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Time-domain theory of transient heat conduction in the local limit
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Ultrafast and nanoscale heat conduction demands a unified theoretical framework that rigorously bridges
macroscopic transport equations with microscopic material properties derived from statistical physics. Existing
empirical generalizations of Fourier’s law often lack a solid microscopic foundation, failing to connect observed
non-Fourier behavior with underlying atomic-scale mechanisms. In this work, we present a time-domain theory
of transient heat conduction rooted in Zwanzig’s statistical theory of irreversible processes. Central to this
framework is the time-domain transport function

←→
Z (t ) defined through equilibrium time-correlation functions

of heat fluxes. This function generalizes the conventional concept of steady-state thermal conductivity, governing
the transition of conduction dynamics from onset second sound type wave propagation at finite speeds to
diffusion-dominated behavior across broad temporal and spatial scales. Unlike phonon hydrodynamic models
that rely on mesoscopic constructs such as phonon drift velocity, our approach provides a quantitative and
microscopic description of intrinsic memory effects in transient heat fluxes and applies universally to bulk
materials at any temperature or length scale. By integrating atomistic-scale first-principles calculations with
continuum-level macroscopic equations, this framework offers a robust foundation for numerical simulations of
transient temperature fields. Furthermore, it facilitates the interpretation and design of transient thermal grating
experiments using nanometer-scale heat sources and ultrafast laser systems in the extreme ultraviolet and x-ray
wavelength ranges, advancing our understanding of heat dissipation dynamics.
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I. INTRODUCTION

The theory of heat conduction [1–19], which describes
a key mechanism for energy transfer in materials, is fun-
damental to basic physics and crucial for various technical
applications, including microelectronics [8,9], energy storage
[20,21], and energy conversion technologies [10,22]. Bridging
critical gaps in the current theoretical framework of thermal
transport processes is essential to address emerging challenges
in ultrafast and nanoscale thermal phenomena [23–30].

Conventionally, heat conduction is described at the con-
tinuum level by the heat diffusion equation (HDE) [2], which
models the evolution of the temperature field T (�r, t ) over time
(t) and space (�r):

∂T (�r, t )

∂t
− �∇r · (

←→
D · �∇rT (�r, t )) = 0. (1)
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Here, thermal diffusivity
←→
D quantifies a material’s capac-

ity to conduct heat and is related to thermal conductivity
←→κ through the relation ←→κ = ρC

←→
D , where ρ is the mass

density and C is the specific heat capacity. The thermal con-
ductivity ←→κ is defined by Fourier’s law of heat flux, �j, under
steady-state conditions:

�j = −←→κ · �∇rT . (2)

Both heat conduction coefficients,
←→
D or ←→κ , can be measured

experimentally or calculated through atomistic simulations
[3], providing essential inputs for modeling heat transfer in
materials.

The adoption of Fourier’s law, however, introduces a the-
oretical limitation to the heat diffusion theory [Eq. (1)], as
it assumes a slowly varying, quasisteady temperature field
T (�r, t ). While this assumption holds approximately for many
macroscopic heat conduction processes, transient thermal
measurements have consistently revealed significant devia-
tions from Fourier’s predictions, particularly at very small
length scales [14,31–35]. These deviations are further high-
lighted by experimentally observed wavelike heat transfer
phenomena, such as second sound at low temperatures, which
provide direct evidence of the breakdown of Fourier’s law.
Such phenomena have been reported in superfluid helium-
II [36], crystalline materials [37–41], and low-dimensional
systems [42,43]. These findings underscore the need for a
theoretical framework that advances beyond Fourier’s law,
offering a more accurate and cohesive description of heat
conduction in these regimes.
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Empirical extensions of Fourier’s law, applied beyond
steady-state conditions or at confined length scales, have
been extensively employed to explore macroscopic non-
Fourier phenomena [44]. Among these generalizations, the
Maxwell-Cattaneo-Vernotte (MCV) model [45–47] is particu-
larly prominent. It predicts damped heat waves by introducing
a time derivative term for the heat currents, thereby accounting
for the memory effect in transient heat conduction. How-
ever, such empirical models often depend on parameters with
limited microscopic justification and are typically fitted to ex-
perimental data. Although phenomenologically useful, these
models are conceptually constrained, limiting deeper insights
into the underlying physics.

Rigorous atomistic-scale quantum mechanical treatments
of heat transport in many-body material systems [12] re-
main highly challenging at present. As a result, recent
first-principles approaches have primarily focused on calculat-
ing the lattice thermal conductivity of perfect crystals. These
efforts have been facilitated by advancements in computing
harmonic phonon spectra [48–55] and anharmonic phonon-
phonon scattering rates [56–58]. Building on the success
of first-principles calculations of steady-state thermal con-
ductivity, researchers have turned their attention to deriving
non-Fourier terms in phenomenological heat equations. These
efforts aim to avoid dependence on empirical data fitting
[17,59–66].

Numerous efforts have been made within the framework of
phonon hydrodynamics [5,7,67–71] to explore heat transport
in a bulk phonon gas (PG) under the hypothesis that phonon
quasimomentum is nearly conserved when Normal phonon
scattering processes dominate. One of the most prominent
phonon hydrodynamic models is the Guyer-Krumhansl equa-
tion (GKE) [7,71], which introduces temporal memory and
spatially nonlocal terms based on the mesoscopic concept of
phonon drift velocity field. Although the terms in the GKE and
its variants can be linked to first-principles results [61,62,72],
phonon hydrodynamics remains semiphenomenological, with
foundational concepts often oversimplified or lacking rigor-
ous statistical derivation and experimental validation. Notably,
the memory effects in the GKE are mathematically identical
to those in the MCV model [7]. A major limitation of the
hydrodynamic framework is its reliance on the dominance
of momentum-conserving Normal phonon-phonon scattering
over mechanisms like umklapp scattering, defect interactions,
and grain-boundary scattering [7,71]. This confines its appli-
cability to lattice heat conduction in cryogenic temperature
regimes and idealized low-dimensional materials. Despite its
intrinsic limitations, the phonon hydrodynamic framework
has regained attention as one of the few continuum model-
ing approaches capable of incorporating first-principles heat
conduction properties. Additionally, its predictions of phonon
second sound, akin to those of the MCV model, qualitatively
align with experimental observations, supporting its applica-
tion in regimes where Fourier’s law fails.

Efforts have been devoted to extending the GKE beyond
the hypothesis of quasiconservation of crystal momentum.
Recently, several research teams have demonstrated that the
mathematical structure of the GKE can be derived directly
from the Boltzmann transport equation, even in the pres-
ence of significant resistive scattering and without requiring

dominance of momentum-conserving (Normal) processes.
For example, Sendra et al. [73] expanded the nonequilibrium
phonon distribution in terms of the heat current, its time
derivative, and its spatial gradient, treating these as indepen-
dent macroscopic variables. Alternatively, Guo and Wang [74]
proposed a generalized GKE formalism that assumes the flux
of heat flux is directly proportional to the energy density.
Consequently, the GKE and its associated memory effects are
not strictly limited to the hydrodynamic (Ziman) regime, but
can also emerge in materials where Normal collisions do not
dominate [75].

This study presents a theoretical framework that extends
classical transport coefficients, such as thermal conductivity,
from steady-state conditions to time-domain transport func-
tions, capturing heat dissipation dynamics across all temporal
and spatial scales. Utilizing the time-dependent phonon Boltz-
mann transport equation (td-phBTE) and Zwanzig’s statistical
theory of irreversible processes, the framework identifies
time-correlation functions (TCFs) of fluctuating heat currents
as fundamental transport functions for heat conduction, di-
rectly computable through atomistic simulations. It predicts
the universal onset of wave dynamics in heat conduction and
a seamless transition from wavelike to diffusive behavior in
all materials. Additionally, it offers a first-principles interpre-
tation of phonon second sound in natural silicon crystals at all
temperatures, without relying on assumptions from phonon
hydrodynamics. By providing a statistically grounded and
unified approach, the framework addresses the limitations of
phenomenological models and difficult-to-verify mesoscopic
constructs. Furthermore, it offers accurate insights and robust
interpretations of experimental results from transient thermal
grating spectroscopy [28,32], advancing the understanding
and application of nanoscale thermal physics and engineering.

II. TIME-DOMAIN HEAT CONDUCTION
TRANSPORT FUNCTIONS

To address the limitations of Fourier’s law in non-quasi-
steady-state regimes, we analyze the transient heat current,
�j(t ), in a homogeneous bulk material. At this stage, boundary
and interface effects are not explicitly considered. The bulk
material is assumed to be infinitely large and subjected to
a small, spatially uniform, and time-dependent temperature
gradient, �∇rT (t ). In this work, only the lattice (phonon) con-
tribution to heat conduction is considered; energy transfer
involving electrons or electron-hole pairs is not included in
the present theoretical framework.

A. Phonon heat currents and memory effects

We begin by analyzing a bulk phonon gas (PG) system
in a periodic crystal, where phonon modes are indexed by
α, representing the wave vector �q in reciprocal space and
the phonon branch index b [i.e., α = (�q, b)]. Each phonon
mode is characterized by its frequency ωα , group velocity �vα ,
and equilibrium occupation number n0(α) at a reference tem-
perature T0.

The td-phBTE governs the time evolution of the phonon
occupation number n(α, t ). The mathematical approximations
used in this analysis, detailed in Appendix A, are consistent
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with those applied under steady-state conditions [3,76]. In
numerical simulations, integration over reciprocal �q space is
approximated by summation over discrete �q points, resulting
in a total of Nmode phonon modes. The linearized td-phBTE is
expressed as

∂n(α, t )

∂t
+ h̄ωα�vα �∇rT (t )

4kBT 2
0 sinh2

(
h̄ωα

2kBT0

)

= −
Nmode∑
β=1

Lαβ ·
sinh

(
h̄ωβ

2kBT0

)
sinh

(
h̄ωα

2kBT0

) (n(β, t ) − n0(β )), (3)

where kB is the Boltzmann constant, h̄ is the Plank constant,
and the phonon scattering matrix L is a symmetric, semiposi-
tive definite square matrix of dimensions Nmode × Nmode.

An essential step in solving Eq. (3) analytically (see Ap-
pendix B) is the use of the eigenvalues γλ and eigenvectors
�uλ of the L matrix, defined as

∑Nmode
β=1 Lαβuλβ = γλuλα . The

eigenvalues and eigenvectors form a complete, orthonor-
mal basis, with the eigenmode index λ = 1, . . . , Nmode [76].
To simplify the solution, we define new variables ηλ(t )
as ηλ(t ) ≡ ∑Nmode

α=1 uλα · 2 sinh( h̄ωα

2kBT0
) · (n(α, t ) − n0(α)). Us-

ing this definition, n(α, t ) can be expressed as n(α, t ) =
n0(α) + ∑Nmode

λ=1
uλαηλ(t )

2 sinh( h̄ωα
2kBT0

)
. The derived solution for n(α, t ), as

detailed in Appendix B, is expressed as

n(α, t ) = n0(α)

−
Nmode∑
λ,β=1

uλαuλβ h̄ωβ �vβ · ∫ t
−∞ dt ′e−γλ(t−t ′ ) �∇rT (t ′)

4kBT 2
0 sinh

(
h̄ωα

2kBT0

)
sinh

(
h̄ωβ

2kBT0

) .

(4)

Using Peierls’ phonon heat flux formula, �jPG =
1

Vcell·Nmode

∑
α (n(α, t ) − n0(α))h̄ωα�vα , for a PG with unit-cell

volume V cell and total Nmode phonon modes, we show that
the transient heat flux �jPG(t ) in a bulk PG is not directly
proportional to the instantaneous temperature gradient
�∇rT (t ), as predicted by Fourier’s law. Instead, �jPG(t ) is
expressed as a convolution integral, where the time-domain
heat conduction transport function (td-HCTF),

←→
Z PG(t ),

describes the causal memory effects of the transient �∇rT (t )
in the past:

�jPG(t ) = −
∫ t

−∞
dt ′←→Z PG(t − t ′) �∇rT (t ′), (5a)

←→
Z PG(t ) =

Nmode∑
λ=1

←→
ζ λ0e−γλt , (5b)

←→
ζ λ0 =

Nmode∑
α,β=1

uλαuλβ h̄ωα h̄ωβ �vα�vβ

4NmodeVcellkBT 2
0 sinh

(
h̄ωα

2kBT0

)
sinh

(
h̄ωβ

2kBT0

) ,

(5c)

where
←→
ζ λ0 characterizes the weighted contribution of the λ-

th eigenmode of phonon collision matrices [Eq. (5b)] to Z (t ).
Notably, in the steady-state limit, where the tempera-

ture gradient �∇rT (t ) becomes time-independent, the general

heat flux formula, Eq. (5a), reduces to Fourier’s law: �jPG =
−←→κ PG �∇rT , where the thermal conductivity is given by

←→κ PG =
∫ ∞

0

←→
Z PG(t )dt =

Nmode∑
λ=1

←→
ζ λ0/γλ, (6)

where each eigenmode of the L matrix contributes to ←→κ
through

←→
ζ λ0/γλ.

Our analysis demonstrates that, beyond steady-state ther-
mal conditions, a single value of ←→κ [Eq. (6)] is insufficient to
fully characterize the material properties governing heat con-
duction. To accurately model heat conduction under transient
thermal conditions, we introduce a time-domain transport
function,

←→
Z PG(t ) [Eqs. (5a)–(5c)], rigorously derived from

the td-phBTE. This transport function, central to our ap-
proach, offers an analytical representation that directly links
microscopic phonon properties, such as frequency, group ve-
locity, and eigenmodes of the phonon scattering matrix, to
macroscopic heat transport properties [Eqs. (5b) and (5c)].
Unlike previous works, such as those by Chiloyan et al.
[65] and Hua and Lindsay [77], which employed solutions
of the td-phBTE for frequency-domain temperature responses
to heating or current response to temperature gradients, our
framework derives an analytical form for

←→
Z PG(t ) under

time-dependent, spatially uniform temperature gradients in an
infinitely large crystal. This analytical formulation not only
reduces computational complexity of description of transient
heat conduction properties but also generalizes the classical
concept of thermal transport coefficients into the time do-
main functions, providing a powerful framework for exploring
heat dissipation dynamics across diverse temporal and spatial
scales.

Our formalism reveals the microscopic origins of macro-
scopic memory effects, previously introduced in empirical
models [78–80]. These effects arise from the interplay
between heat current relaxation dynamics, which restore
nonequilibrium states to equilibrium, and transient tempera-
ture gradients, which continuously redefine the equilibrium
state. In a PG, mode-specific relaxation rates γλ determine
the duration of these effects, where larger γλ values corre-
spond to shorter memory times for the nonequilibrium heat
current �jPG(t ). The smallest γλ values govern the timescale
of heat current relaxation dynamics, determining the onset of
deviations from the Fourier diffusion equation. By integrating
these insights into a unified framework, our approach offers
a robust, microscopic method for analyzing transient heat
conduction in a PG, extending beyond the quasi-steady-state
regime.

B. Time-domain Zwanzig formalism

To generalize the findings of memory effects in transient
heat currents from a PG to other materials, we compare the
predicted

←→
Z PG(t ) functions [Eq. (5)] with results from our

earlier study on fluctuation-dissipation dynamics in a PG, de-
rived using the Fokker-Planck equation [76]. This comparison
demonstrates that the

←→
Z (t ) is directly proportional to the

equilibrium TCFs of heat currents, 〈�jPG(t )�jPG(0)〉eq.

115201-3



CRAWFORD, ZENG, VIDAL, AND DONG PHYSICAL REVIEW B 112, 115201 (2025)

This relationship between
←→
Z PG(t ) and 〈�jPG(t )�jPG(0)〉eq

corresponds to Zwanzig’s theory of irreversible processes
[6,81], which establishes a universal connection between
time-domain memory kernel functions in transport equations,
which link relevant variables with their corresponding ther-
modynamic forces, and the TCFs of these variables. For heat
conduction, the relevant variables are bulk heat fluxes (�jbulk),
and the corresponding thermodynamic forces are temperature
gradients ( �∇rT ). In Zwanzig’s formalism, macroscopic heat
conduction processes are inherently non-Markovian due to the
statistical reduction of the full microscopic dynamics to the
dynamics of �jbulk. Using a projection operator technique to re-
derive the Green-Kubo formula for thermal conductivity [4],
Zwanzig’s theory treats the remaining microscopic variables
as irrelevant variables and explicitly connects memory kernel
functions to the causal influence of �∇rT on transient �jbulk.
The memory kernel functions in Zwanzig’s heat conduction
equations are equivalent to the

←→
Z (t ) in our PG analysis. Con-

sequently, our definition of
←→
Z (t ) can be generalized to other

materials, where it is expressed in terms of the equilibrium
TCFs of fluctuating �jbulk(t ):

←→
Z (t ) =

{
0, for t < 0,

V
kBT 2 〈�jbulk(t )�jbulk(0)〉eq, for t � 0.

(7)

Using the time-domain Zwanzig formalism (Eq. (7)), the
transport equations for transient heat flux can be expressed as

�j(�r, t ) = −
∫ +∞

−∞
dt ′←→Z (t − t ′) �∇rT (�r, t ′), (8)

Zwanzig [81,82] pointed out that Eq. (8) allows memory
effects in the time domain to be represented mathematically
in terms of frequency-dependent transport coefficients, as fol-
lows:

�J (ω) = −←→κ (ω) · �∇rT (ω), (9)

where �J (ω) = ∫ ∞
−∞ dt �j(t )e−iωt and �∇rT (ω) =∫ ∞

−∞ dt �∇rT (t )e−iωt are Fourier transformation of transient
heat fluxess and temperature gradients, respectively. The
frequency-dependent thermal conductivity ←→κ (ω) is defined
as

←→κ (ω) =
∫ ∞

−∞
dt

←→
Z (t )e−iωt =

∫ ∞

0
dt

←→
Z (t )e−iωt . (10)

Although frequency-domain and time-domain formalisms
are mathematically equivalent in many cases, the time-domain
formalism offers notable conceptual and computational ad-
vantages for transient heat conduction over the frequency-
domain approach, an aspect largely overlooked in prior
applications of Zwanzig’s formalism for heat conduction.
Specifically, the definition of ←→κ (ω) [Eq. (10)] relies on the
sufficient integrability of

←→
Z (t ) to ensure numerical conver-

gence of the Fourier transform, a condition that is not always
satisfied. For instance, in the absence of umklapp phonon-
phonon scattering processes in an infinitely large crystal,
certain eigenvalues of the phonon scattering matrix approach
zero, causing

←→
Z (t ) functions to become nonintegrable.

Moreover, for transient heat conduction, the time depen-
dence of temperature fields is often pulselike rather than

periodic, making the time-domain approach inherently more
suitable for numerical simulations. This advantage becomes
particularly evident in Eq. (5b), which suggests that

←→
Z (t )

functions for t � 0 can be approximated as

←→
Z (t ) ≈

M∑
λ=1

←→
ζ λ0 e−γλt , with

←→
Z (0) ≈

M∑
λ=1

←→
ζ λ0 , (11)

where the number of terms, M, is determined by the desired
numerical accuracy. Using this approximation, we introduce a
new concept of mode-specific heat flux �jλ(�r, t ), as

�jλ(�r, t ) ≡ −
∫ t

−∞
dt ′←→ζ λ0 e−γλ(t−t ′ ) �∇rT (�r, t ′)

= −
∫ ∞

0
dt ′←→ζ λ0 e−γλ(t ′ ) �∇rT (�r, t − t ′). (12)

We can demonstrate the following relation for numerical
simulations of the time evolution of �j(�r, t ), bypassing compu-
tationally intensive time convolution calculations:

�j(�r, t ) =
M∑

λ=1

�jλ(�r, t ), (13a)

∂

∂t
�jλ(�r, t ) + γλ �jλ(�r, t ) = −←→

ζ λ0 �∇rT (�r, t ), (13b)

where λ = 1, . . . , M. It also becomes evident that the widely
adopted empirical MCV model is a limiting case where

←→
Z (t )

is approximated by a single exponential function, i.e., M = 1

and
←̇→
Z (t ) ≈−←→

Z (0)e−t/τ .
In summary, the time-domain Zwanzig formalism extends

our findings in phonon gas systems to any materials, offering
an efficient framework for modeling transient heat conduc-
tion. By approximating

←→
Z (t ) as a sum of exponential terms,

this approach simplifies numerical simulations while accu-
rately capturing heat current dynamics. The mode-specific
heat flux concept further enhances efficiency by bypassing
time-convolution integrals.

C. Results of silicon crystals

We employ first-principles methods to calculate the
←→
Z (t )

functions [Eqs. (5b) and (5c)] for natural silicon (Si) crys-
tals, with calculation details provided in the Methods Section.
Figure 1(a) presents the temperature-dependent isotropic
transport function, Z (t ) = 1

3 (Zxx + Zyy + Zzz ), derived from
first-principles calculations for Si crystals at temperatures
ranging from 30 to 300 K. At 300 K, Z (t ) decays rapidly,
falling below 1% of its initial value Z0 within 200 ps. In
contrast, at 30 K, Z (t ) decays significantly slower, retaining
nearly half of its initial value even at 1400 ps. These results
illustrate the pronounced temperature dependence of Z (t ),
with slower decay rates at lower temperatures.

Although Z (t ) itself has not yet been experimentally
measured, its time integral [Eq. (6)] corresponds to the
steady-state thermal conductivity, κ , for which extensive
experimental data are available. Figure 1(b) compares our
first-principles calculations of κ as a function of temperature
with experimental results [83–85], demonstrating excellent
agreement. Specifically, the calculated thermal conductivities
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FIG. 1. (a) First-principles calculated isotropic heat conduction transport functions Z (t ) for perfect natural Si crystals at 30, 50, 100, 200,
and 300 K. (b) First-principles calculated lattice thermal conductivity of isotope-pure (dotted line) and natural (solid line) silicon crystals
from 25 to 600 K. Available experimental data are shown as discrete symbols. (c) The individual mode contributions to the total Z (t ) in Si at
300 K (red circles) and 30 K (blue circles). Each circle represents one eigenmode, with its y-coordinate as the mode ζ0 and its x coordinate as
the mode decay time 1/γ . (d) The relation between normalized cumulative thermal conductivity (κ) and the index of eigenmodes for natural
silicon at various temperatures (30 to 300 K). The normalized cumulative κ is defined as the running sum of eigenmode contributions to the
thermal conductivity, divided by the total thermal conductivity. The eigenmodes are ranked based on their contributions to κ , and the curves
highlight the disproportionate contributions of a small subset of eigenmodes.

(κnatural) for natural silicon at 100 and 300 K are 743 and 132
W/mK, respectively, closely matching the experimental val-
ues of 752 and 140 W/mK reported by Fulkerson et al. [85].
This strong agreement validates our first-principles approach
and underscores the reliability of the Z (t )-based framework
for modeling heat transport.

The behavior of Z (t ) is determined by contributions from
the eigenmodes of the bulk crystal’s phonon scattering matrix,
each contributing as ζ0e−γ t . Because the values of ζ0 and γ

differ by orders of magnitude across eigenmodes, the total
Z (t ) does not exhibit a simple exponential decay, as often
assumed in empirical models like MCV. Figure 1(c) illustrates
the distribution of eigenmode contributions, with each circle
representing an eigenmode, its y coordinate corresponding to
ζ0 and x-coordinate to the decay time 1/γ . The initial value,
Z (t = 0), is the sum of all ζ0 contributions, while the overall
decay time of Z (t ) is governed by the weighted average of
γ for eigenmodes with larger ζ0 values. Our calculations
reveal that Z (t ) is overwhelmingly dominated by a small
subset of eigenmodes with large ζ0 and long decay times
(1/γ ), particularly at lower temperatures. As the temperature
decreases from 300 to 30 K, the decay times of individual
eigenmodes increase, and a few ultra-long decay modes with

large ζ0 values become increasingly dominant. These collec-
tive modes, distinguished by their extended decay times and
substantial contributions, align with phenomena described in
phonon hydrodynamics by Guyer and Krumhansel [7,71] and
are well-approximated by the kinetic collective model [60,72].
These findings emphasize the critical role of collective phonon
dissipation mechanisms [Eq. (5c)], particularly at low temper-
atures, in shaping the decay behavior of Z (t ).

The disproportionate dominance of a small subset of
eigenmodes in determining thermal conductivity is further
highlighted in Fig. 1(d) as the normalized cumulative κ

(defined as the cumulative sum of eigenmode contributions
divided by the total κ). Each eigenmode contributes to κ

in proportion to ζ0/γ . To evaluate the relative importance
of these contributions, eigenmodes are ranked in descending
order based on ζ0/γ , with index 1 representing the largest
contributor and Nmode = 55 566 the smallest. While all eigen-
modes contribute to κ , the vast majority contribute negligibly.
This observation enables significant computational efficiency
when representing Z (t ) as a finite sum of M exponential terms.
By retaining only eigenmodes whose cumulative contribu-
tions exceed a specified threshold (e.g., 99% of κ), the number
of modes required for computation can be drastically reduced
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without sacrificing accuracy. At lower temperatures, such as
30 K, fewer than 0.01% of modes account for approximately
30% of κ , reflecting the dominance of collective modes. At
higher temperatures, the contributions are less concentrated,
though the top 1% of modes still account for nearly 70% of κ .
These results underscore the profound influence of a limited
number of collective modes in governing thermal transport
properties, particularly in the regime dominated by collective
effects.

III. CONTINUUM THEORY OF TRANSIENT
HEAT CONDUCTION

A. Governing equations

Our statistical analysis, grounded in Zwanzig’s theory of
irreversible processes, has firmly established that the transient
heat conduction properties of a homogeneous bulk material
are quantitatively described by its time-domain heat con-
duction transport functions,

←→
Z (t ) [Eq. (8)]. These transport

functions encapsulate the memory effects inherent in transient
heat flux, providing a microscopic foundation for understand-
ing non-Fourier heat conduction phenomena. Building upon
this insight, and by integrating it with the fundamental prin-
ciple of energy conservation, we derive a new governing
equation for transient heat conduction in the following form:

∂T (�r, t )

∂t
− �∇r · 1

ρC

(∫ +∞

0
dt ′←→Z (t ′) �∇rT (�r, t − t ′)

)
= 0,

(14)
where the term within ( . . . ) is equivalent to �j(�r, t ) in Eq. (8),
a result of the causality property of the

←→
Z (t ) functions.

This continuum equation, hereafter referred to as the Zwanzig
heat conduction equation (zHCE), significantly extends the
theoretical framework of heat conduction by addressing
its limitations in ultrafast regime. Unlike the conventional
Fourier HDE [Eq. (1)], the zHCE incorporates the effects of fi-
nite relaxation times, enabling accurate modeling of transient
heat conduction processes where Fourier HDE fails to apply.

The fundamental distinction between the zHCE and the
Fourier HDE lies in the nature of the material-specific in-
puts required for their respective simulations. Numerical
simulations based on the Fourier HDE [Eq. (1)] depend on
transport coefficients, such as thermal diffusivity,

←→
D , or ther-

mal conductivity, ←→κ , which are derived under steady-state
or quasisteady thermal conditions. In contrast, simulations
employing the zHCE [Eq. (14)] require time-domain heat
conduction transport functions

←→
Z (t ), which rigorously ac-

count for causal memory effects and transient heat conduction
dynamics. These

←→
Z (t ) functions can be determined through

atomistic simulations, including first-principles calculations,
or experimentally constrained using data from transient ther-
mal measurements. This key difference equips the zHCE with
the capability to accurately model heat conduction phenom-
ena that extend beyond the quasisteady regime, addressing the
limitations of the Fourier HDE in ultrafast thermal processes.

The Fourier HDE can be interpreted as a limiting case
of the zHCE, applicable when the temporal variations in
T (�r, t ) occur at rates significantly slower than the decay rates
of

←→
Z (t ). In this quasisteady regime,

←→
Z (t ) decays to zero

rapidly before any noticeable changes in T (�r, t ), resulting
in �∇rT (�r, t − t ′) ≈ �∇rT (�r, t ) during the time intervals where←→
Z (t ′) is non-negligible. Effectively, the memory effects de-

scribed by
←→
Z (t ) are eliminated at the timescale of the slowly

varying, quasisteady temperature gradient �∇rT (�r, t ). Under
these conditions, the second term on the left-hand side of
Eq. (14) reduces to an effective Fourier’s law:

1

ρC

( ∫ +∞

0
dt ′←→Z (t ′) · �∇rT (�r, t − t ′)

)

= 1

ρC

( ∫ +∞

0
dt ′←→Z (t ′)

)
· �∇rT (�r, t ) = ←→

D · �∇rT (�r, t ),

(15)

Consequently, the zHCE [Eq. (14)] simplifies to the famil-
iar form of the Fourier HDE [Eq. (1)] in the quasisteady
regime, reaffirming that the conventional Fourier theory of
heat conduction is a limiting case of the more general Zwanzig
theory of heat conduction under conditions of slowly varying
temperature fields.

B. Mode-flux-based numerical simulation algorithm

Direct computation of the time convolution integral in
Eq. (14) can be computationally prohibitive, especially for
complex

←→
Z (t ) functions or simulations involving large spa-

tiotemporal domains. To address this challenge, we adopt
the mode-specific approximation [Eqs. (11) and (12)], which
reformulates the convolution integral into a mathematically
equivalent system of coupled differential equations.

In this approach, a
←→
Z (t ) function is expressed as a fi-

nite sum of M exponential functions [Eq. (11)]. The integer
parameter M � 1 is chosen to balance numerical accuracy
and computational efficiency. Substituting this approximation
into Eq. (14) transforms the original integral-differential equa-
tion into a system of M + 1 coupled differential equations.
These equations govern the evolution of the temperature field,
T (�r, t ), and the mode-specific heat flux fields, �jλ(�r, t ), where
λ = 1, . . . , M:

∂

∂t
T (�r, t ) = − 1

ρC

M∑
λ=1

�∇r �jλ(�r, t ),

∂

∂t
�jλ(�r, t ) = −←→

ζ λ0
�∇rT (�r, t ) − γλ �jλ(�r, t ). (16)

Equation (16) can be further discretized in both space and
time to enable numerical simulations. For simplicity and to
avoid unnecessary complexity in the mathematical details, we
illustrate the algorithm in the one-dimensional case, repre-
sented as

T (x, t + 
t ) = T (x, t ) − 
t

2
xρC

M∑
λ=1

× ( jλ(x + 
x, t ) − jλ(x − 
x, t )),

jλ(x, t + 
t ) = − ζλ0
t

2
x
T (x + 
x, t ) + ζλ0
t

2
x
T (x, t )

+ (1 − γλ
t ) jλ(x, t ). (17)
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Here, 
x and 
t denote the spatial and temporal dis-
cretization steps, respectively, which are chosen to balance
computational efficiency with numerical accuracy. By itera-
tively applying the finite difference scheme, the time evolution
of T (x, t ) and jλ(x, t ) can be numerically computed for a
sufficiently small time step 
x and 
t under specific initial
condition at t = 0.

As an illustrative example, we consider the time evolution
of a one-dimensional temperature field in response to a spa-
tially periodic heating pulse. The heating source is modeled
as hs(x, t ) = ρCeiq0x · δ(t ), where the spatial wave number
q0 defines the periodicity of the heating source with length
scale d , such that q0 = 2π/d . For t < 0, the system is as-
sumed to be in thermal equilibrium, uniformly maintained at a
temperature T0. At t = 0, the application of the spatially peri-
odic heating pulse imposes an initial unit temperature profile
given by: T (x, 0) = T0 + eiq0x, with the initial condition for
all mode-specific heat flux components as jλ = 0 for all λ.

To solve the coupled governing equations of tran-
sient heat conduction [Eq. (16)], T (x, t ) and mode-
specific jλ(x, t ) are expressed as T (x, t ) = T0 + eiq0x ·

Tq0 (t ), and jλ(x, t ) = ρCeiq0x · Jq0,λ(t ), where 
Tq0 (t )
represents the amplitude of the temperature field variation,
and Jq0,λ(t ) denotes the mode-specific heat flux amplitudes.
For t > 0, the governing equations for the time evolution of

Tq0 (t ) and Jq0,λ(t ) are discretized using the finite difference
method, yielding:


Tq0 (t + δt ) ≈ 
Tq0 (t ) − iq0 · δt ·
M∑

λ=1

Jq0,λ(t ),

Jq0,λ(t + δt ) ≈ −iq0ζλ0δt · 
Tq0 (t ) + (1 − γλδt ) · Jq0,λ(t ).
(18)

While Eqs. (17) and (18) are presented in one dimen-
sion for clarity, the generalization of these equations to
three-dimensional simulations is straightforward and involves
extending the spatial derivatives and flux terms to account for
the additional dimensions.

The newly proposed continuum governing equa-
tions [Eqs. (17) and (18)] can also be reformulated
into the framework of a generalized heat telegrapher
heat equation (gHTE). This reformulation illustrates the
diffusion-to-wave transitions in transient heat conduction
phenomena. The detailed mathematical derivation of this
gHTE, along with a thorough analysis of its connection to
the underlying diffusion-to-wave transitions, is provided in
Appendix C.

IV. NANOSCALE HEAT CONDUCTION

The Zwanzig theory of transient heat conduction offers a
universal framework for modeling heat transport in homoge-
neous bulk materials. Although the current formulation does
not explicitly incorporate boundary or interface effects, it
establishes a rigorous theoretical foundation for understand-
ing nanoscale heat conduction phenomena. Such phenomena
frequently emerge in systems with highly spatially con-
fined heating sources or sharply varying initial temperature
fields T (�r). The general Zwanzig theory inherently links
the length-scale features of nanometer spatial confinement to

FIG. 2. The side-by-side comparisons of the predicted temper-
ature profiles between Zwanzig and Fourier theories at 300 K. A
more localized initial temperature profile is chosen at 300 K, with
a standard deviation (σ ) of 12.8 nm and confined within a full width
of 128 nm. A closer examination reveals fast-decaying wavelike
features in heat conduction over tens of picoseconds at 300 K,
while Zwanzig theory predicts dominant wave dynamics lasting over
nanoseconds at 30 K. The plotted temperatures are normalized such
that 
T = 1 at the peak center of the initial profile, that is, 
T is
defined as the temperature deviation divided by its initial maximum
value.

picosecond-scale transient heat conduction dynamics. These
fast timescale dynamics, previously neglected in the conven-
tional Fourier theory of heat conduction, are captured even in
the absence of explicit boundaries or interfaces.

To explore the distinctive characteristics of transient heat
conduction at nanoscale, we perform numerical simulations
on silicon crystals with initial temperature profiles configured
as either spatially localized or spatially periodic. For sim-
plicity and to highlight the underlying physics, we focus on
a one-dimensional case in this study. These simulations are
based on Eqs. (17) and (18), with details of the parameters and
computational setup provided in Sec. VI. The temperature-
dependent time-domain heat conduction transport functions,←→
Z (t ), and thermal conductivity, ←→κ , for silicon were derived

from first-principles calculations (see Fig. 1).

A. Universal wave dynamics

To illustrate the distinctions between the Zwanzig and
Fourier theories, we simulate the time evolution of one-
dimensional temperature profiles in Silicon where the initial
temperature is uniform except within a nanometer-sized re-
gion. Figure 2 provides a side-by-side comparison of the
temperature profiles predicted by the two theories for silicon
crystals. Initially, the silicon crystal is at a uniform tempera-
ture of 300K, with an additional localized hot spot modeled
as a Gaussian temperature profile with a standard deviation
(σ ) of 12.8 nm, confined within a 128 nm region. This setup
represents a confined nanoscale heating scenario. For silicon,
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the thermal diffusivity is DSi = 80 mm2/s at 300 K, a regime
where the Fourier diffusion theory is generally considered
valid.

However, the comparison presented in Fig. 2 reveals sig-
nificant differences between the two theories within the first
100 ps timescales. Within the first 40 ps, the Zwanzig the-
ory predicts wavelike heat conduction, characterized by the
preservation of the shape of the initial Gaussian temperature
profile. In contrast, the Fourier theory immediately predicts
the diffusive spreading of the Gaussian temperature profile,
consistent with its hallmark behavior of instantaneous diffu-
sion. This comparison highlights the critical role of memory
effects and transient dynamics, which are accurately cap-
tured by the Zwanzig framework but omitted in the Fourier
description. These results highlight the critical importance
of the Zwanzig theory in accurately describing ultrafast and
nanoscale heat conduction phenomena, even in temperature
regimes where the Fourier theory is conventionally deemed
applicable.

As time progresses beyond 100 ps, the differences be-
tween the two predictions diminish rapidly. By approximately
120 ps, the Zwanzig theory transitions to a diffusionlike
regime, converging with the predictions of the Fourier theory.
At the long-time limit, both theories predict identical temper-
ature evolution, as the Zwanzig theory reduces to the Fourier
description in Silicon at 300 K.

These results demonstrate that while the Fourier diffusion
theory provides an adequate description of long-time heat
conduction in many materials, the Zwanzig theory is indis-
pensable for accurately modeling transient heat conduction
phenomena. This is especially critical for nanoscale systems
and ultrafast timescales, where memory effects and wavelike
dynamics significantly influence the heat transport process
and are not captured by the Fourier framework.

The strong temperature dependence of the first-principles-
predicted transport functions,

←→
Z (t ), for Silicon (Fig. 1)

leads to distinct dynamics of heat conduction across different
temperature regimes. Figures 3(a)–3(e) present the one-
dimensional temperature profiles predicted by the Zwanzig
theory at various temperatures, ranging from room to cryo-
genic conditions. The initial temperature profile consists of a
uniform background at 300, 200, 100, 50, and 30 K, respec-
tively, with an additional spatially localized Gaussian-shaped
temperature increase. This localized hotspot has a standard
deviation (σ ) of 102.4 nm and is confined within a full width
of 1024 nm.

With a broader initial temperature profile than that shown
in Fig. 2, the non-Gaussian characteristics of the temperature
profiles [Fig. 3(a)] become less pronounced, even during the
early stages of heat conduction. The differences observed
between Figs. 2 and 3(a) underscore the strong dependence
of transient heat conduction dynamics on the spatial length
scale of the initial temperature profiles. Notably, the Zwanzig
theory predicts heat conduction behavior that closely resem-
bles Fourier-like diffusion at 300 K when the length scale of
temperature profiles exceeds 1 µm.

As the temperature decreases to 200 K, the transport func-
tion Z (t ) exhibits a slower decay rate, resulting in more
pronounced non-Gaussian features in the predicted temper-
ature profiles, even at timescales extending to 1 µs, as

illustrated in Fig. 3(b). This slower decay of Z (t ) reflects the
reduced efficiency of phonon scattering processes at lower
temperatures, which amplifies the memory effects captured
by the Zwanzig theory. Despite these enhanced memory ef-
fects, Fig. 3(b) shows that diffusionlike behavior characteristic
of conventional Fourier heat conduction still dominates the
overall dynamics at 200 K in silicon, particularly over longer
timescales.

As the temperature further decreases to 100 K [Fig. 3(c)],
wavelike dynamics become increasingly prominent, with de-
viations from Gaussian diffusion profiles becoming much
more pronounced. Initially, these waves retain shapes and
widths similar to the initial profile as they propagate in
opposite directions. Meanwhile, the heights of these waves
decay rapidly, accompanied by the emergence of a broader,
Gaussian-like background temperature profile. This broad
Gaussian-like component corresponds to conventional diffu-
sion, with its width increasing over time. The wave peaks
merge into the broader background profile after 1000 ps.
The difference between the broad profile predicted by our
Zwanzig theory and the Gaussian-shaped profile predicted
by the conventional Fourier theory remains noticeable at the
sub-micron-second time-scale. In silicon crystals, the 100 K
likely marks as the transition regime with strong interplay
between conventional diffusion dynamics and the emerging
wave-dynamics.

As illustrated in Fig. 3(d), the Zwanzig theory predicts
that wave dynamics dominate heat conduction on nanosec-
ond timescales at 50 K, signaling a breakdown of Fourier
theory under such conditions. At 30 K, the steady-state
thermal conductivity κ of pristine silicon, free from de-
fects and grain boundaries, exceeds 4000 W/(m K). This
exceptionally high κ arises from the slow rates of collec-
tive phonon fluctuation and dissipation processes, as reflected
by the eigenmodes of the phonon scattering matrix with
large γ −1 values [Fig. 1(b)]. Under these conditions, the
Zwanzig theory predicts a pronounced wave propagation
pattern for heat conduction [Fig. 3(e)], closely resembling
second sound behavior and marking a complete break-
down of the conventional concept of steady-state thermal
conductivity.

To evaluate the propagation speed of second sound-type
temperature waves, the time evolution of temperature profiles
at 30 K for natural silicon crystals is plotted in Fig. 3(f).
Our first-principles simulations predict weakly damped sec-
ond sound wave propagation in silicon at 30 K, with an
estimated second sound (ss) speed vss of 2133 m/s and a
damping time constant τss of 1503 ps. The propagating wave
packet experiences minimal damping and is accompanied by
a small but detectable diffusive background, indicating the
coexistence of wavelike and diffusionlike heat transport. In
this ultrahigh conductivity regime, heat dissipation is domi-
nated by collective phonon mechanisms, where the relevance
of individual phonon lifetimes and mean free paths dimin-
ishes. Traditional quasiballistic models, which depend on
these parameters, fail to capture the observed wave dynamics.
By contrast, the Zwanzig theory provides a robust frame-
work for predicting the transition from diffusion-dominated to
wave-dominated heat conduction. This capability highlights
its utility in advancing our understanding of heat transfer
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FIG. 3. 3D plots of the temperature field’s evolution over time and space in natural Si crystals at (a) 300, (b) 200, (c) 100, (d) 50, and (e)
30 K. The evolution of T (x, t ) is solved using Eq. (17), with the Z (t ) from Fig. 1 as input. (f) Snapshots of the temperature profile (solid lines)
in natural silicon crystals at 30 K, taken every 100ps over a total period of 1000 ps. The peak positions of the temperature profiles are linearly
fitted as a function of time, yielding a wave propagation speed of 2134 m/s. The decay in peak heights is fitted with an exponential function,
with a time constant of 2993 ps.

processes in materials with exceptionally high thermal con-
ductivity.

B. TTG response functions

Our discovery of universal onset of wave dynamics in heat
conduction, observed across a wide range of temperatures,
has important implications for interpreting transient ther-
mal measurements, such as transient thermal grating (TTG)

experiments, where the spacing of the grates, d , determines
the temperature evolution at wave number q0 = 2π/d . The
TTG response function predicted by the Fourier theory is
given by 
Tq0 (t ) = e−q2

0D0t , where D0 represents the steady-
state thermal diffusivity. The difference of 
Tq0 (t ) between
the measured TTG in real materials and the Fourier theory
have been previously interpreted as non-Fourier effects in
heat conduction [28,43]. While standard TTG setups typi-
cally use grates with sizes between 0.5 and 100 µm, recent
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FIG. 4. Simulated TTG response functions using the newly proposed Zwanzig theory (solid lines) and the conventional Fourier theory
(discrete symbols) at 300 [(a) and (b)], 100 (c), and 30 K (d). Three µm grates are chosen for 300 (a), 100 (c), and 30 K (d), with an additional
EUV grate d of 110 nm at 300 K (b). The second sound type of oscillating TTG response function are fitted with a damped oscillation model
(DOM): e−αt (cos(ω1t ) + α/ω1 sin(ω1t )), and the harmonic frequency defined as ω0 = (ω2

1 + α2)1/2. The fitted DOM function at 300 K are
shown with the thin blue lines in (b), and the decaying magnitude function are plotted with the red dashed lines. The inset of (d) shows the
extrapolated dispersion plot of phonon second sound at 30 K.

advancements in TTG spectroscopy with extreme ultraviolet
(EUV) and x-ray wavelengths have enabled promising oppor-
tunities to probe of heat transfer at the nanometer scale [32].

The real components of the q0-dependent 
Tq0 (t ) func-
tions, as predicted by Zwanzig theory [Eq. (18)] and
first-principles calculations (Fig. 1), are shown as solid lines
in Fig. 4 for 300, 100, and 30 K. As expected, Zwanzig
theory validates Fourier theory at large length scales, i.e., at
the q0 → 0 limit. Meanwhile, in natural silicon crystals and at
300 K, noticeable differences between the two models appear
at a small grating spacing d of 2 µm [Fig. 4(a)]. More impor-
tantly, with an EUV-scale grating d of 110 nm, our simulations
confirm the emergence of a distinct oscillating TTG response
function resembling phonon second sound [thick black solid
line in Fig. 4(b)]. This numerically simulated EUV-TTG re-
sponse function fits well with a damped oscillation model,
characterized by a magnitude function e−t/38.8ps and an os-
cillating function with a harmonic angular frequency ω0 of
87.67 GHz [thin blue solid line in Fig. 4(b)]. Recent EUV-
TTG experiments on a silicon crystalline membrane at 300 K,
using a 110 nm grating [32], revealed an unexpected complex
TTG response. The data show a fast oscillatory component,
with frequencies of several hundred GHz or higher, super-
imposed on a much slower, exponentially decaying function.

Notably, unlike in the small q0 limit, the measured exponential
decay deviates significantly from the Fourier theory, e−q2

0D0t .
Instead, the measured decay function with decay constant at
36.5 ps closely resembles our simulated magnitude function
of the EUV-TTG response function with decay constant at
38.8 ps. The origin of the experimentally observed oscillation
feature, however, remains unsolved at this stage.

It is important to note that our present theory models
only temporal memory effects and does not include spa-
tially nonlocal (viscous) corrections. One possible reason for
the remaining discrepancies with experiment, particularly the
suppression or modification of the wavelike response at small
grating periods, is the neglect of nonlocal effects in the current
simulations. Recent studies based on the GKE [86,87] suggest
that nonlocal effects may suppress or alter the wave char-
acteristics in non-Fourier heat conduction. We have recently
extended our theoretical framework to include nonlocality
in terms of a general spatiotemporal heat conduction ker-
nel function [88]. However, a full first-principles evaluation
of the spatial components for a 400 nm silicon membrane
currently exceeds available computational capability. Further
study using numerical approximations or reduced models will
be needed to constrain and clarify the influence of nonlocal
effects in these regimes.
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Although detecting deviation from Fourier theory and the
emergence of second sound type TTG response functions in
Si crystals at 300 K requires advanced experimental setups
in the EUV regime, non-Fourier signatures in heat conduc-
tion are easier to detect with standard micron meter TTG
setups as the temperature decreases. Figure 4(c) shows that
Fourier theory becomes significantly inaccurate at 100 K, even
with a grating 20 µm. At 30 K [Fig. 4(d)], Fourier theory
completely breaks down, and phonon second sound oscil-
lations are observed for gratings of d = 20 µm and shorter.
The dispersion relation of the phonon second sound waves
at 30 K is shown in the inset of Fig. 4(d), with an extracted
speed around 2100 m/s. Notably, most reported TTG ex-
periments have been conducted on thin membrane samples,
and for silicon, TTG responses have been specifically re-
ported for nanoporous Si membranes [89]. Our simulated
TTG response functions, based on the Z (t ) function of bulk
crystalline Si, are intended to illustrate temperature and q0 de-
pendence rather than provide a quantitative comparison with
experimentally measured TTG responses from nanoporous Si
membranes.

V. SUMMARY AND OUTLOOK

This work introduces a time-domain Zwanzig theory for
transient heat conduction, offering a unified framework that
extends Fourier’s law and deepens our understanding of
heat transport in homogeneous materials across a broad
range of temporal and spatial scales. Central to this frame-
work is the time-domain transport function

←→
Z (t ), rigorously

defined in terms of equilibrium time-correlation functions
of heat fluxes. This

←→
Z (t )-centered theory generalizes the

classical concept of thermal conductivity beyond the quasis-
teady regime, capturing memory effects and wave-diffusion
crossover dynamics without reliance on mesoscopic con-
structs, such as phonon hydrodynamic drift velocity. By
bridging the gap between steady-state transport coefficients
and time-dependent heat flux, the theory establishes a set of
governing equations at the continuum level, providing a ro-
bust framework for modeling thermal transport at micrometer
to nanometer length scales and microsecond to picosec-
ond timescales, where conventional Fourier diffusion theory
fails.

Building on Zwanzig’s statistical theory of irreversible pro-
cesses, this study advances the formalism by integrating it
into a continuum-level governing equation, thereby extending
its applicability to ultrafast and nanoscale heat conduction,
which is a domain that has remained largely unexplored
in prior discussions of Zwanzig’s fundamental theory. Our
derivation of a phonon gas’ time-domain transport function←→
Z (t ) from the time-dependent phonon Boltzmann trans-

port equation provides an intuitive application of the general
Zwanzig theory. This establishes a unified framework that
connects and generalizes existing models addressing memory
effects in phonon heat fluxes, including the hydrodynamic
Guyer-Krumhansl equation for bulk phonon gases and the
empirical MVC model. Notably, our first-principles calcu-
lations of

←→
Z (t ) for natural silicon crystals validate the

predictive power and accuracy of this approach, underscoring

its potential to advance our understanding of transient heat
conduction.

The time-domain formalism introduces significant compu-
tational advantages through a mode-specific algorithm that
approximates

←→
Z (t ) as a finite sum of exponential func-

tions. This approximation enables efficient continuum-level
simulations of temporally pulselike thermal signals, achiev-
ing high numerical accuracy while substantially reducing
computational complexity. Notably, the widely adopted heat
telegrapher equations emerge as limiting cases within this
framework, highlighting its versatility and capacity to unify
diverse approaches to modeling heat conduction. Importantly,
the time evolution of the temperature field predicted by our
theory using

←→
Z (t ) as input can, in principle, be bench-

marked against temperature fields obtained from transient MD
simulations in regimes where the classical approximation is
applicable. However, our results indicate that strong memory
effects—such as those underlying second sound—are most
pronounced at cryogenic temperatures, where quantum effects
become significant and classical MD is no longer accurate.
At higher temperatures, where classical statistics apply and
memory effects are generally weaker, both our theory and
MD simulations predict nearly diffusive behavior, making di-
rect observation of memory effects challenging. Nonetheless,
for systems in which strong memory effects persist in the
classical regime, MD simulations remain a valuable tool for
investigating transient heat transport and materials discovery.
Furthermore, equilibrium MD simulations can be employed
to compute the flux-flux autocorrelation function, providing
direct input for the transient heat conduction kernel

←→
Z (t ) in

the bulk (local) limit.
Our time-domain simulations demonstrate that heat con-

duction universally initiates with wavelike propagation at
finite speeds, transitioning to diffusion-dominated behav-
ior over time. This crossover is governed by the spatial
confinement of the initial temperature profile and the
material-specific time-domain transport function

←→
Z (t ). Lo-

calized heating patterns or temperature profiles can be
decomposed into spatially periodic components character-
ized by wave numbers �q. Components with small wave
numbers �q evolve diffusively, while those with larger �q
propagate as waves, highlighting second-sound waves as
a universal mechanism of heat conduction across ma-
terials. This wave-diffusion crossover theory provides a
unified and fundamental interpretation of length-scale-
dependent thermal transport phenomena, bridging the gap
between traditional diffusion models and wave-dominated
dynamics.

Numerical simulations of TTG response functions in bulk
silicon validate the proposed framework, effectively capturing
the interplay between wavelike and diffusive heat transport
dynamics. The theory further suggests that advancements in
TTG techniques could enable direct measurement or calibra-
tion of the time-domain transport function

←→
Z (t ), bridging

the gap between theoretical predictions and experimental
methodologies. Additionally, the Zwanzig theory provides
a robust foundation for refining models of other transient
techniques, such as time-domain thermal reflectance (TDTR),
in the non-Fourier regime. While current applications are
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limited by incomplete knowledge of Z (t ) in metals and
metal/thin-film interfaces, the theory predicts a modulation-
frequency-dependent thermal diffusivity, D(ω), which could
replace the steady-state value, D(ω = 0), in TDTR models
[90]. Optimistically, the time-domain formalism offers a di-
rect pathway for experimental validation through transient
thermal techniques such as TTG spectroscopy and TDTR
measurements, paving the way for a deeper understanding of
heat conduction in complex materials.

Finally, while the time-domain Zwanzig framework pro-
vides a powerful and unified approach to transient transport
phenomena, this work specifically addresses the local (bulk)
regime of heat conduction. In this regime, the nonequilibrium
state is characterized solely by the local thermal equilibrium
approximation, and all higher-order nonequilibrium variables
not captured by the local temperature field are neglected. As a
result, boundary effects and spatially nonlocal (hydrodynamic
or viscous) phenomena fall outside the scope of the present
analysis. Additional theoretical investigation into the influ-
ence of these neglected higher-order nonequilibrium variables
is needed to fully capture nonlocal effects in heat conduction.
Nevertheless, by incorporating time-domain transport func-
tions and a mode-specific algorithm, our framework provides
a versatile platform for rigorously quantifying memory effects
in heat conduction and for advancing both fundamental under-
standing and technological applications of transient dynamics
in complex materials.

VI. METHOD

A. First-principles calculations

We computed the steady-state lattice thermal conductivity
(κ) and the equilibrium time-correlation functions of phonon
heat flux for bulk silicon (Si) crystals using first-principles
lattice dynamics. Harmonic and third-order anharmonic force
constants were derived via density functional theory (DFT)
calculations performed with the Vienna ab initio simulation
package (VASP) [91]. The Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional within the generalized gradi-
ent approximation (GGA) was employed. A plane-wave cutoff
energy of 245.345 eV was used, and Brillouin zone integra-
tion was carried out using a 31×31×31 �k-point grid for a
two-atom face-centered cubic unit cell, ensuring convergence
of the unit cell energy and vibrational properties. Harmonic
phonon spectra were calculated using PHONOPY [52], while
linearized phonon scattering matrices were generated with
PHONO3PY [58]. For the solution of the phonon Boltzmann
transport equation, a 21×21×21 �q-point grid was utilized,
encompassing 55 566 phonon modes.

The force constants were extracted using a 216-atom cubic
supercell model of silicon, with a lattice constant of 5.473 Å.
This supercell-based approach in VASP has been extensively
validated for its robustness in simulating phonon scattering
processes across a variety of dielectric crystals with diverse
structural and compositional complexities, including MgO
and MgSiO3 under high-pressure conditions [51,56,57]. Both
three-phonon scattering processes and phonon scattering due
to isotope mass disorder were explicitly accounted for in
this study to ensure accurate modeling of thermal transport
properties.

TABLE I. Total simulation time for various grating period d at
different temperatures.

T (K) d (µm) ttotal(ns)

30 5 50
10 100
20 100

100 2 10
5 10

10 100
20 100

300 0.11 0.5
2 10
5 100

10 400
20 1000

B. Numerical simulation of transient heat conduction

The time evolution of a Gaussian heat pulse in silicon
was simulated by numerically solving Eq. (17) using a finite
difference method. The computational domain had a total
length of L = 5120 nm, discretized into 5120 mesh points
with a spatial resolution of 
x = 1 nm. Temporal resolution
was achieved using a time step of 
t = 1 fs, with a total of
106 time steps covering a simulation time of 1000 ps. The
width of the initial heat pulse was adjusted based on detailed
case-specific simulations.

For the simulation of TTG response functions at varying
temperatures (18), the total simulation time was modified to
correspond to the grating period (d) under consideration. The
specific values for d and associated simulation parameters are
provided in Table I.
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APPENDIX A: LINEARIZED TIME-DEPENDENT PHONON
BOLTZMANN TRANSPORT EQUATION

Our microscopic statistical theory pf transient heat cur-
rent in a phonon gas is established using the time-dependent
phonon Boltzmann transport equation (td-phBTE):

dn(α)

dt
= ∂n(�r, α, t )

∂t
+ �∇rn(�r, α, t ) · �vα = dn(�r, α, t )

dt

∣∣∣∣
relax

,

(A1)

where α denotes both the wave vector �q in reciprocal space
and the phonon branch index b, i.e., α = (�q, b), and n(�r, α, t )
is the nonequilibrium phonon occupation number for the
mode α at position �r and time t . We consider a perfect pe-
riodic crystal subjected to an externally imposed, temporally
varying, and spatially uniform temperature gradient �∇rT (t ),
where the phonon distribution gradient can be approximated
as

�∇rn(�r, α, t ) ≈ �∇rT (t ) · ∂n0(α)

∂T
, (A2)

with n0(α) = 1/(e
h̄ωα
kBT − 1) being the equilibrium phonon oc-

cupation number at temperature T for the α-th mode with
phonon frequency ωα . The temperature derivative of the equi-
librium phonon occupation number is given by

∂n0(α)

∂T
= h̄ωα

4kBT 2 sinh2
(

h̄ωα

2kBT

) . (A3)

Under the condition of spatially uniform temperature gra-
dient �∇rT (t ), the td-phBTE for the nonequilibrium phonon
occupation numbers are no longer functions of �r:

dn(α)

dt
= ∂n(α, t )

∂t
+ h̄ωα

4kBT 2 sinh2
(

h̄ωα

2kBT

) �∇rT (t ) · �vα

= dn(α, t )

dt

∣∣∣∣
relax

. (A4)

We further adopt a linearized approximation for phonon re-
laxation dynamics and replace the integration over reciprocal
�q space by a summation over discrete �q points„ where the rates
of phonon scattering are expressed in terms of the symmetric
and semipositive-definite linearized phonon scattering matrix
L [76]:

dn(α, t )

dt

∣∣∣∣
relax

≈ −
∑

β

Lαβ ·
sinh

(
h̄ωβ

2kBT0

)
sinh

(
h̄ωα

2kBT0

) · (n(β, t ) − n0(β )),

(A5)
where nα (t ) and nβ (t ) are the time-dependent phonon occu-
pation numbers for modes α and β.

Using this approximation, we can rewrite the linearized td-
phBTE as

∂n(α, t )

∂t
+ h̄ωα

4kBT 2
0

�∇rT (t ) · �vα

sinh2
(

h̄ωα

2kBT0

) = −
∑

β

Lαβ ·
sinh

(
h̄ωβ

2kBT0

)
sinh

(
h̄ωα

2kBT0

)
· (n(β, t ) − n0(β )).

(A6)

APPENDIX B: ANALYTICAL SOLUTION OF TD-PHBTE

We now introduce a new set of variables, ψα (t ) ≡
2 sinh( h̄ωα

2kBT0
) · (n(α, t ) − n0(α)), and re-formulate the lin-

earized td-phBTE as

d

dt
ψα (t ) + h̄ωα�vα

2kBT 2
0 sinh

(
h̄ωα

2kBT0

) �∇rT (t ) = −
∑

β

Lαβψβ (t ).

(B1)
We diagonalize the semipositively defined, real, symmetric
Nmode × Nmode matrix L to obtain a set of Nmode orthonormal
eigenvectors �uλ and their corresponding eigenvalues γλ [76].
These satisfy the eigenvalue equation

∑Nmode
β=1 Lαβuλβ = γλuλα ,

where λ indexes the eigenvectors. To simplify further, we
introduce another set of variables, ηλ(t ) ≡ ∑Nmode

α=1 uλαψα (�r, t ),
allowing us to rewrite the linearized td-phBTE in terms of the
linearized phonon scattering matrix’s eigenvectors as a new
orthonormal basis set:

d

dt
ηλ(t ) + γληλ(t ) = −

∑
α

uλα h̄ωα�vα·
2kBT 2

0 sinh
(

h̄ωα

2kBT0

) �∇rT (t )

(B2)
or

d

dt

(
eγλt · ηλ(t )

) = −
∑

α

uλα h̄ωα�vα·
2kBT 2

0 sinh
(

h̄ωα

2kBT0

)eγλt · �∇rT (t ).

(B3)
The first-order differential equation above can be solved ana-
lytically as follows:

ηλ(t ) = −
∑

α

uλα h̄ωα�vα·
2kBT 2

0 sinh
(

h̄ωα

2kBT0

) ∫ t

−∞
dt ′e−γλ(t−t ′ ) �∇rT (t ′).

(B4)
The time-evolution of the nonequilibrium phonon occupation
number for the α-th phonon mode is derived as

n(α, t ) = n0(α) +
Nmode∑
λ=1

uλαηλ(t )

2 sinh
(

h̄ωα

2kBT0

)

= n0
α (t ) −

Nmode∑
λ,β=1

uλαuλβ h̄ωβ �vβ ·
4kBT 2

0 sinh
(

h̄ωα

2kBT0

)
sinh

(
h̄ωβ

2kBT0

)

×
∫ t

−∞
dt ′e−γλ(t−t ′ ) �∇rT (t ′). (B5)

APPENDIX C: GENERALIZED HEAT
TELEGRAPHER EQUATION

While heat diffusion processes are traditionally modeled
using the parabolic heat diffusion equation [Eq. (1)], wavelike
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heat transfer, often referred to as second sound waves, re-
quires a fundamentally different mathematical framework. A
generalized approach that can describe heat conduction transi-
tioning between diffusive and wavelike behaviors is embodied
in the heat telegrapher equation (HTE):

∂2

∂t2
T (�r, t ) + 1

τss

∂

∂t
T (�r, t ) − v2

ss∇2
r T (�r, t ) = 0, (C1)

where vss denotes the speed of sound sound waves, and τss

represents a characteristic damping time.
The HTE is a second-order partial differential equation that

incorporates features of both the parabolic heat diffusion
equation and the hyperbolic wave equation. The second
time derivative describes wavelike propagation with a finite
speed, while the first time derivative introduces damping ef-
fects that result in an exponential decay of the temperature
fields. In the high-damping or low-frequency limit (τss → 0),
the HTE simplifies to a form analogous to the diffusion
equation, which characterizes the slow, diffusive spread-
ing of temperature fields. Conversely, in the low-damping
or high-frequency regime (τss → ∞), the HTE approaches
the wave equation, capturing under-damped wave propaga-
tion with distinct wave fronts. This dual nature allows the
HTE to serve as a unifying framework that interpolates
between purely diffusive and purely wavelike heat conduc-
tion dynamics, making it a powerful tool for understanding
heat transfer across a wide range of temporal and spatial
scales.

We now show how the Zwanzig heat conduction equa-
tion [Eq. (14)] can be reformulated into a generalized heat
telegrapher equation (gHTE). To begin, we take the time
derivative of both sides of the first equation in Eq. (16):

∂2

∂t2
T (�r, t ) = − 1

ρC
�∇r ·

(
Nmode∑
λ=1

∂

∂t
�jλ(�r, t )

)
. (C2)

Substituting the time derivative of �jλ(�r, t ) from the second
equation in Eq. (16), we obtain

∂2

∂t2
T (�r, t ) = 1

ρC
�∇r ·

(
Nmode∑
λ=1

←→
ζ λ0

)
· �∇rT (�r, t )

+ 1

ρC

Nmode∑
λ=1

(γλ �∇r · �jλ(�r, t )). (C3)

This can be reformulated as

∂2

∂t2
T (�r, t ) = 1

ρC
�∇r ·

(
Nmode∑
λ=1

←→
ζ λ0

)
· �∇rT (�r, t )

− �(�r, t )
∂

∂t
T (�r, t ), (C4)

where �(�r, t ) is a a mode-flux-weighted damping term, de-
fined as

�(�r, t ) ≡
∑M

λ=1 γλ �∇r �jλ(�r, t )

�∇r �j(�r, t )
= −

∑M
λ=1 γλ �∇r �jλ(�r, t )

ρC ∂
∂t T (�r, t )

. (C5)

Here, �(�r, t ) is generally not a constant but a function of both
space and time. Rearranging Eq. (C4) and setting

←→
Z (0) =∑Nmode

λ=1
←→
ζ λ0, we arrive at the generalized HTE:

∂2

∂t2
T (�r, t ) + �(�r, t )

∂

∂t
T (�r, t ) − �∇r ·

(←→
Z (0)

ρC
· �∇rT (�r, t )

)

= 0. (C6)

For the limiting case of M = 1, corresponding to the empir-
ical MCV model or the hydrodynamic GKE for a bulk crystal,
�(�r, t ) reduces to a constant, �(�r, t ) = 1/τss. For isotropic

materials, where
←→
Z (0)
ρC = v2

ss
←→

I , the gHTE simplifies to the

conventional HTE shown in Eq. (C1), with vss =
√

D
τss

.
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