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Femtosecond dynamics of electrons in noble metals: Orientational relaxation
in momentum space and the Drude relaxation rate
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We investigate the momentum-resolved dynamics of conduction electrons in noble metals following ultrashort
optical excitation with linearly polarized light. Using a momentum-resolved Boltzmann equation approach for
electron-phonon interaction, we solve for the combined effects of orientational relaxation, thermalization, and
cooling. We introduce momentum orientational relaxation as the initial step in the equilibration of an optically
excited nonequilibrium electron gas by highlighting its importance for the optical response of noble metals as the
dephasing of the Drude model. The numerical results for gold reveal that orientational relaxation exists already
for linear optical excitations and dominates on time scales on the first tens of femtoseconds after excitation. Also
incorporating thermalization and cooling on times up to a few picoseconds, our approach provides a simultaneous
description of optical and thermal properties of noble metals under optically induced nonequilibrium conditions.
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Introduction. In recent years, the development of ultrashort
laser pulses made it possible to observe the dynamical optical
response of solids with femtosecond resolution and provided
insights into the build up and decay of nonequilibrium elec-
tronic or plasmonic excitations in noble metals [1-6]. The
relaxation back to a thermodynamic equilibrium, which pro-
ceeds in noble metals on scales from a few fs to several ps,
depends strongly on the excitation conditions. The relaxation
of the nonequilibrium energy-resolved electron distribution it-
self can be divided in thermalization by electron-electron and
electron-phonon interaction [7], dissipation (electron cooling)
by electron-phonon interaction [8—13], and lattice cooling by
phonon-phonon interaction [14,15]. These processes are ad-
dressed in many publications by effective macroscopic models
[16-20] or microscopic theories based on the semiclassical
Boltzmann equation where the electron states are numbered
by energy [7-13,21-24].

These energy-resolved approaches neglect the fact that the
polarization of the exciting light field breaks the symmetry of
the momentum distribution of the initially isotropic electron
gas. This symmetry break corresponds to an anisotropic exci-
tation of electronic momentum which cannot be addressed in
an energy-resolved basis only. However, the recent develop-
ment of pulses as short as several fs should make it possible
to perform momentum-resolved measurements by orthogo-
nal polarized pump-probe spectroscopy [25] or time-resolved
ARPES [26].
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In this Letter, we introduce the orientational relaxation of
the momentum-polarized conduction electrons in noble met-
als as first equilibrization step after optical excitation with
linearly polarized light (cf. Fig. 1). We show that orienta-
tional relaxation is fundamental for the optical response of
noble metals [27], acts as dephasing of collectively excited
electrons, effects the relaxation dynamics up to 100 fs af-
ter the excitation, and represents an important parameter in
the Drude model. So far, to our knowledge, momentum ori-
entational relaxation has not been discussed much beyond
the relaxation time approximation [28—32] but occurs on the
same footing with thermalization and cooling of a nonequilib-
rium electron gas as a first dephasing process. To tackle this
problem, we consider the numerical solution of a momentum-
resolved Boltzmann equation exemplarily for gold including
light-matter interaction and electron-phonon scattering [27].
This approach includes orientational relaxation, thermaliza-
tion as redistribution of electronic energy and cooling as
energy dissipation from electrons to phonons. To study a well
defined situation, all three processes are described by a consis-
tent treatment of the electron-phonon interaction via normal
and umklapp processes. In the following, we will discuss
these three relaxation processes in terms of the dynamics of
the electron distribution, introduce characteristic time scales
via observables and connect orientational relaxation with the
well-known Drude model.

Theory. For the description of the dynamics of electrons
in the sp-conduction band of noble metals after optical
excitation, we apply a parabolic and isotropic dispersion
€ = ﬁ?ﬂkl2 at their Fermi edge with an effective mass
m initially at room temperature Toq = 300 K. For optical
excitations below the electronic band gap, this description
via intraband excitations is sufficient [31-33]. Dissipative
processes are incorporated via electron-phonon interaction
[8,11,34,35]. By introducing the microscopic electronic con-
duction band occupations fx with momentum Kk, we obtain
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FIG. 1. Schematics of the electron relaxation processes: Left: A
linear polarized light field E, induces a momentum-polarization of
the electron distribution fi creating excited intraband electrons and
holes near the Fermi edge (dashed circle). The excited nonsymmetric
distribution decays in the orientational relaxation time 7, into a
symmetric distribution. Right: The relaxation back into the thermo-
dynamic equilibrium (TD Eq.) proceeds in the thermalization and
cooling time (rlf]p, 7.). The thickness of the colored areas is magnified
by a factor of 20 in comparison to the radius of the Fermi sphere for
better visibility.

[27] the momentum-resolved Boltzmann equation [13,15,36]
e .
0 fx =%Eo(t) Vi +T0A = i - fA (D

where the electron-phonon scattering rates are Fli(“ =
Yo Wioskfies TR = D Wi (1 — fio) and
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as scattering amplitude. Equation (1) is nonlinear in the elec-
tron occupations fi due to Pauli blocking (1 — fi’) as derived
in Ref. [27]. The phonon density n(fiwg_y ) (phonon en-
ergy hwy_y.g) is treated here as a thermal bath within a
Bose-Einstein distribution. This is justified by analyzing a
two-temperature model [37-40] with similar initial conditions
after the impulsive excitation as in the results discussed below.
However, in principle the phonon dynamics can be addressed
in the same way as the electron dynamics [9,10]. Incorpo-
rating normal and umklapp processes via reciprocal lattice
vectors G # 0, we apply a screened electron-phonon coupling
gy 1271

The excitation by the incident light field Ey is described
here as a function of the polarization direction and not via
the direction-independent intensity as in previous approaches
focusing on energy relaxation out of a momentum-isotropic
situation [7—13,21-24]. The latter is encoded in the intraband
dipole coupling E - (ieVi) for Bloch electrons [27,41]: The
light field breaks the symmetry of the momentum distribution
by the distinct polarization direction of Eg. Disturbing the
initial isotropy of the momentum distribution selectively, this
opens the possibility to study orientational relaxation as a new
relaxation/dephasing channel.

The Boltzmann equation (1) is solved numerically with
methods presented in Appendix F in Ref. [27] and gold pa-
rameters listed in Table 1 in Ref. [27]. In the following,
we investigate the combined dynamics of electron relax-
ation in terms of orientational relaxation, thermalization, and

cooling after optical excitation in a bulk system (cf. Fig. 1). To
illustrate this sequence of relaxation processes, we apply a
linearly y-polarized light field Ey represented by a single
Gaussian pulse with a duration of 12 fs (FWHM) and a car-
rier frequency of 5 THz so that only a half oscillation cycle
contributes to excitation. On the expected time scale of the
relaxation dynamics described above, the chosen pulse acts
only as an initial condition which allows to study the sequence
of the intrinsic electron relaxation without the influence of
an ongoing fast shaking of the distribution on the oscillation
frequency.

In the following, we will study linear and nonlinear ex-
citation regimes. Both regimes can be distinguished via the
distortion of the electron distribution, i.e., by the acceleration
energy €, the electrons gained from the incident light field (cf.
Ref. [27]) in comparison with the thermal broadening of the
Fermi edge kpTeq: In the regime of nonlinear excitations, the
field strength is set to £y = 0.7 % (€ac 2 kpTeq ), while for
linear excitations Ey/100 (e, < kpleq ) is assumed. In this
context, we expect that orientational relaxation without any
energy exchange with the phonon system exists across all ex-
citation regimes, while thermalization and cooling as energy
relaxation processes occur only in the nonlinear regime.

Qualitative discussion. The light-matter interaction in the
Boltzmann equation (1) breaks the original radial symmetry of
the electron distribution in momentum space, since electrons
are initially accelerated in the polarization direction ey of the
half cycle pulse Eg. Counteracting to this, the electron-phonon
interaction does not prefer any direction and thus starts to
equilibrate all momentum orientations to a distribution of
uniform momentum directions. To analyze this process, we
divide the electron distribution into a nonsymmetric distribu-

tion £y " depending on the direction of the momentum k =
N sym

(ky, ky, k)T and a symmetric distribution f‘k‘ (t) depending
on the momentum absolute |k|:

@) = £ + fm o), 3)

S @) = 0@ + £l @) 4)

Later in Eq. (4), to distinguish thermalization and cooling, the
symmetric distribution )™ is divided into thermal f}, and
nonthermal fl‘f(‘l’“'th components [22,42].

Thus, as illustrated in Fig. 1, orientational relaxation ap-
plies to the fact that the nonsymmetric electron distribution

e Oz}im induced by the light field Eq is driven into a sym-
sym

metric distribution f =, which does not prefer a direction
in momentum space. Our numerical results indicate that this
process of momentum orientational relaxation occurs already
for vanishing acceleration energy €,. in the linear regime and
remains important for nonlinear excitation. To illustrate this
process, Figs. 2(a) and 2(b) depict the temporal occupation
dynamics in the k, and k, directions (orthogonal and parallel
to the incident light polarization) for three different momen-
tum states located close to the Fermi edge (k. and k, directions
show the same dynamics). To enhance the visibility of this
process, we depict in Fig. 2 only the results for the nonlinear
excitation with strength Ey where the electron gas is strongly
perturbed. Nevertheless, in the linear regime, orientational
relaxation shows the same qualitative signatures.
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FIG. 2. Momentum-resolved electron dynamics after excitation within positive y-direction polarized field with strength E,. In (a), (b) the
occupation of three k, (dashed lines) and k, (solid lines) momentum states located in the region of thermal broadening close to the Fermi

edge at [k;| = kp — 0.05 nm™!, [k,| = kr = 12.0 nm™!,

and |ks;| = kr + 0.05 nm~! are shown. In (a), a depopulation of states in positive

ky direction (with k, = k; = 0) occur, whereas the dynamics in positive k, direction (with k, = k., = 0) is delayed due to electron-phonon
scattering. In contrast, (b) shows for the negative k, direction (with k, =k, = 0) an overpopulatlon but the same behavior for the negative
k, direction (with k, = k; = 0) as in (a). The insets in (a), (b) reveal orientational relaxation (OR) as decay of the occupation difference

Ass = fo. 44,0

- f:th,O,U’ whereby all three states show similar relaxation behavior. The gray shaded areas show the excitation pulse Ey. The

electron distribution in momentum space is depicted along the (c) k, and (d) k, axis (the k, direction is identical with the k, case) and represents

a Fermi-Dirac distribution in equilibrium.

Out of the initial equilibrium Fermi-Dirac distribution
/{1 (Teq) during the first tens of fs after the excitation, the
occupations in Figs. 2(a) and 2(b) clearly show a nonsymmet-
ric behavior of the distribution f with respect to k, (dashed)
and k, directions (solid). Thereby, due to the accelerating
Lorentz force, Eq. (1), and the distinct polarization direction
Eq || e,, states in the positive k, direction reveal an electron
depopulation, whereas in the negative k, direction, conversely,
an overpopulation emerges (cf. also left of Fig. 1). The onset
of the dynamics in the k, direction is temporally delayed
compared to the k, direction which is initially displaced by
the light field on the scale of the pulse duration of 12 fs.
After the orientational relaxation time 7., of less than 100 fs
the directional dependence of fi, i, . is synchronized [cf.
insets in Figs. 2(a) and 2(b)], i.e., equlhbrated with respect
to the momentum direction, and has developed into a sym-
metric distribution depending only on [k|, i.e., on energy &;.
Such an orientational relaxation has already been studied in
the semimetal graphene [43,44], photoexcited semiconductors
[45] or on the basis of a relaxation time approximation in
metals [30,31], but as far as we know, has not been discussed
much quantitatively for noble metals in terms of the full
nonlinear electron dynamics such as Eq. (1). In Figs. 2(c)
an 2(d), the evolution of the full electron distribution fi as
a function of k, and k, is visualized in time and momen-
tum space. Initially, before excitation at ¢t = 0, Figs. 2(c) and
2(d) show a Fermi-Dirac distribution in equilibrium with the
phonon bath and a Fermi level at ky = 12.0 nm ™' (dark areas
describe occupied electron states and bright areas unoccupied
states). On the time scale of the excitation pulse in Fig. 2(c),

the strong displacement of the electron distribution parallel to
the polarization of the light field in the k, direction is visible.

The strong de- and overpopulation of the states in the
ky direction [cf. Figs. 2(a) and 2(b)], however, only occur
in the nonlinear regime, where the equilibrium Fermi-Dirac
distribution is disturbed significantly at the Fermi edge.

In this way, the nonlinear excitation regime opens the pos-
sibility to test the momentum polarization and orientational
relaxation with experimental techniques such as orthogo-
nal polarized pump-probe spectroscopy [25] or time-resolved
ARPES [26].

While in the linear regime the electron gas reaches
thermodynamic equilibrium after orientational relaxation, in
the nonlinear regime energy relaxation continues: Energy
relaxation includes thermalization as redistribution of the non-
thermal electronic energy into a thermal one and cooling as
energy dissipation to the phonon bath [11,22]. The processes
of thermalization and cooling as a function of energy are well
studied in literature [8-11,22,23]. Here, we only show that
they develop in a consistent fashion out of the same theory
as the orientational relaxation, i.e., by solving Eq. (1) in a
momentum-resolved picture.

After the orientational relaxation, the nonsymmetric dis-
tribution £ is decayed completely and electrons are
distributed symmetrlcally f‘ but not necessarily thermal
(i.e., non-Fermi-Dirac), cf. Eq. (4), and an energy-dependent
representation of the distribution in terms of ¢, = ﬁl’zz|k|2
is permissible. In the next step, the transition from a
nonthermal distribution £ into a thermal Fermi-Dirac dis-

(K]
tribution |k| " due to electron-phonon scattering proceeds in the
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FIG. 3. The quasilogarithmic representation of the symmetric
distribution ®}" (solid lines) reveals the thermal (dashed lines) and
nonthermal distribution (shaded areas). The nonthermal distribution
at 0.1 fs is scaled by a factor of four for better visualization. At
2.5 ps the thermal distribution superimposes with the equilibrium

distribution £ (gray line).

thermalization time 7,;”. At the same time, the excited hot elec-
tron gas dissipates its thermal energy to the phonon system in
the cooling time ..

To distinguish between the simultaneously proceeding
thermalization and cooling processes, we introduce the
quasilogarithmic representation Cblqli'lm =—In(( fﬁ(y‘m)’1 -1
of the symmetric distribution as in Ref. [10]. This function
connects a thermal Fermi-Dirac distribution linearly to the
electron energy €, with slope proportional to the inverse elec-
tron temperature 7,”'. The solid lines in Fig. 3(a) illustrate
our numerical result for different times after excitation with
the corresponding thermal distribution IE?I as fitted Fermi-
Dirac distribution (dashed lines). Their increasing slope over
time consequently describes the cooling of the electron gas,
whereas the decreasing deviation of the symmetric distribu-
tion from the thermal distribution describes thermalization
(shaded areas). The complete relaxation of the electron gas
from a hot distribution shortly after the excitation back to the
equilibrium proceeds on times longer than 2.5 ps.

For a more quantitative discussion of the time scales of (i)
orientational relaxation and (ii) thermalization and cooling,
we connect the microscopic distributions in Eqs. (3) and (4)
to observables.

(i) Orientational relaxation. To discuss the orientational
relaxation time and to connect it to the Drude model, we study
the macroscopic current density

. 2e -
i0=-3 ; Vifor b @) )
defined via the electron velocity vy = %%ka From symmetry

considerations follows that the current density is carried ex-
clusively by the nonsymmetric distribution £/ [46]. This
allows us to determine the effective orientational relaxation
time 7,, directly from the temporal decay of the current den-
sity, Eq. (5), shown in Fig. 4 (yellow line and inset). In the
regime of linear excitations with E/100 (darkest line in the
inset), the decay time corresponds to o, = 19.7 fs.

This orientational relaxation time 7, iS obtained from the
electron-phonon scattering in Eq. (1) as follows: Expanding
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FIG. 4. The current density j decays exponentially within the
orientational relaxation time 7. On longer time scales, the non-
thermal energy density |u"""| and effective temperature (7,) track
thermalization and cooling. The inset shows the decay of the current
density for different excitation strengths from E;/100 (dark) to Ey
(bright).

the electron distribution fi(r) = £ + fi” ™ (¢) up to first
order perturbation in the linearly polarized light field, we
derive the relaxation time approximation

BRI Olor = <R () = ). (©)

In this way, in the regime of linear optical excitation, the
microscopic orientational relaxation rate

4

" 2
N = FoTen qZG |g§} n(hwg)n(—hwg)hiog

lq + G| cos(<tk, q + G)
k

d(€kt+q+G — €x t+ fiwog)
@)

represents a generalized, microscopic Bloch-Griineisen for-
mula for the metal resistivity. Note that the directional
property of orientational relaxation is included in <k, q + G
denoting the angle between k and q + G.

Clearly, these microscopic quantities, Egs. (6) and (7), are
connected with the macroscopic Drude model: The coarse-
grained approach for the current density, Eq. (5), applied to
Eq. (6) yields

. 26 T -S T .
9:J()lor = v Z)/lf Vicfe V() = = (B e d (O
k

Here, we introduce a macroscopic, momentum averaged
orientational relaxation rate ;! for the current decay by av-
eraging " over the most relevant scattering processes close
to the Fermi surface (FS) such that 7 ! (Vier )Fs. A comparison
with the classical Drude equation of motion [47,48]

8,J(1) = —7 " §(1) + e0@?Eo(0),  with 7" = (1)

reveals that the phenomenologically introduced Drude relax-
ation rate 7, ! corresponds to the macroscopical orientational
relaxation rate r(;l. Moreover, the identification of 7,, = 7p
allows a comparison with experimental studies of the optical
dielectric function of gold. Here, Drude relaxation times be-
tween 9 fs and 26 fs for excitations below the optical band
gap [49-53] are obtained. Ab initio studies based on a relax-
ation time approximation compute values between 24.0 fs and

1.241402-4
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26.3 fs [30,32]. Both are in agreement with our results in the
linear regime.

Beyond linear excitation, our full numerical results in
Fig. 4 predict a decrease of the orientational relaxation time
for excitation with nonlinear field strength Ey to 7, = 17.1 fs
(brightest line in the inset).

This implies a reduction of the orientational relaxation time
for nonlinear excitations, when the acceleration energy €, is
at least in the same order as the thermal broadening kpTcq
and the electron gas becomes strongly momentum polarized.
However, a simplified relaxation time approximation as in
Eqg. (7) is not possible in the regime of nonlinear excitations
as they lead to significant perturbations of the equilibrium
distribution. The consequences of the nonlinearity in orien-
tational relaxation on the optical properties of thin gold films
are systematically discussed in Ref. [27].

(ii) Energy relaxation. In the regime of linear excitations,
the energy transfer by the light field to the electron gas is
negligible (e, < kpTeq) and a discussion of thermalization
and cooling is unnecessary. In the nonlinear regime, energy
relaxation occurs for nonthermal and thermal electrons via
energetic redistribution and dissipation, respectively.

To access the dynamics of nonthermal electrons, we define
the nonthermal energy density [10]

[e.¢]
U () = % fo dkk* e (fio)" (0) — i @)
The thermal distribution is addressed by a Fermi-Dirac func-
tion

1
ex % +1
where the effective temperature (7;) and the chemical poten-
tial (u1) are defined by the slope of the function ®" at the
Fermi level (cf. Fig. 3). The relative fitting error of (7,) de-
picted in Fig. 4 is less than 0.36%. The error is largest shortly
after excitation, when orientational relaxation and thermaliza-
tion are in progress, and drops to almost zero at longer times
of several hundred fs.

As shown in Fig. 4, thermalization analyzed in terms of
the nonthermal energy density, reveals a complex relaxation
dynamics on a time up to 77 ~ 2.0 ps. The observation of the
backflow of nonthermal energy |u""™| between 0.1 ps and
0.8 ps has already been reported for electron-phonon scat-
tering [40,54,55] as well as electron-electron scattering [7].

fi® =

Thermalization, described by electron-phonon interaction, is
in agreement with observations in Refs. [10,11].

Simultaneous to thermalization, the electron gas dissipates
thermal energy to the phonon bath in a cooling time 7, = 0.8
ps (red line in Fig. 4). Since heating and cooling of the elec-
tron gas are in a microscopic picture intrinsically nonlinear
processes, the exact times depend on the strength of the light
field and increase with increasing excitation strength. Similar
cooling times in gold are provided by versatile experimen-
tal and theoretical approaches between 0.8 ps and 1.2 ps
[8,56-61].

Finally, the electron gas reaches the thermodynamic equi-
librium after about 2.5 ps, when the nonthermal distribution
is decayed completely and the temperature (T,) = T, = Tq
becomes a state function of the full electron gas [22,62].

Conclusion. We studied a momentum-resolved Boltzmann
equation for bulk gold to fill the gap between ultrafast optical
excitation providing a momentum-polarized electron gas to
its energy-resolved thermalization and cooling. During ori-
entational relaxation, the nonsymmetric electron distribution
dominates for short times less than 100 fs directly after the
excitation. For nonlinear excitations, energy relaxation pro-
ceeds via thermalization and cooling in about 2.5 ps. While
in the linear regime the orientational relaxation rate is equiv-
alent to the damping in the Drude model of approximately
20 fs, all three relaxation processes depend on the excitation
strength in the nonlinear regime. In future work, the impact
of electron-electron interaction, which is expected to be minor
for orientational relaxation [63], has to be examined to achieve
a complete picture of ultrafast electron relaxation in noble
metals. In addition, as shown in Ref. [27], a self-consistent
treatment of Maxwell’s equations is necessary to describe the
dephasing of optical and plasmonic excitations in spatially
finite nanostructures. All in all, we believe that extending
the momentum-resolved theory on more advanced systems
could reveal new insights into the dephasing of plasmonic
excitations [64,65].
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