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We study the effect of noise on two-dimensional periodically driven topological phases, focusing on two
examples: the anomalous Floquet-Anderson phase and the disordered Floquet-Chern phase. Both phases show
an unexpected robustness against timing noise. The noise-induced decay of initially populated topological edge
modes occurs in two stages: At short times, thermalization among edge modes leads to exponential decay.
This is followed by slow algebraic decay ~n~'/? with the number of Floquet cycles n. The exponent of 1/2
is characteristic for one-dimensional diffusion, here occurring along the direction perpendicular to the edge. In
contrast, localized modes in the bulk exhibit faster decay, ~n~!, corresponding to two-dimensional diffusion.
We demonstrate these behaviors through full-scale numerical simulations and support our conclusions using
analytical results based upon a phenomenological model. Our findings indicate that two-dimensional Floquet
topological phases are ideal candidates for potential applications of Floquet topology, given the unavoidable
presence of both quenched disorder and decoherence in experiments.
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I. INTRODUCTION

Nonequilibrium systems obtained via periodic driving have
garnered much attention in the previous decades. Exploring
their topology has been at the forefront of research [1-19]
since these systems show phenomena that are not possible in
static systems [20-38]. There have been major experimental
advancements in this field [39—44], such as realizations of
Floquet-Chern phases and of anomalous Floquet topological
phases.

While periodic driving opens new avenues toward the
generation and manipulation of topology, it brings with it
the problem of heating. This is well studied in the context
of periodically driven many-body phases, where it has been
shown that Floquet systems continuously absorb energy from
the driving field, eventually reaching a featureless infinite-
temperature steady state [15,45]. The problem of heating can
be (at least partially) overcome if the system is many-body
localized [46—48], or by going to a regime in which the en-
ergy absorption rate is exponentially smaller than the driving
frequency [49-51].
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Single-particle Floquet systems also heat up, albeit for a
different reason: In experiments, the driving field is never per-
fectly periodic. The unavoidable deviations from periodicity
pose significant limitations to the timescales that are accessi-
ble in the laboratory, especially since the decoherence due to
driving noise is typically exponentially fast [44]. This problem
has been acknowledged since the late 1990s, following its
experimental observation in quantum kicked rotors [52,53].
Over time, it has evolved into an active research direction,
with multiple theoretical [54-59] as well as experimental
[60-68] works studying how noise-induced heating and de-
coherence occur in single-particle systems, and how it can be
mitigated [69,70], or at least slowed down [54,55,71,72].

In this work, we examine the interplay between quenched
disorder and noisy time evolution in two-dimensional (2D)
Floquet topological phases. We focus on one of the paradig-
matic toy models, originally introduced by Kitagawa et al.
[20], which realizes both a Floquet-Chern phase as well as
a so-called anomalous topological phase, in which chiral edge
modes form even though the bulk bands have vanishing Chern
numbers. In each case, we study how a topological edge eigen-
state of the Floquet operator decays as a function of time due
to noise-induced mixing with other edge and/or bulk modes.
We find the decay to occur in two stages: At short times,
the population of the edge state decreases exponentially. This
first stage of decay lasts until the edge has been thermalized,
meaning that all edge modes have been equally populated.
Remarkably, the edge thermalization time remains finite even
in the thermodynamic limit, when the number of edge states
goes to infinity. Following this initial exponential decay, there
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is as second stage during which the edge modes decay al-
gebraically with the number of Floquet cycles n as ~n~!/2.
The second stage lasts until all Floquet eigenstates have equal
populations, signaling that the system has heated up to infinite
temperature. Interestingly, even though these dynamics occur
in a 2D system, the exponent of 1/2 is the hallmark of 1D
diffusion. This is explained by the fact that after edge ther-
malization, the population is still localized at the boundary of
the system but fully spread along the edge. Further spreading
can thus occur only along the direction perpendicular to the
edge. In contrast, localized states in the bulk decay as ~n~!
with an exponent of 1 as expected in a 2D system. The
diffusive behavior of edge and bulk states is a consequence
of the disorder-induced localization of bulk states, meaning
that quenched disorder promotes the resilience of topological
modes against decoherence. Indeed, the second stage of slow
diffusive decay is absent in clean systems with extended bulk
states. Interestingly, even though spatial disorder cannot fully
localize the bulk in the Floquet-Chern phase, our full-scale
numerical simulations show that the diffusive behavior is pre-
served also in this case. We provide a heuristic explanation
for this result using a simplified phenomenological model
that features the fraction of bulk states that are extended as
a tuning parameter. In this model, diffusive decay persists up
to a timescale that scales inversely with that fraction. Conse-
quently, this timescale diverges if the number of extended bulk
states remains finite in the thermodynamic limit.

The rest of our paper is organized as follows. In Sec. II
we introduce the toy model of Kitagawa et al. [20], high-
lighting some of its main features: the existence of different
topological phases, as well as the possibility of determining
the time-evolution operator analytically [73], which enables
the efficient numerical simulation of large systems. Our main
result is presented in Sec. III where the two different regimes
of edge state decay are obtained by means of direct numer-
ical simulations of large systems. To get a better handle on
the mechanism governing the system’s behavior, we turn in
Sec. IV to a superoperator formalism, which enables us to
average over noise realizations analytically, while obtaining
results consistent with the full-scale numerical simulations.
Using this formalism, we show that the change from expo-
nential to algebraic decay is associated with a thermalization
of the edge states, separate from the bulk modes. In Sec. V,
we introduce a phenomenological model that explains the
observed edge thermalization. Using a semiclassical rate
equation, we demonstrate that the edge thermalization time
remains finite even in the thermodynamic limit, when the
number of edge modes goes to infinity. Furthermore, the phe-
nomenological model offers a heuristic explanation for the
persistence of diffusive decay in the presence of extended bulk
states in the Floquet-Chern phase. We conclude in Sec. VI. All
of our data and the code used to generate it are available on
Zenodo [74].

II. MODEL

We consider the model first used by Kitagawa et al. [20] to
study the topological properties of Floquet systems. It consists
of spinless fermions hopping on a honeycomb lattice, where
the hopping integrals are varied periodically in time. There

are two sites per unit cell, belonging to sublattices A and B,
and the Bravais vectors a; and a; are as shown in Fig. 1. The
momentum-space Hamiltonian reads

§ h h c
. ¥ aa hap ,
H = Z (CA,k CB,k) <hBA hBB) ( 4 k)a (D
k

CBk
with gy = hgg = 0 and
hyg = Hgy = J1 + o™ + Je™™. )

Here, cj‘ px are creation operators on the two sublattices,
whereas k = (ky, k,) are the two dimensionless momenta
pointing along the two Bravais vectors a ;.

We make the Hamiltonian time dependent by varying the
nearest-neighbor hopping amplitudes J; » 3 (shown in Fig. 1)
in a cyclic manner. The driving protocol consists of three
steps, during each of which only one of the three hopping
amplitudes is nonzero. Thus, during the nth driving cycle we
have

M h=J,hL=J3=0

for(n— DT <t <(n— DT +T/3,
2) h=J,1i=J3=0
for(n—DT +T/3 <t < (n—1)T +2T/3,
3) sh=J,1i=/h=0
for (n — DT +2T/3 <t < nT,
where ¢ is time, T is the driving period, and J denotes the
strength of the nonzero hopping. Since the Hamiltonian is
piecewise constant as a function of time, the time-evolution
operator over one full driving cycle, also referred to as the
Floquet operator, reads

il i, L _ig L
F:€IH3361H2361H13, (3)

where we work in units such that 7 = 1, and where H; 13
are the Hamiltonians in each of the three steps of the driving
cycle. Since at each point in time the system is composed
of dimers that are decoupled from each other, the Floquet
operator can be computed analytically.

This model realizes different Floquet topological phases
as a function of JT, the dimensionless product between the
hopping strength and the period. To see this, we consider a rib-
bon geometry, in which the system has translation symmetry
along the a; direction, but is finite along a,. We diagonalize
the Floquet operator as

Flpa) = e " |¢g), )

where {|¢,)} is the orthonormal basis of Floquet eigen-
states, and plot its 2w /T periodic eigenphases &, also
referred to as quasienergies as a function of momentum in
Figs. 1(b)-1(d). For JT /3 = 7 /2 and 1.4 [Figs.1(b) and 1(c)],
the model hosts a so-called anomalous Floquet topological
phase, one in which chiral edge modes (shown in red and
blue) coexist with topologically trivial bulk bands (green).
This is possible because of the periodicity of the quasienergy
Brillouin zone, which enables edge modes to exist both in the
eT = 0and T = & quasienergy gaps. Note that for JT /3 =
7 /2, which we refer to as the resonant driving point, the bulk
bands are dispersionless; they acquire a finite bandwidth away
from this point.

For JT /3 = 0.8, however, there are no chiral edge states
in the eT = gap [see Fig. 1(d)], and the bandstructure
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FIG. 1. Panel (a) shows a sketch of the tight-binding model. The unit cell (gray box) contains two sites belonging to the A and B sublattices,
marked as filled and open circles, respectively. The Bravais vectors are a; and a,. The three different nearest-neighbor hoppings, J;, J2, and
J3, are shown using green, blue, and red colors, respectively. The other panels show the bandstructure (quasienergy €7 versus dimensionless
momentum k;) of the system in a ribbon geometry, infinite along the a; direction and consisting of 20 unit cells along the a, direction. The
color scale denotes the probability density summed over the bottom-most 10 unit cells of the ribbon, such that bulk states are shown in green,
whereas states localized on the top/bottom edges are shown in red/blue, respectively. We use values of JT /3 = 7 /2 in panel (b), 1.4 in panel

(c), and 0.8 in panel (d).

resembles that of a conventional, static Chern insulator, e.g.,
the Haldane model [75]. This is the so-called Chern phase,
in which the presence of edge modes is tied to the Chern
numbers of the bands, the latter taking the values +1.

III. TIMING NOISE

We model deviations from periodic driving by randomizing
the duration of each step in the driving cycle. Thus, the time-
evolution operator corresponding to the nth cycle becomes

Tn

—iHy 3 i 2
UnzelH33€lH23€lHl3 (5)

3

where T, =T + Ty m, and 7, are randomly drawn from
the uniform distribution [—V;, V;], such that V; is the noise
strength. From here on, we will consider weak noise strength,
setting JV; /3 = 0.05.

Since time periodicity and thus quasienergy conservation
are now broken, we no longer work with a Floquet operator,
but with the full time-evolution operator corresponding to n
driving cycles,

l]n,l = UnUrL—l te U2Ul' (6)

Our strategy is to consider an initial state, labeled |y), which
is chosen to be an edge eigenstate of the noiseless Floquet
operator. According to Eq. (4), such a state would be left
invariant (up to a phase factor) under perfectly periodic time
evolution. We compute the population of this state as the sys-
tem undergoes multiple cycles of noisy driving [cf. Eq. (6)]:

P = [{olv) > = (ol Un11¥0) . (7)

A. Clean case

Note that introducing noise as per Egs. (5) and (6) does not
break the translation symmetry of the ribbon discussed before,
meaning that the momentum k; remains conserved even when
quasienergy conservation is broken. Thus, studying noise can
be done by considering a set of 1D problems, one for each
initial state |vo(k1)).

The results we obtain in the ribbon geometry are identi-
cal to those previously reported in Refs. [54,55]: The initial
edge mode (taken to be on the bottom edge of the ribbon)
decays exponentially whenever the bulk bands have a finite

bandwidth (at fixed k), whereas it decays algebraically, P, ~
n~1/2 with the exponent of 1/2 being the hallmark of 1D
diffusion, when bulk bands are flat. Therefore, at JT /3 = 7 /2
[see Fig. 1(b)] all initial edge states |yo(k;)) exhibit diffusive
behavior. Interestingly, away from this resonant driving point,
exponential decay occurs for all initial edge states except for
those at k; = . At this momentum all bulk states are concen-
trated at two quasienergies, see Figs. 1(c) and 1(d). Thus, the
1D effective system obtained by fixing k; = 7 is character-
ized by dispersionless 1D bulk states, which have been shown
to result in algebraic decay. These results are summarized in
Fig. 2, which shows the noise-averaged population P, as a
function of the number of noisy driving cycles, n, for initial
states at different k.

References [54,55] provide the following intuitive expla-
nation for the behavior of the edge mode population in 1D:

o....\.
10714
_ JT/3=0.8
Pn
° ki=m
10_2_ L4 k‘l = 2.75
1 n 102

FIG. 2. The noise-averaged edge state population is plotted as
a function of number of cycles for JT/3 = 0.8 and JV,/3 = 0.05,
in the case of an initial state localized at the bottom boundary of a
ribbon consisting of 100 unit cells. The blue dots correspond to the
state at k; = 7, whereas the red dots are for k; = 2.75. The popula-
tion is averaged over 5000 noise realizations, with error bars smaller
than symbol sizes. The dashed line shows an algebraic decay ~n~"/2,
The dotted line shows an exponential decay. When k; = 2.75, the flat
region at large n is a finite-size effect: The initial state has already
spread out over all sites in the system.
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In the limit of weak noise, one can think of time evolution
as proceeding for multiple cycles according to the perfectly
periodic driving protocol, with occasional instances of imper-
fect driving cycles, or “errors.” Each of these events leads to a
mixing of states at different quasienergies, thus allowing part
of the edge mode population to be transferred to bulk states.
In the case when the 1D bulk states are dispersionless, this
results in a 1D random walk between the initial edge mode and
bulk modes that are localized close to the boundary, leading
to diffusive decay, ~n~Y2 In contrast, when bulk states are
extended, any newly populated state travels away from the
edge with a finite group velocity, resulting in an exponential
decay of the initial edge mode population.

B. Disordered case

We now move to genuinely 2D systems and examine the in-
terplay between quenched disorder and noise. To this end, we
consider the model in a cylinder geometry (periodic boundary
conditions in the a; direction) with a circumference of L unit
cells and a height of W unit cells. We introduce onsite disorder
in the system, with a real-space disorder Hamiltonian

_ i
Hgis = Z Hei iCs.i,jCs.ijo ®)

NN

that is added to all three Hamiltonians Hj » 3 in Egs. (3) and
(5). In the disorder Hamiltonian, s = A, B denotes the sub-
lattice, i, j are the indices of a particular unit cell, and the
disordered onsite potential ug; ; is drawn independently for
each lattice site from the uniform distribution [V, V, ], with
V, the onsite disorder strength.

We set V,T/3 = 0.3 and choose as initial state the eigen-
state of the Floquet operator with quasienergy closest to 0,
which we verify to be an edge mode localized on either the top
or the bottom of the disordered cylinder. The noise-averaged
population as a function of the number of driving cycles is
shown in Fig. 3, both for JT /3 = 1.4 (anomalous phase) and
for JT /3 = 0.8 (Chern phase).

The population of the edge mode (red and blue lines in
Fig. 3) shows a behavior that is a mix between those observed
in the 1D case (cf. Fig. 2). The initial decay is exponential
until n >~ 3000 driving cycles, after which it becomes alge-
braic. Notice that this occurs both in the case of the anomalous
Floquet phase as well as in the disordered Chern phase, and
that it is associated with the presence of bulk disorder. When
disorder is added only to the edge sites, such that all bulk
states remain extended, no diffusive decay is observed, as
indicated by the light and dark gray lines in Fig. 3. Instead,
the population decays exponentially up until the initial state
has spread over the entire cylinder, leading to the flat regions
at large n, which are due to finite-size effects.

Interestingly, we note that the presence of bulk disorder
affects both the anomalous phase and the Chern phase in the
same way, even though their bulk localization properties are
different. For the former, bulk bands are trivial, and will thus
be fully localized by disorder [23]. In the case of the Chern
phase however, not all bulk states can be localized [76-78]:
There must remain at least one delocalized mode in each bulk
band, which “carries the Chern number.”

L full disorder
o JT/3 =038
P, o JT/3=14
edge disorder
1024 JT/3=0.8
o JT/3=14
1074

1 n 10 10*

FIG. 3. Edge state population decay for the anomalous (JT /3 =
1.4, red) and Chern (JT /3 = 0.8, blue) phases. We use JV; /3 = 0.05
and V,T /3 = 0.3. The disordered cylinder has a circumference of
L = 24 unit cells and a height of W = 200 unit cells. The population
is averaged over 1000 noise realizations, with error bars indicated
by line thickness. The red and blue solid lines show results obtained
when disorder is added to all sites, whereas the gray lines are ob-
tained when adding disorder only to sites on the edge of the cylinder.
The dotted line shows an exponential decay, whereas the dashed
one shows an algebraic decay, ~n~'/2. The inset is a closeup of the
diffusive region.

IV. SUPEROPERATOR FORMALISM

The average over noise, which we have performed nu-
merically to obtain the results presented in Sec. III, can also
be carried out analytically using the superoperator formalism
[54,55,59]. This enables the efficient calculation of the popu-
lations of not only the initial edge state but of all eigenstates
of the noiseless Floquet operator, and thus leads to a better
understanding of the dynamics. Moreover, the Floquet su-
peroperator forms the basis for the phenomenological model
introduced in Sec. V below, which offers a simplified heuristic
framework to obtain analytical explanations for our results.

To derive the Floquet superoperator that describes the
noise-averaged dynamics, we first consider the projector
onto the pure state of the system after n noisy driving cy-
cles, |¥,) (¥,|. During the next driving cycle, the projector
evolves as

[Vns1) (Ynpil

g Bkl gy Dyl
e i it R [V R €720 D )

where we have introduced the Hamiltonian superoperators
‘H1.2.3, which are defined in terms of the ordinary Hamilto-
nians Hj ; 3 that generate the evolution during the three steps
of the cycle as

Hmp = [Hp, pl,

Now we take the average over noise, which leads to the
density matrix p, = |¥,,) (¥,|. The evolution equation for the
density matrix follows directly from Eq. (9) and by using
the fact that the noise in each driving cycle is statistically

independent,

m=1,2,3. (10)

Pnt1 = ]:pm (11)
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FIG. 4. The edge state population computed using the superop-
erator formalism according to Eq. (14) (dashed black line) agrees
well with the one obtained by numerical averaging of Eq. (7) over
noise realizations (blue). The inset zooms in on the algebraic regime.
For comparison, a single realization of noise is shown in light gray.
We use JT/3 =1.4,JV,/3 =0.05, V,T/3 = 0.3, and a system size
of L =24 and W =50 unit cells. The blue line is obtained by
averaging over 5000 noise realizations, with error bars indicated by
line thickness.

where the Floquet superoperator is given by

. T
iH, I,l;+l

2y Bt s Dl
iy —i . —
F = Ms=5 o iMa=7

. T . T . T

= B3 GeT 557 M5 (12)
In this expression, the factors e~ ™Mn%5 describe the noiseless
evolution. The superoperators &,, result from averaging over
the random time shifts t € [—V;, V/],

—— 1 Vi
Em = e_lH"’§ = —

dt e s = ginc| H 14 (13)
2V, Joy, B "3 )

where sinc(x) = sin(x)/x. As detailed in Appendix A, we im-
plement the Floquet superoperator F numerically by rewriting
Eq. (11) in vectorized form: By stacking the columns of the
density matrix p,, it can be represented as a vector with
(2LW)? elements; this entails to a representation of JF as a
matrix of dimension (2LW)?* x (2LW)?. Due to the matrix
dimensions of the Floquet superoperator F being significantly
larger than those of the ordinary Floquet operator F, storing
the superoperator takes up more memory, limiting the maxi-
mum system sizes achievable with this approach. However, as
we discuss next, for a given system size, the noise-averaged
time evolution can be determined directly, leading to a signif-
icant reduction in simulation time.

Starting form the initial state pp = |¥) (Vo and evolving
the density matrix as in Eq. (11), we immediately obtain the
noise-averaged state p, = |¥,) (¥, |. This, in turn, gives direct
access to the average of the population P, defined in Eq. (7):

P = [{olyn) > = (Yol ) (Wl [¥0) = (Yoloaltro) . (14)

We describe how we evaluate the matrix element of the den-
sity matrix p, numerically in Appendix A.

In Fig. 4 we compare both methods: that of Eq. (14) and
that of numerically averaging Eq. (7) over multiple noise re-

(a)
| JT/3=14

[6al®

7 \!
//*\
10%

FIG. 5. Noise-averaged populations of all Floquet eigenstates
[Eq. (16)] in the case of the anomalous Floquet phase [JT/3 = 1.4
(a, b)] and in the Chern phase [JT /3 = 0.8 (c, d)]. The system size is
L =24 and W = 50 unit cells, JV;/3 = 0.05, and V,T /3 = 0.3. The
color scale denotes the probability density summed over the first 3
rows of sites from the bottom edge of the cylinder, such that dark
colors indicate Floquet edge states, and light colors indicate bulk
states and/or states localized on the top edge. The right panels show
the populations of those 24 Floquet eigenstates that are closest to

the bottom edge. The dashed green line shows an algebraic decay
~n~1/2,

1 n 10? 10* 1 n

alizations. The two curves show good agreement, both during
the initial exponential decay as well as in the algebraic regime.

A. All eigenstate populations

Under the noisy driving, the initially populated Floquet
edge mode mixes with other edge and/or bulk modes, resulting
in its population decaying as a function of time. To better
understand this process, we expand the time-evolved state,
|¥,), in the orthonormal basis of Floquet eigenstates {|¢,)}
defined in Eq. (4),

W) =D Caun|$a) - (15)

Thus, Py, = |can |2 are the populations of each of the Floquet
eigenstates after n cycles of noisy driving. In this notation,
when we begin the time evolution with a Floquet edge eigen-
state, [o) = |¢pa=0), the initial populations are Py o = 84.0.
As the state evolves in time, the weights get redistributed
among all the Floquet eigenstates and the populations change.
After n noisy driving cycles, we obtain the populations from
the density matrix p, as in Eq. (14):

Pan = (PalOnlte) - (16)

In Fig. 5, we show the populations of all Floquet eigen-
states, computed using Eq. (16), both in the case of the
anomalous Floquet phase [J7/3 = 1.4, Figs. 5(a) and 5(b)],
as well as for the Chern phase [JT/3 = 0.8, Figs. 5(c) and
5(d)]. The color scale encodes the position of the states, with
dark colors denoting modes which are located close to the
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bottom edge of the cylinder, as is the initial mode |¥). As
expected, we observe that the noisy driving mixes the initial
state with other eigenstates, and that those that are close
by in real space become populated first. At long times, all
populations are equal to the inverse system size: The system
has converged to an infinite-temperature state. However, we
observe that the algebraic regime sets in when the edge modes
become equally populated, around n» ~ 2000 in Figs. 5(a) and
5(b). This suggests that the diffusive behavior is associated
to a thermalization only among edge states, which occurs
separately from the bulk. To better visualize this behavior,
we plot the populations of the 24 most edge-localized Floquet
eigenmodes in Fig. 5(b), a number equal to the circumference
of the cylinder. It is clear that the algebraic decay coincides
with a regime in which the edge mode populations are approx-
imately equal. Unfortunately, for the system sizes we are able
to reach using the superoperator formalism, this behavior is
not so clearly represented for the Floquet-Chern phase, shown
in Fig. 5(d). In the latter case, while it does appear that the
edge modes do indeed thermalize separately from the bulk
states, there is only a short range of n that is consistent with
~n~1/2 behavior, after which the initial state becomes equally
spread among all available Floquet modes.

Based on the above observations, we propose a heuristic
explanation for the observed two-stage decay, with expo-
nential decay at short times followed by diffusive decay
at later times. As we discussed above, in the absence of
quenched disorder these two behaviors are dictated by the
extended/localized nature of the bulk modes. Since states at
different momenta do not mix, a localized bulk implies that
the initially populated edge state will perform a 1D random
walk among states localized nearby, and P, ~ n~/2. This
is no longer valid if momentum is not conserved due to
quenched disorder: Now population can be transferred from
the initial edge state to any other edge or bulk state. Of course,
since noise can affect the state of the system only through
local perturbations, transitions to localized bulk states that
are far away from the edge or to edge states at the opposite
edge are strongly suppressed. However, the redistribution of
population among edge states that are localized at the same
edge is not inhibited. Therefore, as generically expected for
the decay of a mode into a continuum of modes (formed here
by the other modes at the same edge), the population of the
initial state decreases exponentially. As we observe in Fig. 5,
this exponential decay lasts until all edge modes are equally
populated. Further decay of the edge state population is due
to spreading of the wave function into the bulk. For localized
bulk states, these dynamics again take the form of a random
walk. However, since the initial condition of this random
walk is a uniformly populated edge, the random walk occurs
effectively in one spatial dimension, such that P, ~ n~!/2.
In contrast, choosing as the initial state a localized state in
the bulk, we find 2D diffusive decay with 73,Z ~ n~'. This is
shown in Fig. 6.

Note that the distinction between 1D and 2D diffusive be-
havior of edge- and bulk-state decay distinguishes disordered
from clean systems. In a clean system, momentum conser-
vation implies that for both edge and bulk modes diffusive
spreading is restricted to one spatial dimension, leading to
5,, ~ n~1/2 in both cases. Finally, recall that as demonstrated

1
Pam{ JT/3 =17/2 :
V,T/3 = 0.6
10—2 J
1 n 102 10*

FIG. 6. Noise-averaged populations setting JT /3 = m/2 and
V,T/3 = 0.6, for a system consisting on L = 48 and W = 24 unit
cells. The initially populated state is shown in black, whereas all
other states are shown in yellow. The dashed green line indicates an

algebraic decay ~n~!.

in Fig. 3, while slow diffusive decay results from localized
bulk states, the decay of an initially populated edge mode
remains exponential if the bulk states are extended.

To better visualize the real-space profile of the time-
evolved state, we plot in Fig. 7 the spread of the wave function
as a function of time. For an initial edge state, we show the
standard deviation of the position in the direction perpendicu-
lar to the edge,

Ovn =N (WalV2 V) — (WY [¥,)2, (17)

where Y is the position operator. In the case of a bulk state,
we plot the 2D root-mean square (RMS) deviation,

02D.n = 4 /0)%_” + Gﬁn. (18)

For an initial edge state [Fig. 7(a), using the same parame-
ters as Fig. 5], we observe at short times a plateaulike region in
which oy, changes slowly, remaining on the order of several
lattice spacings for the first 100 to 200 driving cycles (see
inset). This behavior is consistent with our heuristic picture
of thermalization among edge modes: Since the time-evolved
state |,) remains localized on the edge, its standard deviation
does not change much at small n, even though the population
of the initially occupied state decreases exponentially (cf.
Fig. 5). At later times, the growth of the standard deviation
follows a diffusive oy, ~ n'/? scaling (black dashed lines),
and eventually saturates due to the finite system size. The sat-
uration value is also consistent with the height of the cylinder:
Assuming a state uniformly spread out over W = 50 unit cells
(meaning 100 lattice sites) leads to a value of oy ,,_, o >~ 28.9.

The same qualitative behavior can be seen in the RMS
deviation of the initial bulk state in Fig. 7(b), obtained using
the same parameters as in Fig. 6. At short times, the RMS
deviation exhibits plateaulike region, remaining on the order
of a few lattice constants for the first 100-200 driving cy-
cles. We attribute this behavior to a short-time thermalization
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FIG. 7. Panel (a) shows, for an initial edge state, the standard deviation of the position in the direction perpendicular to the edge as a
function of the number of driving cycles, using the same parameters as Fig. 5. Panel (b) shows the root-mean square deviation for an initial
bulk state, using the same parameters as Fig. 6. The insets display the same data as the respective main panels but in a double-logarithmic
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scale. The dahsed black lines indicate a ~n'/“ scaling.

occurring among bulk states positioned close to the initially
populated mode. As visible in Fig. 6, the population of the
initial state decays exponentially during this stage, consistent
with our heuristic explanation. This is followed by 2D diffu-
sive spreading of the initially localized bulk state, which also
manifests as a oop ~ n'/? scaling [dashed lines in Fig. 7(b)].
Here, however, an additional complication arises, in that the
time-evolved state |,,) spreads out over the whole circumfer-
ence of the cylinder for n 2 1000. As a result, oy , in Eq. (18)
begins to saturate, leading to a slower growth of o,p, as also
visible in the inset.

In our heuristic explanation, we assume that all bulk states
are localized or all are extended. This assumption does not
hold in the Chern phase where, as noted at the end of
Sec. III B, not all bulk states can be localized by disorder.
However, the numerical results shown in Figs. 3 and 5 demon-
strate that diffusive decay of edge states at late times persists
also in this case. The phenomenological model that we intro-
duce in the following offers an explanation for this surprising
behavior.

V. PHENOMENOLOGICAL MODEL

To substantiate the above heuristic picture, we develop a
phenomenological model for the evolution of populations in
disordered systems. This model is based on a semiclassical
Floquet master equation for the populations of Floquet states,
which we derive from the exact dynamics. In the semiclassical
Floquet master equation, the transfer of population from a Flo-
quet state « to a state 8 during one driving cycle is described
by the element W, _, 4 of the population transfer matrix. Phe-
nomenological assumptions about the form of these matrix
elements enable an analytical understanding of the dynamics.

A. Semiclassical Floquet master equation

The time evolution of the density matrix p, is essen-
tially due to two distinct processes: (i) Weak noise induces
transitions between Floquet states and thus leads to a slow
redistribution of state populations given by the diagonal
elements Py, = (¢a|pnl¢pe). (In this section, we do not in-

dicate the average over noise explicitly; all populations are
understood to be averaged.) (ii) Coherent dynamics cause
off-diagonal elements (@q|0,|¢p) With @ # B to dephase as
~e'c=#"T  Assuming that dephasing of coherences is much
faster than the redistribution of populations—as we demon-
strate below, this assumption is met for sufficiently strong
disorder—we describe the density matrix p, approximately as
an incoherent mixture of Floquet states,

Pn =) Panlta) (bal . (19)

and we project the evolution Eq. (11) onto a semiclassical
Floquet master equation for the populations P, ,,

Panst = Y _ GapPpon: (20)
B

where

Ga.p = (Pal F(19p) (DpDda) - @

In the absence of timing noise, the time-evolution superoper-
ator reduces to Fp = FpF', with F given by Eq. (3). For the
Floquet states, it follows from Eq. (4) that

Guop = l{Baldp) ] = Sup,

meaning that there is no redistribution of populations in the
absence of noise. We define the matrix Wg_,, that describes
the noise-induced transfer of population from the state § to o
as the deviation from the noiseless limit:

Wﬁ—)a = ga,ﬂ - 80[,f3~

As we show in Appendix B, a sufficient condition for the
semiclassical Floquet master equation (20) to describe noise-
induced heating to infinite temperature is that the population
transfer matrix is symmetric, W, g = Ws_.«. Then, the mas-
ter equation can be recast as

Pa,rH—l = Pot,n + Z Wﬁ—nx(lpﬁ,n - Pa,n)-
BF#a

(22)

(23)

(24)

This equation describes how the population of state « in-
creases during a noisy driving cycle due to transitions 8 —
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FIG. 8. Noise-averaged populations at JT/3 = 1.4, V,T/3 = 0.3 (a), (b) and at JT/3 =n /2, V,T/3 = 0.6 (c), (d). In the former case,
there is a poor agreement between the superoperator calculation (left) and the semiclassical Floquet master equation (right). For the higher
disorder strength, the agreement is improved, though the semiclassical Floquet master equation reaches the infinite-temperature state faster
than the superoperator. The system size, noise strength, and the color scale are the same as in Fig. 5. The vertical dashed lines indicate our

estimate for the edge thermalization time Eq. (34).

a, which occur with probability Wg_,,Pg ,, and decreases
due to transitions o — B, which occur with probability
Wa—>/3,Pa,n = Wﬁ—m,Pa,n-

B. Comparison with numerical results

We test the above assumptions by numerically construct-
ing the population transfer matrix using Egs. (21) and (23)
[the matrix elements in Eq. (21) can be obtained from the
vectorized form of the Floquet superoperator as detailed in
Appendix A] for a system in the anomalous phase [same
parameters as in Figs. 5(a) and 5(b)]. The conservation of
probability, > Ws_., =0 [see Eq. (B3)], is preserved up
to deviations in the range of 107! to 10~'!, which sets the
scale of our numerical errors. Furthermore, also the assump-
tion that JV is symmetric is borne out by the numerics, with
W =WT||/IIW|| ~ 3107, where || - || is the Euclidean
norm.

Having obtained the population transfer matrix, we iterate
Eq. (24) to construct the Floquet eigenstate populations. In
the anomalous phase, JT /3 = 1.4 and V,T /3 = 0.3, the semi-
classical Floquet master equation shows a poor agreement
with the superoperator calculation, as shown in Fig. 8(a),

8(b). In particular, the semiclassical Floquet master equa-
tion fails to capture the algebraic decay of the populations at
intermediate times. When we increase the disorder strength,
setting JT /3 = /2 and V,T/3 = 0.6, we observe a much
better agreement; see Figs. 8(c) and 8(d). We attribute this
change to the fact that the rate at which off-diagonal ele-
ments are generated in the density matrix must contain a
matrix element of one of the Hamiltonians (that is, a local
operator) between different Floquet states, and these matrix
elements will be smaller when the Floquet states are more
strongly localized. Also, the dephasing of off-diagonal ele-
ments of the density matrix occurs even without noise simply
due to quasienergy differences, and these quasienergy dif-
ferences are larger for stronger disorder (at least for states
that are close by in real space). So the approximation we
make in setting off-diagonal elements to zero in the semi-
classical Floquet master equation should be better for stronger
disorder.

In addition, since the approximation consists in making the
density matrix more diagonal (less off-diagonal) by hand, and
in this sense brings it closer to the infinite-temperature steady
state, it appears reasonable that the diffusive regime is short-
ened. This is indeed visible in Fig. 8, where in both parameter
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regimes the infinite-temperature state is reached more quickly
in the semiclassical Floquet master equation [Figs. 8(b) and
8(d)] than in the corresponding superoperator calculations
[Figs. 8(a) and 8(c)].

C. Phenomenological population transfer matrix

Having established the validity of the diagonal approxi-
mation in Eq. (19) for sufficiently strong disorder, our next
aim is to obtain deeper analytical insights into the dynamics
described by the semiclassical Floquet master equation (24).
To that end we propose a simplified phenomenological de-
scription of the system. Instead of a continuous distribution
of localization lengths of bulk states as we observe in the full
numerics for disordered systems, we consider only two types
of bulk states: localized and extended. We denote these types
of states by |¢,) and |¢,), respectively. Edge states are denoted
by |¢.). We assume these states to have the following general
structure:

(clpe) ~ %eﬂf,

(rlghy) ~ e FTmVE,

1

(rlda) T (25)
with r = (x, y) the position vector characterizing a lattice site,
& the localization length, and L, W the linear dimensions of the
system. Each localized bulk state is assumed to be centered
at a position r;,. For simplicity, we consider a square lattice
geometry with one lattice site per unit cell. This simplifying
assumption does not affect our results qualitatively. Further-
more, we assume the localization length to be small: £ < 1,
with distances measured in units of the lattice spacing.

The forms of the states in Eq. (25) directly imply how
the elements of the population transfer matrix depend on the
parameters of the model. To quadratic order in V;, W,_p
is proportional to the absolute value squared of the matrix
element of a local operator ~H,, between the states |¢,) and

[#p).

2
Wamsp ~ (v, > (rlga) <r|Hm|¢ﬁ>> : (26)

r

The appearance of H,, implies that the overall scaling with
hopping amplitude and noise strength is W, ~ (JV;)*. To
understand how W, _, 4 depends on system size and the dis-
tance between localized bulk states, we note that the quantities
(r|¢y) (r|H,|¢g) can, to a first approximation, be regarded as
having random phases that are uncorrelated between different
lattice sites r. As a result, the sum scales as /N , Where N is
the number of terms in the sum.

With this in mind, we first consider the population transfer
matrix element between two edge states e and ¢’. For a suf-
ficiently short localization length &, the sum over lattice sites
r is reduced to a sum along the edge and thus runs over L
terms. Therefore, accounting for the factor L~!/? in Eq. (25),
we obtain

Wisse ~ (JV,)?/L. (27

Note that this form captures only the overall scaling of the
matrix element with system parameters; the precise value of
the matrix element varies depending on the choice of states e
and ¢'. For transitions between an edge and a localized bulk
state, the sum over r collapses to a single term with r = r,
and we find

Wiy ~ (JV,)2e 205 L. (28)

Finally, for a pair of localized bulk states, the sum collapses to
two terms that are exponentially small in the distance between
the states,

Wiy ~ (JV,)Pe 2w l/E, (29)

Similar arguments lead to the matrix elements for transitions
involving extended bulk states:

Wissa ~ (JV,)2e /5 J(LW) (30)
and
Wiesds Wasar ~ (JVi)?/(LW). @31

In the following, we discuss the time evolution described
by the semiclassical Floquet master equation (24) with the
phenomenological forms of the populations transfer matrix
elements given above. We focus on the different regimes
of the decay of an edge state, the initial exponential and
the subsequent diffusive decay, and we address the question,
under which conditions diffusion persists in the presence of
extended bulk states.

D. Short-time dynamics: Edge thermalization

The phenomenological population transfer matrix elements
in Egs. (27), (28), and (30) indicate that at short times, the
decay of the initially populated edge state is mainly due
to transitions to other edge states, whereas transitions to
bulk states are suppressed by a factor of order O(e=%/¢). To
describe the resulting thermalization among edge modes ap-
proximately, we set the populations of bulk states to zero,
Pv.n = Pan =0, and we assume that the populations of all
edge modes at the same edge as the initial edge mode e; are
the same, P, » = Pe;.n = - -+ = Pe, ». Then, the semiclassical
Floquet master equation (24) can be rewritten in terms of the
difference of populations, A, = P, , — Pe, ., a8

AnJrl = (1 - we)Anv (32)

where w, is the average of LW,,_,. over ¢ # e; and we
dropped terms of order O(1/L). The solution to this recursion
relation with initial condition Ay = 1 reads

Ap=(1—w) =e ™", (33)

with the timescale on which the difference between the popu-
lations of edge states decays given by

.= —1/In(1 — w,) ~ 1/w,. (34)

Note that according to Eq. (27), w,, defined as the average of
LW,,_, ., and thus also the edge thermalization time 7, do not
depend on the number of edge states L.

Our estimate of the edge thermalization time Eq. (34) is
in good agreement with our numerical simulations. In Fig. 8,
we indicate t, ~ 1/w, by a vertical dashed line. To find
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w,, we use that the evolution during the first driving cycle,
described by Eq. (24) with n = 0, yields P, ; = W,,_,¢ for
¢ # e;. Therefore, w, is obtained by averaging LP, | over ¢’.
Specifically, since L = 24 in our simulations, we average the
populations of the 23 states closest to the edge, excluding the
initial state.

The populations of individual edge states can be obtained
from Eq. (33) by using P,, , + (L — 1)P., » = 1. Up to cor-
rections of order O(1/L), this yields for the population of the
initial edge state the same exponential decay as for the dif-
ference of populations (33), P,,., ~ e~"/™. This exponential
decay is consistent with the short-time behavior observed in
the numerical simulations shown in Fig. 8. Interestingly, in
Fig. 6 we observe a similar exponential decay at short times
for an initial bulk state. In this case, the behavior arises from
mixing between the initial bulk state and other bulk states
whose probability densities substantially overlap with it.

E. Diffusive decay at long times

During edge thermalization, the population of states re-
mains localized at the boundary of the system, but extends
homogeneously along the edge. The subsequent spreading of
population into the bulk can thus be regarded as occurring
only along the direction orthogonal to the edge, while the
population remains homogeneous in the direction parallel to
the edge. This results in 1D diffusive motion (as we show
below, diffusion persists also in the presence of a sufficiently
small number of extended bulk states). For 1D diffusion,
the decay of an initially localized population follows the
same power-law dependence, ~n~'/?, regardless of whether
the population is initially localized at the boundary or in
the bulk of the system [54,55]. Therefore, to describe these
dynamics approximately, we make the following simplifying
assumptions: (i) We consider a system with periodic boundary
conditions, consisting of (1 — v;)LW localized bulk states,
and vyLW extended bulk states; that is, the total number of
states is LW, and v, is the fraction of extended bulk states.
(ii) The populations of bulk states are homogeneous in one
spatial direction, meaning that the population of a bulk state
localized at r, = (x,y) depends only on y, Py, = Py, (iii)
The populations of extended bulk states, P, ,, are all equal.
Initially, extended bulk states are not populated, P; o = 0.

Under these assumptions, the total population of localized
and extended bulk states is given by

ZPh,n + Z Pd,n =L ZP\',n + VdLWPd,n =1 (35)
b d )

Yy

With this relation, the semiclassical Floquet master equa-
tion (24) for extended bulk states can be written as

1
Pint1 = Pan — —Pan)- 36
d.n+1 dn wb,d(LW d, ) (36)
Here we further assume that averaging LW W,_,; over local-
ized or extended bulk states yields the same result, which we
denote by w;, 4. The solution of Eq. (36) that obeys the initial
condition Py o = 0 reads

1
Pan = ﬁ[l — (I —wpq)"]. 37

Next, we consider the evolution of localized bulk states.
If the localization length is short, & < 1, only transitions to
neighboring lattice sites have to be taken into account, for
which we set W,_,,;, = wpe~>/¢. We thus obtain

Py,n+1 = Pv,n + wbe_z/'é (Py+l,n + ,nyl,n - 2Py,n)

+ wp,qVe(Pan — Pyn)- (38)

This equation can be solved by taking the discrete Fourier
transform of P, with respect to y. Then, for n — oo and
weak noise, wp 4 < 1, we find

1
2L /Twyn

That is, the population that is initially localized at y =0
decays first algebraically, Py, ~ n~'/2. However, at 7y, ~
1/(wp.ava), this slow diffusive decay is cut off by the expo-
nential dependence Py_q , ~ e~ hd%",

In the anomalous Floquet-Anderson phase, the bulk of the
system is fully localized by disorder. To describe this phase,
we set v; = 0 in the phenomenological model. Then, Eq. (39)
describes purely diffusive decay in qualitative agreement with
our numerical simulations. In contrast, there is always a finite
number of extended modes in the Floquet-Chern phase, mean-
ing that v; # 0. But also in this case, we numerically observe
diffusive and not exponential decay at late times. How can this
observation be reconciled with Eq. (39)?

The exponential decay implied by Eq. (39) is not visible
if the stationary state with equal populations of all Floquet
modes, Py, = Pg, = 1/(LW), is reached before neyp. As-
suming the decay to be purely diffusive, the steady state is
reached at the Thouless time, ny, = W2e/% /(4mwy). If there
is a finite fraction of extended bulk modes in the thermo-
dynamic limit, then ne, < nty, and exponential decay will
always be visible. However, if there is only a finite number of
extended bulk states such that v; ~ 1/(LW), then a reversal
of the order of timescales is possible, 71ty S 7exp. This will be
the case, in particular, when & is not too small such that ¢*/¢
is of order one. Note that in deriving Eq. (38), we only took
into account transitions to neighboring localized states. This
is no longer justified if £ is not small. However, including
transitions to more distant states will not change the quali-
tative behavior described by Eq. (39), but will only lead to a
modification of parameters that further reduces nry.

We thus conclude that the Chern phase is better described
by setting vy ~ 1/(LW) in our phenomenological model.
However, we reiterate that our assumption of there being only
two types of states (localized and extended) is a significant
simplification. In the full microscopic model, there is a con-
tinuous distribution of localization lengths.

Py:O u o~ e—wb‘av(m-*-l/é‘ (39)

VI. CONCLUSIONS

The technological promise of topological phases in static
settings, for applications such as topological quantum com-
puting and quantum transport, stems from their robustness
against imperfections like disorder. For Floquet topological
phases, a natural and unavoidable source of imperfection
in experimental realizations is noise in the periodic drive.
This raises fundamental questions: How robust are Floquet
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topological phases against timing noise, and how can the
effects of noise be mitigated?

In our work, we have addressed these questions for two key
examples of 2D Floquet topological phases, the anomalous
Floquet-Anderson phase and the disordered Floquet-Chern
phase. As an important probe for the effects of timing noise,
we have studied the noise-induced decay of topological edge
states. Our results show that this decay occurs in two stages:
an initial exponential decay due to thermalization among edge
modes is followed by a slow algebraic decay, ~n~!/? with
the number of Floquet cycles n, where the exponent of 1/2
reflects 1D diffusion perpendicular to the edge. Edge modes
are thus more robust than localized bulk modes, which un-
dergo unrestricted 2D diffusion leading to a faster long-time
decay ~n~!. We have obtained these results through full-scale
numerical simulations. They are corroborated by analytical
insights based on a phenomenological model.

Importantly, we find that the lifetime of topological edge
modes under timing noise can be enhanced by deliberately
introducing disorder. In clean systems with extended bulk
modes, the second stage of algebraic decay is replaced by
fast exponential decay. Our results thus highlight that disor-
dered 2D Floquet topological phases retain notable robustness
against timing noise and remain promising candidates for
practical applications of Floquet topology.

Our work builds upon and complements earlier studies of
timing noise in Floquet topological phases: In Ref. [54], the
conclusion that disorder can counteract decoherence in noisy
Floquet topological systems was reached for a 1D chain. The
model considered there exhibits a single edge mode at each
end of the chain. Therefore, in the noise-induced decay, the
first stage of thermalization among edge modes is absent, and
1D diffusive decay sets in after a short transient. Following up
on this initial study, Ref. [55] introduced the Floquet superop-
erator formalism as an efficient framework to treat noise, and
used this formalism to rederive the results of Ref. [54]. As
discussed in Sec. III A, we recover the behavior of 1D chains
in clean 2D systems with a ribbon or cylinder geometry,
where the momentum along the edge remains conserved in
the presence of noise.

While our work and Refs. [54,55] focus on the decay
of edge states as a direct and experimentally relevant probe
of noise-induced phenomena, quantized response offers a
complementary perspective. As discussed in Ref. [59], the
anomalous Floquet-Anderson phase of a model similar to
ours, but augmented with an additional sublattice potential,
exhibits robust quantized charge pumping in the presence of
timing noise, up to a critical noise strength. In the clean limit,
this critical strength can be determined analytically from a gap
closing of the Floquet superoperator.

Developing a unified understanding of these diverse sig-
natures of noise in Floquet topological systems remains an
intriguing direction for future research.
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APPENDIX A: FLOQUET SUPEROPERATOR

To find a matrix representation of the Floquet superopera-
tor that can be employed in numerical simulations, we rewrite
Eq. (11) in vectorized form. This is done by stacking the
columns of p, to form a vector |p,)). Under this operation,
the product of three matrices A, B, and C becomes

IABC)) = C' ® A|B)), (A1)

where ® is the Kronecker product of matrices.
According to Eq. (12), the Floquet superoperator is the
product of functions of the superoperators 7, defined in

Eq. (10), F = f(H3)f(H2)f (H1), where

f(e) = e T sinc(eV, /3). (A2)

A matrix representation of each of the factors f(#,,) can be
obtained by diagonalizing the superoperators #,,. The vector-
ized form of the latter can be obtained straightforwardly using
Eq. (Al):

T
(A3)
We denote by O,, the matrix that diagonalizes H,,,,

ij,Hmom = Dms (A4)

where D,, is a diagonal matrix. Since the Hamiltonians H,,
describe hopping across disconnected bonds, they consist of
2 x 2 blocks that can be diagonalized by hand, meaning that
O,, and D,, can be found analytically. Then, with O,, = O}, ®
Om,

O H,uO,,
= (0, ®0})(1 ® H, — H, ® 1)(0}, ® O)

where D,, is again a diagonal matrix. Each of the factors in F
can thus be written as

fHuw) = Onf (D)0}

Vectorization also offers a convenient way to evaluate the
noise-averaged population of the edge state in Eq. (14). De-
noting by |¥)) the vectorized form of the projector |o) (Yo,
we find

P = (Yoloal o) = w((¥o) (Yol pa) = ((Yoloa))-

(A6)

(A7)
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APPENDIX B: SEMICLASSICAL FLOQUET
MASTER EQUATION

To derive Eq. (24), we start from Eq. (20), where we
express Gy g in terms of the population transfer matrix intro-
duced in Eq. (23), which leads to

Pantt = Pan+ Y WpsaPpn- (B1)
B

This evolution equation conserves the normalization of popu-
lations, ", Py, = 1, if

> WiaPpn =0, (B2)
a.fp

which has to hold for all Pg,, > 0. Therefore,

> Wpeo =0, (B3)

which in turn implies

Winsa == D Wasp: (B4)
B#a

This condition allows us to recast the semiclassical Floquet
master equation in the following form:

Pa,n+l = Pa,n + Z(Wﬂ%alpﬂ,n - szeﬁtpa,n)- (BS)
B#a

Classical noise is generically expected to cause heating.
Therefore, we expect the state at infinite temperature with
Pa.co = 1/D, where D = 2LW is the Hilbert space dimension,
to be the steady state. Inserting P, ~ in Eq. (B1), we find that
P, 15 a steady state if

> Wpa =0. (B6)
B

Due to Eq. (B3), a sufficient condition for this relation to hold
is that W,_, g = Ws_, is symmetric. Under the assumption
that this is indeed the case, Eq. (24) follows immediately from
Eq. (BS).
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