F

8π2

∑
ss′

∑
nn′

cμν

nn′,ss′ (θi j )Fss′ (y)

× cos(x(2 − (s + s′)y) − (φn + φn′ ))

x2
. (75)

Here,

Fss′ (y) =
{

1 y 
 1√
(1 − sy)(1 − s′y) otherwise

and φn + φn′ = (n + n′ + 1)π/2. For the sake of later con-
ciseness, we here define the prefactor common to Eqs. (74)
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and (75) as

K = J2
sd mk2

F

8π2
. (76)

Having derived expressions for the various components of
the response function, we proceed to further analysis of the
equations of motion (13).

V. GENERALIZED LANDAU-LIFSHITZ-GILBERT
EQUATION

A. Equations of motion for a particular geometry

We begin by expanding the equation of motion (13) for
each spin:

Ṡ1 = S1 × Bext − αS1 × Ṡ1 + S1 × [K12S2 − α12Ṡ2], (77)

Ṡ2 = S2 × Bext − αS2 × Ṡ2 + S2 × [K21S1 − α21Ṡ1]. (78)

To study the nonreciprocal physics of interest, we neglect
in the first instance the stochastic field terms; this is exact
at zero temperature. Thermal fluctuations will only play an
important role when the thermal energy T is large compared
to the other energy scales in the system, such as the strength
of the external bias field, the magnetic exchange parameters,
and the frequency ωd of the applied drive.

The reader will also note that we have neglected other pos-
sible sources of damping; for example, due to the coupling of
the spins to phonons in the substrate. Such intrinsic damping
could, in principle, be either local or nonlocal. In the first case,
this damping corresponds to a renormalization of the local
damping parameter α: α → α + αintrinsic. In the latter case,
it corresponds to a renormalization of the components of the
damping tensor in Eq. (80) as α0 → α0 + αintrinsic, etc. In both
cases, the existence of the conditions for unidirectionality that
we derive are not affected.

Equations (77) and (78) contain no local exchange terms of
the form K11 or K22. These are omitted because, as shown in
Appendix A, they are proportional to the identity, and hence
contribute no torque to the LLG. Physically, this is expected;
a Rashba 2DEG has an isotropic Fermi surface, prohibiting
local anisotropy in a spin polarization which is induced by a
magnetic impurity.

Now, choosing a particular geometry such that r12 = Rx̂ =
−r21, we find that the DMI is parallel to ŷ. In this geome-
try, the exchange tensors K12 = KT

21 and α12 = αT
21 have the

following structure:

K12 = KT
21 =

⎛
⎝ J0 0 D

0 J1 0
−D 0 J0

⎞
⎠; (79)

α12 = αT
21 =

⎛
⎝ α0 0 α1

0 α2 0
−α1 0 α0

⎞
⎠. (80)

Before proceeding, we briefly discuss the structure of
Eqs. (79) and (80). One observes that these are (i) anisotropic
in space and (ii) contain antisymmetric contributions. In the
case of the exchange tensor, this antisymmetric contribution
is the DMI, whereas in the case of the damping tensor it
corresponds to chiral damping. The spin-orbit coupling of
the bath, in combination with the broken inversion symmetry

FIG. 3. Exchange and damping parameters in Eqs. (79) and (80),
normalized by their respective prefactors in Eqs. (71), (74), and (75).

which is induced by the presence of the spins on the surface of
the former, leads to this anisotropic, antisymmetric structure
[57,58].

Figure 3 also shows that, for certain values of kF R, the
damping components α0 and α1 can be negative. However,
this does not indicate the existence of antidamping or a
spin-transfer-torque-like effect; one can demonstrate this by
constructing the covariance matrix

αcov ≡
(

α11 α12

α21 α22

)
, (81)

and finding its eigenvalues. One finds that these eigenvalues
are always greater than or equal to zero. In other words, αcov

is positive semidefinite, meaning that the nonlocal damping
describes a purely dissipative process [17].

The quantities J0, J1, D and α0, α1, α2 may be deduced
from Eqs. (71) and (74) [or (75)], respectively. These quan-
tities are plotted in Fig. 3 for the ratio qR/kF = 0.5. In the
following subsection, we linearize the equations of motion
(77) and (78) and examine the magnetic susceptibility.

B. Linearized dynamics and nonreciprocity

We now proceed to study the linearization of the equa-
tions of motion (77) and (78). Since ŷ is an eigenstate of the
exchange tensor (79) with eigenvalue J1, if we choose Bext

parallel to this direction, then

S(0)
1 = η1Sŷ; (82)

S(0)
2 = η2Sŷ (83)

is a torque-free equilibrium of the equations of motion (77)
and (78). Here, η1, η2 = ±1. To determine whether Eqs. (82)
and (83) define the magnetic ground state, and let Bext = B0ŷ.
The ground state energies for each branch are then

Eη1η2 = −J1S2η1η2 − B0S(η1 + η2). (84)

To proceed, we linearize the equations of motion (77) and
(78) around the equilibrium defined by Eqs. (82) and (83). For
the sake of convention, we first rotate into a local equilibrium
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frame for each spin, which can be accomplished by means of
the following rotation:

RT
k ẑ = ηk ŷ, (85)

whence we find

Rk =
⎛
⎝1 0 0

0 0 −ηk

0 ηk 0

⎞
⎠. (86)

In this rotated frame, we then consider small transverse
deviations uix, uiy in the (x̂, ŷ) plane. Projecting the equa-
tions of motion onto this plane, transforming to local circular
coordinates

ψi = uix + iηiuiy, (87)

and taking the Fourier transform, we find that Eqs. (77) and
(78) reduce to

(χη1η2 (ω))−1
(

ψ1

ψ2

)
= 0, (88)

where the branch-dependent magnetic susceptibility is given
by

χη1η2 (ω) = 1

det
(
(χη1η2 (ω))−1

)
(

χ
η1η2
11 (ω) χ

η1η2
12 (ω)

χ
η1η2
21 (ω) χ

η1η2
22 (ω)

)
.

(89)

Here, the matrix elements are given by

χ
η1η2
11 (ω) = i(ω + B0 + η2J1S + iη1Sαω);

χ
η1η2
22 (ω) = i(ω + B0 + η1J1S + iη2Sαω);

χ
η1η2
12 (ω) = η2S(D + iJ0 + α0ω − iα1ω);

χ
η1η2
21 (ω) = −η1S(D − iJ0 − α0ω − iα1ω);

det((χη1η2 (ω))−1) = χ
η1η2
11 (ω)χη1η2

22 (ω) − χ
η1η2
12 (ω)χη1η2

21 (ω).

Now, taking a weak-damping limit such that α 
 1 [which by
virtue of Eq. (71) also implies α0 and α1 are small], we find
that the resonance frequencies are given by

ωr
η1η2,λ

= ω
(0)
η1η2,λ

[
1 + iκη1η2,λ

]
, (90)

where λ = ±1 labels the two resonance roots, and the un-
damped resonance frequencies and linewidths are given by

ω
(0)
η1η2,λ

= −B0 − SJ1(η1 + η2)

2

− λS[
0(1 + η1η2) + 
1(1 − η1η2)]

2
(91)

and

κη1η2,λ = −αS(η1 + η2)

2
+ λS

2

[
(1 + η1η2)�1


0

+ (1 − η1η2)�2


1

]
, (92)

respectively. Here, 
0 =
√

D2 + J2
0 is the FM resonance fre-

quency, 
1 =
√

J2
1 − 
2

0 is the AFM resonance frequency,
�1 = Dα1 + J0α0, and �2 = J1α − �1. Note that, depending
on which method in Appendix B is used to compute the

exchange, 
1 may be imaginary, indicating that an AFM
alignment of the spins is unstable.

Upon substituting these resonance frequencies in the off-
diagonal elements χ12 and χ21, and again dropping terms of
second order or higher in the dampings, we find

χ
η1η2,λ

12 = Sη2
[
D − η1α0ω

(0)
η1η2,λ

− i
(
η1J0 + α1ω

(0)
η1η2,λ

)]
,

(93)

χ
η1η2,λ

21 = −Sη1
[
D + η1α0ω

(0)
η1η2,λ

+ i
(
η1J0 − α1ω

(0)
η1η2,λ

)]
.

(94)

Now, true unidirectional transmission of angular momentum
from spin 1 to spin 2 (for example) corresponds to χ12(ωr±) =
0 while χ21(ωr±) 	= 0. The parameter which can be controlled
to satisfy this condition is the strength of the external field B0.
Hence, we solve for a condition on B0 such that the real and
imaginary parts are simultaneously zero. Our results can be
parametrized by introducing the parameter σ , where σ = +1
corresponds to unidirectional transmission from spin 1 to spin
2 (χ12 = 0; χ21 	= 0), and σ = −1 to the opposite case. We
find

Bσ
0,η1η2,λ

= − Dσ

α0
− S

2
(J1(η1 + η2) + λ[(1 + η1η2)
0

+ (1 − η1η2)
1]); (95)

where in all cases we must also impose an additional condition
on the magnetic parameters:

Dα1 + J0α0 = 0, (96)

for all cases.
In light of the discussion of the possibility of intrinsic

damping given above, we note that a nonlocal damping will
serve to decrease the (leading) first term in Eq. (95), thus
decreasing the magnetic field required to realize the diode
effect; this may be beneficial for applications.

In a generic system, there are always certain interatomic
spacings R at which the condition(s) are satisfied. For the
same ratio qR/kF = 0.5 as used in Fig. 3, we plot Eq. (96) in
Fig. 4; one observes that there are indeed numerous crossings
of the horizontal axis, confirming that the condition (96) can
be satisfied.

Taking the first root of Eq. (96) in the range depicted in
Figs. 3 and 4, which occurs at kF R ≈ 1.605, and reasonable
values for the parameters K and α of K ∼ 10 µeV, α ∼ 0.005,
we compute the relevant magnetic parameters in Eqs. (79)
and (80) and plot the resulting transmission, at the field given
by Eq. (95) for σ = −1, in Fig. 5. One observes from this
figure that the transmission from spin 2 to spin 1 has a peak at
the driving frequency, whereas the transmission from spin 1
to spin 2 exhibits a Fano antiresonance at the same frequency,
confirming that this channel is suppressed.

Having derived an exact diode condition in a linearized
LLG formalism, we now proceed to analyze, by means of
numerical simulations, the effect of nonlinearities on the size
and existence of this diode effect.
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FIG. 4. Condition in Eq. (96) as a function of kF R, with the
selected root plotted as a gold circle, and other roots plotted with
green crosses. The inset plot depicts the variation of this quantity
across the same range of kF R as depicted in Fig. 3.

VI. NUMERICAL SIMULATION OF THE SPIN
DIODE EFFECT

A. Nonlinearities and their effect on diode quality

The analysis presented in Sec. V relies on the assumption
that the driving field is much smaller in magnitude than the
bias field B0. To clarify the effect of small nonlinearities, we
present here a simulation of the full LLG (77) and (78). Using
a simple first-order Heun scheme, we study the dynamics
under the influence of a magnetic field of the form

Bext(t ) = B0ŷ + B1r(t )[cos(ωdt )x̂ + h sin(ωdt )ẑ] (97)

in the laboratory frame, where B1 is the drive amplitude,
which for linear dynamics must be much smaller than B0, r(t )
is the ramp function, defined as

r(t ) =

⎧⎪⎨
⎪⎩

0 t < 0
1 − cos

(
πt
τ

)
0 � t < τ

1 t � τ.

(98)

FIG. 5. Magnetic susceptibilities |χ12| and |χ21| with the condi-
tions (95) and (96), plotted on a log scale.

FIG. 6. Real-time dynamics of ψ1 and ψ2, clearly showing the 3
orders of magnitude difference in the response of the allowed channel
(drive spin 2, measure spin 1) versus the suppressed channel (drive
spin 1, measure spin 2).

ωd is the drive frequency (here, the resonance frequency com-
puted from Eq. (91), and h = ±1 is the handedness, defining
which circular mode is excited. Here, the ramp function rep-
resents the smooth turning-on of the ac field in a time τ .

Taking the same magnetic parameters as for the diode
candidate in Sec. V, which was used to produce Figs. 4 and
5, we simulate the full LLG. From this simulation, we obtain
the time series data for Sx

iα (t ) and Sz
iα (t ), where as before

i = 1, 2 and where α = 1, 2 denotes which spin is driven.
From this, we rotate into the local frame for each spin and
work in circular coordinates using Eqs. (85) and (87). We then
compute the transmission amplitudes:

Aiα ≡ 〈e−iωtψiα (t )〉t . (99)

The quality of the diode is then characterized by the ratio

Z2 �→1 = A12

A21
= 1

Z1�→2
; (100)

if this is small, then the transmission from spin 2 to spin 1
when the former is driven is much smaller than the transmis-
sion from the latter to the former when the latter is driven.

In Fig. 6, we plot the real-time dynamics of ψ1 and ψ2 for
suitable magnetic parameters. In this case, the diode is biased
in the 2 �→ 1 direction; the response of spin 2 to spin 1 when
the latter is driven is seen to be 3 orders of magnitude smaller
than in the opposite case, demonstrating the diode effect in
operation. Note that the response of 2 to 1 is not nonzero,
which is to be expected: In a full LLG simulation, small
nonlinearities which were neglected in the analysis of Sec. V
induce a comparatively small, but still nonzero response.

To investigate the effect of these nonlinearities, we mea-
sured the effect of increasing the amplitude B1 of the ac
driving field on the diode ratio. The results are depicted in
Fig. 7, clearly showing that, as the driving field amplitude B1

approaches and exceeds the same order of magnitude as the
bias field B0, the perfect unidirectionality which is demon-
strated by the linearized calculation of Sec. V disappears.
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FIG. 7. Dependence of the diode ratios on the ac driving field
amplitude.

To conclude this section, we compute the numerical sus-
ceptibility for each direction of the diode in frequency space
by sweeping the driving frequency and using the fast Fourier
transform (FFT), and plot these in Fig. 8. Comparing to Fig. 5,
we see that the transmission is strongly suppressed in one
direction, but it is still nonzero; this is also consistent with
Fig. 6.

VII. CONCLUSION

In this work, we developed a model for an atomic spin
diode, consisting of two localized spins (magnetic adatoms),
deposited on the surface of a two-dimensional electron gas.
We derived the semiclassical equations of motion for the
steady-state spin dynamics using the Keldysh path integral
formalism, and showed that these are very similar in form
to the phenomenological equations which were the starting
point of Ref. [10]. Our microscopic approach gives exact
expressions for both the local and nonlocal magnetic exchange
and Gilbert damping parameters which enter into these equa-
tions of motion. Under certain assumptions, these all have
analytical expressions.

FIG. 8. Susceptibility computed from the time series data using
the FFT.

The results we obtained rest on several key assump-
tions and approximations. First, we treated the s-d coupling
constant perturbatively to integrate out the bath. Fur-
ther, we assumed that the temperature of the system is
much smaller than the Fermi temperature of the bath.
These first two are the only two approximations that are
necessary to arrive at an analytical expression for the
damping; their validity is discussed in Secs. III and IV,
respectively.

To obtain the quoted expression for the exchange tensor,
we needed to make, depending on the method used, two or
more further approximations to evaluate the frequency in-
tegrals in Eq. (68). The validity of these approximations is
discussed in Appendix B.

As emphasized in Ref. [10], a system which possesses
both DMI, long known to give nonreciprocal effects in spin-
wave physics, and a nonlocal Gilbert damping, can exhibit
unidirectional transmission of spin between the two magnetic
subsystems, provided symmetric exchange is absent. To this
end, we also studied the magnetic susceptibility, which is
obtained by linearizing the equations of motion and taking the
Fourier transform. By tuning of the exchange and damping
parameters and carefully choosing the strength of the applied
magnetic field, we find that the transmission of angular mo-
mentum between spin 1 and spin 2 (or vice versa) can always
be made unidirectional.

In the work of Ref. [10], the authors made the initial as-
sumption that the symmetric exchange (denoted as J0 or J1

in this work) was zero; when they allowed for this parameter
to be nonzero, they found that their “magnon transmission”
was strongly nonreciprocal but no longer unidirectional. In
this work, we were able to show that this condition is not
necessary to allow for exact unidirectional transmission of
angular momentum between the two spins; our diode condi-
tions (95) and (96) rather require a certain relation between
the magnetic parameters whose realizability derives from the
oscillatory nature of the latter, providing for high tunability.
In particular, Eq. (96) can be satisfied independent of the
underlying microscopic properties of the bath, such as the
Fermi energy, Rashba splitting, and effective electron mass;
these quantities only determine the relative magnitudes of the
magnetic parameters.

Our work provides a derivation, starting from a micro-
scopic model, of the conditions for unidirectional spin-wave
propagation which were laid down phenomenologically in
Ref. [10]. We emphasize that the conditions we derived are
generic, though for the experimental parameters that we were
able to infer, we found that the magnetic fields required
to satisfy the condition (95) may be too large to realize
experimentally [34,42–44,59–62]. Nevertheless, the field of
magnetic adatoms on surfaces is a very active one, and we
hope that our work motivates further study of experimental
setups in which realizing these conditions is more feasible.
Two possible directions are (i) substrate gating: the magni-
tude of B0 in Eq. (95) is seen to be dominated by the term
D/α0 ∝ K/α ∝ k2

F /m; gating could be used to reduce kF and
hence also B0, and (ii): replacing the 2DEG substrate with,
for example, a ferromagnet, leveraging the resulting exchange
bias effect to reduce the magnetic field required, or eliminate
it completely.

144428-12



MICROSCOPIC THEORY OF AN ATOMIC SPIN DIODE PHYSICAL REVIEW B 114, 144428 (2026)

We also foresee several other extensions to our work,
which could include going beyond the semiclassical approxi-
mation, using a more realistic form of the s-d interaction, ex-
plicitly considering the crystalline structure of the electronic
substrate, or considering a system of more than two spins.
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APPENDIX A: COMPUTING THE DAMPING [EQ. (71)]

We begin by quoting Eq. (61) from the main text:

(�R(A) )μν
i j (ω) = − J2

sd

2

∫
dω′

2π

∫
dω′′

2π

1

ω − (ω′ − ω′′) ± i0
(NF(ω′′ − μ) − NF(ω′ − μ))

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′);

(�K )μν
i j (ω) = iJ2

sd

2

∫
dω′

2π

∫
dω′′δ(ω − (ω′ − ω′′))[NF(ω′′ − μ) + NF(ω′ − μ) − 2NF(ω′′ − μ)NF(ω′ − μ)]

×
∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′).

1. Evaluating the momentum space integrals

The momentum space integrals are of the form

∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′). (A1)

To proceed, we first rewrite the spectral function. As defined in Eq. (57) of the main text, this is given by

As(k, ω) = 2πδ(εks − ω).

We wish to employ the distributional identity

δ( f (k)) =
∑
k0i

δ(k − k0i )

f ′(k0i )
,

where {k0i} are the roots of f (k) = 0, to rewrite the spectral function in terms of k. Identifying f (k) = εks − h̄ω, and taking note
of the domain k � 0, we find one real root:

k0α (ω) = −sqR +
√

q2
R + 2mω,

whereas the derivative of f (k) is

f ′(k) = 1

m
(k + αqR),

which, evaluated at the roots k0α (ω), gives

f ′(k0α (ω)) = 1

m

√
q2

R + 2mω ≡ k0(ω)

m
,

where qR = mλSO, and we discarded the negative branch of the square root because the physical domain of k is k � 0. It is also
important to consider the support of the spectral function. For this to be well-defined in the distributional sense, we must choose
ω such that the function f (k) has real roots on the whole domain of k. Differentiation of εkα yields

∂εks

∂k
= k

m
+ sλSO = 0.
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For the s = +1 branch, we find no solutions for k > 0. For the s = −1 branch, we find a minimum at k = mλSO = qR. Hence

ε0s =
{

0 s = +1

− q2
R

2m s = −1.

Therefore, in rewriting the spectral function, we must include a factor of �(ω − ε0s). To summarize, we have

As(k, ω) = 2πm
1

k0(ω)
δ(k − k0s(ω))�(ω − ε0s).

We now return to the matrix elements

Mμν

kk′,ss′ = 〈s, k | σμ | s′, k′〉〈s′, k′ | σ ν | s, k〉,
where the helicity eigenstates are given by

|s, k〉 = 1√
2

(
1

−iseisφk

)
.

In detail, we have

〈s, k | σ x | s′, k′〉 = i

2
[se−iφ − s′eiφ′

];

〈s′, k′ | σ x | s, k〉 = i

2
[s′e−iφ′ − seiφ];

〈s, k | σ y | s′, k′〉 = − 1

2
[se−iφ + s′eiφ′

];

〈s′, k′ | σ y | s, k〉 = − 1

2
[seiφ + s′e−iφ′

];

〈s, k | σ z | s′, k′〉 = 1

2
[1 − ss′ei(φ′−φ)];

〈s′, k′ | σ z | s′, k′〉 = 1

2
[1 − ss′ei(φ−φ′ )],

where we defined φ = φk and φ′ = φk′ Therefore, the relevant products are

Mxx
ss′ (k, k′) = 1

2
[1 − ss′ cos(φ + φ′)],

Myy
ss′ (k, k′) = 1

2
[1 + ss′ cos(φ + φ′)],

Mzz
ss′ (k, k′) = 1

2
[1 − ss′ cos(φ − φ′)],

Mxz
ss′ (k, k′) = i

2
[s′ cos φ′ − s cos φ] = −Mzx

ss′ (k, k′),

Myz
ss′ (k, k′) = i

2
[s sin φ − s′ sin φ′] = −Mzy

ss′ (k, k′).

We first consider the i 	= j case, defining ri j = −r ji = (R cos θ, R sin θ ). The three types of integral which enter into the
expression (A1) are ∫

d2q
(2π )2

e±iq·ri j As(q, ω) = m

2π

∫ ∞

0
dq qδ(q − k0s(ω))�(ω − ε0s)

∫ 2π

0
dφe±iqR cos(φ−θ )

= m
∫ ∞

0
dqqδ(q − k0s(ω))�(ω − ε0s)J0(qR)

= mJ0(k0s(ω)R)�(ω − ε0s),∫
d2q

(2π )2
e±iq·ri j As(q, ω) cos φ = ± imJ1(k0s(ω)R)�(ω − ε0s) cos θ,

∫
d2q

(2π )2
e±iq·ri j As(q, ω) sin φ = ± imJ1(k0s(ω)R)�(ω − ε0s) sin θ,
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where Jn is the Bessel function of the first kind at order n. Using the results above, we find after some algebra that the momentum
space integrals have the following matrix structure:

∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′) = m2

2

∑
ss′

k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

Jμν

ss′ (ω′, ω′′; ri j )�(ω′′ − ε0s)

× �(ω′ − ε0s′ ),

which is Eq. (65) from the main text.
Now, let us consider the local case i = j. In this case, ri j = 0, which significantly simplifies the matrix structure of Eq. (65).

We have

∫
d2k

(2π )2
As(k, ω) = 2πm

∫ ∞

0
dk

k

k0(ω)
δ(k − k0s(ω))

∫ 2π

0
dφ = m

∫ ∞

0
dk

k

k0(ω)
δ(k − k0s(ω)) = mk0s(ω)

k0(ω)
;

∫
d2k

(2π )2
As(k, ω) cos φ = m

2π

∫ ∞

0
dk

k

k0(ω)
δ(k − k0s(ω))

∫ 2π

0
dφ cos φ = 0 =

∫
d2k

(2π )2
As(k, ω) sin φ,

making the structure of Eq. (A1) much simpler. This is, namely,

∑
ss′

∫
d2k

(2π )2

∫
d2k′

(2π )2
e−i(k−k′ )·ri jMμν

ss′ (k, k′)As(k, ω′′)As′ (k′, ω′) =
[

m2

k0(ω′)k0(ω′′)

∑
ss′

k0s′ (ω′)k0s(ω
′′)
]
1.

2. Computing the damping [Eq. (71)]

a. Nonlocal damping

We may now proceed with the derivation of the nonlocal damping. We take Eq. (61) from the main text and split the complex
denominator into its real and imaginary parts according to the Sokhotski-Plemelj theorem, which states that

lim
ε→0

1

x ± iε
= P

(
1

x

)
∓ iπδ(x),

where P denotes the Cauchy principal value. For the delta function part, we therefore have

± iπJ2
sd m2

4

∑
ss′

∫ ∞

ε0s′

dω′

2π

∫ ∞

ε0s

dω′′

2π
δ(ω − (ω′ − ω′′))(NF(ω′′ − μ) − NF(ω′ − μ))

k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

Jμν

ss′ (ω′, ω′′; ri j )

= ± iπJ2
sd m2

4

∑
ss′

∫ ∞

ε0s′

dω′

(2π )2
(NF(ω′ − (ω + μ)) − NF(ω′ − μ))

k0s(ω′ − ω)k0s′ (ω′)
k0(ω′)k0(ω′ − ω)

Jμν

ss′ (ω′, ω′ − ω; ri j )

= ± iπJ2
sd m2

4

∑
ss′

∫ ∞

ε0s′

dω′

(2π )2
(NF(ω′−(ω + μ))−NF(ω′−μ)) f (ω,ω′) f (ω,ω′) ≡ k0s(ω′−ω)k0s′ (ω′)

k0(ω′)k0(ω′−ω)
Jμν

ss′ (ω′, ω′ − ω; ri j )

≈ ± iJ2
sd m2ω

16π

∑
ss′

∫ ∞

ε0s′
dω′ ∂

∂ω
(NF(ω′ − (ω + μ)) − NF(ω′ − μ)) f (ω,ω′)|ω=0

= ± iJ2
sd m2ω

16π

∑
ss′

∫ ∞

ε0s′
dω′ f (ω = 0, ω′)

∂

∂ω
(NF(ω′ − (ω + μ)) − NF(ω′ − μ))

≈ ± iJ2
sd m2ω

16π

∑
ss′

∫ ∞

ε0s′
dω′ f (ω = 0, ω′)δ(ω′ − μ)

≈ ± iJ2
sd m2ω

16π

∑
ss′

k0s(μ)k0s′ (μ)

k0(μ)k0(μ)
Jμν

ss′ (μ,μ; ri j ),

which is identical to Eq. (70). The use of the first delta function to collapse the ω′′ integral is always valid, whereas the use of the
second delta function (which comes from approximating the Fermi function’s derivative as a delta function provided T 
 TF )
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to collapse the ω′ integral is valid provided μ > 0. So, the nonlocal damping is found from Eq. (53) to be

αi j = 2 lim
ω→0

1

ω

J2
sd m2ω

16π

∑
ss′

k0s(μ)k0s′ (μ)

k0(μ)k0(μ)
Jμν

ss′ (μ,μ; ri j ) = J2
sd m2

8π

∑
ss′

k0s(μ)k0s′ (μ)

k0(μ)k0(μ)
Jμν

ss′ (μ,μ; ri j ).

To make connection with Eq. (80) from the main text, we consider the case where θ = 0. One finds in this case:

αxx
i j = α

4

∑
ss′

(
1 − sqR

kF R

)(
1 − s′qR

kF

)
[J0(kFsR)J0(kFs′R) − ss′J1(kFsR)J1(kFs′R)] = αzz

i j ≡ α0,

α
yy
i j = α

4

∑
ss′

(
1 − sqR

kF R

)(
1 − s′qR

kF

)
[J0(kFsR)J0(kFs′R) − ss′J1(kFsR)J1(kFs′R)] ≡ α2,

αxz
i j = − α

4

∑
ss′

(
1 − sqR

kF R

)(
1 − s′qR

kF

)
[s′J1(kFs′R)J0(kFsR) + sJ0(kFs′R)J1(kFsR)] ≡ α1 = −αzx

i j ,

α
yz
i j =α

zy
i j = α

xy
i j = α

yx
i j = 0.

b. Local damping

We can follow an identical derivation as was used above to compute the local damping. The result is

α = 2
J2

sd m2

16π

∑
ss′

k0s(μ)k0s′ (μ)

k0(μ)k0(μ)
= J2

sd m2

2π
.

APPENDIX B: COMPUTING THE EXCHANGE [EQS. (74) AND (75)]

Method 1: Numerical integration

a. Formulation in terms of integral transforms

We begin with Eq. (68):

−J2
sd m2

4

∑
ss′

P
∫ ∞

ε0s′

dω′

2π

∫ ∞

ε0s

dω′′

2π

(NF(ω′′ − μ) − NF(ω′ − μ))

ω − (ω′ − ω′′)
k0s(ω′′)k0s′ (ω′)
k0(ω′)k0(ω′′)

Jμν

ss′ (ω′, ω′′; ri j ). (B1)

This equation can also be written in the form

−C
∑
ss′

∑
nn′

P
∫ ∞

ε0s′
dω′

∫ ∞

ε0s

dω′′cμν

nn′,ss′ (θ )
NF(ω′′ − μ) − NF(ω′ − μ)

ω − (ω′ − ω′′)
Bns(ω

′′)Bn′s′ (ω′), (B2)

where C = (Jsd m/4π )2, cμν

nn′,ss′ (θ ) encodes the coefficients in Eq. (65), and

Bns(ε) =
(

1 − sqR√
2mε + q2

R

)
Jn
(
R
(− sqR +

√
2mε + q2

R

))
. (B3)

So we see that our task is to evaluate an integral of the generic form

P
∫ ∞

ε0s′
dω′

∫ ∞

ε0s

dω′′ (NF(ω′′ − μ) − NF(ω′ − μ))

ω − (ω′ − ω′′)
Bns(ω

′′)Bn′s′ (ω′). (B4)

To begin, we first write the Fermi functions as step functions; this approximation is exact at zero temperature but remains
extremely good provided the temperature T 
 TF , as discussed above. The weight W = NF(ω′′ − μ) − NF(ω′ − μ) = �(μ −
ω′′) − �(μ − ω′) is equal to −1 if μ > ω′ > ε0s′ and ∞ > ω′′ > μ, and +1 if ∞ > ω′ > μ and μ > ω′′ > ε0s. Note that if
μ > 0, then for all s, s′ = ±1, μ > ε0s, ε0s′ . Then, we get two particle-hole contributions to the integral:

− P
∫ μ

ε0s′
dω′

∫ ∞

μ

dω′′ Bns(ω′′)Bn′s′ (ω′)
ω − (ω′ − ω′′)

, (B5)

+ P
∫ ∞

μ

dω′
∫ μ

ε0s

dω′′ Bns(ω′′)Bn′s′ (ω′)
ω − (ω′ − ω′′)

. (B6)

The integral still diverges on the singular line ω′ = ω′′ + ω. To make progress, we first make the substitutions ω′′ = μ + ξ ,
ω′ = μ − ζ in Eq. (B5), and ω′ = μ + ξ , ω′′ = μ − ζ in Eq. (B6). Upon exchanging the bounds of integration (being careful
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with signs), we obtain

−P
∫ ∞

0
dξ

∫ μ−ε0s′

0
dζ

Bns(μ + ξ )Bn′s′ (μ − ζ )

ω + (ξ + ζ )
, +P

∫ μ−ε0s

0
dζ

∫ ∞

0
dξ

Bns(μ − ζ )Bn′s′ (μ + ξ )

ω − (ξ + ζ )
.

We now discuss how the singularity can be removed. Let u = ξ + ζ and t = ξ/(ξ + ζ ). The Jacobian is +u, and the measure
transforms to dξdζ = ududt . In this form, we can show that exchanging the static limit ω → 0 with the integrals does not present
a problem, as we have:

dξdζ

ω + ξ + ζ
�→ ududt

ω + u
→ 1 as ω → 0,

dξdζ

ω − (ξ + ζ )
�→ ududt

ω − u
→ −1 as ω → 0.

After taking the static limit, the integrand acquires the form

−
∫ 1

0
dt
∫ Ds′ /(1−t )

0
duBns(μ + ut )Bn′s′ (μ − u(1 − t )) −

∫ 1

0
dt
∫ Ds/(1−t )

0
duBns(μ − u(1 − t ))Bn′s′ (μ + ut ), (B7)

where we defined the band bottom Ds = μ − ε0s. Equivalently,

−
∫ ∞

0
dξ

∫ Ds′

0
dζ

Bns(μ + ξ )Bn′s′ (μ − ζ )

ξ + ζ
−
∫ ∞

0
dξ

∫ Ds

0
dζ

Bns(μ − ζ )Bn′s′ (μ + ξ )

ξ + ζ
. (B8)

We now introduce the transform

1

ξ + ζ
=
∫ ∞

0
dτe−τ (ξ+ζ ),

and also define

Pns(τ ) =
∫ ∞

0
dξe−τξ Bns(μ + ξ ), (B9)

Hns(τ ) =
∫ Es

0
dζe−τζ Bns(μ − ζ ) (B10)

as the particle-side and hole-side transforms, respectively. The integral is transformed to

−
∫ ∞

0
dτ [Pns(τ )Hn′s′ (τ ) + Hns(τ )Pn′s′ (τ )]. (B11)

We have reduced a double integral to an integral over a sum of products of one-dimensional transforms, which should be
more stable numerically. In the following section, we discuss a further approximation that can be made to make this numerical
integration even easier.

b. Linearizing the dispersion relation

Recall

k0s(ε) = −sqR +
√

2mε + q2
R ≈ kF − sqR + (ε − μ)

vF
, (B12)

where vF = kF /m is the Fermi velocity. The function Bns(ε) becomes

Bns(ε) ≈
(

1 − sqR

kF + (ε − μ)/vF

)
Jn

(
R

(
kF − sqR + ε − μ

vF

))
. (B13)

We now define a few variables. Let x ≡ kF R; y = qR/kF ;V = vF kF ; E = ξ/V ; ρ = τV . Then the particle-side transform be-
comes

Pns(τ ) = V P̂νs(ρ); (B14)

P̂νs(ρ) =
∫ ∞

0
dEe−ρE

(
1 − sy

1 + E

)
Jn(x(1 − sy + E )) (B15)

= In(as, ρ; x) − syQn(as, ρ; x), (B16)

where

Iν (as, ρ; x) =
∫ ∞

0
dEe−ρE Jn(x(as + E ));

Qν (as, ρ; x) =
∫ ∞

0
dE

e−ρE

1 + E
Jn(x(as + E ))
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and we defined as = 1 − sy. Focusing on the first of these terms, we see that

Iν (as, ρ; x) = eρas

∫ ∞

as

dze−ρzJn(xz) = eρas

[∫ ∞

0
dze−ρzJn(xz) −

∫ as

0
dze−ρzJn(xz)

]
= eρas

[
L{Jn(xz); ρ} −

∫ as

0
dze−ρzJn(xz)

]

= eρas

[
(
√

ρ2 + x2 − ρ)n

xn
√

ρ2 + x2
−
∫ as

0
dze−ρzJn(xz)

]
.

Thus, in the case of a linearized dispersion, we can reduce the improper integral of an oscillatory function to the sum of a known
integral transform and a finite integral. We now focus on Qn. This can be simplified by introducing

1

1 + E
=
∫ ∞

0
dλe−λ(1+E ),

which gives

Qn(as, ρ; x) =
∫ ∞

0
dλe−λ

∫ ∞

0
dEe−(ρ+λ)E Jn(x(as + E )) =

∫ ∞

0
dλe−λIn(as, ρ + λ; x);

so, to summarize:

P̂ns(ρ) = In(as, ρ; x) −
∫ ∞

0
dλe−λIn(as; ρ + λ; x). (B17)

Analogously, we may rewrite the hole-side transform as

Hns(τ ) = V Ĥns(ρ), (B18)

where

Ĥns(ρ) =
∫ ds

0

∫
dhe−ρh

(
1 − sy

1 − h

)
Jn(x(1 − sy − h)), (B19)

and we defined ds = Ds/V . Equation (B11) becomes

−V
∫ ∞

0
dρ[P̂ns(ρ)Ĥn′s′ (ρ) + Ĥns(ρ)P̂n′s′ (ρ)]. (B20)

Before we give the numerical results which are obtained from these formulas, we first note that the expression for Iν given above
is only numerically stable when ρa is not too large. For large ρas, the exponential prefactor is large, whereas the two terms in
brackets will cancel one another; the latter two constitute the exponentially suppressed tail of the integral. For large ρas, we can
go back to the original definition of In:

In(as, ρ; x) =
∫ ∞

0
dEe−ρE Jn(x(as + E )) r ≡ ρE

= 1

ρ

∫ ∞

0
dre−rJn

(
x

(
as + r

ρ

))
.

In this version, the oscillatory behavior is exponentially suppressed by the prefactor e−r , making the integral numerically well-
behaved. We can summarize these results for In as follows:

In(as, ρ; x) =

⎧⎪⎪⎨
⎪⎪⎩

eρas

[
(
√

ρ2+x2−ρ)n

xn
√

ρ2+x2
− ∫ as

0 dze−ρz Jn(xz)

]
ρas � p∗

1
ρ

∫∞
0 dre−rJn

(
x

(
as + r

ρ

))
ρas > p∗,

where p∗ is some threshold, above which we switch to the second method for computing In. Substitution of (B20) in (B4) yields

lim
ω→0

Re
[
(�R(A) )μν

i j (ω)
] = J2

sd k2
F m

16π2

∑
nn′

∑
ss′

cμν

nn′,ss′ (θ )
∫ ∞

0
dρ[P̂ns(ρ)Ĥn′s′ (ρ) + Ĥns(ρ)P̂n′s′ (ρ)]. (B21)

2. Method 2: Analytic long-range dependence of the exchange

In this section, we compute the long-range dependence of the exchange interaction, obtaining a universal RKKY-type
interaction kernel. Starting from Eqs. (B8) and (B13), we substitute the asymptotic form of the Bessel functions:

Jn(x) ∼
√

2

πx
cos

(
x − π (2n + 1)

4

)
;
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in this case, valid provided (kF − sqR)R � 1, to obtain

Bns(μ + ξ )Bn′s′ (μ − ζ ) ∝ cos(kF R − sqRR + �ξ − φn) cos(kF R − s′qRR − �ζ − φn′ )

∝ 1
2 [cos(2kF R − (s + s′)qRR + �(ξ − ζ ) − (φn + φn′ )) + cos((s′ − s)qRR + �(ξ + ζ ) + φn′ − φn)],

Bns(μ − ζ )Bn′s′ (μ + ξ ) ∝ cos(kF R − sqRR − �ζ ) cos(kF R − s′qRR + �ξ )

∝ 1
2 [cos(2kF R − (s + s′)qRR + �(ξ − ζ ) − (φn + φn′ )) + cos((s′ − s)qRR − �(ξ + ζ ) + φn′ − φn)].

Here, � = R/vF and φn = (2n + 1)π/4. Making a further standard approximation, we replace the slowly varying (compared to
the cosine term) prefactors by their values at the Fermi surface and find an overall Fermi-surface prefactor of

1

πkF R

(1 − sqR/kF )(1 − s′qR/kF )√
(1 − sqR/kF )(1 − s′qR/kF )

= 1

πkF R

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
.

Note that, in contrast to previous calculations of this kind, e.g., Ref. [56], we do not replace qR/kF → 1. This would correspond
to a weak SOC limit; for the nonreciprocal physics studied in the main text, it is important that full SOC dependence is retained,
if it is desirable that the DMI be large.

Now, we are ready to proceed with evaluating Eq. (B8), using these approximate forms of the Bessel functions. Defining
�+

nn′,ss′ = (2kF − (s + s′)qR)R − (φn + φn′ ); �−
nn′,ss′ = (s − s′)qRR + φn′ − φn, we find that Eq. (B8) becomes, up to prefactors:

−
∫ ∞

0
dξ

∫ Ds′

0
dζ

[cos(�(ξ − ζ ) + �+
nn′,ss′ ) + cos(�(ξ + ζ ) + �−

nn′,ss′ )]

ξ + ζ
,

−
∫ ∞

0
dξ

∫ Ds

0
dζ

[cos(�(ξ − ζ ) + �+
nn′,ss′ ) + cos(�(ξ + ζ ) − �−

nn′,ss′ )]

ξ + ζ
.

In the following, we only retain the sum-phase term in the above. In our logic, this term is the real-space version of the standard
long-distance RKKY contribution; in momentum space, it arises from the nonanalyticity of the static susceptibility at the Fermi-
surface spanning wave vector q = 2kF ; the Fourier transform of the latter gives the characteristic RKKY dependence [55,56,64].
We first focus on those terms containing the sum phase �+

nn′,ss′ . In the asymptotic expansion, the leading oscillatory contribution
comes from energies on the scale ξ, ζ ∼ vF /R. If Ds � vF /R, then contributions at the valence band edge are asymptotically
suppressed, and we may take the limit Ds, Ds′ → ∞. The sum-phase term becomes∫ ∞

0
dξ

∫ ∞

0
dζ

cos(�(ξ − ζ ) + �+
nn′,ss′ )

ξ + ζ
v = ξ + ζ ; u = ξ − ζ = 1

2

∫ ∞

0

dv

v

∫ v

−v

cos(�u + �+
nn′,ss′ )

= 1

2�

∫ ∞

0

dv

v
[sin(�u + �+

nn′,ss′ )]v−v = cos(�+
nn′,ss′ )

�

∫ ∞

0
dv

sin(�v)

v

= π cos(�+
nn′,ss′ )

2�
.

The difference phase term is slightly different. This term is not singular in momentum space; rather, it contains either smooth
components of the response, or endpoint-dependent terms associated with a finite Es. In the same Fermi-surface extension
Es → ∞ as above, one can show that the leading O(1/�) corrections from this term cancel between the two particle-hole
sectors, and the leading finite-edge corrections are of order O(1/�2Es), so we can neglect them. Putting the two sum-phase
terms together and collecting all prefactors, Eq. (B4) becomes

− 1

mR2

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
cos(2kF R − (s + s′)qRR − (φn + φn′ )). (B22)

Substitution in Eq. (68) from the main text then yields

lim
ω→0

Re
[
(�R(A) )μν

i j (ω)
] = J2

sd mk2
F

(4π )2

∑
ss′

∑
nn′

cμν

nn′,ss′ (θ )

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
cos (2kF R − (s + s′)qRR − (φn + φn′ ))

(kF R)2
; (B23)

where, for the combinations of n and n′ which appear in Eq. (65), the cosine term gives

n, n′ cos(�+
nn′,ss′R),

0, 0 sin (2kF R − (s + s′)qRR),

0, 1 − cos (2kF R − (s + s′)qRR),

1, 1 − sin (2kF R − (s + s′)qRR).
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FIG. 9. The exchange constants J0, J1 and the DMI strength D, calculated using Eqs. (B21)–(B23), for the geometry discussed in Sec. V.

For concreteness, we now quote the various components of the exchange tensor in the particular geometry r12 = −r21 = Rx̂
studied in the main text, with (a) full SOC dependence retained:

Jxx ≡ J0 = K

(kF R)2

∑
ss′

(1 + ss′ cos(2θ ))

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
sin(2kF R − (s + s′)qRR)

= 2K

(kF R)2

[(
1 − qR

kF

)
sin(2(kF − qR)R) +

(
1 + qR

kF

)
sin(2(kF + qR)R)

]
= Jzz,

Jyy ≡ J1 = K

(kF R)2

∑
ss′

(1 − ss′ cos(2θ ))

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
sin(2kF R − (s + s′)qRR) = 4K

(kF R)2

√
1 − q2

R

k2
F

sin(2kF R),

Jxy = Jyx = 0,

Jxz ≡ D = K

(kF R)2

∑
ss′

(s + s′)

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
cos(2kF R − (s + s′)qRR)

= 2K

(kF R)2

[(
1 − qR

kF

)
cos(2(kF − qR)R) −

(
1 + qR

kF

)
cos(2(kF + qR)R)

]
= −Jzx, Jyz = 0,

and (b) in a weak-SOC limit,

Jxx ≡ J0 = K

(kF R)2

∑
ss′

(1 + ss′ cos(2θ ))

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
sin(2kF R − (s + s′)qRR)

= 4K
sin(2kF R)

(kF R)2
cos(2qRR) = Jzz,

Jyy ≡ J1 = K

(kF R)2

∑
ss′

(1 − ss′ cos(2θ ))

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
sin(2kF R − (s + s′)qRR)

= 4K

(kF R)2
sin(2kF R), Jxy = Jyx = 0,

Jxz ≡ D = K

(kF R)2

∑
ss′

(s + s′)

√(
1 − s

qR

kF

)(
1 − s′ qR

kF

)
cos(2kF R − (s + s′)qRR)

= 4K
sin(2kF R)

(kF R)2
sin(2qRR) = −Jzx, Jyz = 0,

where K = J2
sd mk2

F /8π2. The components of the exchange tensor as given in Eq. (79), computed using the three different
methods described above, are plotted in Fig. 9. One observes that, while the asymptotic expansion captures the phase of
the Bessel functions quite well, it can wildly over- or underestimate the magnitude of these functions, leading to significant
disagreement between the full and asymptotic forms, particularly at very small kF R. In particular, the DMI is seen from Fig. 9
to decay much more slowly than the asymptotic expansion predicts.
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