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Quantum spin ladder with ferromagnetic rungs in Bi2CuO3(SO4)
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We introduce Bi2CuO3(SO4) as a rare example of a spin-ladder magnet with ferromagnetic interactions on the
rungs. Its magnetic response is studied through measurements of temperature-dependent magnetic susceptibility
and heat capacity, field-dependent magnetization, and electron spin resonance spectroscopy. These experiments
are complemented by density-functional-theory calculations combined with the construction of maximally
localized Wannier functions and an analysis of the relevant superexchange pathways. Quantum Monte Carlo
simulations are employed to model thermodynamic properties and to quantitatively determine the magnetic
exchange parameters. Our combined approach identifies Bi2CuO3(SO4) as a two-leg spin-ladder system with
ferromagnetic rungs (J ′ ≈ −208 K) and antiferromagnetic legs (J ≈ 258 K). These interactions of similar
magnitude arise from remarkably different superexchange pathways, with the Cu–Cu distance along the leg being
almost twice as long as the respective distance along the rung. The antiferromagnetic leg coupling represents the
strongest oxygen-mediated long-range superexchange in a Cu2+ compound and sets a benchmark for the role of
complex superexchange pathways in quantum magnets.

DOI: 10.1103/nwlh-vnyp

I. INTRODUCTION

Low-dimensional quantum magnets have been the subject
of extensive theoretical and experimental interest for several
decades. These materials display a variety of unconven-
tional ground- and excited-state properties that emerge from
strong quantum fluctuations and competing interactions [1–4].
Transition-metal compounds containing Cu2+ ions with a 3d9

configuration provide numerous realizations of such physics,
since subtle changes in the local coordination environment
can drastically modify the effective magnetic dimensionality
and stabilize diverse magnetic ground states [3,5–7]. An effec-
tive strategy to tune the magnetic dimensionality in Cu-based
systems involves the incorporation of stereochemically active
lone-pair cations such as Bi3+ or Te4+ [8,9]. Their 6s2 (or
5s2) lone pairs introduce asymmetric local distortions that
modify Cu–O–Cu bond geometries and thereby reshape the
underlying superexchange network.

Several of the copper-based S = 1/2 materials adopt
the spin-ladder geometry. The Cu2+ ions form networks of
corner- or edge-sharing CuO4 plaquettes that further assem-
ble into two-leg or multileg ladders, resulting in markedly
different magnetic ground states. Even-leg ladders feature a
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finite spin gap, whereas odd-leg ladders behave similarly to
single Heisenberg chains and feature gapless spin excitations
[2,8,10]. One common scenario of the ladder formation is the
condensation of CuO4 plaquettes via single oxygen atoms, as
in SrCu2O3 [10], CaCu2O3 [11], and La2Cu2O5 [12] whose
magnetic behavior is well described by the model of a two-
leg spin ladder with dominant rung–leg interactions mediated
by Cu–O–Cu superexchange, and no competing exchange
pathways.

In contrast, BiCu2PO6 [13], which crystallizes in the or-
thorhombic space group Pnma and comprises ribbons of
edge-sharing CuO4 plaquettes forming coupled two-leg lad-
ders along the b axis, stands out as one of the few known S =
1/2 ladder systems with magnetic frustration caused by siz-
able antiferromagnetic (AFM) next-nearest-neighbor (NNN)
exchanges along the ladder legs [9,14]. These NNN pathways
compete with nearest-neighbor interactions, which are also
AFM, and give rise to a peculiar energy spectrum that features
singlet bound modes [15] and the quasiparticle-continuum
level repulsion [16], along with a series of field-induced
phases [17], including the quantum soliton lattice [18].
Magnetic anisotropy in the form of Dzyaloshinskii–Moriya
interactions is known to be important for the quantitative
description of this material [19–21]. On the structural level,
one of its peculiarities is the importance of long-range su-
perexchange via two consecutive oxygen atoms that underlies
the rung couplings as well as the frustrating NNN couplings
along the legs [9].

In the following, we introduce another member of the fam-
ily of BiCu-based spin-ladder materials, the previously unex-
plored Bi2CuO3(SO4) [22]. The compound Bi2CoO3(SO4),
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FIG. 1. General projections of the crystal structure and spin lattice of Bi2CuO3(SO4) along c (a), (b) and within the ac plane (c), (d) (Cu:
blue balls, Bi: purple balls, CuO4 plaquettes are shown in blue, (SO4)2− tetrahedra are yellow). The spin lattice comprises the leg J (cyan),
rung J ′ (pink), diagonal J ′′ (green), as well as the interladder J‖ (red), J⊥1 (black dotted) and J⊥2 (black dashed) couplings.

although sharing the same nominal stoichiometry, adopts
a distinct crystal structure featuring corner-sharing CoO5

pyramids. The latter form antiferromagnetic chains with a
weak ferromagnetic component in the ordered state below
approximately 20 K attributed to spin canting [23]. The
Bi2CuO3(SO4) compound turns out to show a very differ-
ent magnetic behavior. Our experimental characterization of
the magnetic response of Bi2CuO3(SO4) combines measure-
ments of the temperature-dependent magnetic susceptibility
and heat capacity, field-dependent magnetization, and electron
spin resonance spectroscopy. Complementing these mea-
surements, we carry out density functional theory (DFT)
band-structure calculations and construct Wannier functions
(WFs). This allows us to determine the relevant exchange
pathways through a mapping procedure. Quantum Monte
Carlo simulations are then employed to model thermodynamic
properties and quantitatively extract the underlying magnetic
couplings. We show that Bi2CuO3(SO4) is well described by
a model of the two-leg spin ladder with AFM legs and fer-
romagnetic (FM) rungs (Fig. 1). Long-range superexchange
plays a crucial role in the formation of spin ladders, with
the remarkably strong exchange couplings in excess of 200 K
despite large separations between the Cu2+ ions.

II. METHODS

Previously, Bi2CuO3(SO4) was prepared by a high-
pressure high-temperature reaction of CuSO4 and BiOCl [22].
In the present work, polycrystalline samples of Bi2CuO3(SO4)
were prepared from CuSO4 and BiOCl precursors mixed
in a molar ratio of 1:2.2. The thoroughly ground precur-
sor mixtures were sealed under vacuum in quartz ampoules
and heated following the same temperature profile (including
heating and cooling rates) as described in Ref. [22], but with-
out applying external pressure. Two independent synthesis
batches of Bi2CuO3(SO4) were prepared and investigated.
Their crystal structure and phase composition were verified
by collecting high-resolution x-ray diffraction (XRD) data
at 80 K and 298 K (see Supplemental Material [24]) at the
ID22 beamline of the European Synchrotron Radiation Fa-
cility (ESRF) in Grenoble, France using the wavelength of

0.35433 Å and the multianalyzer detector setup [25]. The
crystal structure was refined by the Rietveld method using
JANA2006 software [26].

Rietveld refinements against the high-resolution XRD data
in Fig. 2 consistently reveal the presence of 8–10 wt. % of
the nonmagnetic impurity phase Bi28O32(SO4)10 [27]. All
measurements shown below were performed on the sample
that did not contain any further impurity phases. The sample
from the second batch additionally showed several very weak
reflections that could be tentatively assigned to the unreacted
BiOCl and to Cu(OH)Cl, which might form as a secondary
phase during the synthesis. While the latter impurity is mag-
netic, we did not observe any additional anomalies in the

FIG. 2. Crystal structure refinement of Bi2CuO3(SO4) in the
C2/c space group by the Rietveld method from the synchrotron
powder data at 80 K (ID22, ESRF). Experimental data are shown
as green circles (Yobs), the calculated profile is shown by the red
solid line (Ycalc), and the difference curve (Yobs - Ycalc) is displayed
as a blue line at the bottom. Vertical tick marks indicate the Bragg
reflection positions of the main phase Bi2CuO3(SO4) (green) and the
impurity phase Bi28O32(SO4)10 (gray).
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magnetization data. All features reported in this work are
well reproducible across the two batches [24] and should be
intrinsic to Bi2CuO3(SO4).

Magnetic susceptibility χ (T) was measured on an 80.5 mg
polycrystalline sample of Bi2CuO3(SO4). The data were col-
lected in applied magnetic fields of 0.1 T, 1 T, 2.5 T, and 5 T
over the temperature range of 2–300 K using a Quantum De-
sign MPMS-XL magnetometer. For temperature-dependent
magnetization measurements, both zero-field-cooled (ZFC)
and field-cooled (FC) protocols were implemented. Field-
dependent magnetization was additionally recorded in mag-
netic fields up to 7 T.

Heat-capacity Cp(T) measurements were carried out on a
pressed pellet (10.1 mg) between 1.9 K and 200 K in external
magnetic fields of 0 T, 1 T, 2.5 T, 5 T, and 9 T using the heat-
capacity option of the Physical Property Measurement System
(PPMS, Quantum Design).

High-frequency electron spin resonance (ESR) measure-
ments were performed at the Dresden High Magnetic
Field Laboratory (Hochfeld Magnetlabor-Dresden), using a
tunable-frequency spectrometer (similar to the one described
in Ref. [28]) equipped with a 16 T superconducting mag-
net. We employed VDI microwave-chain sources (product of
Virginia Diodes, Inc., USA) as the radiation source (100 −
500 GHz frequency range) and a hot-electron n-InSb bolome-
ter (product of QMC Instruments Ltd., UK), operated at 4.2 K,
as a detector. We used 2,2-diphenyl-1-picrylhydrazyl (DPPH)
as a standard frequency-field marker.

To quantify individual magnetic exchange interactions,
scalar-relativistic DFT band-structure calculations were car-
ried out using the FPLO code [29] and the Perdew-Burke-
Ernzerhof (PBE) exchange–correlation potential [30]. With
PBE calculations, we identified relevant magnetic orbitals and
evaluated hopping parameters ti via a fit with an effective one-
orbital tight-binding model constructed from WFs centered on
the Cu sites [31]. The use of the WF approach allows for a
well-defined evaluation of the hopping integrals ti and yields a
transparent representation of the underlying magnetic orbitals.
The resulting hopping parameters ti provide a microscopic
measure of the orbital overlap along individual superex-
change pathways. The respective contribution to the exchange
couplings gauges kinetic superexchange and elucidates the
dominant mechanism of each magnetic coupling in the ma-
terial. The hopping parameters are introduced into a Hubbard
model with the effective on-site Coulomb repulsion potential
Ueff = 8.5 eV. For half-filled bands in the strongly correlated
regime (ti � Ueff ), the Hubbard model can be further reduced
to a Heisenberg model, yielding the antiferromagnetic contri-
butions to the exchange couplings as JAFM

i = 4t2
i /Ueff .

The ferromagnetic contribution to the superexchange in-
teraction arises from mechanisms not captured within the
one-orbital model used in the aforementioned analysis. In
cuprate systems, such ferromagnetic exchange is commonly
attributed to Hund’s coupling on the ligand sites [32]. As
an alternative approach, the magnetic exchange interactions
were evaluated by explicitly accounting for strong electronic
correlations within the mean-field DFT + U method. Cor-
relations in the Cu 3d shell were treated with standard
parameters UCu = 8.5 eV and JCu = 1 eV and double-
counting correction in the atomic limit [33,34]. The individual

TABLE I. Refined crystallographic parameters for
Bi2CuO3(SO4) in the C2/c space group at 80 K and 298 K.

Parameter 80 K 298 K

a (Å) 19.962(1) 20.037(1)
b (Å) 5.381(1) 5.394(1)
c (Å) 14.098(1) 14.148(1)
β (◦) 128.389(1) 128.397(1)
V (Å3) 1186.881(6) 1198.467(6)
R1 (%) 1.55 1.79

exchange constants Ji of the Heisenberg Hamiltonian,

H =
∑
〈i j〉

Ji jSiS j, (1)

where S = 1/2 and the summation is over bonds, were ob-
tained by a mapping procedure using total energies of four
collinear spin configurations [35]. In all calculations, experi-
mentally determined lattice parameters and atomic positions
were employed. Total energies were evaluated using a k-point
mesh comprising up to 64 points in the first Brillouin zone.

Thermodynamic properties were further evaluated using
quantum Monte Carlo (QMC) simulations performed with
the loop algorithm [36] of the ALPS simulation package
[37]. Simulations of the magnetic susceptibility were done
for finite lattices with periodic boundary conditions. Isolated
spin ladders with the length of L = 32 sites were used. This
length is sufficient to eliminate finite-size effects for ther-
modynamic properties within the temperature range under
investigation. Additionally, we performed simulations for a
two-dimensional spin lattice with zigzag couplings between
the spin ladders and used scaling properties of the spin stiff-
ness to determine the critical value of the interladder coupling
that causes magnetic ordering [38].

III. RESULTS

A. Crystal structure

High-resolution XRD data confirm the structural model of
Bi2CuO3(SO4) with the monoclinic space group C2/c [22].
No peak splittings or superstructure reflections could be ob-
served at either 80 K or 298 K. The refined crystallographic
parameters for Bi2CuO3(SO4) in the C2/c space group at 80 K
and 298 K are summarized in Table I.

All lattice parameters increase slightly upon warming, in-
dicating a moderate thermal expansion of the structure. A
tentative estimate of the linear thermal-expansion coefficients
returns αa ≈ 18 × 10−6 K−1, αb ≈ 11 × 10−6 K−1, and
αc ≈ 17 × 10−6 K−1, indicating predominant thermal expan-
sion within the ac plane. This anisotropic thermal expansion
highlights quasi-one-dimensional (1D) nature of the material
where spin-ladder units occur along the b direction of the
crystal structure (Fig. 1).

The Cu site is surrounded by four oxygen atoms form-
ing a distorted CuO4 square with the Cu–O distances of
1.91 − 1.99 Å, further capped by two apical O2− ligands
with the longer distances of 2.26 Å and 2.76 Å, respectively
[24]. Together, they define a distorted [CuO4O2] octahedron.
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FIG. 3. (a) Temperature-dependent magnetic susceptibility of Bi2CuO3(SO4) measured in the applied field of 1 T with the QMC fit
described in the text. The inset shows the low-temperature region of χ (T ) at 0.1 T, 1 T, 5 T and highlights the anomaly at 16 K.
(b) Field-dependent magnetization of Bi2CuO3(SO4) measured at 2 K, 10 K, 50 K, 100 K, and 200 K with the mean-field fit described in
the text. (c) Temperature-dependent specific heat Cp(T) of Bi2CuO3(SO4) measured at 0 T, 1 T, 2.5 T, and 9 T. The colored circles show the
raw data, the blue line represents the estimation of phonon contribution using the model with two Debye temperatures, as explained in the text.

The equatorial planes CuO4 of these [CuO4O2] octahedra are
linked via edge sharing, effectively forming Cu2O6 dimers
with the intradimer Cu–Cu distance of 2.79 Å. These dimers
are arranged parallel to each other (Fig. 1) and form spin
ladders, as we show by the microscopic analysis in Sec. III F.

The dimers are linked via Bi3+ ions that feature four shorter
Bi–O bonds of 2.23 − 2.37 Å and several further bonds that
all exceed 2.65 Å. Such an asymmetry is typical for Bi3+

with its stereoactive 6s2 lone pair. One interesting feature of
the material is that the shorter Bi–O bonds are always di-
rected toward the CuO4 plaquettes, whereas the longer bonds
point toward the SO4 tetrahedra. This leaves the tetrahedra
rather weakly bonded between the planes formed by the CuO4

plaquettes and Bi3+ ions [24]. Indeed, the refined crystal
structure shows much higher atomic displacement parameters
for the oxygen atoms of the SO4 tetrahedra (Uiso = 0.028 Å2)
compared to the oxygen atoms of the CuO4 plaquettes (Uiso =
0.012 Å2) at 298 K. Both values are reduced on cooling. At
80 K, they become 0.009 and 0.005 Å2, respectively, indi-
cating that any disorder of the SO4 tetrahedra is dynamic in
nature.

B. Magnetic susceptibility

Temperature-dependent magnetic susceptibility χ (T) of
Bi2CuO3(SO4) exhibits a broad maximum, characteristic of
low-dimensional quantum spin systems [Fig. 3(a)]. The low-
temperature upturn below 20 K is commonly associated with
paramagnetic contributions from dilute impurities or defects,
as further verified by ESR (Sec. III D). The position of the
maximum, Tmax ≈ 156 K, shows only a weak field depen-
dence and reflects the dominant exchange energy scale in the
system. Magnetic susceptibility curves measured at different
fields coincide, except in the region below 10 K where the
impurity contribution becomes prominent. The small anomaly
observed in the magnetic susceptibility near 16 K is fully
reproducible across different synthesis batches [24] and likely
reflects the onset of long-range magnetic order. We did not
detect any magnetic impurity that could be responsible for this
anomaly.

The broad susceptibility maximum is typical for various
low-dimensional spin systems. Therefore, we start analyzing

the data using simple models with known analytical expres-
sions for the magnetic susceptibility. The dimers of Cu atoms
in the crystal structure (Fig. 1) suggest a possible description
in terms of spin dimers with

χdimer (T ) = NAg2μ2
B

kBT
· 1

3 + eJ/kBT
(2)

Alternatively, the spin-chain model can be used:

χchain(T ) = NAg2μ2
B

4kBT

1 + ∑5
n=1 Nn/t n

1 + ∑6
n=1 Dn/t n

, (3)

where t = kBT/J and Nn and Dn are coefficients given in
Ref. [39]. However, none of these models reproduce the shape
of the experimental susceptibility maximum, even if supplied
with additional corrections for the temperature-independent
and Curie-like impurity contributions (see Fig. S3 [24]). In
Sec. III F, we use a DFT-based microscopic magnetic model
to fit the susceptibility curve. Before presenting these results,
we consider in more detail the nature of the low-temperature
upturn that has to be taken into account when fitting the
susceptibility data.

C. Magnetization

Magnetization curves reveal no field-induced magnetic
transition. For temperatures above 10 K, the magnetization
exhibits a strictly linear dependence on the applied magnetic
field, consistent with a predominantly paramagnetic or antifer-
romagnetic response. A deviation from the ideal paramagnetic
behavior of M(H ) is visible at 2 K [Fig. 3(b)]. This 2 K
magnetization curve is the only one that shows discernible
Brillouin-type nonlinearity in the low-field range (−2.5 T to
2.5 T). As expected, such impurity-related contributions di-
minish rapidly with increasing temperature.

To quantify this low-temperature behavior, we fitted M(H )
with a combination of the linear term and Brillouin function
BS ,

M(B) = f · NAgμBS · BS

(
SgμBB

kBT

)
+ χm · B, (4)

034402-4



QUANTUM SPIN LADDER WITH FERROMAGNETIC RUNGS … PHYSICAL REVIEW B 114, 034402 (2026)

FIG. 4. (a) Exemplary ESR lines at different temperatures at
180 GHz. Shading highlights the area under the curve. The sharp
spikes in the spectra reflect the ESR signal of the DPPH marker.
(b) Frequency-field diagram at 2 K. Solid line corresponds to g =
2.12. (c) ESR line intensity at 180 GHz. Symbols represent the data,
solid line is a Curie–Weiss fit. Dashed line is the bulk magnetic sus-
ceptibility scaled to match the ESR line intensity at low temperatures.

where f stands for the percentage of paramagnetic impurities
present in the sample. Using S = 1

2 , one arrives at an unre-
alistically high g-value of 5.55 that indicates ferromagnetic
correlations between the impurity spins. Such correlations can
be taken into account on the mean-field level by introducing
an effective field B + λM into the Brillouin function,

M(B) = f · NAgμBS · BS (a(B + λM )) + χm · B, (5)

with a = SgμB / kBT . This procedure results in a more realis-
tic g = 2.10 and f = 0.11%.

The diminutively small amount of impurities inferred from
this analysis leads to the susceptibility of about χ = 2 ×
10−4 emu/mol at 2 K, which is several times smaller than
the experimental value of 9 × 10−4 emu/mol. We thus con-
clude that the nonlinearity in M(H ) arises from a secondary
impurity contribution due to trace amounts of spins with weak
ferromagnetic correlations. By contrast, the low-temperature
upturn of the magnetic susceptibility is mainly due to antifer-
romagnetically correlated impurity spins, as we show in the
following.

D. Electron spin resonance

The exemplary ESR lines at 180 GHz measured on a
pressed pellet of Bi2CuO3(SO4) are shown in Fig. 4(a).
The single observed transmittance dip has a relatively com-
plicated profile, as typical for powder samples, and its
amplitude is strongly temperature-dependent. The line at this
frequency is centered around the resonant field of 6 T at all

temperatures. The low-temperature frequency-field diagram
of the ESR response displayed in Fig. 4(b) suggests that this
resonance can be described with an effective powder-averaged
g-factor of 2.12(2), which is a typical value for Cu2+ ions.
For paramagnetic substances, the intensity of the ESR signal
(corresponding to the area under the line) is proportional
to the magnetization. Thus, it is instructive to compare the
temperature-dependent ESR intensity to the bulk magnetic
susceptibility. This comparison is shown in Fig. 4(c) for the
180 GHz data. The area estimate is done by numerical integra-
tion, with the DPPH contribution excluded. The observed ESR
intensity clearly displays a Curie–Weiss behavior (solid line).
This is a strong indication of the impurity subsystem being the
source of the ESR absorption and the low-temperature upturn
in χ (T ).

By describing the ESR intensity with a Curie-Weiss
law, χimp = Cimp/(T − θimp), we find θimp 
 −10 K and thus
directly confirm that the dominant impurity contribution origi-
nates from antiferromagnetically coupled impurity spins. This
dominant impurity subsystem therefore differs from the weak
Brillouin-like nonlinearity observed only in the 2 K M(H )
curve, which likely arises from a much smaller concentration
of weakly interacting or nearly free spins. A possible micro-
scopic origin of the dominant impurity subsystem is related to
structural imperfections producing vacancies within the spin
ladders of Bi2CuO3(SO4). In gapped dimerlike systems, such
vacancies locally break singlet correlations and effectively
release uncompensated (S = 1

2 ) moments that behave as im-
purity spins with weak FM or AFM interactions depending on
the separation between the defects [40–42].

It is worth noting that only the impurity contribution asso-
ciated with the low-temperature susceptibility upturn could be
observed in our ESR measurements. In a gapped spin-ladder
system, the ESR response of the intrinsic Cu subsystem is
expected to be weak and thermally activated because it origi-
nates from excited triplet states above the singlet ground state.
In addition, magnetic anisotropies may modify the resonance
conditions, while powder averaging further reduces the ob-
servable signal intensity. These effects naturally explain why
the ESR response of Bi2CuO3(SO4) is dominated by impurity-
related absorption.

E. Heat capacity

To verify the susceptibility anomaly at 16 K, heat capacity
of Bi2CuO3(SO4) was measured in zero and applied mag-
netic fields. The resulting data are shown in Fig. 3(c). No
field-induced effects are observed within the experimental res-
olution. Likewise, heating and cooling measurements reveal
no substantial differences, indicating the absence of thermal
hysteresis in the studied temperature range.

The zero-field data were fitted in the range of 2–200 K
using an empirical model with two Debye temperatures,

Cp(T ) = 9R
2∑

n=1

An

(
T

θDn

)3 ∫ θDn /T

0

x4ex

(ex − 1)2
dx, (6)

where R is the universal gas constant, and A1 and A2 are
dimensionless factors describing the relative weight of each
Debye contribution to the total specific heat. The fit yields the
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FIG. 5. Calculated electronic density of states for Bi2CuO3(SO4)
at the PBE level. Colored areas represent the element-resolved con-
tributions of Bi, Cu, S, and O states, while the dashed line shows
the total DOS. The Fermi level is set to E = 0 eV. The states in the
vicinity of the Fermi level are dominated by Cu 3d contributions.
Inset: Cu-projected DOS highlighting the dominant contribution of
the 3dx2−y2 orbital.

parameters A1 = 6.59, θD1 = 946.6 K, A2 = 4.41, θD2 =
188.5 K. While this fit does not account for the magnetic
contribution, it highlights deviations from the simple Debye
behavior. They are especially pronounced at 15 − 18 K where
a kink is visible in Cp/T . This kink is reproducible between
the different batches [24]. It matches the temperature of the
susceptibility anomaly and confirms its bulk nature. We thus
conclude that Bi2CuO3(SO4) undergoes magnetic ordering
below 16 K.

F. Microscopic magnetic model

PBE calculations for the band structure of Bi2CuO3(SO4)
are fully consistent with expectations for an insulating Cu2+-
based compound [32,43–45] (Fig. 5). The valence band is
predominantly composed of Cu 3d and O 2p states. The states
above −0.6 eV are dominated by the Cu 3dx2−y2 orbital, in
line with the anticipated ligand-field splitting. Unoccupied
states above 2 eV arise from Bi 6p orbitals. The partial den-
sities of states clearly identify Cu2+ ions as the magnetic
ions of the material, and Cu 3d bands additionally form
narrow features close to the Fermi level. The metallic PBE
spectrum contradicts the experimentally observed insulating
behavior inferred from the green color of Bi2CuO3(SO4). This
discrepancy stems from strong correlation effects within the
partially filled Cu 3d shell that PBE significantly underesti-
mates. These missing correlations can be incorporated either
on the level of an effective model or within the mean-field
DFT + U approach.

We focus on the narrow electronic bands intersecting the
Fermi level. The bands are characterized by a dominant
Cu 3dx2−y2 orbital contribution, with the local orbital axes
aligned along the shorter Cu–O bonds. In Bi2CuO3(SO4),
the Cu2+ ions are situated in a strongly elongated
octahedral coordination CuO4+2, comprising four short

FIG. 6. (a) PBE band structure (thin black lines) and the fit with
the tight-binding model (thick green lines). (b) Magnetic orbitals
represented through Wannier functions, where the Cu 3dx2−y2 orbital
exhibits pronounced hybridization with the surrounding O 2p states.
Oxygen atoms are omitted for clarity.

in-plane Cu-O bonds (1.96–1.98 Å) and two significantly
longer apical bonds (2.2 Å and 2.79 Å). This pronounced
anisotropy of the local ligand environment places the 3dx2−y2

orbital highest in energy within the crystal-field scheme, in
full agreement with the PBE results. The 3dx2−y2 -derived
bands were subsequently described with an effective tight-
binding model by constructing Wannier functions centered on
the Cu sites [31]. The resulting Wannier fit accurately repro-
duces the DFT band dispersion and allows for the extraction of
the relevant Cu–Cu hopping integrals ti (Fig. 6 and Table II).

TABLE II. Cu–Cu distances (in Å), hopping parameters ti (in
meV), and exchange couplings Ji (in K) in Bi2CuO3(SO4). The AFM
contributions JAFM

i are calculated as 4t2
i /Ueff with Ueff = 8.5 eV.

The total exchange couplings Ji are obtained from DFT + U calcula-
tions (UCu = 8.5 eV, JCu = 1 eV). The notation of Ji is illustrated
in Fig. 1. The structural data reported in Ref. [22] were used as input
for the DFT calculations.

Coupling dCu−Cu ti JAFM
i Ji

Rung J ′ 2.79 61 20.2 −133.5
Leg J 5.40 172 161.6 194.7
Diag J ′′ 6.07 −51 14.3 6.2
J⊥1 5.68 7 0.3 −2.8
J⊥2 6.09 −40 8.9 6.1
J‖ 8.20 −0.2 3 × 10−4 1.9

8.49 −24 3.1 1.9
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Additionally, we estimate the exchange couplings using the
DFT + U mapping approach that yields a sum of FM and
AFM contributions. Comparison between JAFM

i and the total
exchange couplings Ji obtained from DFT + U calculations
provides direct insight into the competition between AFM and
FM exchange mechanisms. In particular, the rung coupling
J ′ exhibits only a modest AFM contribution from the hop-
ping analysis, whereas the total exchange becomes strongly
ferromagnetic due to sizable FM contributions beyond the
one-orbital picture. In contrast, the leg coupling (J) remains
predominantly antiferromagnetic because of the efficient Cu–
O–O–Cu superexchange pathway revealed by the Wannier
functions.

The real-space Wannier functions are shown in Fig. 6(b)
and reveal a magnetic orbital of predominant Cu 3dx2−y2 char-
acter, strongly hybridized with the surrounding O 2p states
that play a key role in mediating magnetic interactions. The
Wannier representation provides direct insight into the ex-
change pathways along the spin ladder. The rung coupling
J ′ is governed by a Cu-O-Cu superexchange geometry with
an angle of 90.11(1)◦, which facilitates a FM interaction. In
contrast, both the leg coupling J and the diagonal coupling J ′′
are AFM and originate from extended Cu-O-O-Cu superex-
change paths involving orbitals of several oxygen atoms. The
drastic difference between J and J ′′ is surprising in view of
the same O–O contact and the very similar Cu–O–O angles
of about 134◦. An important geometrical difference is that the
relevant p orbitals of the oxygen atoms overlap in the case of
J , whereas they are offset in the case of J ′′, thus hindering
electron hopping and superexchange (Fig. 6).

Based on the calculated exchange parameters summarized
in Table II, we conclude that the spin lattice of Bi2CuO3(SO4)
comprises nonfrustrated spin ladders with FM rungs and AFM
legs. The diagonal coupling J ′′ is smaller than J by more
than one order of magnitude and, therefore, negligible. The
interladder couplings can be classified into two distinct types
according to their geometry. The couplings J⊥1 and J⊥2 con-
nect spins located on opposite legs of the neighboring ladders.
In contrast, the coupling J‖ links spins belonging to the same
legs. The interladder interactions J⊥1, J⊥2, and J‖ are signifi-
cantly weaker than J and J ′. Therefore, Bi2CuO3(SO4) should
be deemed a quasi-1D magnet.

G. Comparison to the experiment

To facilitate a quantitative comparison between the ex-
change parameters obtained from DFT and the experimental
data, we perform QMC simulations of the magnetic suscep-
tibility. The inclusion of a weak diagonal interaction does
not significantly affect the thermodynamic response of the
ladder system [46]. Therefore, only the dominant rung and
leg couplings were retained in the simulations. Since QMC
simulations yield dimensionless quantities, the computed
observables were rescaled using appropriate normalization
factors to enable a direct comparison with the experimental
results. To this end, dimensionless forms of the susceptibility,
spin gap, and temperature were introduced:

χ∗ = χ |J ′|
NA (gμB)2

, �∗ = �

|J ′| , t = kBT

|J ′| . (7)

All quantities were expressed in units of a characteristic
energy scale, which was chosen as the absolute value of the
rung coupling |J ′|. Fixing this scale to unity, a series of sim-
ulations was performed for different ratios J/|J ′|, allowing
us to systematically explore the influence of the leg coupling
strength.

Preliminary QMC simulations performed for the coupling
ratios in the range of 1.0 � J/|J ′| � 2.5 reveal simple empir-
ical linear relations between the ratios J/|J ′|, |J ′|/J , and the
position of the susceptibility maximum, Tmax:

J

|J ′| = Tmax

|J ′| m1 + b1,

|J ′|
J

= Tmax

J
m2 + b2,

↔
(

1 −b1

−b2 1

)(
J

|J ′|
)

= Tmax

(
m1

m2

)
,

where m1 = 1.553, b1 = −0.057 and m2 = −0.582, b2 =
1.294 are the corresponding linear regression parameters.
The resulting system of equations enables a straightforward
estimation of both exchange constants using only the experi-
mentally determined position of the susceptibility maximum.
From Tmax ≈ 156 K, the exchange couplings are estimated as
J ≈ 231 K and |J ′| ≈ 208 K, yielding J/|J ′| ≈ 1.24. Since
these values are subject to uncertainty inherent to the empir-
ical parametrization, they were employed as initial estimates
for the subsequent simulations of the full susceptibility curve.

The results obtained for 31 discrete values of the anisotropy
ratios J/|J ′| within the interval [1.0, 1.31] were subsequently
fitted using Padé approximants following the procedure
described in Ref. [39]. This approach enables a smooth inter-
polation of the ratio J/|J ′| and allows for a continuous fitting
of the experimental data. The experimental magnetic suscep-
tibility was then modeled by introducing four additional free
parameters, χ0, Cimp, θimp, and Landé g-factor, according to

χm = χ0 + Cimp

T − θimp
+ NAg2μ2

B

|J ′| χ∗. (8)

The best fit of the experimental magnetic susceptibility in the
whole temperature range returns J = 258 K, J ′ = −208 K,
g = 2.14 together with χ0 = −0.35 × 10−4 emu mol−1,
Cimp = 9.10 × 10−3 emu K mol−1, and θimp = −7 K. The
interaction parameter of the impurity part is consistent with
the analysis of the ESR signal that returned θimp = −10 K
(Sec. III D), whereas the Cimp value corresponds to 2.4% of
the impurity spins.

The spin gap was extracted for each simulated suscep-
tibility curve by fitting the low-temperature data using the
expression proposed in Ref. [47]: χ∗ = (A/

√
t ) e−�∗/t , where

�∗ = �/|J ′|. The resulting �∗ values listed in Table S1 [24]
were subsequently rescaled by the magnitude of the rung
coupling |J ′|. The spin gaps obtained for the investigated
coupling ratios amount to approximately 10% of the rung
exchange interaction J ′. Using the exchange parameters from
the susceptibility fit, we find � 
 28 K for the isolated spin
ladder in Bi2CuO3(SO4).

IV. DISCUSSION AND SUMMARY

The magnetic properties of Bi2CuO3(SO4) are successfully
rationalized within a two-leg spin-ladder model. The diagonal
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TABLE III. Comparison of the leg (Jleg) and rung (Jrung)
exchange couplings in representative two-leg S = 1

2 spin-ladder
compounds. For each material, the dominant superexchange path-
ways (S for short-range and L for long-range) and the sign of the
interactions (AFM or FM) are indicated. Exchange constants are
given in Kelvin; negative values denote ferromagnetic couplings.
For (CPA)2CuBr4, the exchange couplings are averaged over two
inequivalent ladders reported in Ref. [51]. Experimental values (fits
to the magnetic susceptibility and/or excitation spectra) are given in
each case.

Compound Jrung (K) Jleg (K) Reference(s)

BPCB 13 (L) 3 (L) [52,53]
DLCB 7 (L) 7 (L) [54]
(CPA)2CuBr4 10 (L) 9 (L) [51]
IPA-CuCl3 −27 (S) 14 (L) [55]
PHCC 23 (S) 14 (L) [56]
DIMPY 9 (L) 17 (L) [57,58]
Ba2CuTeO6 ∼90 (L) ∼90 (L) [8,49]
BiCu2PO6 ∼110 (L) ∼110 (L) [16,19]
KCu2BiO2(SO4)2 205 (L) 117 (L) [59]
Bi2CuO3(SO4) −208 (S) 258 (L) this work

couplings within the ladder are very weak, leading to only
a minor frustration. An interesting feature of the material
is its combination of the FM rung coupling and AFM leg
coupling of comparable strength, in contrast to the majority of
Cu-based spin ladders, which are purely AFM. The FM nature
of the rung coupling leads to a rather small spin gap, less
than 10% of J . Therefore, materials with the FM-AFM spin
ladders are more prone to developing long-range magnetic
order even from weak interladder couplings. We have verified
this by performing simulations for coupled spin ladders with
J/|J ′| = 1.24, as determined experimentally, and observed
the transition into the long-range-ordered state at J⊥2/|J ′| =
0.016 [24], which is about half of the DFT estimate of 0.029.
It is then natural to attribute the weak magnetic susceptibility
and specific heat anomalies at TN = 16 K to the onset of
long-range magnetic order. With TN/J as low as 0.06, most of
the magnetic entropy is released above TN , and the transition
manifests itself only by a small kink in Cp/T instead of a
larger λ-type anomaly. This situation resembles some other
spin-ladder compounds, such as Ba2CuTeO6 where magnetic
ordering leads to a tiny anomaly in the magnetic susceptibility
with no clear signatures in the specific heat [48,49].

It is further instructive to compare the coupling strength
in various Cu-based spin-ladder compounds. Their rung cou-
plings can be either short-range (mediated by a Cu-L-Cu
bridge, where L is the ligand atom) or long-range (mediated
by several ligand atoms), whereas leg couplings are typically
long-range. Relevant materials and their exchange parameters
are summarized in Table III. One sees that FM rungs are
rare and only occur in geometries with the short-range cou-
plings. Even in this case, represented by the Cu2O6 dimers,
the rung coupling can be either weakly FM or weakly AFM,
as exemplified by IPA-CuCl3 and PHCC, respectively. With

its Cu–O–Cu angle of 90.1◦, Bi2CuO3(SO4) stands out as the
spin-ladder material with a strong FM rung exchange. The
magnitude of the FM exchange in this case is comparable
to materials where CuO4 plaquettes condense into chains
with the strong FM nearest-neighbor coupling, such as J1 =
−228 K in Li2CuO2 [50].

The leg coupling in Bi2CuO3(SO4) is equally remarkable.
It largely exceeds the respective couplings in other spin-ladder
magnets with long-range superexchange. In fact, J = 258 K
manifests one of the strongest long-range superexchange cou-
plings among all Cu2+ materials reported to date. Whereas
Cu–O–O–Cu pathways are known to be efficient because of
the large O 2p contribution to the respective Wannier func-
tions (Fig. 6), the resulting exchange couplings rarely exceed
100 K, given the large separation of at least 5 Å between
the interacting Cu2+ ions. The J value in Bi2CuO3(SO4) lies
well beyond this typical range. A similarly strong coupling
of about 260 K has been reported in Na2Cu2TeO6 [60,61].
In both cases, the CuO4 plaquettes are perfectly co-aligned,
thanks to the bonding network created by Bi3+ and Te6+

forming short contacts to oxygen. While these observer atoms
do not contribute any states near the Fermi level and do not
directly participate in superexchange, they apparently play
an important role in stabilizing the optimal geometry for the
long-range superexchange coupling.

In summary, we reported magnetic properties and deter-
mined microscopic interaction parameters in the spin-ladder
material Bi2CuO3(SO4). The established spin-ladder model
features ferromagnetic rungs and antiferromagnetic legs. Both
couplings largely exceed in magnitude magnetic interaction
parameters in other spin-ladder materials with similar su-
perexchange geometries. A weak anomaly is consistently
observed around 16 K and indicates a likely transition into
a magnetically ordered state stabilized by non-negligible in-
terladder couplings. A direct microscopic determination of
the magnetic structure, however, requires further studies using
local or diffraction-based magnetic probes.
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