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Functionalized conjugated polymers are promising materials for electromechanical applications due to pre-
dicted giant piezoelectricity arising from anomalously large dynamical effective charges combined with an
enhanced response near a dimerization phase transition. In this work, we further establish their potential by
assessing the robustness of the piezoelectric response of a prototypical polymer against potentially detrimental
quantum ionic fluctuations. We use the stochastic self-consistent harmonic approximation with a Rice-Mele di-
atomic chain model, parametrized to reproduce hybrid-functional first-principles calculations. Despite quantum
fluctuations in the bond length reaching magnitudes comparable to the average value, the strong piezoelectric
response persists. The topological enhancement of the effective charges remains robust and is even enhanced
by about 20% thanks to a quantum-induced shrinking of the electronic gap. The piezoelectric coefficient
remains dominated by the internal relaxation and retains a morphotropic-like character, reaching maximum
values near the phase boundary renormalized by quantum fluctuations. Our results contribute to pushing forward
functionalized conjugated polymers as a promising platform for high-performance organic piezoelectrics.
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I. INTRODUCTION

Conjugated polymers (CPs) are organic materials char-
acterized by a backbone chain of carbon atoms, whose
overlapping m-orbitals result in an effective one-dimensional
(1D) system of delocalized electrons along the chain. Lin-
ear CPs often display an ordered dimerized structure with
bond-length alternation (BLA) of short and long bonds, whose
intimate relationship with nontrivial electronic properties and
topological features has been studied for many decades [1-3].
Thanks to their multifaceted theoretical and technological ap-
peal, the interest in CPs has grown since their discovery to
embrace many different fields. Indeed, the high responsive-
ness of the delocalized electrons underlies a variety of peculiar
electro-optical properties that make CPs functional materials
for a wide range of technological applications as organic
semiconductors [4-6], organic solar panels [7,8], organic
light-emitting diodes [9,10], organic field-effects transistors
[11-13], and for bioelectronics [14,15].

More recently, a strategy has been proposed to enhance the
piezoelectric response of functionalized CPs [16], possibly
opening a promising avenue for electromechanical applica-
tions [17,18] using organic piezoelectrics that combine high
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mechanical flexibility, low fabrication costs, and biocom-
patibility [19-23] hardly attained in inorganic piezoelectric
ceramics [24-26]. The predicted enhancement is rooted in the
adiabatic Thouless pump [27], which may give rise to an elec-
tronic polarization of topological and nonlocal origin when
inversion symmetry is broken [28,29]. A small atomic dis-
placement is then responsible for a huge polarization change,
a dynamical quantity known as Born effective charge, that
measures the lattice dielectric response to infrared light [30]
as well as the internal-relaxation contribution to the piezo-
electric response [31]. An arbitrarily strong piezoelectricity
can be further attained if the functionalized CP is pushed
close to the boundary of a second-order structural transition,
taking advantage of the flattened free-energy profile and con-
sequent diverging behavior of the internal strain, akin to the
enhancement of the piezoelectric response close to the mor-
photropic phase boundaries of ferroelectric oxides [32,33].
This can be achieved by changing the chemical composition
of a CP, either by substitutional doping within the backbone
chain or by introducing different functional groups bonded
to carbon atoms. Both functionalization strategies introduce
atomic inequivalence in the chain, allowing, on the one hand,
for nonzero Born effective charges and, on the other hand, for
piezoelectricity when combined with a BLA distortion, break-
ing inversion symmetry. At the same time, the presence of
inequivalent monomers within the CP chain would open a gap
in the electronic band structure even in the undimerized struc-
ture [34], weakening the tendency to display BLA and thus
serving as a functional knob to control a morphotropic-like
composition-driven phase transition. According to the predic-
tions of Ref. [16], the giant piezoelectric response in CPs
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is ultimately dominated by the internal-relaxation contribu-
tion, benefiting from the enhancement of both Born effective
charges and internal strain close to the transition point and
requiring the simultaneous presence of atomic inequivalence
and BLA.

Bond-length alternation in CPs has been a subject of long-
lasting debate, being strongly dependent on both electron-
electron (e-e) and electron-phonon (e-ph) interactions. The
conventional wisdom attributes its origin mostly to the ten-
dency of metallic undimerized monatomic chains to display
a charge-density wave, triggered by a Fermi-surface nest-
ing that enhances the density-density response at the nesting
wave vector [35]. For a free-electron gas, an arbitrarily small
coupling with the lattice may release the electronic instabil-
ity by opening a gap through a periodic lattice distortion,
thus inducing a metal-insulator transition accompanied by
the BLA [36,37]. Long-range electron correlation and the
interplay between e-e and e-ph interactions may significantly
affect the strength or even the onset of the BLA distor-
tion [38,39]. Indeed, predicting accurate BLA has long been
considered a necessary benchmark for assessing the accu-
racy of different electronic structure methods [40—44], with
the general consensus that, within the framework of den-
sity functional theory (DFT), corrections beyond local and
semilocal approaches are required. On the other hand, the
long-range dimerization order in simple models of monatomic
chains has been shown to be robust with respect to quan-
tum lattice fluctuations at 7 = 0, albeit with a significant
renormalization of the BLA [45-48]. A recent first-principles
computational study of carbyne—a prototypical CP chain
comprising carbon atoms only—including both e-e interaction
and quantum-anharmonic effects (QAE) with post-DFT ap-
proaches, confirmed the robustness of the dimerized polyynic
phase over the undimerized cumulenic one, further unveiling
an increasing role of QAE with increasing temperature and
questioning the Landau-Peierls picture for the temperature-
driven second-order structural phase transition [49].

As anticipated, the introduction of a site-dependent mod-
ulated potential modeling the atomic inequivalence along the
chain would remove the electronic instability by opening a
gap in the band structure, thus ruling out the Peierls insta-
bility. The stabilization of a dimerized phase stems instead
from the competition between the e-ph and on-site potential
energy scales [34], where the latter would favor a site-centered
charge-ordered insulating phase with no BLA. Neglecting lat-
tice fluctuations and at T = 0, a second-order phase transition
to a dimerized structure with the BLA as the order parameter
can be induced by decreasing the on-site potential (increasing
the e-ph) at fixed e-ph interaction (on-site potential) [16].
However, the robustness of such a phase transition with re-
spect to QAE and quantum/thermal lattice fluctuations has yet
to be assessed, given that strong anharmonicity—naturally ap-
pearing close to any displacive phase transition—is expected
to be further enhanced in 1D systems [50]. Similarly, the
argued topological protection against quantum fluctuations
and anharmonic effects of the giant Born effective charges
predicted in Ref. [16] needs to be validated.

Prompted by these reasons, and aiming at verifying the
robustness of the predicted giant piezoelectricity in CPs
against quantum and thermal fluctuations, in this work we

adopt a nonperturbative treatment of QAE, based on the self-
consistent harmonic approximation [51,52] in its stochastic
implementation (SSCHA) [53-58]. To address systematically
the impact of QAE on the morphotropic-like transition in
m-conjugated chains and to lessen the computational burden
of DFT + SSCHA computations [49], we consider a working
model based on the well-known Rice-Mele diatomic chain
model [34], with parameters chosen to reproduce hybrid-
functional DFT calculations of carbyne and decorated carbyne
at T = 0. The predictive power of the model is benchmarked
with respect to fully first-principles calculations of polar re-
sponses (effective charges and piezoelectric coefficients) as
well as to quantum anharmonicity and thermal fluctuations by
comparing with available results on carbyne [49], quite unex-
pectedly yielding semiquantitative agreement in both cases.
Having assessed the reliability of the simplified model, we
turn to discuss QAE on the stabilization of the dimerized
phase and on the effective charges, providing insight into
how quantum anharmonicity affects the morphotropic-like
and topological contributions to the enhanced piezoelectric
response.

The paper is organized as follows. In Sec. II, we introduce
the general framework for studying QAE on functionalized
CPs. After a brief review of SSCHA, this section is devoted
to evaluating realistic parameters for the considered effective
model and validating its predictive power. The model is then
used to assess the effects of quantum anharmonicity and finite
temperatures on the stabilization of the dimerized phase in
Sec. I1I, and on Born effective charges in Sec. IV. Section V is
devoted to the piezoelectric response, building on the insight
provided by previous sections, while we draw our conclusions
in Sec. VL.

II. THEORETICAL FRAMEWORK

A. The stochastic self-consistent harmonic approximation

The stochastic self-consistent harmonic approximation
has proven to be one of the most reliable approaches to
treat quantum-anharmonic and thermal ionic fluctuations
in solid-state systems [53-58], even when other methods,
e.g., path-integral molecular dynamics [59], fail or be-
come too expensive. The equilibrium quantum distribution
is approximated by a trial Gaussian ionic density matrix,
whose parameters are optimized to minimize the free en-
ergy. The variational, nonperturbative approach accounts for
the quantum nature of the ions, simultaneously including the
anharmonic terms of the Born-Oppenheimer potential to all
perturbative orders as well as the effects of finite tempera-
tures. The minimization procedure requires calculating the
electronic energies and forces for many supercell configura-
tions, a task performed by an external calculator coupled to
the SSCHA code. Within the SSCHA framework, QAEs are
incorporated on a quantity O(R) which depends on the atomic
positions R by averaging the value (O(R)), over Ncor su-
percell configurations randomly generated from the Gaussian
quantum density matrix p using a Monte Carlo approach:

1 Neonf
(OR)), = deO(R),O(R) N N ZO(RI), ey
con T—1
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where each supercell has a different atomic structural con-
figuration Rz. Substantial evidence points to the use of
range-separated hybrid functionals to account for the effects
of the long-range electron-electron correlation of the delo-
calized electrons on the BLA of CPs [16,40,44,49,60-62].
However, free-energy minimizations and average-value cal-
culations with these functionals are extremely expensive, as
noted, e.g., in Ref. [49]. For this reason, we constructed a
working chain model, introduced and validated in the remain-
der of this section to enable fast and reliable calculations
of electronic forces and energies as well as for an efficient
inclusion of QAE on CP properties.

B. Effective model for QAE in conjugated chains

We describe the backbone chain of CPs as a 1D collection
of N, atoms. We indicate with r; the position of atom i along
the chain, with R = (ry, ..., ry,) the collection of all the
atomic positions, and we consider periodic boundary condi-
tions. We introduce an atomic electronic inequivalence along
the chain via a site-dependent modulated potential A(r;).
Without loss of generality, we assume A(r;) = (—1)' A, where
A > 0 is an on-site energy term, and we consider a reference
chain of equidistant atoms with bond length a/2. This allows
us to identify a unit cell of length a comprising two neigh-
boring atoms with on-site energy —A and +A, respectively,
and define a supercell as the collection of N5 adjacent el-
ementary cells, with Ny = 2 X Neejs- If A = 0, neighboring
atoms are electronically equivalent and we recover the well-
known SSH model [1], usually adopted to describe CPs such
as carbyne or polyacetylene (PA), a CP made by the repetition
of a Co,H; unit. If A # 0, instead, we recover the Rice-Mele
diatomic chain model [34], originally introduced to describe
substituted polyacetylenes (SPAs), a class of CPs formed by
inequivalent monomers through substitutions within the C,H,
unit of PA [63]. We treat the electrons delocalized along the
chain in a nearest-neighbor tight-binding approximation and
indicate with ¢, ; the hopping integral between the 7 -orbitals
of atoms i and i + 1. Aiming to study the manifestation of
BLA, at linear order in the atomic displacements we write
tit1; =ty — Bériy1,i, where fy is the site-independent hop-
ping energy of the chain with equidistant atoms, B is an
e-ph coupling parameter, and 841 ; = riy1 — i — a/2 quan-
tifies neighboring atoms’ relative displacement with respect
to their positions in the equally spaced chain. For simplicity,
we consider only longitudinal displacements, parallel to the
linear-chain direction. The ion-ion interactions are effectively
accounted for by an elastic-energy term with spring constant
K, which favors the configuration with equidistant atoms. The
Hamiltonian of the supercell reads

N,
at 1 .
Ho =Tion + ) [EKsrfm + 2ne A(—1)'c]e,
i=1

— 2ne[(t — /351’i+1,i)C,T+1C,~ + H-C-]:|, 2

where Ty, is the kinetic energy operator for the ions, the
factor of 2 accounts for the spin degeneracy, n. is the num-
ber of electronic m-orbitals per carbon atom, with n, = 1
for (S)PA and n. =2 for (decorated) carbyne, and cj'/ci

are creation/annihilation operators for electrons. The free en-
ergy of the system is then defined following the SSCHA
approach as

Flpl(t, B, K, A) = (Ea(R; 10, B, K, A)), — kgT S[p], (3)

where p(R) is the trial Gaussian density matrix to optimize to
minimize the free energy, (Ei (R; 1o, B, K, A)), is the average
value of the BO energy Eyy of the system, obtained from
H,, as described in Appendix A, T is the temperature, kg is
the Boltzmann constant, and S is the entropy. The minimiza-
tion procedure to obtain the optimal pn, requires electronic
energies and forces, which we compute from H, (see
Appendix A).

The ordered dimerized structure can be seen as a repetition
of Neells = Nyt /2 diatomic cells displaying an alternation be-
tween a bond length /; between the two atoms in the same cell,
and a bond length /, between an atom and its nearest neighbor
in the adjacent cell. In this case, the BLA is simply quantified
by the difference between /; and /,, namely

BLA = |l; — L. )

The value of this difference is the same for any unit cell n, and
can be computed as

Iy — b = (ron — ran—1) — (Fans1 — 12n)

22(r2n_r2n—1)_aa Vn:lan-aNcells’ (5)

where ry, and ry,_ are the positions of the atoms belonging to
two different sublattices in the nth unit cell, and we exploited
the fact that 5,41 = r2,—1 + a. In the presence of fluctuations,
all the pairs of neighboring atoms now have different bond
lengths. However, we assume that we can always distinguish
between the bonds of atoms in the same cell and those of
atoms in adjacent cells. In this way, following the prescription
of Eq. (1), we compute the value of the bond length difference
corrected by quantum-anharmonic effects by averaging their
values over the supercell ionic configurations sampled by the
quantum dynamics:

0 — ) 1 Nf% 2(ron,z — ran-1,7) ©)
1 — )™ — Y —a.
g Nconf T—1 n=1 Ncells

C. Tuning model’s parameters in the absence of fluctuations

If we neglect the ionic fluctuations, the chain model re-
duces to the well-known Rice-Mele diatomic chain model
[34]. The parameter A guides a second-order structural phase
transition between a lower-symmetric phase with BLA, ex-
hibiting nonzero effective charges and piezoelectricity, and
a higher-symmetric phase, with no BLA and hence no elec-
tromechanical activity [16]. Despite its simplicity, the model
captures the main features of CPs with few parameters that
have a direct physical interpretation. This prompted us to
calibrate the values of the parameters of the model to repro-
duce target hybrid-functional DFT calculations on CPs in the
absence of ionic quantum effects. Motivated by the results
of Ref. [49], we choose carbyne as an exemplary reference,
and, aiming to exploit the model as a reliable calculator for
energies and forces, we considered target quantities derived
from its total energy profile computed with hybrid functional
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TABLE I. In the first line, we show values of the model’s pa-
rameters tuned to reproduce ab initio results for carbyne. In the
second line, we list the ab initio DFT values of the targeted quantities
computed with the PBEO hybrid functional: EQLT is the depth of the
total energy profile of carbyne; BLAPET is the bond length alternation
which minimizes the total energy; and wPg (I') is the frequency of
the longitudinal optical phonon computed for the configuration with
BLAPIT. n the last line, we show values of the same quantities
obtained using the model with the values of the parameters shown
in the first line of the table.

K (eV/A?)
127.97659

B (eV/A)
7.20360

t (eV)
2.38455

BLADIT (&)

EPIT (meV/atom)

gain Q)EST(F) (cmfl)

33.86570 0.10011 1986.57
Egin (meV /atom) BLALin (A) wro(T) (cm™)
33.86572 0.10010 1986.50

PBEOQ [64]. From a diatomic unit-cell relaxation, we obtain the
lattice constant @ = 2.354 A. Since carbyne comprises only
equivalent C atoms, one has A = 0: in the next subsection,
we will validate the reliability of such modelization of atomic
electronic inequivalence in a decorated carbyne system. The
values of 7y, B8, and K were then chosen to reproduce (i) the
value BLAPFT which minimizes the energy and characterizes
the polyynic phase of carbyne; (ii) the energy gain EpiT
between the cumulenic phase, with no BLA, and the polyynic
phase with BLAPYT: and (iii) the frequency at T" of the longitu-
dinal optical phonon wP5T(T") that drives the structural phase
transition, which is related to the curvature of the energy pro-
file in its minimum. The procedure for obtaining the values of
the model’s parameters is described in Appendix B, whereas
in Table I we present our results, along with the values of the
target quantities obtained from the DFT calculations with hyr-
bid functional PBEO. Computational details on the ab initio

calculations are provided in Appendix C.

D. Validation of the model in the absence of fluctuations

As discussed in the Introduction, a necessary condition for
a CP to manifest a piezoelectric response is to have electroni-
cally inequivalent monomers along the chain. In the model,
this requirement can be satisfied by considering a A # 0.
As arealistic counterpart to this inversion-symmetry-breaking
mechanism, we considered a decorated carbyne system, ob-
tained by placing six helium atoms around one carbon atom
every two along the backbone chain. Helium atoms were
placed at the vertices of an equilateral hexagon perpendicular
to the linear chain direction, with the carbon atom at its center.
In this way, the distance between the vertices and the center,
i.e., the He-C distance dy. ¢, acts as a knob to locally modify
the electronic charge density of the delocalized electrons of
carbyne by exploiting the electrostatic interaction with the
closed-shell orbitals of the helium atoms. Assuming that the
values of the model’s parameters ¢y, 8, and K that we tuned for
carbyne remain unchanged, each value of dy..c corresponds
to a value of A in the model that we extracted using again the
energy gain between the dimerized and undimerized structure

He—C distance [A]

3.00 2.12 1.90 1.80
@ e Model
—&— Ab initio
_ 20
<o
N 10l
Ot
10 "
(b) —=— Model
. —&— Ab initio
o
Q 57
z
o)
O ‘ ,
0.0 0.2 0.4 0.6

On-site energy A [eV]

FIG. 1. Comparison of ab initio values and model prediction
of Born effective charge Z* (a) and piezoelectric coefficient cpicso
(b) evaluated at different He-C distances, shown on the horizontal
axis at the top. For each value of the distance there is a corresponding
fitted value of A in the model, shown on the horizontal axis at
the bottom. In the inset, we illustrate the decorated carbyne system
displaying two simulation cells.

of decorated carbyne and the optimized BLA in the dimerized
structure. In the inset of Fig. 1(a), we show two simulation
cells of the decorated carbyne system. We report in Table II
the obtained values of A, along with the corresponding values
of dye—c, as well as the values of the target quantities ob-
tained ab initio and using the model. The details of the fitting

TABLE II. On-site energy A fitted for each value of the distance
dye—c between the carbon atom and the helium atoms in decorated
carbyne, described in the text and shown in the inset of Fig. 1. Model
parameters 7, B, and K are kept fixed at values obtained for carbyne
and given in Table 1. Values in the columns BLADIT and EpiT are
reference values for the optimized BLA and for the energy gain of
the dimerized structure of decorated carbyne obtained with PBEQ
functional, to be compared with corresponding values computed in
the model with the fitted value of A.

dye—c A BLAPHT BLA in EpT Egain

A) (V) &) A) (meV)  (meV)
1.80 0.521 0.050 0.068 10.708 8.632
2.00 0.287 0.084 0.092 32.875 36.334
2.20 0.136 0.094 0.098 56.633 56.718
2.40 0.047 0.096 0.100 65.518 65.421
2.60 0.015 0.096 0.100 67.651 67.178
2.80 0.013 0.096 0.100 67.881 67.234
3.00 0.012 0.097 0.100 67.825 67.284
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procedure can be found in Appendix B. The reduced accuracy
we observe for small values of dy._c reflects the limitations
of describing the effects of He atoms solely through the local
on-site term A, while keeping #y, 8, and K fixed at the values
for pristine carbyne. Indeed, at short distances the orbitals of
the He atoms also modify the charge distribution and the hy-
bridization between neighboring carbon orbitals, effects that
would require a distance-dependent reparametrization of all
the model parameters.

To validate the reliability and predicitive power of the
simple modelization of the atomic electronic inequivalence
via a single parameter A, we compared the polar responses
of the decorated carbyne computed at the PBEO level with
those obtained in the model. Specifically, we computed the
values of the Born effective charges and of the piezoelectric
coefficient in the model for each value of the fitted A. These
two quantities measure different responses of the electronic
charge density and are defined as derivatives of the electronic
polarization P, which in the absence of fluctuations is defined
as the dipole moment of the diatomic cell divided by the cell
length. The effective charge Z! of atom i is then defined as
the derivative of P with respect to the displacement of atom i,
namely

oP
Z' =a—. @)
87‘,‘

The charge-neutrality acoustic sum rule implies Z} =
(—1)/z*, allowing us to compute a single Z* using linear per-
turbation theory, as shown in Appendix D. The piezoelectric
coefficient cpiezo quantifies the electromechanical response of
the electronic charge density to a homogeneous strain € and is
defined as the derivative of P with respect to €, namely

dpP
Cpiezo = 7> (8)
P de

which we compute in the model as finite differences of P, as
detailed in Appendix F. In Fig. 1, we compare the values of
Z* and cpieso Obtained in the model for the different values
of A with the values computed ab initio in the correspond-
ing carbyne-decorated system. The remarkable agreement we
find validates the model’s predictive power with respect to
the Born effective charges and the piezoelectric coefficient.
We emphasize that the deviations observed for small values
of dye_c only limit the quantitative mapping to this specific
decorated-carbyne realization. They do not affect the subse-
quent analysis, where A is treated as an independent control
parameter of a generic diatomic chain.

E. Validation of the model in the presence
of quantum-anharmonic and thermal fluctuations

Finally, we validate the accuracy of the model in describ-
ing the effects of ionic fluctuations in carbyne. First, we
benchmark the 7 = 0 K quantum-anharmonic energy profile
obtained using the model with A = 0 against the one ob-
tained in Ref. [49] with hybrid-functional DFT 4+ SSCHA

0
. ATE
% \‘\::' “““““ uTA
g 10 by
S
&
£ —201 —— Ab initio
= —— Model
N _30} ™ Ab initio w/ QAE
--& - Model w/ QAE ;
0.00 0.05 0.10
BLA [A]

FIG. 2. Energy profile of carbyne as a function of the bond-
length difference BLA with and without quantum-anharmonic effects
(dots and lines, respectively). Fully ab initio results obtained with
PBEO functional and SSCHA are shown in black. Model results,
obtained using the parameters of Table I, are shown in red.

calculations. As shown in Fig. 2, quantum-anharmonicity in
the model results in a reduction of the energy difference be-
tween the polyyne and cumulene phases of carbyne of ~65%,
in remarkable agreement with the reference value of ~70%.

Next, we benchmark with respect to quantum-anharmonic
thermal fluctuations effects in carbyne. In Ref. [49], hybrid-
functional DFT + SSCHA calculations suggested the per-
sistence of the dimerized polyyne phase up to very high
temperatures, with an extrapolated lower bound for the critical
temperature of 7c ~ 3300 K. The analysis of the temperature
evolution of the quantum anharmonic free energy unveiled
the coexistence of two minima in a broad temperature range,
in stark contrast with the commonly accepted Landau-Peierls
picture [65-67] of a second-order phase transition and sug-
gesting instead a transition of the first order [49]. Here, we
investigate the temperature evolution of the BLA with QAE
in the framework of the model. Starting from 7" = 0 K, where
the dimerized polyyne structure is the optimal configuration,
we first performed a heating cycle doing SSCHA minimiza-
tions for increasing values of the temperature. To test for
the presence of metastable states, we used the optimal ionic
density matrix obtained at a given temperature as the starting
guess for the following one. As shown in Fig. 3, at T ~
5000 K the cumulenic undimerized phase becomes eventually
energetically favorable and the BLA disappears. Then, start-
ing from a temperature where the cumulenic phase is stable,
we performed a cooling cycle down to T = 0 K. Interestingly,
it appears that cumulene is metastable down to 7 >~ 600 K.
Comparing the free energies of the optimal structures in the
range of phase coexistence, we observe that polyyne is gen-
erally more favorable than cumulene, as shown in Fig. 3.
From a linear fit of the free-energy difference 6F = Feooling —
Fheaing With respect to the temperature T, we identify the
value TgAE 2~ 4300 K. The semiquantitative agreement with
the predicted lower bound T¢ 2 3300 K of Ref. [49] is a
remarkable result, given the very simple form of the con-
sidered effective model. These results put forward the model
as a valid tool for investigating QAE on CPs, enabling fast
and reliable calculations and further validating its predictive
power.
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FIG. 3. (a) Temperature dependence of the BLA for carbyne
(A =0 in the model), computed with the inclusion of QAE. We
observe an hysteresis cycle which suggests that the polyyne-to-
cumulene transition is of first order, in contrast with the common
Landau-Peierls picture of a second-order transition, and consistently
with the findings of Ref. [49]. (b) Free-energy differences §F =
Feooling — Fheating between the minimized free energies of the optimal
structures obtained in the cooling cycle and those obtained in the
heating cycle, shown in the range of temperatures where the hystere-
sis is found. From a linear fit of §F with respect to 7, we deduce
a TSAE ~ 4300 K above which the undimerized structure with no
BLA becomes favorable.

III. QUANTUM-ANHARMONIC EFFECTS
ON THE STRUCTURAL PROPERTIES

When the lattice dynamics is treated at a classical level,
the optimal structural configuration at 7 = 0 K is determined
by the competition between two mechanisms that release the
Peierls instability typical of these 1D systems by opening a
gap in the electronic spectrum [16,34]. A finite e-ph cou-
pling B # 0 would favor the formation of symmetry-lowering
BLA, whereas a finite on-site potential A 7 0, accounting for
inequivalent atoms along the chain, would keep the equally-
spaced chain structure without BLA. As a consequence of
this competition, increasing A at fixed e-ph coupling leads
to a suppression of the BLA, resulting in a second-order
phase transition at a critical value A, with BLA as the order
parameter. The evolution of the order parameter is shown as
a black line in Fig. 4(b), where we used model parameters
listed in Table I and A as a variable. When lattice anhar-
monicity is included quantum-mechanically via the SSCHA,
two major effects are observed. First, BLA is significantly
reduced, consistently with previous results on monoatomic
chains [45-48], and it vanishes at a lower value of A as

A > AQAE

=== (= b2)ppin

Probability distribution

(b) 0.10 E — w/0 QAE

] —— w/QAE (A inc.)
= 0.08 : —<— w/QAE (A dec.)
Yy ! !
- 0.06 1 i
—
= 0.04 i

|

0.02 ¢ AQAE

0.00 : i
0.0 02704 U6~ 0.8 1.0
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% T
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“% === m e :!':_J' ______
SN0

040 042 044 046 043
On-site energy A [eV]

FIG. 4. Effects of quantum-anharmonicity on the manifestation
of BLA in the model at T = 0 K. (a) For three representative values
of the on-site energy A = 0 eV < AE, A = 0.47 eV >~ A*E, and
A =0.50eV > AE we display the histograms with the values
of the bond length differences /; — /, computed along the supercell
configurations as described in the text. (b) Effects of quantum an-
harmonicity on the displacive phase transition guided by the on-site
energy A. The black line corresponds to the values obtained neglect-
ing the ionic fluctuations, whose effects are included in the values
indicated by the triangles. To test for the presence of metastable
states, we performed free-energy minimizations for increasing and
decreasing values of the on-site energy A, as described in the text.
We observe how the inclusion of QAE shifts the phase bound-
ary between the lower-symmetric and the higher-symmetric phases.
(c) We obtain a value of AQ*E ~ (.47 eV from a linear fit of the free-
energy differences §F = Fa gec. — Fa inc. between the free energy of
the minimized configurations of the A-decreasing cycle and those of
the A-increasing one, computed in the range of values of A where
the two phases coexist.

compared to the zero-temperature classical result. Second, a
region of coexistence between the two structural configura-
tions develops, highlighted in Fig. 4(b) by the hysteresis cycle
of BLA obtained for increasing (red line) and decreasing (blue
line) values of A. Comparison of the free energies of dimer-
ized and undimerized phases in the coexistence region, shown
in Fig. 4(c), unveils a first-order structural transition with a
strongly renormalized critical value AAE ~ 0.66 x A.. We
emphasize that the onset of metastable states in the SSCHA
framework arises from the inclusion of zero-point fluctua-
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FIG. 5. Structural phase diagram of the model with respect to the
temperature and the on-site energy. For different pairs of 7 and A,
we display with different colors whether a BLA is predicted or not.
The green area represents the region for which the system manifests
a BLA and hence nonzero effective charges and a piezoelectric
response, whereas for values of 7 and A in the pink region, the
system presents no BLA and thus no piezoelectricity. With light-blue
we indicate the region where the inclusion of QAE suppresses the
BLA. The black line correspond to the values of TgAE(A) obtained
with the inclusion of QAE as described in the text, representing the
quantum-anharmonic-corrected phase boundary. The vertical dashed
red line is in correspondence of the critical value of the on-site energy
obtained at 7 = 0 K without QAE.

tions and phonon-phonon interactions, which are absent in
the zero-temperature classical treatment and renormalize both
the harmonic stiffness and the higher-order terms of the quan-
tum free-energy landscape. This renormalization allows two
locally stable solutions to coexist and is responsible for the
shift of the phase boundary.

The renormalization of BLA and the associated shift of
the phase boundaries to a lower critical value for A arises
from the quantum ionic fluctuations. To highlight their magni-
tude, in Fig. 4(a) we display the T = O K distributions of the
bond length differences for representative values of the on-site
energy: one is for monatomic chains (A = 0), whereas the
others are for diatomic chains in the proximity (A =~ AQAE)
and slightly above (A = 1.05 x AQ*E) the phase boundary,
respectively. We observe how quantum-anharmonic fluctua-
tions have a strong impact on the distribution of the atomic
displacements. In fact, the values of the bond length dif-
ferences fluctuate around the respective mean values with
standard deviations o ~ 0.08 A, comparable with the value
of the BLA ~ 0.1 A obtained for carbyne in the absence of
fluctuations (Table I).

Finally, we expand on the results of Sec. II on the tempera-
ture dependence of the BLA in carbyne, as a representative
of monatomic chains, and further include the effects of fi-
nite temperatures on diatomic chains with modulated on-site
potential. For different values of A, we perform heating and
cooling cycles each time as described in Sec. I, obtaining dif-
ferent values of 7c(A). In this way, we construct a boundary
in the A-T space that separates the region where the diatomic
chains display dimerization from the region without BLA. The
resulting structural phase diagram is shown in Fig. 5, where
we also highlight in light blue the region where quantum-
anharmonic effects suppress the BLA at zero temperature.

Even if the phase diagram has been obtained using parameters
fitted on carbyne as a prototypical CP chain, we expect that the
uncovered phenomenology has a broader validity and that the
framework we introduced can be applied also for the design
of other functional CPs, such as PA or SPA.

IV. QUANTUM-ANHARMONIC EFFECTS
ON THE EFFECTIVE CHARGES

We now turn our attention to the quantum-anharmonic
effects on the Born effective charges, which quantify both the
infrared response and the internal-relaxation contribution to
the piezoelectric response. The effective charge Z* of the atom
i along the chain is defined in Eq. (7) as the derivative of the
electronic dipole moment per unit cell length P with respect
to the atomic displacement. Because of the charge-neutrality
acoustic sum rule the chain must display electronically in-
equivalent atoms (A # 0) within its unit cell to have nonzero
effective charges. In the absence of fluctuations, the two atoms
in each unit cell have effective charges of equal magnitude
and opposite signs, allowing us to write Z* = (—1)'Z*. The
value of Z* can then be computed for any given atom, e.g.,
with linear perturbation theory, as shown in Appendix D. In
CPs, the high responsiveness and mobility of the delocalized
electrons result in many distinctive features, and one of the
most remarkable is arguably that the electronic charge density
constitutes an exemplary case of a Thouless electronic pump
[16,27]. Recently [16], we showed how this peculiar feature
results in giant effective charges inversely proportional to the
electronic band gap energy E,,,, namely

, (€)]

with Egyp = 2¢/A2 + 2(I; — h)?. In Figs. 6(b) and 6(c) we
show with black lines the values of Z* and Eg,, computed
with respect to different on-site energy A in the absence of
fluctuations. Since the order parameter evolves as |/ — I,| «
(A — A2, it can be shown [16] that the energy gap is
constant for values of A in the dimerized phase with bond-
length alternation, and hence Z* o SA—as also shown in
Fig. 1—whereas in the symmetric phase where I} = b, it
holds Z* o< B/Egp = B/A.

Thanks to the high responsiveness of the delocalized elec-
trons, the effective charges attain giant values up to 30|e|
when using parameters given in Table I, much larger than
the expected effective charge of carbon of the order of the
electronic charge |e|. As shown by the black line in Fig. 6(b),
the maximum value for Z* is achieved at the phase bound-
ary A.. However, this result relies on the assumption that
the delocalized electrons are perturbed by a small and co-
herent structural modification, whereas strong fluctuations of
the ionic positions represent a potentially detrimental factor.
As discussed in Sec. III, ionic fluctuations are strong in the
chain, and the inclusion of QAE not only results in a shift
of the phase boundary, but they also affect the order of the
phase transition. For this reason, we study the impact of QAE
on the effective charges in the model. If we consider the
presence of ionic fluctuations, it is no longer true that Z} =
(—1)'Z*. However, exploiting the fact that (i) we can always
distinguish two sublattices thanks to their on-site energy
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FIG. 6. (a) For three representative values of on-site energies
A=0.10eV < AQE A =047 eV =~ AE and A =0.50 eV >
AQAE we display the histograms with the values of the Born effective
charges computed for all the supercell configurations extracted from
the minimized density distributions pp;,. lonic fluctuations result
in the values of Z* varying over a large range, with a distribution
that is broader in proximity of the phase boundary (A >~ AQE).
(b) Behavior of the effective charges Z* as a function of the on-site
energy difference A, obtained with (marked lines) and without (black
line) the inclusion of QAE, at T = 0 K. The QAE-corrected values
(Z%) prin and Z*(Rpyiy ) are, respectively, the averages over supercells
configuration—Eq. (10)—and the effective charges of the system
with atoms in the optimal configuration R;,. (c) Behavior of the
energy gap Eg,, shown for the same regimes and approximations con-
sidered for Z*. Colors, line styles, and notation are used consistently
and have the same meaning. Not only is the topological behavior of
the effective charges—Eq. (9)—robust against the strong effects of
ionic fluctuations, but their values attain a further enhancement—up
to ~20%—thanks to the reduction of the Eg,, caused by QAE.

(=1)'A, which is not affected by ionic fluctuations, and (ii)
the sum rule ), Z* = 0 still holds when summing over all
atoms in the supercell, we define the quantum-anharmonic
corrected effective charge Z* as follows:

1 Neon Neells
(Z%)p = —— Z5,(R1), (10)
’ Ncellchonf IZ; ; :

where Z3, (R7) is the effective charge of atoms belonging to
the sublattice indexed by 2n computed with linear response
theory on the Zth configuration Rz. We explicitly verified that

if we substitute Z3, with ZJ, ., we obtain the same result
with just the opposite sign, thus fulfilling the charge-neutrality
sum rule.

In Fig. 6(b), we show as dark-red squares the values
of (Z*),... computed with the optimized ionic density dis-
tributions obtained from the free-energy minimizations for
different values of A. Since thermal fluctuations become rel-
evant at T >> Tioom, as shown in Fig. 3, here we consider only
the T = 0K case. In the region of phase coexistence, for each
value of A we considered the configurations with the lowest
minimized free energy. We observe that the effective charges
still attain giant values that reach their maximum at the phase
boundary, despite the latter being strongly shifted by QAE.
Since the phase transition becomes of the first order when
ionic fluctuations are included, the evolution of Z* displays
a discontinuity at the phase boundary. When approaching
the critical point from below, i.e., from the dimerized lower-
symmetric phase, the effective charges are enhanced by QAE
in such a way that they still approach the maximum value
of Z* ~ 30|e| at the shifted phase boundary AQAE. A similar
enhancement is observed when approaching the critical point
from above, i.e., from the undimerized phase, with a further
enhancement up to ~20% of the effective charge at the criti-
cal point. We argue that this effect is due to the topological
character of the enhancement mechanism for the effective
charge, which in the absence of fluctuations results in the
inverse relation between Z* and Ej,, of Eq. (9). Indeed, ionic
fluctuations are found to reduce the electronic energy gap
(Egap) pmin» €valuated using Eq. (1) and shown in Fig. 6(c).

As discussed for the bond-length differences, the impact of
ionic fluctuations on the effective charges can be appreciated
from the distribution of their values, which we display in
Fig. 6(a) for the same representative values of the on-site
potential used in Fig. 4. A peaked albeit asymmetric distri-
bution is found away from the phase boundary, while strong
QAE effects result in a very broad distribution near the crit-
ical point, again with a standard deviation of the same order
of the average value of Z*. Another measure of the effects
of ionic fluctuations is obtained by comparing the values
of (Z*),.. With the values of the effective charge Z*(Rpyin)
computed on a chain with atoms in the optimal configuration
Rivin = ({r1) ppin> + -+ » ("N ) pin )» Obtained from the SSCHA
minimization, and shown as light-red circles in Fig. 6(b).
In this definition, QAE enter in the response of the system
only through the renormalization of the atomic positions. The
difference between these two definitions can be appreciated
in the context of linear-response theory within the SSCHA
framework, where the quantum-anharmonic-corrected term
(Z*) pin 15 the quantity that defines the infrared response of
the system including one-phonon scattering processes, which
are instead neglected in Z*(R,) [68,69]. The comparison
shown in Fig. 6(b) indeed confirms non-negligible renormal-
ization effects due to QAE. Interestingly, the relation between
effective charge and the energy gap of Eq. (9) still holds
qualitatively between Z*(Ryin) and Egap(Rimin), which is also
shown as light-red circles in Fig. 6(c), further supporting
the topological protection of the enhancement mechanism for
Z*. We conclude this section by noticing that the quantity
(3. ZFr)p,,, can be used to assess the effect of two-phonon
scattering processes to the infrared response [68,69]. In
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Appendix F, we show that (3, Z¥r;) o 2 > AZF) oo (Ti) prin>
which we compute for different values of the on-site en-
ergy A. Our results, shown in Fig. 10, suggest that the
two-phonon effects on the infrared response are negligible in
the model.

V. QUANTUM-ANHARMONIC EFFECTS ON
THE PIEZOELECTRIC RESPONSE

In this section, we finally discuss the effects of quantum
anharmonicity on the morphotropic-like and topological con-
tributions to the enhancement mechanism of CPs piezoelectric
response. As introduced in Sec. III, the effect of a strain €
on the electronic charge density of the chain is quantified
through the piezoelectric coefficient cpiezo, defined in Eq. (8)
as the total derivative of the polarization P with respect to
€. When subject to a uniform strain, the elementary cells
of the 1D chain can only present contractions/dilatations,
described by the relation a(e) = ap(1 + €), where a( indi-
cates the length of the cell in the absence of strain (e = 0).
Following the standard approach [31,70], we decompose the
response of the system to a strain into a contribution where
the atoms in the cells move rigidly with the deformation—the
so-called clamped ion term c;fe'm—and another contribution
which accounts for the fact that the ions relax and occupy
different positions inside the strained cells, quantified by the
internal-relaxation term ci'irézo. In terms of the internal frac-
tional coordinates # = R/a and exploiting the fact that the
polarization P(e, u(¢)) depends on the strain both explicitly
and implicitly through u(e), the total derivative of Eq. (8) can
be decomposed as follows:

Cpiezo = C;iie-zo + c;irézo’ (1 1)
; aP
C;iézo = &’ (12)
: JaP Bui
ir. or T 13
cplezo i du; de (13)
u;
=Y zh (14)
- de

The last equality, obtained via Eq. (7) and the definition
of internal coordinates, shows that the internal-relaxation
contribution stems from the composition of Born effective
charges and internal strain du;/de. In the absence of fluc-
tuations, the internal-relaxation contribution in the diatomic
chain may attain arbitrarily large values thanks to the topolog-
ical enhancement of the effective charges combined with the
diverging behavior of the internal-strain when approaching the
second-order structural phase-transition point [16].

While the topological enhancement of the effective charges
is stable against quantum anharmonic fluctuations, as dis-
cussed in Sec. IV, the structural phase transition is instead
sensitive to QAE, as seen in Secs. I E and III, possibly affect-
ing the diverging behavior of the internal-strain derivative and
consequently threatening the morphotropic-like enhancement
of the internal-relaxation piezoelectric response. To shed light
on this issue and estimate the effects of ionic fluctuations
on this enhancement mechanism, we compute the complete
piezoelectric coefficient as well as the internal-relaxation

60 1 |=="cpiczo W/0 QAE i d
n 1
— B Cicso(Ruin) I i
T 507 . h i
— [ ] <CpleZO>/nn.., :I i
o 40 A (o) o i |
T S o X (AQE/AY) | i
Q n 1
© I
. 1
S 1
N 1
L 1
a® i
1

A
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On-site energy A [eV]

FIG. 7. Evolution of the piezoelectric coefficient as a function
of the on-site energy A, with and without QAE (colored dots and
solid black line, respectively). The red squares and the blue dots rep-
resent, respectively, the total piezoelectric response cpic,, computed
on the structures obtained from the free-energy minimizations—
Eq. (16)—and the values computed as averages on the supercell
configurations—Eq. (17)—as explained in the text. The green trian-
gles are the values of the internal-relaxation contribution (c;{ém) Oumin'»
which dominates the total piezoelectric response. The dashed line
corresponds to the behavior of cpic,, computed in the absence of
fluctuations rescaled for the ratio AY*E/A., highlighting how the
morphotropic-like behavior of the piezoelectric response is robust
against QAE.

contribution, with and without the inclusion of QAE. In the
absence of fluctuations, cpie;o 18 calculated as finite differences
of P, namely

P(+€) — P(—¢)
2¢ ’

where P(Z£e€) is the dipole moment per cell length of the
elementary diatomic cell of the chain under an applied ho-
mogeneous strain of +e, respectively, that we compute using
the Berry phase approach [71,72]. Following the same pro-
cedure described in the previous section, we first account for
the effects of ionic fluctuations through the renormalization
of the atomic positions only, by computing the piezoelectric
coefficient

5)

Cpiezo =

P(Rumin(+€)) — P(Rmin(—€))
2¢ ’

where R, (£€) are the atomic positions obtained from the the
minimization of the free energy of a system with an applied
strain of +e. Then, we compute the piezoelectric coefficient
(Cpiezo) pmin averaged over the ionic quantum fluctuations as

<P>ﬂmin(+€) - <P>pmin(7€)
2e ’

where (P),,.(+e) 1S the quantum-anharmonic corrected value
of P computed over the optimal density distribution pp;, (£€).
Finally, we also compute (cg{ézo) omin = (D ZF(Oui /9€)) poin»
as detailed in Appendix F.

In Fig. 7 we compare the values of Cpiczor Cpiczo(Bmin)s
(Cpiezo) pmin» and (c;’{ém) omin» ODtained for different values of
the on-site energy A. As for the effective charges, we con-

sidered the T = OK case only, and in the region of phase

Cpiezo (Rmin ) = ( 1 6)

{Cpiezo) puin =

a7
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coexistence we considered the configurations with the low-
est minimized free energy. As expected, the fact that QAE
reduce the order of the transition is reflected by the absence
of a truly diverging behavior when approaching the quantum-
anharmonic-corrected critical value. Nevertheless, we still
observe a giant enhancement of the piezoelectric coefficient
in the proximity of the phase boundary, suggesting that the
morphotropic-like character of the piezoelectric response of
the chain remains robust against quantum anharmonicity in a
large region of on-site energy values. Indeed, the increase of
the piezoelectric coefficient while approaching the transition
point from below, i.e., from the dimerized phase, is still cap-
tured by the same functional form obtained in the absence of
quantum lattice fluctuations upon a simple rescaling with the
ratio AQA /A, shown as a dashed line in Fig. 7. On the other
hand, the effect of quantum anharmonic fluctuations on the
total piezoelectric response beyond the renormalization of the
atomic positions, which can be quantified—as in Sec. IV for
effective charges—by comparing cpiezo(Rmin) and (Cpiezo) pmin»
is essentially negligible. As a further confirmation of the
morphotropic-like enhancement, we remark that the piezo-
electric response is still dominated by the internal-relaxation
contribution, displayed as green triangles in Fig. 7.

VI. CONCLUSIONS

In the present work, we analyzed the impact of ionic
quantum-anharmonic effects on the giant longitudinal piezo-
electric response recently predicted in functionalized conju-
gated polymers. To this end, we examined how ionic fluc-
tuations influence several intertwined aspects of conjugated-
chain physics. We combined the stochastic self-consistent
harmonic approximation with a Rice-Mele diatomic-chain
model parametrized to reproduce hybrid-functional first-
principles calculations of carbyne. The resulting framework
proves both efficient and predictive, yielding semiquanti-
tative agreement with fully first-principles calculations of
polar responses in decorated carbyne, as well as with lit-
erature results on quantum-anharmonic and thermal effects
in carbyne. Within this approach, we find that quantum
anharmonicity has a pronounced impact on structural proper-
ties, with bond-length differences that fluctuate on the same
scale of the average BLA. Moreover, the critical point for
the composition-driven dimerization structural transition is
displaced by more than 30%, with metastable solutions ap-
pearing in a broad region in the phase space, signaling the
first-order character of the phase transition.

Despite this strong structural renormalization, the mecha-
nisms responsible for the large piezoelectric response remain
robust against QAE. The persistence of giant Born effec-
tive charges—enhanced near the renormalized critical region
and correlated with a fluctuation-induced reduction of the
electronic gap—indicates that the Thouless-pump character
of the m-electrons polarization is not only protected against
ionic fluctuations but it is even reinforced. In parallel, the
morphotropic-like behavior of the piezoelectric response sur-
vives. The piezoelectric coefficient retains a pronounced
maximum in the vicinity of the renormalized boundary and re-
mains dominated by the internal-relaxation contribution, with

quantum anharmonicity primarily shifting and reshaping the
optimal enhancement window rather than suppressing it.

Overall, our results further establish quantum-anharmonic
effects as essential for a reliable in silico description of
conjugated systems, in particular for their structural proper-
ties. At the same time, the robustness of the enhancement
mechanisms supports functionalized conjugated polymers as
a viable platform for highly responsive organic materials for
electromechanical applications.
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APPENDIX A: DETAILS ON THE CALCULATION
OF FORCES AND ENERGIES IN THE MODEL

In this appendix, we show how to compute the elec-
tronic energies and forces used for the SSCHA minimization
procedure. We consider a supercell with N, elementary
diatomic cells and Ny = 2 X N5 atoms, constructed as de-
scribed in the main text. For a given atomic configuration
R = (ry, ..., rn,) and model’s parameters #y, 8, K, and A,
we compute the total energy E(R;ty, B, K, A) of the super-
cell from the Hamiltonian defined in Eq. (2), following the
SSCHA approach [57]. Implying the dependence on all the
parameters, which we avoid writing explicitly for clarity, we
separate Ey, = EL + E. into a term Ep, that accounts for the
lattice distortion and a term E. that accounts for the contribu-
tion of the m-electrons in the tight-binding model. We compute
the former as

N,
at 1 2
EL=) SKr

i=1

(A1)
whereas we obtain the latter from the Hamiltonian H,, which
reads

He =2n.A(—1)c]c,

— 2nc[(ty — Boriv1)el, c; + Hel.  (A2)
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In particular, following the standard procedure, we trans-
form H. from the real to the reciprocal space considering Ny
k-points defined over the first Brillouin zone of the supercell.
In this way, we obtain N; k-dependent Ny X N, Hamiltonian
matrices H. ;, namely

-A T, 0 ... 0 Ty, |
TF +A T . e 0
0 Ty —-A . :
Hey = , (A3)
0 —A Ty,
(v, 0 ... 0 Ty, +A
where
Tiri = —tipp @77 (A4)
= [—to + BSripy e Crmita/2), (AS)

We diagonalize for each k in the first Brillouin zone of the
supercell to obtain the N, x Ny eigenvalues ¢; ;. Then, we
obtain the contribution E, to the total energy summing over
the N; x Ny occupied states as

(A6)

where the factor of 2 is for the spin and n. accounts for the
number of p-orbitals per atoms, holding n. = 1 for (S)PA,
and n, = 2 for (decorated) carbyne, and Ny = Ny /2 is the
number of occupied bands. We follow a similar procedure for
the calculation of the forces. The total force F ; acting on
atom i is obtained from the derivative of the total energy with
respect to the displacement of atom i, namely

IE o
Bri

and again we separate Fi,; = F; + F¢; into the lattice and
the electronic contributions. The former reads

Ftot,i = -

(A7)

R, =—-KQr —rig1 —ric1), (AB)

whereas the second is computed using the Hellman-Feynman
theorem as

Noce

%ZZ%H

k=1 j=lI

I% k) (A9)

with |1} 1) being the eigenvector associated to €} k.

APPENDIX B: DETAILS ON THE CONSTRUCTION
OF THE MODEL

In the absence of fluctuations, we considered a single di-
atomic unit cell (Ngeps = 1) in periodic boundary conditions
with N, = 320. We obtained the values reported in Table I by
minimizing the following loss function:

i ’ 9K — QPFT ?
E(IO,IB,K)Z Z[Q(to ﬁQDF)T Ql } ,

i

(B

TABLE III. For each value of the distance dy._c between the
helium and carbon atoms as defined in the main text, we fitted the
values of A minimizing the loss function of Eq. (B2). For smaller
distances dy._c, the minimized loss is higher because the effects of
the electronic orbitals of the helium atoms on the parameters #y, 3,
and K become non-negligible.

dye_c (A) A (eV) Loss
1.80 0.521 0.175
2.00 0.287 0.020
2.20 0.136 0.002
2.40 0.047 0.002
2.60 0.015 0.002
2.80 0.013 0.002
3.00 0.012 0.001

where Q; indicates the quantities that we considered, i.e.,
the BLA, the depth of the total energy profile Eg;,, and
the frequency at I' of the longitudinal optical phonon of
carbyne wpo(I"). In particular, Q;(8, K, #y) is the value cal-
culated within the model, whereas QP! indicates the target
DFT@PBEQ value. At each step of the minimization proce-
dure of the loss function, quantities within the model were
computed as follows: the BLA was obtained by minimizing
the total energy E\, with respect to the atomic positions
and using the relation of Eq. (4). Egi, was computed as
the difference between the total energy of the chain with
equidistant atoms and the chain with the BLA obtained as
just described. wro(I") was computed diagonalizing the dy-
namical matrix obtained from the force-constants matrix, i.e.,
the mass-weighted matrix of the second-order derivatives
of the total energy with respect to the atomic positions, using
the atomic mass of the carbon atom. The value of the loss
obtained with the parameters of Table I is L(¢, 8, K) < 1078,
We obtained the values of A reported in Table II minimizing
the following loss function:

0i(A) — QPFT 72
co - E[25

i

(B2)

where Q; indicates the quantities that we used, i.e., the BLA
and the depth of the total energy profile Eg,in, Qi(A) are the
values computed within the model with the parameters B, 7,
and K of Table I, and QP'T are the target DFT@PBEQ values.
In Table III we report the values of the loss function obtained
for each fitting procedure.

APPENDIX C: AB INITIO COMPUTATIONAL DETAILS

All DFT@PBEQ calculations for carbyne and decorated
carbyne were performed using the CRYSTAL code [73,74]. This
code allows for the simulation of truly isolated systems, as
the 1D CPs addressed in our work. We considered a unit
cell with two carbon atoms for carbyne, and two carbon
atoms and six helium atoms for decorated carbyne. We used
triple-¢ -polarized Gaussian-type bases [75] with real-space
integration tolerances of 10-10-10-15-30 and an energy toler-
ance of 10~'° Ha for the total energy convergence. In the most
general case, the Born effective charges are a 3 X 3 X Nyioms
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tensor that within the CRYSTAL code are computed as finite
differences of polarization. In Fig. 1 of the main text, we
displayed the values Z7 - = of the xx component, i.e., the
component parallel to the chain direction, of the Born ef-
fective charge tensor of the carbon atom surrounded by the
helium atoms. The ab initio piezoelectric coefficients cpiezo Of
Fig. 1 were computed using the Berry-phase approach [76]
as implemented in the code [77,78], which accounts also for
transverse displacements.

APPENDIX D: DETAILS ON THE CALCULATION
OF THE EFFECTIVE CHARGES

We computed the Born effective charges using linear per-

turbation theory as

Ni Now N 9H.. Hex
- 4HZZZ V) 2 ) W 222 111

(gl,k - gm,k)z

’

(D1
where the factor 4 comes from the spin degeneracy and from
the sum over the complex conjugate of a real quantity, and the
sums run over the N, k-points, the Ny occupied bands, and
the Nemp empty bands, respectively. For the results obtained
in the absence of ionic fluctuations, we considered a single
diatomic unit cell (Nes = 1) in periodic boundary conditions
with N, = 320. Thanks to the charge-neutrality sum rule, it
holds that Zj = —Z5 for the atoms in the cell, implying that
the calculation of just one of the two values is enough. In
the presence of fluctuations, this latter equality does not hold,
so we computed all the values Z' for the N, atoms in the
Neenis diatomic cells of the Noye supercells, using Eq. (D1).
The quantity (Z*), . defined in the main text was computed
using Neonr = 504. To obtain the values of Z*(Ryi,), we
considered a single diatomic unit cell (Nes = 1) with the
atoms in positions (r),... and (r2),.. , respectively, since it
holds that (rz,,)pmm = (rz)pmi“ and (r2n+1)pmin = (rl)pmi“ Vn =
1, A ,Ncells~

APPENDIX E: DETAILS ON THE SSCHA APPLIED
TO THE MODEL

All the SSCHA minimizations were performed using
Neont = 4000 supercell configurations. In Fig. 8, for a rep-
resentative case with A =0 and 7 =0 K, we show the
convergence of the optimal free energy and of the optimal
BLA obtained from the minimized density distributions, with
respect to the number Njjs of elementary diatomic cells in the
Neont supercells. For consistency with respect to the calcula-
tions performed to tune the parameters of the model, where we
used Nees = 1 and N = 320, here we used Ny = 320/Neeris
to obtain the results displayed in the figure. We then chose
Neenis = 40, and hence N, = 8, for all the SSCHA minimiza-
tions presented in the main text.

APPENDIX F: DETAILS ON THE CALCULATION OF
THE PIEZOELECTRIC COEFFICIENTS

In the absence of fluctuations, we considered a single di-
atomic unit cell (Ngps = 1) in periodic boundary conditions
with N, = 320 and we computed the piezoelectric coefficient

0 10 20 30 40
N, cells
FIG. 8. For the exemplary case with A =0 and at T = 0 K, we
display the convergence of the minimized free energy and of the BLA

obtained from the minimized density distribution, with respect to the
number Njjs of elementary diatomic cells in the supercells.

Cpiezo as finite differences of the dipole moment per unit cell
length P with respect to a strain €, namely

P(+€,u(+€)) — P(—€,u(—¢))
2¢

where we obtained P with the Berry phase approach [71,72]
on strained diatomic unit cells with € = 41073, The fractional
coordinates u(£e) = (u;(£e), uy(%e€)) used for the calcula-
tions were relaxed to minimize the total energy per unit cell
of the strained chain, following the procedure described in
Ref. [16]. To compute the values of cpiezo (Rmin ), We proceeded
similarly as for the calculation of Z* (R, ), and considered a
single diatomic unit cell (Neeps = 1) with the atoms 1 and 2 in
positions (71) p..(xe) and (r2) 5. (+¢), respectively. Then, as in
Eq. (F1), we computed finite differences of polarization

(_6 umm( 6))

) (F1)

Cpiezo =

P(+ e upsi(+6)) —
2¢€

Cpiezo (Rmin) =
(F2)

where u%S (£6) = (1) p(2er/A(E€), (12) per/a(Ee)) in-
dicates the fractional coordinates of the atoms in the unit
cell, P is computed with the Berry phase approach on the
unit cells, and we used € = £1073. We defined the quantum-
anharmonic corrected piezoelectric coefficient (Cpiezo) ppn OF
the elementary diatomic cell as

{P) puin(+) = (P) puin(=0)

(Cpiezo)pmin = 2¢ s (F3)

where we defined the unit cell’s quantum-anharmonic-
corrected dipole moment per cell length as

Neont

1
D Pe, uz(e)), (F4)

(P> Pmin (€) =
Ncellchonf T—1

where uz(e) = Rz(e)/ale) = (uz,i(€), ..., uzn,(€)) is the
collection of the atomic fractional coordinates of all the
N, atoms in the supercell of the Zth configuration and
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Pmin(€, uz(€)) is the probability associated with uz(e). We
highlight that, in the above Eq. (F4), P is the dipole moment
of the supercell divided by the length of an elementary cell,
so it requires calculating the polarization of each supercell. To
avoid doing so, we exploit the following identity:

P(e,uz(e)) = APr(e) + P(€, umin(€)), (F5)
where we defined
APz(e) = P(e, uz(€)) — P(e, unmin(€)), (F6)

and uyn(€) = Ryin/a(e) is the vector with the fractional
coordinates of the N, atoms in the optimal configuration
obtained from the SSCHA minimizations. Exploiting the fact
that P(e, unin(€)) is independent of Z, we rewrite Eq. (F4) as
follows:

P(e, umin(€))

(P) puine) = (AP) pine) +
Ncells

, (F7)

where

Neont

! APz (€). (F8)

<AP>pmin(€) =
Ncellchonf T—1

This allows us to rewrite the quantum-anharmonic-corrected
piezoelectric coefficient (Cpiez0) p,n defined in Eq. (F3) as

Prmin

(AP) prin+e) = (AP) pin(—e)
(Cpiezo> Pmin — e
1 P(+€7 umin(“r‘e)) - P(_G» umin(_e))
Ncells 2e .

(F9)

Because P(e, unyin(€)) is defined over a supercell made by
Neenis repetitions of the unit cells with atoms in positions
u;s (€), it holds that P(e, umin(€))/Neeiis = P(€, u;5 (€)), al-
lowing us to write

(AP) pin(te) = (AP) pin(—e
(Cpiezo)pmin = Lo CH) Prin(Z€) + Cpiezo(Rmin)v

2¢
(F10)

where we isolated the contribution cpiezo (Rmin) from the con-
tribution due to the average over quantum fluctuations. To
obtain this latter term, we computed the values of APz(¢)
entering in Eq. (F8) as follows:

uz(e)
APz(e) = / Z*(e,u) - du’, (F11)
Umin (€)
where Z*(e, u') = (Z{ (e, u'), ..., Zy, (e, u")) is a vector with

the Born effective charges of the N, atoms in the supercell,
computed using linear response theory on a chain with an
applied finite strain € and with atoms in positions u’. The
integral can be taken along any path from the vector s, (¢) to
the vector uz(¢). As shown in Fig. 9 for an exemplary config-
uration, the behavior of Z* (e, u’) is approximately linear with
respect to u’ along the path u’ (1) = Auz(e) + (1 — Duyin(€),
with A € [0, 1]. This allows us to compute the integral

Bt ® Z;k(ey quiIl(E>>
« Z(euzg(e))
20| — Z/(e)
1
= Qb
*
N
_20_
740_
—-0.04 —-0.02 0.00 0.02 0.04 0.06 0.08

internal position

FIG. 9. For one of the N, configurations of a generic A # 0,
the red lines show the behavior of the Born effective charges of
the N, = 80 atoms in the supercell, computed along the path &’ =
Muz(€) + (1 — XNumin(€), with A € [0, 1]. In particular, each line
illustrates the values of Z'(e,u’) of atom i, for i =1, ..., Ny, and
is displayed against the values of the fractional coordinates u;. The
black dots are the two values of the effective charges computed on the
supercell with atoms in positions @, (€ ). Since this supercell is made
by the repetition of N5 unit cells with atoms in positions u}: (€),
we observe just two different values, one for all the atoms with
on-site energy difference +A, and the other for all the atoms with
—A. The red dots are the values of the effective charges computed
on the supercell with atoms in positions uz(€).

as follows:
1
/ Z%(e,u'(A)) - [uz(€) — Umin(e)]dr
0

1
~ E[Z*(E’ uz(€)) + Z* (€, umin(€))] - [uz(€) — umin(e)]l.
(F12)

0.06

—— e=+10""
005 —o— ¢— _10-3

L

00 01 02 03 04 05 06 07
On-site energy A [eV]

FIG. 10. For the two values of finite strain € = #1073 applied to
the chain, we display the values of (AP), . (. obtained from Eq. (F8)
for values of the on-site energy difference A.
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As shown in Fig. 10 and consistently with the results shown
in Fig. 7, the contribution of (AP), . () to the quantum-
anharmonic-corrected piezoelectric coefficient is negligible.
This result contains further insight on the effects of quan-
tum anharmonicity on the polar response. Indeed, thanks to
Eq. (F12), we express (AP), . () in terms of the covariance
between atoms’ effective charges and their internal positions
expressed in fractional coordinates. Plugging Eqs. (F11) and
(F12) into Eq. (F8), we have

(AP)pe) = 51027 - (Z7) puinte () prin(e)]

(F13)

u>pmin(€) -

where we defined
Neonf

Y 7 (e, uz(e)) uz(e), (F14)

(Z" 1) o) =
Pminte NceIIchonf T—1

and we indicated with (Z*), ) = ((Z}) puin(e)s (Z5) puin(e)) @
vector with the averaged values of the effective charges of the
two atoms in the diatomic unit cell, computed as

Neents Neont

ZZZM i(€.uz(e)),

cell§ conf 1 7=1

(Z5) pointe) = (F15)

and it holds that (u), . () = ;s (€). Since (AP), . >0, it
holds that
(Z* ’ u>pmin = <Z*)ﬂmin : <u)pmin’ (F16)

which in the context of linear-response theory within the
SSCHA framework [68,69] implies negligible two-phonons
effects. We also used this relation to compute the internal-
relaxatign contribution (cji¢,,)p, averaged over the ionic
fluctuations as

au,

(cheol Z f e (F17)

Pmin

du;
- Z p< t > (F18)

Pmin
~ Z Z* pmm pmm(“rf) B ( >ﬂmin(7€) .
2e

(F19)

All the values of quantum-anharmonic-corrected averages (e)
of the quantities defined in this appendix were computed with
Neonf = 504, both here and in the main text.
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