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One of the central goals in the emergent field of altermagnetism is the unambiguous experimental identification
and characterization of altermagnetic order across a variety of compounds. This motivates exploring tools that
can clearly distinguish altermagnets from antiferromagnets, based on symmetry signatures, and offer access to
the dominant orbital character (e.g., d-wave versus g-wave) of the magnetic order parameter. In this work, we
theoretically explore the potential of noise magnetometry for this task, studying contributions from both magnons
and itinerant electrons in different regimes and scenarios. While altermagnetism and antiferromagnetism also
lead to different noise spectra for magnons, we find the most striking and symmetry-sensitive signatures in
the charge fluctuations of itinerant altermagnets. Both for the homogeneous bulk case and in the presence of
strain and/or around domain walls, we identify noise contributions that are only permitted by symmetry in the
altermagnet and, thus, provide a unique signature of altermagnetism. Furthermore, the angular dependence of
noise around domain walls also offers access to the orbital character of the altermagnet. On a more technical
note, we discuss the role and relevance of lattice effects related to the dipole tensor. We hope that our work
will help pave the way toward the clear experimental identification of altermagnetism across a wide range of
candidate materials.

DOI: 10.1103/n78v-py2j

I. INTRODUCTION

While noise is typically regarded as a complication for
quantum computation that has to be suppressed, the sensitivity
of qubits to noise can also be seen as an opportunity to probe
other systems via noise spectroscopy [1–4]. Common plat-
forms for such noise measurements are Nitrogen vacancies
in diamonds (NV centers) [5–8] and superconducting qubits
[9]. Using Pauli matrices σ = (σx, σy, σz )T to describe the
two-level system of the qubit, its bare Hamiltonian reads as
Hq = ωqn̂q · σ/2, where the unit vector n̂q is the qubit quan-
tization axis and ωq the qubit frequency.

In the spatial proximity of another system, charge and/or
spin fluctuations in it lead to a time-dependent magnetic
field B(t ) at the qubit position, described by the additional
contribution Hq−m = μBσ · B(t ) to the qubit Hamiltonian,
which induces both relaxation and dephasing. This has been
explored—both theoretically and experimentally—as a means
to probe a variety of interesting many-body phenomena, such
as quantum magnetism [10–19] and its phase transitions [20],
broken time-reversal symmetry [21], superconducting phases
[22–25], 1D channels [26], Dirac fermions [27], and corre-
lated 2D metals [28].
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The key information about the noise is encoded in the
magnetic noise tensor defined as the correlator

Nab(ω) = 1

2

∫
dteiωt 〈{Ba(t ), Bb(0)}〉. (1)

Using Fermi’s golden rule (see, e.g., Ref. [26]), one can
relate the relaxation rate of the qubit to the transverse com-
ponents (perpendicular to n̂q) of the noise tensor at the qubit
frequency ωq, i.e., 1/T1 ∝ N⊥(ωq). The dephasing rate, in
contrast, is proportional to the longitudinal noise component
1/T2 ∝ N‖(ωDD) at the relevant frequency ωDD defined by the
chosen dynamical decoupling protocol [3,29–32].

Given the success of noise spectroscopy in analyzing mag-
netic systems, we here study the expected signatures for
altermagnets (AMs), an emerging class of magnetic orders
[33–38]. These phases are characterized by a vanishing net
magnetization (as opposed to ferromagnets), which is pro-
tected to be zero not as a result of translations, like in
antiferromagnets (AFMs), but due to a combination of time-
reversal and a point-group operation such as rotations.

To this end, we here consider models on the checkerboard
lattice, Fig. 1(a), which will allow us to stabilize both alter-
magnetic and antiferromagnetic phases, depending on model
parameters, and thus to contrast them directly. These mini-
mal models capture the magnetic order of the M2O planes
(M = transition metal, e.g., Mn) in a growing family of
layered transition-metal oxychalcogenides [39–42], whose
magnetic M sites form a checkerboard lattice (a Lieb lattice
once the O sites are included). We will first focus on the
contributions to the noise coming from the fluctuations of
the magnetic order parameter, which we will model using a
Heisenberg spin model.
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FIG. 1. (a) Schematic checkerboard lattice and its couplings
in the insulating (Heisenberg model) and metallic (tight-binding)
regime. In the insulating regime, magnonic excitations generate a
fluctuating magnetic field B(t ), while in the conducting regime,
current fluctuations cause these magnetic oscillations. The magnetic
noise, in turn, is detected as shown in (b). The fluctuating magnetic
field couples to the qubit and introduces noise into the coherence
factor ϕ(t ). This noise, in turn, is detected as a decoherence rate 1/T2.
Alternatively, one can start the qubit in the state |1〉 and see the effect
of magnetic noise in the relaxation rate 1/T1.

The spins S j on the sites j of the checkerboard lattice
generate a magnetic field

B = μ0μB

4π

∑
j

[
S j

r3
j

− 3(S j · r j )r j

r5
j

]
, (2)

in Hq−m due to the dipole-dipole interactions between the
qubit and the spins. In Eq. (2), r j = (x j, y j, d ) is the vector
connecting the spin at lattice site j and the qubit at a distance
d above the sample; see Fig. 1(b) for a schematic illustration.
Due to magnonic excitations above the long-range ordered
ground state, these spins oscillate and produce magnetic fluc-
tuations. As such, the noise will probe the magnon modes,
which differ in AFMs and AMs as a result of their distinct
symmetries. In particular, a well established fact is that AMs
have split magnon bands [43–45], which are degenerate in the
antiferromagnetic limit.

We focus on the regime where the magnon spectra are
only partially gapped, due to an applied external magnetic
field, and one band remains gapless. This means that the mag-
netic noise is dominated by single-magnon processes rather
than two-magnon scattering and other higher processes. The
contrasting “diffusive regime,” where the spectrum is fully
gapped (i.e., the probe frequency lies inside the magnon gap
due to an easy-axis term) and single-magnon processes do not
contribute to the noise spectra, was studied in [46].

While charge-carrying electronic excitations can be ne-
glected in insulating AMs, such that magnons provide the key
contributions to the noise spectrum, this is not necessarily
the case in the metallic regime. In fact, one of the central
properties of altermagnetic order is the resultant nontrivial
splitting of the electronic bands and Fermi surfaces. As such,
it is naturally expected to lead to nontrivial consequences
for the noise arising from charge fluctuations. To study this,
we investigate an electronic tight-binding model on the same
checkerboard lattice, Fig. 1(a), with nearest- and next-nearest
neighbor hoppings. Now, charge fluctuations generating cur-
rents J j (t ) are the noise source, and the magnetic field at the

qubit position can be computed from the Biot-Savart law,

B = μ0

4π

∑
j

J j × r j

r3
j

. (3)

More specifically, we look into how time-reversal symmetry
breaking paired with other perturbations can give contrasting
noise signatures for AFMs and AMs. This contrast, building
on the approach of De et al. [21], emerges in the relaxation
rate difference between antialigned qubits δ� = 1/T1(ẑ) −
1/T1(−ẑ). In the presence of strain or domain walls, only AMs
show a finite δ�, while AFMs do not produce any signal.

The remainder of the paper is organized as follows. In the
first part, Sec. II, we will focus on insulating systems such
that only fluctuations of the magnetic order parameter need to
be taken into account. Specifically, in Sec. II A, we present the
spin model that we study in this work and discuss the resulting
magnons. The computation of the resultant magnetic noise
tensor can be found in Sec. II B, and Sec. II C discusses the re-
sults for the relaxation rates. For concreteness, we restrict the
presentation of explicit results to 1/T2, i.e., the longitudinal
noise N‖, in the main text; the behavior of 1/T1 is shown in the
Appendix. Then we generalize to itinerant systems in Sec. III.
After defining the model we use (Sec. III A), we discuss the
noise components induced by strain and around domain walls
in Secs. III B and III C, respectively. A symmetry analysis
can be found in Sec. III D. Our findings are summarized in
Sec. IV and multiple Appendixes provide further details on
the methodology, additional data, and symmetry arguments.

II. INSULATING ALTERMAGNETS

A. Model and magnons

To describe altermagnetism and contrast it with antiferro-
magnetism in a minimal setting, we use a Heisenberg model
on the checkerboard lattice, with Hamiltonian

H = J1

∑
〈i, j〉

Si · S j + J2

∑
〈〈i, j〉〉

Si · S j −
∑

i

h · Si. (4)

The sum over 〈i, j〉 includes nearest neighbors (connecting
different sublattices), and the sum over 〈〈i, j〉〉 corresponds
to the second nearest neighbors (connecting sites in the same
sublattice) indicated as black dashed lines in Fig. 1(a). We
consider the distance between sites of the same sublattice to
be a = 1. In addition, we take the Zeeman field h = h ẑ to be
uniform and pointing out-of-plane. Notably, this model has
been studied in the context of planar pyrochlore [47–53] and
layered titanates [54]. More recently, it has been used (as we
do here) as a minimal model for altermagnets [45,46,55–59].

We parametrize the coupling constants as J1 = η2 and J2 =
−(1 − η2) for 0 � η � 1, so that |J1| + |J2| = 1 and, conse-
quently, the width of the magnon bands is independent of η.
This will capture three different scenarios: when η = 1 (i.e.,
J1 = 1, J2 = 0), we effectively obtain a 2D (square-lattice)
antiferromagnet with nearest neighbor exchange couplings;
when η = 0 (i.e., J1 = 0, J2 = −1), the system decouples into
1D (chains in the x and y directions) ferromagnets; finally, if
0 < η < 1, we have an altermagnet since, when both J1 and
J2 are finite, the two sublattices in Fig. 1(a) are not related
by translation but, instead, by a rotation. As the ferromagnetic
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chain limit is rather artificial and not of interest to us here,
we exclude this case, i.e., focus on η �= 0. In fact, we will
only consider η � 1/

√
2, to keep |J1| � |J2|. We note that

the Zeeman field h also affects these orders by canting them
out of the plane; the details of this effect will be discussed
further on.

As we are interested in the noise due to spin fluctuations,
we consider the linear spin wave theory (LSWT) regime and
calculate the magnon spectra of our model. To obtain these
magnons, we first perform a Holstein-Primakoff transforma-
tion [60]. This can be done [61] by first rewriting the spin
operators using a local basis as Si = miS‖ + S⊥

i , where mi

is the direction of the local magnetization, S‖ and S⊥
i are

the spin components parallel and perpendicular to mi, respec-
tively. The perpendicular spin components are parameterized
as S⊥

i =∑ν=± es
i Sν

i , with e±
i = 1

2 (e1,i ∓ ie2,i ). Here, the unit
vectors e1,i and e2,i, together with mi, locally form a right-
handed coordinate system in the sense that mi = (e1,i × e2,i ).

Now we use the Holstein-Primakoff transformation Ŝ‖
i =

S − b̂†
i b̂i and Ŝ+

i = (Ŝ−
i )† 
 √

2S b̂i, where b̂i are bosonic

annihilation operators. We plug these expressions into Eq. (4)
(for the detailed calculation, see Appendix A) and find the
direction of mi by minimizing the classical energy. Writing
mi = 
ix̂ cos θm + ẑ sin θm with 
i = ±1 for different sublat-
tices, this yields

θm =
{

arcsin
(

h
8J1S

)
, |h| � 8J1S,

π
2 , |h| > 8J1S.

(5)

Here we see explicitly the canting effect that the Zeeman
field has, i.e., it tilts the compensated (in-plane) local mag-
netization out of the plane and generates an uncompensated
component mi · ẑ = sin θm.

Within LSWT the spin-model Hamiltonian in Eq. (4) is
approximated by a quadratic bosonic theory, H → H, which
can be compactly written in momentum (k) space and in
matrix form. We label operators b̂a from different sublattices
with the lower index a = 1, 2, and use the Bogoliubov basis
ψ̂k = [b̂1,k b̂2,k b̂†

1,−k b̂†
2,−k]T , so H/S = 1

2

∑
k ψ̂

†
k hk ψ̂k,

hk =

⎛⎜⎜⎜⎜⎝
4J1 cos 2θm + Ax −C sin2 θm 0 C cos2 θm

−C sin2 θm 4J1 cos 2θm + Ay C cos2 θm 0

0 C cos2 θm 4J1 cos 2θm + Ax −C sin2 θm

C cos2 θm 0 −C sin2 θm 4J1 cos 2θm + Ay

⎞⎟⎟⎟⎟⎠+ h

S
sin θmI. (6)

For clarity in the expression, we suppressed the k depen-
dence of the terms on the right-hand side and defined the
momentum-dependent factors Ai = 2J2(cos ki − 1) and C =
4J1 cos (kx/2) cos (ky/2). We note that, without the Zeeman
field, one could simplify the Hamiltonian to effectively
become 2 × 2 (akin to a superconductor with or without spin-
orbit coupling) making it straightforward to diagonalize it
analytically, c.f. [46,52]. However, in the “full” problem, there
are no compact analytical expressions available. Hence, we
diagonalize our quadratic bosonic Hamiltonian numerically
through the Colpa method [62,63]. We give a concise sum-
mary of this method in Appendix B.

In Fig. 2, we can see the magnon modes for the antifer-
romagnetic (a) and altermagnetic (b) cases. The two phases

FIG. 2. (a) Antiferromagnetic (η = 1, i.e., J1 = 1, J2 = 0) and
(b) altermagnetic (η = 1/

√
2, i.e., J1 = 0.5, J2 = −0.5) magnon

dispersion for the model in Eq. (4). The Zeeman field is h = 0.5 for
both cases.

share some features for small momentum, e.g., the linear
Goldstone mode around � and the gapped mode due to
the Zeeman field. The substantial difference is seen closer
to the edge of the Brillouin zone (around the X point), where
the two magnonic modes are degenerate for the AFM, while
for the AM they are split; similar to the spin splitting of the
electronic bands, this is a characteristic feature of magnons in
altermagnets [44,64].

Another fact that these AM materials and models have is
the pair of Van Hove singularities pinned at the edge of the
Brillouin zone. As we will see in more detail in the next
section, this feature can be important for noise spectroscopy,
since this method is not momentum-resolved and primarily
sensitive to the DOS.

B. Computation of noise tensor

Now, we need to relate the spin waves from our Hamil-
tonian model to the magnetic noise sensed through the qubit
dephasing (decoherence) or relaxation. For concreteness, we
focus on the dephasing rate; however, a similar derivation
follows for the relaxation rate, see Appendix C. Let us start
with the qubit quantization axis nq along the z direction,
i.e., nq = (0, 0, 1)T , such that the associated rate is 1/T2 ∝
Nzz with magnetic noise tensor components Nab defined in
Eq. (1). We can rotate this axis to an arbitrary direction nq =
(sin θ sin φ,− sin θ cos φ, cos θ )T , see Fig. 1(b), by a pair of
rotations through the z and x axes Rtot = Rz(φ)Rx(θ ), such as
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N → RT
tot N Rtot. The relevant component becomes

Nzz
Rtot−→Nzz cos2 θ + sin(2θ ) sin φ Nxz

+ sin2 θ (Nyy cos2 φ + Nxx sin2 φ). (7)

Each of these tensor components can, in turn, be written as
functions of the spin-spin correlators, by inserting Eq. (2) into
Eq. (1). For conciseness, we here write down explicitly only
Nzz and leave the detailed calculation for Appendix C,

Nzz = 1

2
coth

ω

2T

(
μ0μB

4π

)2

×
∫

d2k e−2kd k2

(
Czz + Cxx + Cyy

2

)
, (8)

where T is the temperature and

Ci j (k, ω) =
∑
a,a′

Im

[
i
∫ ∞

0
dteiωt

〈[
Si

a(k, t ), S j
a′ (−k, 0)

]〉]
.

(9)

A well-known property of the expression (8), which also
applies to the other components of the magnetic noise tensor,
is the presence of a momentum filter e−2kd k2 that peaks at k ∼
1/d while suppressing other values. One can picture this filter
as the spatial averaging out of noise from short wavelength
(k � 1/d) modes while long wavelength magnons (k � 1/d)
are nearly uniform over the sensor scale and therefore gener-
ate little noise.

We also note that to calculate these spin-spin correlators,
we need the spin operators in the laboratory frame, which read
in terms of our Holstein-Primakoff bosons as

Sx
a(k) 
 
a

(√
2S sin θm

b̂a,k + b̂†
a,−k

2
+ cos θm(S − b̂†

a,kb̂a,k)

)
,

Sy
a(k) 
 i 
a

√
2S

b̂a,k − b̂†
a,−k

2
,

Sz
a(k) 
 −
a

√
2S cos θm

b̂a,k + b̂†
a,−k

2
+ sin θm(S − b̂†

a,kb̂a,k),

(10)

where a = 1, 2 again labels the two sublattices. We
use the diagonalizing (Bogoliubov) transformation to
rewrite our bosonic operators, i.e., ψ̂k = Tk�̂k, with
�̂k = (γ̂+,k, γ̂−,k, γ̂

†
+,−k, γ̂

†
−,−k)T , which also allows to

conveniently state their form in the Heisenberg picture,
γ̂±,k(t ) = e−iω±,kt γ̂±,k(0), where ω±,k are the associated
magnon-band energies. The transformation Tk can be chosen
to have all its entries being real numbers and we write

Tk =
(U (k) V (k)

V (k) U (k)

)
, (11)

where U and V are 2 × 2 matrices. Denoting their components
by ui j = [U (k)]i j and vi j = [V (k)]i j , the spin-spin correlators
become

Cxx = S

2
sin2 θm [δ(ω − ω+,k)(u11 − u12 + v11 − v21)2

+ δ(ω − ω−,k)(u12 − u22 + v12 − v22)2],

Cyy = S

2
[δ(ω − ω+,k)(u11 − u12 − v11 + v21)2

+ δ(ω − ω−,k)(u12 − u22 − v12 + v22)2],

Czz = S

2
cos2 θm [δ(ω − ω+,k)(u11 − u12 + v11 − v21)2

+ δ(ω − ω−,k)(u12 − u22 + v12 − v22)2], (12)

where we suppressed the k dependence of the coherence fac-
tors ui j and vi j on the right-hand side for notational simplicity.
We note that these expressions are proportional to the spectral
density of each band. This feature will give us qualitative
differences between the AM and the AFM cases. We further
note that the noise is dominated (in leading order) by single
magnon processes due to our (1/S) expansion. Hence, there
is no contribution from the two-point correlator terms propor-
tional to

∑
q δ(±ωk+q ± ωk − ω)(nk±q ± nk).

C. Results

In the expressions of Eq. (12), we can see that the spin-
spin correlators Ci j (k, ω) are all proportional to δ(ω − ω±,k).
Hence, the relevant components of N , which involve integrals
of Ci j (k, ω) over k, are crucially determined by the density of
states of the magnon bands ω±,k. This fact will be the cause of
the main qualitative difference in the noise spectrum between
AFMs and AMs to be discussed next.

Recall from Fig. 2(a) that the antiferromagnetic magnon
spectrum has a Van-Hove singularity only at the highest en-
ergy (ω±,k = 4 in our dimensionless units) and pinned to the
edges of the Brillouin zone. On the other hand, the altermag-
netic magnon bands are split and therefore exhibit Van-Hove
singularities at two different energies. For our specific model
and choice of parameters (η2 = 1/2) used in the numerics, the
second Van-Hove energy is at half of the bandwidth (ω±,k = 2
in our dimensionless units) and also pinned at the edge of the
Brillouin zone.

This difference in the density of states is directly reflected
in the decoherence rate 1/T2 when our probe qubit is very
close to the sample, as shown in Fig. 3. We can see that for
both AFM and AM, the frequency ω dependence of 1/T2 is
crucially determined by the DOS (dashed curves) behavior for
d < a (here we forego our convention of a = 1 for clarity in
the scales involved). Consequently, for an AFM, 1/T2(ω) has a
single peak in its decoherence (and also relaxation) profiles as
one scans ω, while altermagnetism leads to two peaks. Since
the magnon splitting in AM is a general feature, i.e., present
beyond LSWT, we expect this result to be valid even when
taking into account corrections beyond LSWT. We note that
measuring T2 (as opposed to T1) allows us to scan ω by using
different dynamic decoupling protocols [3,29–32] (frequency
filters), e.g., the Hahn spin echo [65].

Of course, the premise is that one can place the probe
close enough to the sample and reach high frequencies. Un-
fortunately, this leads to practical issues that arise with this
method of distinguishing an AFM and an AM. If one places
the qubit farther and farther away from the magnetic sample,
the different signatures of AFMs and AMs fade away. This
problem comes from the term e−2kd k2 in the noise expression
Eq. (8). As mentioned before, it acts as a momentum filter,
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FIG. 3. Parallel noise N‖ of a qubit probe aligned in-plane (θ =
π/2, φ = 0) for the (a) antiferromagnetic (η = 1) and (b) altermag-
netic (η = 1/

√
2) cases. The black dashed line is the density of states

(DOS, right axis). The rate curves are plotted for different distances
(shade of blue) and they are shifted and rescaled for clarity. The insets
show ω < h = 0.5. Here T = 1.

favoring momenta with k ∼ 1/d . This filter makes the effects
that come from the edges of the Brillouin zone effectively
invisible for distances d � a. Hence, the distinction between
having one and two VHS in our model cannot be probed with
qubits at distances larger than the lattice scale. We note that
this issue will become less severe in systems with Van-Hove
singularities away from the edges of the Brillouin zone and,
thus, at smaller momenta. Another possibility of resolving
such complications lies in exploring systems where the lattice
spacing a is large enough, e.g., moiré altermagnets [66,67], so
that d ∼ a becomes feasible.

Note that, in the regime where d � a, the filter form is not
precisely e−2|k|d k2 since the Fourier transform of the magnetic
dipole, Eq. (2), needs to be performed on the lattice and the
geometry of the sublattice needs to be taken into account. The
noise expression for this situation is discussed in Appendix C
but we emphasize that this is taken into account in all of our
noise plots. A drastic contrast to the continuum limit can be
seen in the insets of Fig. 3. For small d (darker curves), we
find finite noise at ω = 0, while larger d (lighter curves) has
vanishing noise as a consequence of the momentum filtering.

We also note that for AFMs and AMs, the modes at the
edge of the Brillouin zone typically have frequencies on the
order of THz [43–45], which is currently beyond what can
be probed with available qubits and dynamic decoupling. As

FIG. 4. Angular dependence of parallel noise N‖(ω) ∝ 1/T2.
The qubit axis lies in the sample’s plane (θ = π/2) and we vary the
azimuthal angle (φ). In (a), we use d = 1, while in (b), we use d = 2.
For larger distances (d � a), we note that the noise tends to become
isotropic, while for shorter distances (d ∼ a), N‖(ω) is suppressed
when the qubit is aligned with the magnetic order (φ = 90◦, 270◦).
In (c) we show that the relative anisotropy δN‖ decays as d increases,
eventually showing the continuum limit, where the noise is isotropic.
For all plots, we use T = 1, ω = 0.25, and h = 0.5.

such, systems with smaller magnonic bandwidth are more
naturally probed with noise spectroscopy, given the current
status of the field. In a moiré system, this issue might be
resolved due to the rescaling of effective interactions.

Apart from the density of states coming from the factors
δ(ω − ω±,k), one could expect that the Bogoliubov coeffi-
cients ui j (k) and vi j (k) [which are also present in the noise
expression, see Eq. (12)] would generate further differences
in noise profiles for the AFM and AM. However, we do not
observe a qualitative difference between the two phases that
is clearly rooted in these coherence factors. We can ascribe
this lack of difference to the qubit “feeling” the noise isotrop-
ically. Mathematically, this fact emerges in the form of the
momentum integral over the whole Brillouin zone in Eq. (8),
which averages over all directions in momentum space.

If one calculates the relaxation rate 1/T1, which is sensi-
tive to the transverse noise N⊥, qualitatively similar behavior
follows. We can also rotate the qubit in any direction and
obtain similar results. For instance, as one can see in Fig. 4(a),
there is more noise when the qubit is perpendicular to the
direction of the magnetic order (in our case, the xz plane,
i.e., φ = 0 or π in the angular plot) for short distances. As
discussed previously, in this situation the sublattice infor-
mation is still “retained” and we cannot use a continuum
Fourier transform for the dipolar field Eq. (2). In contrast, for
Fig. 4(b), N‖(ω) shows an almost isotropic angular profile. As
we further increase the distance of the qubit, we approach the
regime where the continuum Fourier transform is valid and
the noise is fully isotropic. We can explicitly see that by look-
ing at the relative anisotropy δN‖ = |N‖(φ = 0◦) − N‖(φ =
90◦)|/|N‖(φ = 0◦) + N‖(φ = 90◦)| shown in Fig. 4(c).
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Hence, the qubit alignment can make the noise stronger but
does not provide extra qualitative features that could serve
as a smoking gun signature of the difference between AFM
and AM. Of course, for a given model, like we study here,
there are quantitative differences between the two phases as
is clearly visible in Fig. 4. As such, comparison of noise mea-
surements with computations for specific models appropriate
to a given altermagnetic candidate compound can indeed pro-
vide useful information about the underlying magnetic order.

III. NOISE FROM ITINERANT ELECTRONS

Having scrutinized the noise contributions from the mag-
netic order parameter in insulating AMs, we next generalize
to itinerant systems. Here, the additional noise contributions
from the gapless electronic excitations need to be taken into
account. This is the focus of this section.

A. Model

To describe itinerant electrons, we replace the Heisenberg
model with an electronic tight-binding model on the checker-
board lattice in Fig. 1(a). Instead of only spin degrees of
freedom, electrons, as described by the creation operators
c†

i,σ , σ =↑,↓, can now occupy the different sites i = (R, a),
labeled by the Bravais lattice points R and the sublattice
index a = 1, 2. We include nearest-neighbor hopping (with
amplitude t1) along the solid diagonal bonds in Fig. 1(a) as
well as next-nearest-neighbor hopping; the associated ampli-
tudes are given by t2 + δt2 and t2 − δt2 along the green and
black dashed bonds, respectively. In the limit δt2 → 0, the
checkerboard lattice becomes a square lattice with nearest-
and next-nearest-neighbor hopping. To add antisymmetric
spin-orbit coupling, we impose the C4v point-group symme-
tries and restrict ourselves to nearest-neighbor processes, such
that spin-orbit coupling is described by a single parameter αR.

Introducing the associated momentum-space operators
c†

k,a,σ
, the Hamiltonian can be written as Hit = H0 + Hm,

where H0 =∑k c†
kh0,kck with the 4 × 4 Bloch-Hamiltonian

in sublattice (τ j) and spin space (s j),

h0,k = (τ0εk + τxtx,k + τztz,k)s0 + (gx,ksx + gy,ksy)τx. (13)

Here, εk = −2t2[cos kx + cos ky] − μ is the sublattice-
independent part of the dispersion, tz,k = −2δt2[cos kx −
cos ky] the sublattice antisymmetric part, and tx,k =
4t1 cos kx

2 cos ky

2 couples the two sublattices. The two contri-

butions gx,k = 2αR cos kx
2 sin ky

2 and gy,k = −2αR cos ky

2 sin kx
2

lock the spin and spatial degrees of freedom. The
term describing long-range magnetism is given by
Hm = J

∑
R c†

RsτzcR · n̂(R), where the unit vector n̂(R)
defines the local orientation of the staggered magnetization.
As expected, h0,k commutes with τx for δt2 = 0, which
corresponds to the presence of a translational symmetry
relating the red and blue sublattices in Fig. 1(a).

Let us first focus on spatially uniform magnetism, n̂(R) =
êz. If the strength J of the altermagnetic order parameter is
large enough, there is a gap between the two lower and the
two upper bands. For chemical potentials within the energetic
range of, say, the lower pair of bands, we obtain the two Fermi

FIG. 5. (a) Berry curvature for the AM. The solid and dashed
lines show the corresponding Fermi surfaces. (b) Imaginary part of
the Hall conductance as a function of axial strain (see text). Here, we
used the Poisson ratio ν = 0.25. (c) Spatial profile of the (normal-
ized) effective potential due to a domain wall. (d) Imaginary part of
the Hall conductance at different positions (angles) of the domain
wall for a qubit at kF d = 100. We used kFW = 10 and R/W =
25. In all plots, we considered μ = 0.3, δt2 = 0.3, αR = 0.02, and
ωq = 10−4. Note that the relevant contribution to the decoherence
difference δ� comes from momenta q with |q| = 1/2d .

surfaces shown in Fig. 5(a), which are split as a result of
the altermagnetic order parameter and spin-orbit coupling. To
understand the origin better, we can project the Bloch Hamil-
tonian h0,k + Jτzsz onto the lower eigenspace of Jτzsz, where
spin and sublattice are anticorrelated, τzsz = −1. Denoting the
effective Pauli matrices describing this spin-sublattice locked
2 × 2 subspace by σ j , the resulting effective two-band model
reads as

heff,k = σ0
k2

2m
− δt2σz

(
k2

x − k2
y

)+ αR(kyσx − kxσy), (14)

where we have already performed a gradient expansion—only
keeping terms up to leading order in momentum in each
term—and set (2m)−1 = t2. The continuum approximation
will be essential for our discussion of spatially varying alter-
magnetic textures in Sec. III C below. Equation (14) makes the
altermagnetic spin splitting manifest in the Hamiltonian and
the fact that a finite hopping imbalance δt2 �= 0 is essential
for this effect; it vanishes for δt2 = 0 since the two sublattices
are related by translation in this limit and the magnetic order
reduces back to antiferromagnetism.

Similar to many of the features in the noise of Sec. II re-
lated to magnons, we also expect that there will be quantitative
differences in the noise spectrum when comparing AM and
AFM on the level of Eq. (14). We, however, focus here on
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more striking symmetry signatures that, if observed, would
allow us to uniquely distinguish between AMs and AFMs.

Although it is not directly the Berry curvature �(k) that
will play the central role, we can still use it to illustrate the key
symmetry argument, as �(k) provides a way of quantifying
the degree (and sign) of broken time-reversal symmetry in the
orbital channel at momentum point k. We obtain �(k) = 0
for the AFM limit δt2 = 0; meanwhile, the Berry curvature
is nonzero for the AM as is also shown in Fig. 5(a). It still
averages to zero,

∑
k �(k) = 0, as a result of C4z rotational

symmetry combined with time reversal � = iσyK (K is com-
plex conjugation), making it not directly visible in isotropic
local probes like NV noise spectroscopy. However, when
perturbing the system in a way that breaks C4z, the crucial
difference between AM and AFM will become visible, as we
discuss next.

B. Strain

The first type of such rotational-symmetry-breaking per-
turbation we will consider is strain, which may either be
applied uniformly and intentionally in experiment (see, e.g.,
Refs. [68,69] in the context of AM candidate materials) or be
naturally present locally in different regions of the sample. Fo-
cusing on uniaxial strain, the associated (2 × 2) strain tensor
E = RT

ϕ diag(−ε, νε)Rϕ , with Rϕ denoting the orthogonal ma-
trix rotating two-component vectors by an angle ϕ, depends on
two independent parameters—the strength ε and direction ϕ;
the Poisson ratio ν, in turn, is a material-dependent constant.

On the level of the model in Eq. (14), we incorporate the
effect of strain by bond stretching. We picture the original
lattice model, Eq. (13), being distorted along the x axis (ϕ = 0
above) such that the lattice constants become direction de-
pendent. Hence the couplings t2, δt2, αR become anisotropic,
too; for instance, t2k2 → t2[(1 + ε)k2

x + (1 − νε)k2
y ]. The re-

maining couplings transform in the same fashion. This clearly
breaks the C4z� and the reflection symmetry σd along the
diagonal. As such, there is no symmetry anymore forcing the
angular average of �(k) to vanish.

To probe this symmetry reduction, which we just illustrated
using �(k) as an example, in the noise spectrum, we follow
Ref. [21] and compare T1(n̂q = ẑ) with T1(−ẑ). Note that

1

T1(n̂q)
∝ Ñxx(ωq) + Ñyy(ωq) + Im[Ñxy(ωq) − Ñyx(ωq)],

(15)

where Ñ = Rn̂qNRT
n̂q

is the rotated noise tensor, with Rn̂q

rotating ẑ onto the qubit quantization axis n̂q. As such,
the difference δ� = T −1

1 (ẑ) − T −1
1 (−ẑ) is proportional to

Im[Nxy(ωq) − Nyx(ωq)]. As time-reversal � acts as complex
conjugation on N (see Appendix E), δ� �= 0 implies that �

is broken as well as C4z� and σd . Adding strain to Eq. (14),
all of these symmetries are broken. However, in the AFM
limit, we still obtain � combined with a lattice translation as
a symmetry, which implies δ� → 0 (at least for d � a).

To demonstrate this, we explicitly compute δ� with noise
coming from the current fluctuations coupling to the qubit
through Eq. (3). As expected from being proportional to
Im[Nxy(ωq) − Nyx(ωq)], it is related to the Hall conductivity

σH of the system; as shown explicitly in Ref. [21], it holds

δ� 
 μ2
0ωq coth βω/2

16π2

∫
dq qe−2qd

∫
dϕ Im[σH(q, ωq)],

(16)

where q = q(cos ϕ, sin ϕ)T = qêϕ . We here neglected the
momentum dependence of the screening, as this does not
crucially alter our results, and focused on the limit (d � a)
where no sublattice resolution needs to be taken into account
in the Fourier transform. For an effectively noninteracting
model, like in Eq. (14), we can compute the Hall conductivity
as σH = 1

2 (σxy − σyx ) and

σi j (q, ωq) = ie2

h̄(ω + iη)

1

(2π )2

∫
d2k

×
∑
n,m

f
(
Ek

n

)− f
(
Ek+q

m
)

Ek
n − Ek+q

m + h̄ωq + ih̄η

× [vi(k, q)]nm [v j (k, q)]∗nm, (17)

where [vα (k, q)]nm = 〈nk|Vα (k, q) |m, k+q〉 with the veloc-
ity operator, Vα (k, q) = ( ∂heff,k

∂kα
|k + ∂heff,k

∂kα
|k+q)/2, and f (E ) is

the Fermi-Dirac distribution. In our numerical evaluation of
the expression in Eq. (17), we will use a small broadening η.

As already mentioned above, the factor qe−2qd in Eq. (16)
is peaked at q = 1

2d , so that δ� is primarily determined

by 〈Im[σH( 1
2d , ωq)]〉 := ∫ dϕ

2π
Im[σH( êϕ

2d , ωq)]. As before in
Sec. II, this alludes to small momenta with respect to the
Brillouin zone for realistic distances d . However, we are now
probing the behavior of electrons, and q is the momentum
transfer relative to their Fermi surface, which is generically
at sizable momenta and, thus, sensitive to the altermagnetic
symmetry reduction. Indeed, by computing σH from the model
in Eq. (14), with the result shown in Fig. 5(b), we can clearly
see how local strain ε can induce such an asymmetry, already
in the limit d � a. As is clear by symmetry (translations com-
bined with �), this effect is not present in AFMs, as we have
also checked explicitly within our model. We note that the
values for kF d are chosen in our numerics so d corresponds to
values in the 10–100 nm range, for kF 
 √

μ = 5 nm−1.
Note that the symmetry considerations that allow us to

connect time-reversal symmetry breaking to the imaginary
part of cross terms in the noise tensor are general and do not
depend on the type of system studied. In particular, they also
apply to the magnons studied in Sec. II. However, we note that
δ� quickly vanishes as a function of distance d/a within our
Holstein-Primakoff approach. Only for d � a, where the dif-
ference between the lattice and continuum Fourier-transform
of the dipole tensor matters, δ� can be probed. But this would
require bringing the NV qubit very close to the sample sur-
face. We detail these aspects in Appendix C 3.

C. Domain walls

Another class of perturbations that reduce the symmetries
locally and will allow us to distinguish between AMs and
AFMs are domain walls in the order parameter n̂(r). They
are ubiquitous and important in magnets (including AMs

264411-7



LUCAS V. PUPIM AND MATHIAS S. SCHEURER PHYSICAL REVIEW B 114, 264411 (2026)

[70–76]), and their impact on the electronic properties of AMs
was recently studied in [76] in a related two-sublattice model.

To leading (zeroth) order in 1/J and focusing on coplanar
textures n̂(r), the impact of spatially varying magnetic order
parameters is described by the additional terms,

�heff = 1

2m
tr[g(r)]σ0 − δt2tr[ηg(r)]σz (18)

to the effective two-band Hamiltonian in Eq. (14). Here
gi j (r) = ∂in̂ · ∂ j n̂/4 encodes the spatial variation of the tex-
ture and can be thought of as the quantum metric of the
associated spin-1/2, two-level system. Furthermore, η =
diag(1,−1) is the metric tensor of the d-wave AM considered,
since k2

x − k2
y = kT ηk.

While the first of the two terms in Eq. (18) simply renor-
malizes the chemical potential and, hence, does not affect the
symmetries of the system, the second one can be thought of as
an emergent local Zeeman field. For a circular domain wall,
it inherits the d-wave nature of the AM, as can be seen in
Fig. 5(c). Since this effect vanishes in the AFM limit, δtz → 0,
it is a hallmark of the AM, as pointed out in Ref. [76]. Here,
we show that this not only leads to signatures in the local
magnetization but also in the noise.

First, notice that the additional term ∝ σz breaks both C4z�

and σd and should thus induce finite δ�. This is indeed the
case, as can be seen in our results presented in Fig. 5(d),
where we show the angular dependence at a fixed distance
from the domain wall. We can further see that the sign of
δ� follows the d-wave nature of tr[ηg(r)] coming from the
k2

x − k2
y dependence of the projected altermagnetic order pa-

rameter. Since a g-wave AM will also give rise to a g-wave
pattern in tr[ηg(r)] along a domain wall [76] and due to the
locality of Eq. (18), δ� will exhibit a g-wave behavior too.
This shows that the noise spectrum along a domain wall not
only differs qualitatively between AMs and AFMs but also
provides access to the dominant orbital nature of the AM.

Apart from �heff in Eq. (18), there is a second modification
in the Hamiltonian that has already been taken into account in
Fig. 5(d). To understand its origin and form, let us first recall
how �heff arises. We obtain �heff by rotating the effective
Hamiltonian in Eq. (14) into the co-rotating reference frame
[76–78], i.e., U †(r)n(r) · σU (r) = σz. Since we start with a
Hamiltonian with spin-orbit coupling, the orientations in spin
space and real space are locked. Consequently, we distin-
guish between Bloch-like and Néel-like domain walls. For the
former, a natural choice would be U = exp(i φ(r)

2 (σx cos α +
σy sin α)), where φ(r) interpolates between 0 and π and α

is the (direction) polar angle. In this case, n(r) rotates per-
pendicular to the domain wall. For a Néel-like domain wall,
the order rotates parallel to the domain wall, corresponding
to U = exp(i φ(r)

2 (−σx sin α + σy cos α)). We here neglect the
noncoplanarity of the resulting texture (no derivative with
respect to α entering g), which makes sense in the limit of
small curvature of the domain wall (in our case, R → ∞). In
this limit, one can think of α also simply as the orientation of
a straight domain wall with respect to the lattice/altermagnetic
order parameter. An important consequence is that U †∇U is
entirely off-diagonal in spin space and, thus, vanishes when
projected to the low-energy subspace with fixed τzsz. As such,

the emergent gauge fields [76–78] (and not only the associated
orbital magnetic field) vanish for these specific choices of U .

However, in addition to the emergent Zeeman field in
Eq. (18), the rotation U (r) also transforms the spin-orbit cou-
pling in Eq. (14) according to σx,y → σ̃ j (r), where

σ̃ j (r) =
∑
j′=x,y

σ j′ tr[U
†(r)σ jU (r)σ j′ ]/2, (19)

see Appendix D. The consequences of the modifications to
the spin-orbit coupling term can be seen especially right at
the domain wall (δr = 0). There, we find the largest effective
potential �heff. However, we also have φ(R) = π/2, and the
n̂ is in the plane of the system. This implies that the spin-orbit
coupling term becomes α(n̂⊥ · k)(σ · n̂), where n̂⊥ = ẑ × n̂.
Consequently, the Bloch vector is confined to a plane (spanned
by n̂ and ẑ) across all momenta, which gives a vanishing Berry
curvature. Therefore, right at the wall, when the effective
potential is the largest, we have σH = 0. This results in a sign
change of the δ� through the domain wall (at fixed angle
α), i.e., when increasing r from r < R to r > R, which is
also visible in Fig. 5(d). This shows that the noise through
δ� is expected to display a qualitatively different signature
than Vz, which is a consequence of the fact that the former
is determined by both the emergent Zeeman field Vz and the
(renormalized) spin-orbit coupling.

D. Symmetry considerations

Hitherto, we mainly discussed the difference in the re-
laxation rate of antialigned qubits with nq = ±ẑ. Similarly
to what we presented in Sec. II B, and more specifically in
Fig. 4, one can investigate the more general dependence of
the relaxation and decoherence rates on the qubit orientation
n̂q for itinerant electrons as well. As we have seen with δ�

as a concrete example above, the finite size of Fermi surfaces
makes the noise related to the itinerant electrons generically
susceptible to any symmetry reduction in the system. We
therefore discuss additional features of these quantities based
on general symmetry arguments.

The two equations that define the symmetry constraints for
the noise tensor are

N (�) = RT (g)N (�)R(g),

N (�) = RT (g)N T (�)R(g). (20)

In the first equation, R(g) is the appropriate pseudo-vector
representation of the point-group symmetry g. In the second
equation, the consequence of a magnetic symmetry is con-
sidered, i.e., g� with time-reversal �. A detailed discussion
regarding these equations can be found in Appendix E.

Now, we can take into account the appropriate symmetries
for an AFM and an AM. For concreteness, let us assume the
magnetic order is along the ŷ direction, that spin-orbit cou-
pling is present, and that a magnetic field B is applied along
the ẑ direction. Then a square-lattice AFM has the magnetic
mirror symmetry σy� and C2z, while an AM only has σy�. We
emphasize that all symmetries here are understood as spinful
transformations, where not only the lattice coordinates but
also the spins are transformed accordingly. In the first case,
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this implies that

NAFM =

⎛⎜⎝ Nxx N B
xy 0

−N B
xy Nyy 0

0 0 Nzz

⎞⎟⎠, (21)

where the off-diagonal term is purely imaginary and only
present when B �= 0, as indicated by the superscript. More
precisely, we use the notation that all components with (with-
out) superscript B are odd (even) in B. This behavior follows
from the presence of the symmetry given by translation com-
bined with � and B → −B in the AFM. Importantly, this
symmetry (just like C2z) is broken in the AM. More terms are
possible and one finds

NAM =

⎛⎜⎝ Nxx N B
xy Nxz

−N B
xy Nyy N B

yz

−Nxz N B
yz Nzz

⎞⎟⎠. (22)

Similarly to the AFM, N B
xy and Nxz are purely imaginary.

The remaining off-diagonal term, N B
yz, is real. Note that, in

principle, these statements are also true for the calculations
in Sec. II; however, the dipolar magnetic field and the magnon
spectra within our leading-order Holstein-Primakoff approach
impose further constraints and affect the angular dependence
of the noise.

Using the form of the noise tensor in Eqs. (21) and (22),
one can readily derive the general form of 1/T1,2(nq), see
Appendix E. First, we find that δ� = 0 if B = 0 for both
AFM and AM; just like in our analysis above, additional
perturbations are needed to contrast the two types of orders
(we also see that applying B would not help since then δ� �= 0
for both). However, we notice the presence of the antisym-
metric components Nxz in the AM, which are absent for the
AFM. This term can be probed in the noise, e.g., from the
rotated asymmetry term δ̃� = T −1

1 (ŷ) − T −1
1 (−ŷ): one finds

δ̃� ∝ Nxz �= 0 for the AM (even at B = 0) while δ̃� = 0 for
the AFM. But we emphasize that Nxz also enters for other
generic directions of nq. Most importantly, this shows that
the noise also allows access to unique symmetry signatures
of AM even without additional perturbations (like the strain
or domain walls discussed above).

Finally, we point out that there are also unique signatures
of AMs in T2. As follows from Eqs. (21) and (22), 1/T2(nq)
has a B-linear contribution (for generic nq) only in the AM,
which is related to the N B

yz term and is thus absent for the
AFM. This is also the only term (and thus only nonvanishing
in the AM) leading to differences in 1/T2(nq) for φ and φ + π

[cf. parametrization in Sec. II B].

IV. CONCLUSION

In this work, we explored the potential of noise magne-
tometry, e.g., as implemented via NV centers, to probe and
characterize altermagnets. We have calculated and compared
the magnetic noise spectrum of an antiferromagnet and al-
termagnet, realized in the two-sublattice model illustrated in
Fig. 1(a). We considered both the fluctuations in the magnetic
order parameter (magnons) as well as the charge fluctuations
of itinerant electrons in the bands that are reconstructed by the
magnet.

We first focused on the fluctuations related to magnons,
which are the central contribution for insulating systems.
We employed a Heisenberg model and studied the regime
with gapless magnons, i.e., when the noise is dominated by
single-magnon processes. We identified quantitative differ-
ences between altermagnets and antiferromagnets in the noise
spectrum. While in principle key features of the magnon
bandstructure—the splitting of the bands in the altermagnetic
case—can also be seen in the noise spectrum, it requires
access to large energy ranges and the qubit being very close
to the sample. We note that this regime might be accessible in
moiré systems [66,67], where the effective energy scales and
lattice constants are reduced. We discussed the relevance of
taking into account lattice effects in the Fourier transform of
the dipolar interaction kernel in this regime.

In the second part, we studied the additional contribution
of charge fluctuations relevant to itinerant altermagnets, which
we captured starting from a tight-binding model. This is a par-
ticularly important contribution since the nontrivial impact of
the magnetic order parameter on the itinerant charge carriers
is the central feature of altermagnets and the Fermi surface
is typically at sizable momenta, making the noise spectra
generically susceptible to altermagnetic symmetries. To il-
lustrate this, we computed [1/T1(ẑ) − 1/T1(−ẑ)] ∝ σH (ωq) in
the presence of distortions that lift the rotational symmetry
C4z and the mirror symmetry σd . We studied uniaxial strain
and domain walls as such symmetry-breaking distortions;
this allows a finite σH only for the altermagnet, while an-
tiferromagnets show no finite response, thereby giving us a
qualitative difference between the two phases. What is more,
the angular dependence of the noise around domain walls fur-
ther contains information about the dominant orbital character
of the altermagnet. We showed by a symmetry analysis that
there are also contributions in the noise spectrum that distin-
guish altermagnets from antiferromagnets without additional
perturbations, such as T −1

1 (ŷ) − T −1
1 (−ŷ) (assuming in-plane

magnetic order).
Overall, our work shows that noise magnetometry can

provide crucial insights into altermagnetism, in particular in
the itinerant case. It further leads to many natural follow-up
questions, such as the impact not only of static strain but also
of fluctuations in it [79,80]. It would also be interesting to
generalize our symmetry analysis and model calculations to
altermagnetic and unconventional magnets on other Bravais
lattices, and take into account the emergent spin-orbit cou-
pling in inhomogeneous altermagnets [76,78].
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APPENDIX A: HOLSTEIN-PRIMAKOFF
TRANSFORMATION IN THE LOCAL BASIS

As mentioned in the main text, we parametrize Si =
miS‖ + S⊥

i , with mi · S⊥
i = 0, and rewrite the Heisenberg

Hamiltonian as

H = J1

∑
〈i, j〉

[(mi · m j )S
‖
i S‖

j + S⊥
i · S⊥

j ]

+ J2

∑
〈〈i, j〉〉

[(mi · m j )S
‖
i S‖

j + S⊥
i · S⊥

j ]

−
∑

i

h · mi S‖ + O(1/S0). (A1)

Within our 1/S expansion, we can neglect terms with B · S⊥
i

and S⊥
i · S‖

j . Now, we use the Holstein-Primoakoff transforma-
tion in the local basis (e1,i, e2,i, mi ) (also defined in the main
text and see [61]) and obtain the “classical” contribution to the
Hamiltonian

Hcl = J1S2
∑
〈i, j〉

mi · m j + J2S2
∑
〈〈i, j〉〉

mi · m j − S
∑

i

h · mi

= 1Ecl[{mi}], (A2)

and the O(S) correction, which is quadratic in the bosonic
operators and reads as

H/S = J1

∑
〈i, j〉

[−mi · m j (ni + n j ) + 2(e+
i · e+

j )bib j

+ 2(e+
i · e−

j )bib
†
j + 2(e−

i · e+
j )b†

i b j + 2(e−
i · e−

j )b†
i b†

j]

+ J2

∑
〈〈i, j〉〉

[−mi · m j (ni + n j ) + 2(e+
i · e+

j )bib j

+ 2(e+
i · e−

j )bib
†
j + 2(e−

i · e+
j )b†

i b j + 2(e−
i · e−

j )b†
i b†

j]

+
∑

i

h · mi ni, (A3)

where we introduced ni = b†
i bi.

For our choice of parameters (h = hẑ; J1 > 0 dominating
the energetic preference of J2), Ecl[{mi}] is minimized by a
magnetization of the form mi = 
i cos θ x̂ + sin θ ẑ with 
 =
±1 depending on the sublattice. The classical part becomes

Hcl = NS (−h sin θ − J1S cos 2θ + J2S). (A4)

The minimum is reached for

θm =
{

arcsin
(

h
8J1S

)
, |h| � 8J1S,

π
2 , |h| > 8J1S.

(A5)

We can now write down the explicit local basis

e1,i = 
i sin θm x̂ − cos θm ẑ;

e2,i = 
i ŷ;

mi = 
i cos θm x̂ + sin θmẑ. (A6)

The dot products in H are

e±
i · e±

j =
{

0, if i, j are in the same sublattice,
cos2 θm

2 if i, j are in different sublattice,

e±
i · e∓

j =
{

1
2 , if i, j are in the same sublattice,

− sin2 θm if i, j are in different sublattice,

mi · m j =
{

1, if i, j are in the same sublattice,

− cos 2θm if i, j are in different sublattice.

(A7)

Hence the Hamiltonian is

H/S = J1

∑
〈i, j〉

[cos 2θm (ni + n j ) − sin2 θm (bib
†
j + b†

i b j )

+ cos2 θm (b†
i b†

j + bib j )]

+ J2

∑
〈〈i, j〉〉

[−(ni + n j ) + bib
†
j + b†

i b j]

+
∑

i

h

S
sin θm ni. (A8)

Now, if we use the Nambu basis defined in the main text, we
obtain directly the matrix form in Eq. (6).

APPENDIX B: COLPA METHOD

Within the linear spin wave approximation, we want to
numerically obtain the Bogoliubov coefficients and spec-
trum. However, they are too complicated to be written in a
reasonable analytical form. Hence, we need to numerically
diagonalize hk from (6), a task that is not as straightforward as
it is with fermions due to the bosonic commutation relations.

A common way to proceed is through the Colpa method
[62]. The first step is to define the metric of our system
� = diag(1, 1,−1,−1). Now we write down our Hamilto-
nian as h = K†K (suppressing the momentum dependence
in the following). This form is always possible, given that h
is positive definite. For our case, at k = 0, we always have
a Goldstone mode with zero energy; hence, we can add a
small diagonal shift, e.g., ε ∼ 10−5, that makes the problem
numerically stable.

The next step is to obtain K , which is done through a
Cholesky decomposition. Then we solve the eigenproblem
K�K† and obtain the unitary transformation U to the diagonal
basis, i.e., the transformation is such that L = U †K�K†U is
diagonal. The eigenvalues of this problem are not the physical
energies; instead, E = �L gives the correct energies (it trans-
forms the negative energy bands into positive). Furthermore,
the eigenvectors of the physical problem are the columns of

T = K−1UE1/2. (B1)

It is straightforward to check that T �T † = �, such that
the transformation safeguards the bosonic commutation re-
lations, while simultaneously diagonalizing the Hamiltonian,
T †hT = E .
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The transformation matrix T follows the symmetries of a
Bogoliubov transformation by definition and can be written as

T =
(U V
V U

)
, (B2)

with the gauge choice where all the entries are real, which is
possible because hk is real.

APPENDIX C: NOISE TENSOR EXPRESSIONS

We start with our expressions for the magnetic noise tensor
in real space and the magnetic field expression for a set of
dipoles

Nαβ (ω) = 1

2

∫
dteiωt 〈{Bα (t ), Bβ (0)}〉 (C1)

and

B = μ0μB

4π

∑
j

[
S j

r3
j

− 3(S j · r j )r j

r5
j

]
. (C2)

As stated in the main text r j = (x j, y j, d ) corresponds to the
distance between the spin in the (x j, y j, 0) position and the
qubit at (0, 0, d ). We first use the dissipation-fluctuation result
〈{, }〉T → − coth ω

2T θ (t ) Im〈−i[, ]〉. We also note that we can
rewrite the magnetic field in Eq. (C2) in terms of the dipole

tensor

Bα = μ0μB

4π

∑
η

∑
j

∑
γ

Dαγ (r j + η) Sγ

η, j,

Dαγ (r j ) = δαγ

r3
j

− 3rα
j rγ

j

r5
j

= −∂α∂γ

(
1√

ρ2 + z2

)∣∣∣∣
z=d

, (C3)

where ρ is the norm of the in-plane position vector ρ =
(x, y)T . The index η labels the two different sub-lattices, it
also indicates the precise spin position r j + η, with η = x̂/2
or ŷ/2.

Now we can write the expectation value with a commutator

〈[Bα (t ), Bβ (0)]〉 =
(

μ0μB

4π

)2∑
η,ξ

∑
i, j

∑
γ δ

Dαγ (ri + η)

× Dβδ (r j + ξ)
〈[

Sγ
η,i(t ), Sδ

ξ, j (0)
]〉
, (C4)

and rewrite the spin operators in momentum space Sγ

η,i =
1√
N

∑
k e−ik·(ρi+η)Sγ

η,k. We note that the spins “live” in the
plane so transform ρi instead of ri. Now the expectation
value is

〈[Bα (t ), Bβ (0)]〉 =
(

μ0μB

4π

)2 1

N

∑
η,ξ

∑
k,k′

∑
γ δ

[∑
i

Dαγ (ri + η)e−ik·(ρi+η)

]

×
[∑

j

Dβδ (r j + ξ)e−ik′·(ρ j+ξ)

]〈[
Sγ

η,k(t ), Sδ
ξ,k′ (0)

]〉
, (C5)

For d � a a small-k expansion suffices (we discuss the case d � a later on). Then the expressions in-between square brackets
become just the 2D Fourier transform Dαγ (k) = F{Dαγ (ri )}(k) of the dipole tensor and we can compactly write

〈[Bα (t ), Bβ (0)]〉 =
(

μ0μB

4π

)2∑
η,ξ

∑
k,k′

∑
γ δ

Dαγ (k)Dβδ (k′)
〈[

Sγ

k,η
(t ), Sδ

k′,ξ (0)
]〉
. (C6)

Dαγ (k) ∼

⎧⎪⎪⎨⎪⎪⎩
2π
k e−kd kαkγ , α, γ ∈ {x, y},
i 2π e−kd kα, α ∈ {x, y}, γ = z or α = z, γ ∈ {x, y},
−2π k e−kd , α = γ = z.

(C7)

We note that within this expansion, the dependence on the
sublattices is compensated by a variable shift in the contin-
uum Fourier transformation and therefore it does not appear
explicitly in the dipole expression.

Now we take into account the translational invariance
of our system (momentum conservation), 〈[Sγ

k (t ), Sδ
k′ (0)]〉 ∝

δk,−k′ , and go to the thermodynamic limit which allows us to
replace 1

N

∑
k → 1

(2π )2

∫
d2k,

〈[Bα (t ), Bβ (0)]〉 =
(

μ0μB

4π

)2∑
η,ξ

∑
γ δ

∫
d2k Dαγ

× (k)Dβδ (−k)
〈[

Sγ

k,η
(t ), Sδ

−k,ξ (0)
]〉
. (C8)

Hence, the noise tensor is

Nαβ (ω) = 1

2
coth

ω

2T

(
μ0μB

4π

)2

×
∑
γ δ

∫
d2k

(2π )2
Dαγ (k)Dβδ (−k) Cγ δ (k, ω), (C9)

with

Cγ δ (k, ω) = −
∑
η,ξ

Im

(
−i
∫ ∞

0
dteiωt

〈[
Sγ

k,η
(t ), Sδ

−k,ξ (0)
]〉)

.

(C10)
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1. Decoherence rate

For the decoherence rate (1/T2), the important noise com-
ponent is the one parallel to the qubit quantization axis. If
we start with the quantization axis being along ẑ, that means
the Nzz component. If we now do an arbitrary rotation Rtot =
Rx(φ)Rz(θ ), it transforms as

Nzz
Rtot−→Nzz cos2 θ + sin(2θ ) sin φ Nxz

+ sin2 θ (Nyy cos2 φ + Nxx sin2 φ). (C11)

Here, we already omitted the components that do not con-
tribute for the following reason. For example, the term (Nxy +
Nyx ) sin2 θ sin 2φ is technically part of our expression. How-
ever, this term is

Nxy = 1

2
coth

ω

2T

(
μ0μB

4π

)2∑
γ δ

∫
dteiωt

∫
d2k e−2kd

× (kxky)2

k2

(〈[
Sx

k(t ), Sy
−k(0)

]〉+ 〈[Sy
k(t ), Sx

−k

]〉)
, (C12)

and upon inserting our spin representations (with the lin-
earized Holstein-Primakoff transformation)〈[

Sx
k(t ), Sy

−k(0)
]〉

=
∑
a,a′

i sin θm

〈[
bk,a(t ) + b†

−k,a(t )

2
,

b−k,a′ (0) − b†
k,a′ (0)

2

]〉
,

(C13)

and the respective Bogoliubov coefficients, one can con-
clude that 〈[Sx

k(t ), Sy
−k(0)]〉 = −〈[Sy

k(t ), Sx
−k(0)]〉 and there-

fore Nxy = 0 in the continuum Fourier transform approxima-
tion. For the lattice version (relevant when d � a does not
hold), discussed later on in this Appendix, Nxy is not zero
due to the different dipole tensor components in its respective
expressions. However Nxy is purely imaginary and, due to the
relation Ni j = N ∗

ji, the relevant term (Nxy + Nyx ) for 1/T2 is
always zero. The same argument is true for the other cross
component with Nyz, i.e., (Nyz + Nzy) is also zero.

Now, for concreteness, let us calculate explicitly Nzz. From
all the combinations Dzγ Dzδ〈[Sγ

k (t ), Sδ
−k(0)]〉, only when γ =

δ is nontrivial. This happens because the spin-spin correlator
is even in k. Hence, if the remaining terms are an odd function
in k, that component vanishes under the k integration. There-
fore, we end up with

Nzz = 1

2
coth

ω

2T

(
μ0μB

4π

)2 ∫
d2ke−2kd k2

×
[
Czz(k, ω) + Cxx(k, ω) + Cyy(k, ω)

2

]
. (C14)

Now, if we plug the spin expressions from Eq. (10) and the
Bogoliubov coefficients from the diagonalizing transforma-
tion (Eq. (B2)), we obtain

Cxx(k, ω)

= (2S) sin2 θm
1
4 [δ(ω − ω+,k)(u11 − u12 + v11 − v21)2

+ δ(ω − ω−,k)(u12 − u22 + v12 − v22)2], (C15)

Cyy(k, ω) = (2S) 1
4 [δ(ω − ω+,k)(u11 − u12 − v11 + v21)2

+ δ(ω − ω−,k)(u12 − u22 − v12 + v22)2],

(C16)

Czz(k, ω)

= (2S) 1
4 cos2 θm[δ(ω − ω+,k)(u11 − u12 + v11 − v21)2

+ δ(ω − ω−,k)(u12 − u22 + v12 − v22)2]. (C17)

In this last step we used the time evolution of the eigenmodes
(ω+,k and ω−,k) of our Hamiltonian.

For the rotated expression, the off-diagonal term Nxz also
appears and reads as

Nxz ∝ − (2S)
∫

d2k (2π )2e−2kd k2
x sin 2θm

× 1
4 [δ(ω − ω+,k)(u11 − u12 + v11 − v21)2

+ δ(ω − ω−,k)(u12 − u22 + v12 − v22)2]. (C18)

2. Lattice Fourier transformation of the dipole tensor

In the scenario where d � a does not hold and in particular
for d � a, the approximation that we made previously by in-
terpreting terms as [

∑
i Dαγ (ri + η)e−ik·(ρi+η)] as a continuum

Fourier transform of D(r), is not valid. For these cases, the
sublattice information does not collapse and we need to keep
it explicit.

For clarity, let us define

Dαγ (k, η) = 1√
N

∑
i

Dαγ (ri + η)e−ik·(ρi+η), (C19)

and

Cηξ

γ δ (k, ω) = −Im

(
−i
∫ ∞

0
dteiωt

〈[
Sγ

η,k(t ), Sδ
ξ,−k(0)

]〉)
.

(C20)

Hence, in direct analogy to what we derived before (for d �
a), we have

Nzz = 1

2
coth

ω

2T

(
μ0μB

4π

)2 ∫
d2k

×
∑
η,ξ

∑
γ ,δ

[
Dzγ (k, η)Dzδ (−k, ξ)Cηξ

γ δ (k, ω)
]
, (C21)

since the same symmetry constraints hold, we can write

Nzz = 1

2
coth

ω

2T

(
μ0μB

4π

)2 ∫
d2k

∑
η,ξ

[
Dzx(k, η)Dzx

× (−k, ξ)Cηξ
xx (k, ω) + Dzy(k, η)Dzy(−k, ξ)Cηξ

yy (k, ω)

+ Dzz(k, η)Dzz(−k, ξ)Cηξ
zz (k, ω)

]
, (C22)
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and

C11
xx (k, ω) = (2S) sin2 θm

1
4 [(u11 + v11)2δ(ω − ω+,k) + (u12 + v12)2 δ(ω − ω−,k)],

C12
xx (k, ω) + C21

xx (k, ω) = − (2S) sin2 θm
2
4 [(u11 + v11)(u21 + v21) δ(ω − ω+,k)

+ (u12 + v12)(u22 + v22) δ(ω − ω−,k)],

C22
xx (k, ω) = (2S) sin2 θm

1
4 [(u21 + v21)2 δ(ω − ω+,k) + (u22 + v22)2 δ(ω − ω−,k)]. (C23)

For the remaining correlators, one finds similar expressions.

3. Relaxation rate

Similarly to the decoherence rate, we can relate the relax-
ation rate to a noise component. In this case, the transversal
noise is the relevant one, e.g., for the qubit quantization axis
along ẑ we have 1/T1 ∝ N−+ with these components be-
ing defined as (±) = x̂ ± iŷ, i.e., as written out explicitly in
Eq. (E8) below. If we now rotate into an arbitrary direction
through Rtot = Rx(φ)Rz(θ ), we obtain

N−+
Rtot−→N−+ + sin2 θ (Nzz − Nxx sin2 φ − Nyy cos2 φ)

+ 2i[Nxy(cos θ − 1) + Nyz sin θ sin φ]

− Nxz sin 2θ sin φ. (C24)

Here, we already omitted the vanishing terms proportional to
(Nxy + Nyx ), (Nxz − Nzx ) and (Nyz + Nzy), which are zero
due to Nxy, Nyz, and Nxz being purely imaginary and real,
respectively.

The biggest difference with respect to the parallel noise N‖
is the presence of the fully imaginary Nxy and Nyz. We remark,
once more, that for the continuum approximation of Dαγ (k),
they are zero. Therefore, for d � a, they vanish. However,
d � a, as shown before, requires the use of Dαγ (k, η). In this
case, we obtain

Nxy = 1

2
coth

ω

2T

(
μ0μB

4π

)2 ∫
d2k

∑
η,ξ

[Dxx(k, η)Dyy(−k, ξ)

− Dxy(k, η)Dyx(−k, ξ)]Cηξ
xy , (C25)

and a similar expression for Nyz. Note that we used the fact
that Cηξ

xy = −Cηξ
yx .

Finally, to connect to our approach for the itinerant
electrons in the main text, we can calculate δ�φ,θ =
1/T1(φ, θ ) − 1/T1(φ + π, π − θ ), e.g., δ� = δ�φ,0 =
1/T1(ẑ) − 1/T1(−ẑ),

δ�(φ, θ ) = 4iNxy cos θ + 4iNyz sin θ sin φ. (C26)

In Fig. 6, we can see that, for small distances, both AM and
AFM show a finite values of δ�. We have further verified that
for vanishing Zeeman field h = 0, δ� = 0 always, as expected
by symmetry: for the AM, C2z� leads to the vanishing of
δ� while the reflection symmetry σv does for the AFM, as
is easily shown from Eqs. (E5) and (E6).

APPENDIX D: TRANSFORMATION
OF SPIN-ORBIT COUPLING

Almost all of the terms we use for the effective semiclassi-
cal Hamiltonian around the domain wall have been derived in

Ref. [76]. The only exception is the effect of the slowly vary-
ing texture on the spin-orbit coupling term ∝ αR in Eq. (14).
To discuss this, we first note that the unitary transformations
used in this work obey

A := iU †∇U ∝ sx, sy, i.e., P−AP− = 0, (D1)

where P± = 1
2 (1 ∓ szτz ) projects onto the low- or high-energy

subspace. This is the reason why there are no emergent gauge
fields for the first two terms in Eq. (14). Intuitively, this is
connected with the fact that the texture is effectively co-planar
in the limit R → ∞ (negligible curvature of the domain wall)
that we focus on here. As such, there is no emergent magnetic
field and a gauge exists where the associated emergent gauge
field vanishes.

With this in mind, we now consider the projection of the
rotated spin-orbit term, which is of the form (here k̂ j = −i∂ j

is the momentum operator)∑
j,k=x,y

α j,kP−U †τxk̂ jskUP−

= 1

2

∑
j,k=x,y

α j,kP−U †τx{k̂ j, sk}UP− (D2)

= 1

2

∑
j,k=x,y

α j,kP−τx{U †k̂ jU, s̃k}P−, s̃k = U †skU

(D3)

FIG. 6. δ� for an AM (η = 1/
√

2) and an AFM (η = 1). Here
the qubit axis is aligned along ±ẑ, ω = 0.25, h = 0.5, and T = 1.
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= 1

2

∑
j,k=x,y

α j,kP−τx{k̂ j − Aj, s̃k}P−, Aj = −U †(k̂ jU )

(D4)

= 1

2

∑
j,k=x,y

α j,kP−τx({k̂ j, s̃⊥
k } − {Aj, s̃‖

k})P−, (D5)

where we suppressed the explicit dependence on r in U and s̃k

for brevity. In the last line, we wrote s̃k = s̃‖
k + s̃⊥

k with s̃‖
k ∝ sz

and s̃⊥
k ∝ sx, sy, or explicitly

s̃⊥
k = 1

2

∑
j=x,y

s j tr[s̃ks j] = 1

2

∑
j=x,y

s j tr[U
†skUs j], (D6)

and s̃‖
k = s̃k − s̃⊥

k . We further used Eq. (D1). The latter in
turn also implies {Aj, s̃‖

k} = 0. In total and in the semiclassical
limit (see, e.g., Ref. [76]), we therefore get a spin-orbit term
of the form

αR(kyσ̃x(r) − kxσ̃y(r)),

σ̃ j (r) = 1

2

∑
j′=x,y

σ j′ tr[U
†(r)σ jU (r)σ j′], (D7)

after transformation and projection.

APPENDIX E: SYMMETRY CONSTRAINTS ON NOISE

1. General remarks

As already discussed in detail in the main text, the cen-
tral object that NV noise magnetometry is sensitive to is the
correlator

Nab(�) = 1

2

∫ ∞

−∞
dt ei�t 〈{Ba(t ), Bb(0)}〉 (E1)

of the time-dependent magnetic field B(t ) at the location of
the NV center. We begin by discussing some symmetry con-
straints on it. First, let us assume that the system is stationary.
Then

Nab(�) = 1

2

∫ ∞

−∞
dt ei�t 〈{Ba(0), Bb(−t )}〉

= 1

2

∫ ∞

−∞
dt e−i�t 〈{Bb(t ), Ba(0)}〉 = Nba(−�).

(E2)

Complex conjugation of the definition (E1) leads to N ∗
ab(�) =

Nab(−�) and, thus, the reality condition

N †(�) = N (�). (E3)

Finally, under time-reversal symmetry, it holds

Nab(�) → 1

2

∫ ∞

−∞
dt ei�t 〈{−Ba(−t ),−Bb(0)}〉

= 1

2

∫ ∞

−∞
dt e−i�t 〈{Ba(t ), Bb(0)}〉

= N ∗
ab(�) = Nba(�), (E4)

where we used Eq. (E3) in the last step; this makes the action
of time-reversal symmetry very natural as it just corresponds
to transposition akin to Onsager relations.

To understand the relation to the symmetries in the mate-
rial that is probed, we have to take into account the relation
between B(t ) and the material properties, which are coupled
through Eq. (2) or Eq. (3), depending on the type of fluc-
tuations. Let us assume that the material is invariant under
the symmetry transformation g, which is not broken (at least
approximately) by the position of the NV center (e.g., ele-
mentary lattice translations are approximately preserved for
d � a). We then have

N (�) = RT (g)N (�)R(g), (E5)

where R(g) is the appropriate pseudo-vector representation of
g. Similarly, if the system exhibits a magnetic symmetry, i.e.,
g� involving time-reversal �, we have

N (�) = RT (g)N T (�)R(g). (E6)

Denoting the qubit axis by n̂, the relaxation rates can be
obtained as follows:

1

T2(n̂)
∝
∫

d� f (�) n̂TN (�)n̂, (E7)

where f is some protocol-dependent filter function that does
not affect our symmetry analysis here. Furthermore, it holds

1

T1(n̂q)
∝ Ñxx(ωq) + Ñyy(ωq) + 2 Im[Ñxy(ωq)], (E8)

where ωq is the qubit frequency and Ñ = Rn̂NRT
n̂ with Rn̂

rotating ẑ onto n̂.
With this at hand, it is straightforward to derive the

symmetry constraints on the components of N and the re-
sulting features of the relaxation rates. For instance, we get
δ� ∝ Im[Nxy(ωq) − Nyx(ωq)] = 2Im[Nxy(ωq)] as stated in
the main text. We now have, for instance,

R(σd ) =

⎛⎜⎝ 0 −1 0

−1 0 0

0 0 −1

⎞⎟⎠,

such that σd : Nxy(ωq) → Nyx(ωq) = N ∗
xy(ωq). (E9)

Consequently, the presence of σd implies that δ� = 0. The
same holds for C4z�.

2. Expressions for the angular dependence

In analogy to what we did in Sec. II B and Appendix C,
we define the rotation Rtot = Rx(φ)Rz(θ ) and the rotated ex-
pressions for the relaxation and decoherence rates. Note that
we are using the symmetry constraints discussed in Sec. III D
for AFMs and AMs with itinerant electrons. Explicitly, the
expressions for the four combinations of T −1

1 , T −1
2 and AFM,

AM read as

T −1
2 (AFM) = sin2(θ )(Nxx sin2(φ) + Nyy cos2(φ))

+ Nzz cos2(θ ), (E10)

264411-14



NOISE SPECTROSCOPY OF INSULATING AND … PHYSICAL REVIEW B 114, 264411 (2026)

T −1
1 (AFM) = 2iN B

xy cos(θ ) + sin2(φ)(Nxx cos2(θ ) + Nyy)

+ Nxx cos2(φ) + Nyy cos2(θ ) cos2(φ)

+ Nzz sin2(θ ), (E11)

T −1
2 (AM) = − 2N B

yz sin(θ ) cos(θ ) cos(φ)

+ sin2(θ )(Nxx sin2(φ) + Nyy cos2(φ))

+ Nzz cos2(θ ), (E12)

T −1
1 (AM) = 2iN B

xy cos(θ ) + 2 sin(θ ) cos(φ)

× (N B
yz cos(θ ) + iNxz

)+ cos2(θ )(Nxx sin2(φ)

+ Nyy cos2(φ)) + Nxx cos2(φ) + Nyy sin2(φ)

+ Nzz sin2(θ ), (E13)

where N B
xy and N B

xz are purely imaginary.
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