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Density functional theory is the workhorse of modern electronic structure theory. However, its accuracy

in practical calculations is limited by the choice of the exchange-correlation functional. In this respect,
two-dimensional materials pose a particular challenge because their electronic structure is characterized by
strong spatial inhomogeneity. This spatial inhomogeneity is not adequately captured by conventional exchange-
correlation functionals, which are predominantly based on isotropic descriptions of electronic interactions. We
present an anisotropic screened-exchange functional that addresses this limitation and reproduces the band gaps
of two-dimensional materials as well as the piecewise linearity of the total energy with fractional occupation.

DOLI: 10.1103/nvmp-8jqb

I. INTRODUCTION

Almost all applications of semiconductor technology in
today’s world are based on nanotechnology, either to create
new functionalities or to reduce power consumption as a
contribution to global energy savings. Two-dimensional (2D)
materials, defined here as atomically thin crystalline systems
with electronic motion confined to a plane and weak out-
of-plane dielectric screening, exhibit electronic and optical
properties that differ qualitatively from those of their three-
dimensional (3D) bulk counterparts.

The field of 2D materials has created a rich research envi-
ronment for the development of novel electronic and optical
devices. In this field, the focus is currently shifting from
investigations of pure 2D materials themselves to function-
alized materials, e.g., by defects in MoS, [1-3] or hBN [4]
for single-photon emitters. Reduced dimensionality leads to
strongly nonlocal and anisotropic dielectric screening, which
profoundly affects quasiparticle band gaps, excitonic binding
energies, and the localization of defect states. An accurate
first-principles description of dielectric screening is therefore
a central requirement for predictive simulations of electronic
and optical properties in 2D materials.

Within density functional theory (DFT), semilocal
exchange-correlation functionals such as the generalized
gradient approximation are known to underestimate band
gaps and to exhibit spurious convexity of the total energy
as a function of fractional electron occupation [5,6]. These
deficiencies are particularly pronounced in 2D systems, where
reduced dielectric screening enhances self-interaction errors
and artificial charge delocalization. Hybrid functionals that
incorporate a fraction of nonlocal Hartree-Fock exchange
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partially alleviate these issues [7—10]; however, widely used
hybrids such as PBEO and Heyd-Scuseria-Ernzerhof were
designed for bulk materials and employ either unscreened
or empirically short-range-screened Coulomb interactions
[11-18]. These are often unable to provide an accurate
description [19], as they fail to reproduce the correct
asymptotic behavior of dielectric screening. Numerous
GW studies have demonstrated substantial band-gap
underestimation and incorrect defect level alignment when
using semilocal or conventional hybrid functionals in 2D
materials such as MoS; and related compounds, see, e.g.,
Refs. [20-22].

While GW or related microscopic methods are available
for the electronic structure, these at present are computation-
ally prohibitive for large supercell models. Moreover, forces
and geometry optimizations at the GW level are not rou-
tinely available in current first-principles implementations and
remain computationally prohibitive for large supercell calcu-
lations. A class of functionals explicitly constructed to satisfy
Koopmans-like conditions [5,23,24] has been developed, of-
fering a route to inherently generalized Koopmans theorem
(gKT)-compliant approximations. As their broader applica-
tion to solids is still being developed, we pursue a different
route in this work, namely, the development of approxi-
mate screened-exchange approaches within the Kohn-Sham
DFT framework, aiming to capture the dominant physics of
nonlocal exchange at a substantially reduced computational
cost.

In this context, a screened-exchange functional for bulk
materials was introduced in Ref. [25], where the bare
Coulomb interaction in the Fock operator is replaced by a
statically screened interaction characterized by an isotropic
macroscopic dielectric constant. While this approach has
proven successful for bulk semiconductors, it does not ac-
count for the intrinsically anisotropic and nonlocal nature of
dielectric screening in 2D systems. Separately, a macroscopic
dielectric screening framework for layered and 2D materials
was developed in Ref. [26], providing a physically grounded
description of wave-vector-dependent in-plane screening in
the long-wavelength limit.
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In this work, we propose a screened-exchange functional
that significantly improves the description of quasiparticle
band gaps of representative 2D materials and yields near
piecewise-linear behavior of the total energy with respect
to fractional occupation numbers, indicating that the func-
tional approximately fulfills the gKT [27-29]. Approximate
piecewise linearity has long been recognized as an impor-
tant criterion for reducing delocalization errors in modern
density-functional approximations, including hybrid function-
als [30-32]. It also provides a consistent starting point for
optical calculations using time-dependent DFT (TDDEFT)
approaches. By retaining the computational efficiency of
hybrid-functional calculations while incorporating physically
motivated anisotropic screening, the present method offers a
practical and predictive framework for first-principles simula-
tions of electronic and optical properties in 2D materials.

The central contribution of the present work is the for-
mulation of a self-consistent anisotropic screened-exchange
exchange-correlation functional for thin two-dimensional
materials. In contrast to conventional hybrid and screened-
exchange approaches, which rely on isotropic and often
wave-vector-independent screening, the present method in-
corporates a wave-vector-dependent, anisotropic macroscopic
dielectric function directly into the nonlocal exchange opera-
tor within the Kohn-Sham framework.

This construction leads to a qualitatively different effective
interaction that reproduces the correct long-wavelength limit
of dielectric screening in two-dimensional systems, while re-
maining computationally comparable to hybrid functionals.
At the same time, the formulation provides access to total
energies, forces, and structural optimization, which are not
available in standard GW-based approaches.

The present approach therefore establishes a physically
motivated and computationally efficient framework that
bridges the gap between first-principles many-body methods
and density-functional approximations for two-dimensional
materials. To our knowledge, this represents the first self-
consistent Kohn-Sham screened-exchange functional incorpo-
rating anisotropic, in-plane wave-vector-dependent dielectric
screening specifically tailored for 2D materials.

II. ANISOTROPIC SCREENED-EXCHANGE FUNCTIONAL
A. Screened-exchange formalism

Hybrid exchange-correlation functionals improve upon
semilocal density-functional approximations by incorporating
nonlocal Hartree-Fock exchange, thereby reducing self-
interaction errors and restoring a more linear dependence
of the total energy on fractional occupation numbers. A
physically motivated refinement replaces the bare Coulomb
interaction in the Fock operator by a statically screened in-
teraction, yielding a screened-exchange (SX) functional that
mimics the dominant exchange physics of many-body pertur-
bation theory at a reduced computational cost.

In bulk materials, screened-exchange functionals based on
an isotropic macroscopic dielectric constant have proven suc-
cessful [25]. However, this approximation breaks down in 2D
systems, where dielectric screening is intrinsically anisotropic
and nonlocal. In particular, the long-range Coulomb

interaction is governed by wave-vector-dependent in-plane
screening, while out-of-plane screening remains weak. Cap-
turing this behavior requires an explicit incorporation of
anisotropic dielectric screening into the nonlocal exchange
operator.

The screened-exchange contribution to the exchange-
correlation energy is written as
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where {;} are the occupied Kohn-Sham orbitals and W (r, r’)
is a statically screened Coulomb interaction.

Functional differentiation yields the corresponding nonlo-
cal exchange potential,
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The accuracy of the screened-exchange functional therefore is
critically dependent on the quality of the screened interaction
W. In the following, we use the equivalent notation V< (q) =
W (q) to emphasize its role as an effective screened interaction
entering the exchange potential. The nonlocal, wave-vector-
dependent nature of dielectric screening in 2D systems has
been rigorously derived from first-principles many-body the-
ory, showing that the screened Coulomb interaction follows
W(g) = 27 /[q ¢(g)] with a nonlocal dielectric function &(g)
[33,34]. This behavior fundamentally differs from bulk sys-
tems and provides the physical foundation for the present
anisotropic screened-exchange functional.

B. Macroscopic dielectric screening in 2D materials

In the isotropic screened-exchange functional of Ref. [25],
the screened interaction depends only on the magnitude of the
wave vector,

4
a*e(q)’
where all spatial directions are screened equivalently. For
a two-dimensional material this approximation is no longer
valid.

In contrast to the isotropic bulk case, the dielectric re-
sponse of a two-dimensional material cannot be represented
by a scalar macroscopic dielectric constant. Screening parallel
and perpendicular to the layer are fundamentally different,
and the finite extension of the electronic density perpendic-
ular to the layer has to be taken into account. For a strictly
two-dimensional electronic system, the relevant interaction
entering the exchange operator is the interaction between
charges confined to the layer. The anisotropic dielectric re-
sponse can therefore be mapped onto an effective in-plane
screened interaction by solving the electrostatic boundary-
value problem of a finite-thickness dielectric slab embedded
between two surrounding media. Using the effective interac-
tion for layered systems derived in Refs. [26,35], this yields

2
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where V denotes the supercell volume used for the normaliza-
tion of the Coulomb interaction and

2 b4
F(q) = — arctan — (®)]
T qh

accounts for the finite spatial extent of the electronic density
perpendicular to the layer, described by the effective layer
thickness h. Starting from Eq. (4), g denotes the magnitude
of the in-plane wave vector, g = |q; |, for brevity.

It is important to emphasize that this transformation does
not restore isotropic screening. Instead, the anisotropic dielec-
tric response and the finite extension of the electronic density
perpendicular to the layer are contained in the effective in-
plane wave-vector-dependent dielectric function £2(q) and
the form factor F(g). The central step of the present work
is the replacement of the isotropically screened interaction
entering the screened-exchange operator by V3P (q), thereby
incorporating the anisotropic dielectric response directly into
the self-consistent exchange-correlation functional. While the
effective dielectric interaction itself follows from the electro-
static description of anisotropic layered systems [26,35], these
approaches provide the screened Coulomb interaction rather
than an exchange-correlation functional. Here, this interac-
tion is used as the physical screening entering the nonlocal
exchange operator, resulting in a self-consistent anisotropic
screened-exchange functional within Kohn-Sham DFT.

The effective interaction entering the screened-exchange
functional is determined by the two-dimensional dielectric
screening function
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Here, ¢; and &3 denote the dielectric constants of the substrate
and cover layer, respectively, while &,(g) is the wave-vector-
dependent dielectric function of the monolayer material.
Equation (6) provides the anisotropic, nonlocal screening
entering the effective interaction and therefore constitutes the
key physical input used to construct the present screened-
exchange functional. For the dielectric response of the
monolayer material, £,(q), we employ the model dielectric
function previously introduced for bulk materials [25],
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which satisfies the correct asymptotic limits at small and large
wave vectors [36-38].
The screening length o follows from a static random-phase
approximation (RPA) to the dielectric function [39,40]. This
yields
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FIG. 1. Wave-vector-dependent macroscopic dielectric screen-
ing for monolayer GaSe. The red curve shows the isotropic
three-dimensional screening function used in the bulk screened-
exchange functional of Ref. [25], where the screened interaction
depends only on the magnitude of the wave vector through a scalar
dielectric function. The black curve shows the anisotropic two-
dimensional screening introduced in the present work, Eq. (6), where
the effective interaction explicitly accounts for the different in-plane
and out-of-plane dielectric responses of a finite-thickness mono-
layer. Blue crosses denote the static dielectric response extracted
independently from the microscopic response function calculated
within the GW(/RPA framework. The close agreement between the
present anisotropic screening model and the GW, response is the
expected result and validates the screening entering the exchange-
correlation functional. In contrast, the deviation from the isotropic
bulk screening demonstrates the importance of incorporating the
correct two-dimensional screening behavior.

where Z denotes a renormalization factor. The Thomas-Fermi
wave vector is given by [39—41]

3N\ V3
krg =4(7ﬂ;'> : ©)

with the volume V.

While the renormalization factor Z is employed as in
Ref. [25], its value is not reoptimized for the two-dimensional
system. Instead, Z is determined from the corresponding
bulk material using the three-dimensional screened-exchange
functional and subsequently kept fixed for the monolayer
calculation. As illustrated in Fig. 1, the intrinsic screening
of the monolayer contributes primarily in an intermediate
momentum range, whereas the long-wavelength screening is
governed predominantly by the dielectric environment. Con-
sequently, the influence of the renormalization factor on the
screened interaction is reduced compared to the correspond-
ing three-dimensional functional, where the bulk screening
determines the interaction over the entire momentum range.
A more detailed discussion of the renormalization factor
Z and its properties regarding multiple 3D semiconductor
systems is given in Ref. [25]. The parameter ¢, is like-
wise not an adjustable fitting parameter but is obtained
from a Perdew-Burke-Ernzerhof (PBE) calculation of the

235301-3



MICHAEL LORKE

PHYSICAL REVIEW B 114, 235301 (2026)

dielectric response of the corresponding bulk material. As
in the three-dimensional screened-exchange functional, this
dielectric screening is subsequently kept fixed throughout
the calculation rather than being updated self-consistently,
following a philosophy similar to that underlying the GW,
approximation.

In the limit of homogeneous isotropic three-dimensional
screening, the present formulation recovers the bulk screened-
exchange functional of Ref. [25]. The approach therefore
represents a direct extension of screened exchange from
isotropic bulk systems to materials with anisotropic dielectric
screening in reduced dimensionality.

C. Relation to GW and scope of the functional

The present functional belongs to the class of screened-
exchange density functionals [25,42,43], which are motivated
by the static screened-exchange limit of many-body per-
turbation theory. It can therefore be viewed as a static
approximation to the screened-exchange contribution of the
GW self-energy. Unlike a density-functional implementation
of the static COHSEX approximation, the present approach
replaces only the exchange part by a screened nonlocal inter-
action, while retaining semilocal correlation and neglecting
the frequency dependence of the self-energy.

The present work extends the screened-exchange frame-
work of Ref. [25] by replacing the isotropic bulk screening
with an anisotropic effective dielectric screening appropriate
for thin two-dimensional materials, with dielectric screen-
ing from the surrounding environment incorporated through
the effective interaction. The dielectric environment therefore
enters through the effective screened interaction, allowing
substrate and cover-layer screening to be represented within
the screened-exchange framework. The functional is intended
for thin two-dimensional materials whose dielectric screening
can be described by the effective quasi-two-dimensional inter-
action employed here. It is therefore applicable to freestanding
as well as environmentally screened systems. Explicitly
treated multilayer systems may introduce additional nonlocal
interlayer correlation effects that are not contained in the
present semilocal correlation treatment. A systematic assess-
ment of the importance of these effects for the applicability of
the present functional to multilayer systems is left for future
work.

By embedding the physically motivated anisotropic dielec-
tric screening directly into the nonlocal exchange operator,
the method captures the dominant nonlocal exchange physics
governing band gaps, band-edge states, and defect-related
properties of two-dimensional materials at a computational
cost comparable to conventional hybrid functionals such as
PBEO. Equation (6) defines the anisotropic screened-exchange
functional introduced in this work.

An important advantage of the present approach is that it is
formulated fully within the DFT framework and implemented
self-consistently, with the screened-exchange potential up-
dated during every self-consistent field iteration together with
the Kohn-Sham orbitals until convergence. As a result, total
energies, atomic forces, and structural relaxations are directly
accessible at the same computational cost as in hybrid-
functional calculations. This capability is essential for the

investigation of defects, structural distortions, and geometry-
dependent electronic properties in 2D materials. In contrast,
while GW provides highly accurate quasiparticle energies,
it is not routinely available for total-energy-based structural
optimization or force calculations in practical large-scale ap-
plications, and its computational cost is substantially higher.
The present functional is intended for thin two-dimensional
materials whose dielectric screening can be described by the
effective quasi-two-dimensional interaction employed here. It
is therefore applicable to free-standing as well as environmen-
tally screened systems.

II1. RESULTS

In this section, we assess the performance of the
anisotropic screened-exchange functional introduced in
Sec. II for representative 2D semiconductors. The validation
focuses on three key aspects that are directly governed by
dielectric screening in reduced dimensionality:

(i) quasiparticle band gaps,

(ii) the dispersion of band-edge states relevant for defect
physics, and

(iii) the piecewise-linear behavior of the total energy with
respect to fractional occupation numbers.

In addition, we examine the suitability of the resulting
electronic structure as a starting point for optical calculations
in the linear-response TDDFT approach.

All calculations were performed using a modified ver-
sion of the Vienna ab initio Simulation Package (VASP
5.4.4) [44,45] within the projector-augmented-wave frame-
work, treating semicore d states as valence electrons. The
implementation of the anisotropic screened-exchange func-
tional follows directly from the formalism described above.
These modifications of the VASP source code can be made
available to certified owners of a VASP user license, once they
have been ported to VASP 6.

The effective macroscopic screening obtained from the
anisotropic screened-exchange model is shown in Fig. 1 for
monolayer GaSe as a representative example. In contrast to
bulk materials, where screening approaches a constant macro-
scopic dielectric constant in the long-wavelength limit, the
2D screening function satisfies £(qy — 0) =1 and also ap-
proaches unity for large wave vectors. This behavior reflects
the absence of macroscopic polarization perpendicular to the
layer and the nonlocal character of dielectric screening in 2D
systems.

Calculations on the unit cell of the materials were per-
formed using a 12 x 12 x 1 I"'-centered Monkhorst-Pack [46]
grid. For defect calculations, 128-, 144-, and 108-atom su-
percells were used for hBN, GaSe, and MoS,, respectively,
applying the I'-point approximation. The defect geometries
were fully relaxed. A 450-eV (900-eV) cutoff was applied
for the expansion of the wave functions (charge density).
The computational cost for practical calculations of defects
and adsorbates is on par with that of DFT calculations with
the PBEO exchange potential. Charge corrections for the to-
tal energy were performed by the SLABCC method [47].
As no direct analog to the method of Chen and Pasquarello
[48] for the correction of single-particle energies exists for
two-dimensional materials and the respective total energy
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FIG. 2. Quasiparticle band gaps EL"™ of representative 2D ma-
terials as a function of the reference GW, band gap. Squares denote
results obtained with the present anisotropic screened-exchange
functional. Diamonds correspond to results obtained using the
isotropically screened three-dimensional functional of Ref. [25].
The materials shown were selected to span a broad range of band
gaps, bonding character, and dielectric screening strengths typical
of 2D semiconductors. The circles in the inset indicate the effective
layer thickness as a function of ionic thickness for the material. The
anisotropic screened-exchange functional systematically improves
band-gap predictions by incorporating the correct 2D screening be-
havior, yielding significantly better agreement with GW; results
compared to the isotropic approach.

corrections, we opt to investigate the piecewise linearity di-
rectly. As a reference for the quasiparticle band gaps, we
perform GWy calculations starting from PBE wave functions,
using 1000 bands and a 12 x 12 x 1 I'-centered Monkhorst-
Pack grid. These calculations also provide an estimate of
the quasiparticle renormalization factor Z. In the present
calculations, the experimental lattice constants are used for
consistency with the literature.

In Fig. 2 we show the band gaps obtained with the present
anisotropic screened-exchange functional for representative
freestanding 2D semiconductors spanning a wide range of
electronic structure characteristics, from small-gap systems
such as Cu,Se to wide-gap insulators such as hBN. Overall,
the functional reproduces the GW, reference band gaps with
good accuracy across this diverse set of materials.

The agreement is particularly good for main-group semi-
conductors where the band edges are dominated by s- and
p-derived states. Slightly larger deviations are observed for
transition-metal dichalcogenides such as MoS, and WSe,,
which is consistent with the known limitations of screened-
exchange approaches in systems with partially filled d shells.
These deviations remain moderate and do not affect the qual-
itative agreement with GW,.

Importantly, the functional is not constructed by fitting
material-specific parameters, but instead derives its screen-
ing behavior from a physically motivated macroscopic model
of 2D dielectric screening. Consequently, perfect agreement
for every individual compound is not expected. Rather, the
results demonstrate that incorporating anisotropic screening

systematically captures the dominant quasiparticle corrections
across representative classes of 2D semiconductors.

For the particularly relevant cases of hBN, GaSe, and
GaS, the inset of Fig. 2 shows the effective layer thickness
h entering the macroscopic screening model. These values are
consistent with the physical extent of the electronic density
perpendicular to the layer. In particular, for hBN the effective
electronic thickness slightly exceeds the ionic layer thickness,
reflecting the spatial extent of the valence orbitals that con-
tribute to dielectric screening.

To isolate the role of anisotropic screening, we also
evaluated band gaps using the isotropic three-dimensional
screened-exchange functional of Ref. [25]. While both ap-
proaches yield similar results for small-gap materials such
as Cu,Se, substantial deviations emerge for strongly 2D
systems, including hBN and the transition-metal dichalco-
genides. This comparison demonstrates that incorporating
anisotropic dielectric screening is essential for accurately de-
scribing quasiparticle band gaps in 2D materials.

While the present benchmark set focuses on nonmagnetic
semiconducting monolayers, it covers a broad range of band
gaps, chemical bonding situations, and dielectric screening
strengths relevant for defect physics in 2D materials. Like the
bulk functional of Ref. [25], the present functional is trans-
ferable between compounds of the same class; for example,
alloys or Janus materials such as MoSSe will be tractable
within the same framework. Perfect agreement for every in-
dividual material is therefore not expected, as the functional
is not fitted to specific compounds but instead derived from
a physically motivated screening model. Nevertheless, the
results demonstrate that the approach captures the domi-
nant quasiparticle corrections across representative classes of
2D semiconductors. Small deviations for materials such as
MoS;, and WSe, are expected, particularly in systems with
partially filled d shells, where even bulk screened-exchange
approaches are known to exhibit limitations.

Since macroscopic dielectric screening is determined pri-
marily by the charge response, the screening model of
Eq. (6) does not rely on a specific spin configuration and
is, in principle, expected to remain valid to leading or-
der also in spin-polarized systems. However, magnetic 2D
systems involve additional spin-dependent exchange effects
and, in some cases, localized d-electron correlations that
may require an explicit spin-dependent extension of the
screened-exchange operator. Hence, the present work focuses
on nonmagnetic semiconducting monolayers. Extending the
anisotropic screening framework to magnetic systems repre-
sents a natural direction for future investigation.

In many cases, not only the band gap itself is of importance
for a proper description of defect states but also the band
edges over the whole Brillouin zone, as defect states are often
superpositions of all band-edge states.

Figure 3 compares the electronic band structure obtained
from the present anisotropic screened-exchange functional
with reference GW calculations for GaSe. While the pri-
mary objective of the functional is an accurate description of
the band-edge electronic structure governing defect formation
and low-energy excitations, the comparison has been extended
over a wider energy range to assess the overall quality of the
band dispersion.

235301-5



MICHAEL LORKE

PHYSICAL REVIEW B 114, 235301 (2026)

Band Energy (eV)

DOOOOCTTTY
M

FIG. 3. Comparison of the band-edge electronic structure of
a representative 2D semiconductor calculated using the present
anisotropic screened-exchange functional (circles) and the GW, ap-
proximation (solid lines). Within this energy window, the anisotropic
screened-exchange functional reproduces the GW, band gap and the
dispersion of the band-edge states, demonstrating that the physically
motivated anisotropic screening captures the dominant exchange ef-
fects relevant for low-energy electronic and defect-related properties.
The energy of the valence band maximum has been set to 0.

In addition to reproducing the quasiparticle gap, the present
functional accurately reproduces the overall dispersion of the
valence and conduction bands, including their bandwidths and
relative band alignment along the high-symmetry path.

In this energy window, containing the first conduction
and valence bands, the anisotropic screened-exchange func-
tional yields rather close agreement with GW for both the
fundamental band gap and the dispersion of the band-edge
states. This indicates that the nonlocal exchange potential,
combined with physically motivated anisotropic screening,
captures the dominant screening effects relevant for low-
energy excitations and defect-related physics. It is noteworthy
that, for some bands, such as the second and third conduction
bands, the agreement is better at the high-symmetry points
than along the connecting paths. As expected for a static
screened-exchange approximation, the agreement gradually
deteriorates for higher conduction states and deeper valence
bands, where dynamical self-energy effects become increas-
ingly important. The detailed description of these states is
therefore beyond the primary scope of the present functional.
Nevertheless, the level of agreement achieved for multiple
bands across the Brillouin zone supports the use of the pro-
posed functional as an efficient and physically motivated
approximation to GW for 2D materials.

As expected for a static screened-exchange approximation,
quantitative deviations may occur for higher-lying conduc-
tion states and deeper valence bands, where dynamical
self-energy effects become increasingly important. Neverthe-
less, the excellent agreement obtained over a broad energy
window indicates that the proposed functional provides
an efficient and physically well-founded approximation to
GW, for electronic-structure calculations in two-dimensional
materials.

neutral defect [CV]

-E

. | ‘ \ . ! ‘
-1 -0.5 0 0.5 1
fractional occupation number

-2

FIG. 4. Total energy of the Geg, substitutional defect in GaSe as
a function of the fractional occupation number. The energy of the
neutral defect has been set to 0.

The piecewise linearity of the total energy with respect to
fractional occupation numbers is shown in Fig. 4 for represen-
tative substitutional defects in 2D materials. As an example,
Fig. 4 shows the total energy of the Geg, substitutional defect
in GaSe as a function of fractional occupation of the defect
level.

A quadratic fit of the form E(x) = by + bix + byx? yields
a curvature of b, = 0.03 eV, indicating near piecewise-linear
behavior. Comparable values of b, = 0.04 and 0.08 eV
are obtained for the Cy substitutional defect in hBN and
the Nby, substitutional defect in MoS,, respectively. These
small deviations from linearity demonstrate that the present
anisotropic screened-exchange functional largely suppresses
self-interaction errors and artificial charge delocalization.

The near-linear behavior of the total energy indicates that
the anisotropic screened-exchange functional largely restores
the generalized Koopmans condition for localized defect
states in 2D materials. By accurately reproducing both the
band-edge electronic structure and near piecewise-linear total-
energy behavior, the present approach provides a reliable and
computationally efficient framework for describing localized
defect states in 2D materials.

The optical absorption spectra shown in Fig. 5 for GaSe
and hBN are computed using two complementary approaches:
the GWy plus Bethe-Salpeter equation (GW( 4+ BSE) frame-
work and linear-response time-dependent density functional
theory (Cassida equation). The GW( + BSE calculations are
performed following established best-practice procedures,
using PBE as the starting point for the partially self-
consistent GWy, calculation. In the TDDFT calculations, the
anisotropic screened-exchange functional is employed consis-
tently both for the ground-state electronic structure and for
the exchange-correlation kernel entering the linear-response
equations (Cassida formalism). As a result, the long-range
electron-hole interaction responsible for excitonic effects in
2D materials is treated in a manner consistent with the under-
lying anisotropic dielectric screening.

The comparison in Fig. 5 shows that the TDDFT spec-
tra obtained with the present functional reproduce the main
features of the GW( + BSE results for both GaSe and hBN,

235301-6



ANISOTROPIC FUNCTIONAL FOR TWO-DIMENSIONAL ...

PHYSICAL REVIEW B 114, 235301 (2026)

3 w T
L (a) i
2 5| GaSe — GW+BSE ||
| — Cassida+SX | |

) — ALDA

Absorption
&
\

3 T
(b)
L hBN

Absorption

\ . I
0 5 10 15 20
E [eV]

FIG. 5. Optical absorption from linear-response TDDFT, i.e., the
Cassida equation, with the functional presented here as kernel (red
line) and ALDA (blue line). For reference, GW, + BSE (black) line
calculations are shown. Presented are the spectra for (a) GaSe and
(b) hBN.

including exciton binding energies and relative oscillator
strengths. Some fine spectral features, such as higher-energy
shoulders, are not captured with the same accuracy, which
is expected within a static screened-exchange framework. In
contrast, widely used local and adiabatic approximations to
the exchange-correlation kernel, most notably the adiabatic
local density approximation (ALDA) [49,50], are inherently
limited by their lack of spatial nonlocality and frequency
dependence. As a consequence, they fail to capture the long-
range electron-hole interaction that is essential for an accurate
description of excitonic effects, leading to a systematic under-
estimation of exciton binding energies and significant errors
in the resulting optical transition energies. We emphasize
that the spectra shown here are not fully converged with
respect to Brillouin-zone sampling; instead, identical k-point
grids are used for both GW + BSE and TDDFT calculations
to ensure a consistent and meaningful comparison. These
results demonstrate that the anisotropic screened-exchange
functional provides a consistent starting point for optical cal-
culations in 2D materials, using the same functional from the
electronic structure calculation to the optical properties.

IV. CONCLUSION

In conclusion, we have introduced a  self-
consistent anisotropic screened-exchange functional for
two-dimensional materials that incorporates wave-vector-
dependent dielectric screening directly into the Kohn-Sham
framework. The functional derives its screening behavior
from a physically motivated macroscopic model of

reduced-dimensional dielectric response and does not rely on
material-specific fitting parameters.

Across a representative set of 2D semiconductors, the
approach reproduces quasiparticle band gaps obtained from
GW) calculations with good accuracy, captures the dispersion
of band-edge states relevant for defect physics, and exhibits
near piecewise-linear total-energy behavior with respect to
fractional occupation numbers. The latter indicates a substan-
tial suppression of self-interaction errors and a restoration of
generalized Koopmans behavior for localized defect states.
In addition, the functional provides a consistent and com-
putationally efficient starting point for optical calculations
within linear-response TDDFT, yielding optical spectra in
good agreement with GW( 4 BSE results for prototypical 2D
materials. Because the present functional is formulated within
the Kohn-Sham framework, it provides direct access to total
energies, forces, and structural relaxations while incorporat-
ing physically motivated anisotropic screened exchange. This
enables predictive simulations of defects, structural proper-
ties, and optical excitations in 2D materials at a computational
cost comparable to hybrid functionals. The present work
therefore establishes an efficient and physically grounded
framework for the first-principles investigation and design of
2D materials.

At present, the functional is primarily designed for
nonmagnetic semiconducting monolayers. Although the un-
derlying dielectric screening model is formulated at the level
of charge response, magnetic systems may introduce ad-
ditional spin-dependent exchange effects that need further
investigation. Extending the anisotropic screening framework
to spin-polarized 2D materials represents a natural direction
for future work.

Overall, the results demonstrate that the incorporation
of the correct anisotropic dielectric screening into a static
screened-exchange framework provides an efficient and phys-
ically transparent approximation to quasiparticle methods for
2D materials, particularly in the context of defect and opto-
electronic properties.
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