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Chiral vortex-line liquid of three-dimensional interacting Bose systems with moat dispersion
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We formulate and investigate a quantum state, the chiral vortex-line liquid (CVLL), emerging in three-
dimensional interacting Bose systems exhibiting moat-band dispersions. Such dispersions feature extensive
degeneracy along closed manifolds in momentum space, significantly amplifying quantum fluctuations that
suppress conventional Bose-Einstein condensation. By extending the two-dimensional Chern-Simons (CS)
flux-attachment transformation to three dimensions through a combination of planar CS phases and Jordan-
Wigner fermionization along vortex lines, we construct the CVLL state, characterized by preserved rotational
SO(2) symmetry, broken time-reversal symmetry, nontrivial vortex-line excitations, and topological gapless edge
surface states. We construct the associated field theory in a curved spatial geometry and analyze the low-energy
effective theory of the CVLL state, demonstrating its topological nature. Using Monte Carlo simulations,
we numerically determine the scaling of the chemical potential of the CVLL ground state as a function of
boson density for interacting bosons in a cylindrical moat-band geometry and demonstrate that the CVLL
phase energetically outcompetes traditional condensate phases at low densities, highlighting its relevance to
experimental platforms including frustrated quantum magnets, ultracold atomic gases, excitonic systems, the
physics of rotons in 4He, and moat regimes in heavy-ion collisions.
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I. INTRODUCTION

In systems with a moat dispersion, the minimum en-
ergy does not occur at discrete points but along continuous
contours in two-dimensional (2D) [1–10] or surfaces in
three-dimensional (3D) [11–18] reciprocal space. This creates
a highly degenerate manifold of low-energy single-particle
states. Such dispersions can be engineered using spin-orbit
coupling, synthetic gauge fields, or by designing specific lat-
tice geometries and hopping integrals. The moat dispersion is
also an inherent property of rotons in 4He, a class of frustrated
quantum magnets, which emerges in heavy-ion collisions. The
degeneracy of the low-energy manifold in moat bands leads
to frustration in bosonic systems. Frustration arises because
there are infinitely many ways for the bosons to occupy
the degenerate states while minimizing the kinetic energy
in the presence of interactions. This contrasts with systems
where the energy minima occur at isolated points, leading to a
unique momentum (or a finite set of momenta) condensation.
With such extensive degeneracy, the role of the interactions
is now enhanced. This frustration prevents the system from
easily settling into an ordered state and can give rise to novel
quantum phases, such as spin liquids or supersolids, where the
condensation is absent.
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Interestingly, in systems with moat dispersions, frustration
can be relieved by fractionalization. In this context, frac-
tionalization refers to the phenomenon where, due to the
long-range entanglement, infinitely many constituent bosonic
excitations combine to yield emergent quasiparticles with
different statistics, such as fermions or anyons. The frac-
tionalization process can lower system energy by allowing
the formation of states that better accommodate frustration.
For instance, bosons in a frustrated lattice may fractionalize
into fermionic quasiparticles, which can fill the degenerate
states more efficiently due to the Pauli exclusion principle.
In this work, we will show that in three dimensions, any-
onic vortex-lines—extended objects with nontrivial braiding
statistics—can emerge, further enriching the system’s behav-
ior [19]. The emergence of fermions and anyonic strings from
bosonic systems is a profound example of how collective
excitations can exhibit statistics that differ from those of their
constituent particles.

In the context of fractionalization of excitations, the Chern-
Simons (CS) transformation arises naturally and is achieved
by attaching magnetic flux tubes to bosons, altering their
statistical behavior [20–22]. The CS gauge field mediates this
flux attachment, effectively changing the commutation rela-
tions of the particles and leading to new emergent phenomena.
In (2+1)-dimensional [(2+1)D] spacetime, the implication of
the CS theory is its ability to describe statistical transmuta-
tion and topological order, where the low-energy excitations
have fractional statistics intermediate between those of bosons
and fermions. The topological order represents a new kind
of order in quantum matter that extends beyond the conven-
tional symmetry-breaking framework. It is characterized by
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ground-state degeneracy dependent on the topology of the
underlying manifold and the presence of long-range entangle-
ment.

Extending the concept of topological order and the CS term
to four-dimensional (4D) spacetime is nontrivial because of
differences in topology and the behavior of particle statis-
tics in higher dimensions. In (3+1)-dimensional [(3+1)D]
spacetime, particles can typically avoid each other with-
out any topological obstruction, and the concept of anyonic
statistics does not directly generalize. However, topologi-
cal field theories in (3+1) dimensions can still exhibit rich
structures that support extended objects such as strings and
membranes. For example, higher-form gauge theories involve
fields that couple to these extended objects, and their dy-
namics can lead to generalized forms of topological order.
The analogs of the CS term in higher dimensions involve
topological terms such as the theta term in Yang-Mills theories
[22,23], which can have significant physical consequences.
Weyl semimetals and axion insulators [24–26] are examples
where higher-dimensional topological effects play a crucial
role, with the theta term contributing to their electromagnetic
responses. Moreover, the exploration of topological quan-
tum field theories in various dimensions aids in classifying
possible topological phases of matter and understanding the
constraints imposed by gauge invariance and anomaly cancel-
lation [27–29].

Generalizing concepts like statistical transmutation and
topological order to 4D spacetime involves overcoming sig-
nificant theoretical challenges. The absence of nontrivial braid
groups for point particles in higher dimensions necessitates
considering extended objects and higher-form symmetries.
Ensuring gauge invariance and consistency of the theory re-
quires careful construction of the action and consideration of
global anomalies. The CS theory cannot be directly defined
in (3+1) dimensions due to the antisymmetric nature of the
wedge products of the gauge field in the CS action. However,
recently, there have been new proposals for extending CS
theory to (3+1) dimensions [30–33].

One of the approaches in the literature is based on consid-
ering a semiclassical phase space that supports quasistrings in
the bulk state [32]. Such an extended object can be viewed
as an excitation in (3+1) dimensions, where the pointlike
quasiparticles reside at the endpoint of the quasistrings. This
theory is supported by defining a two-form current field
(Jμν) where a quasiparticle current (Jμ) resides at the end-
points of the quasistrings. This paper implements the main
(3+1)D BF theory where the quasistrings live on worldsheets,
and the one-form gauge potential (Aμ) is replaced by the
Kalb-Ramond gauge potential (Bμν). The second approach
is established to define (3+1)D fractonic order by stacking
infinite layers of the (2+1)D U (1) gauge field with the La-
grangian including both Maxwell and CS terms named infinite
Chern-Simons-Maxwell (iCSM) theory [30]. Here, one can
define a one-form string-like operator in the z direction as an
emergent dimension in the continuum limit. The low-energy
excitations discussed in the present work will have a simi-
lar string-like nature due to the stacking of infinite layers.
References [32,33] explore the possibility of the emergent
CS interaction in (3+1) dimensions within certain materials,
such as chiral superconductors and superconducting Weyl

semimetals. The proposed Lagrangian, containing an axion
coupled to the electromagnetic field, under some assumptions,
suggests that the theory supports independent connected lay-
ers of (2+1)D CS.

The lattice CS gauge theory [34] in condensed mat-
ter physics emerges in the moat-band lattices, such as the
honeycomb lattice with frustrating nearest and next-nearest-
neighbor XY interactions [8,9,35] or the XY model on the
Kagome lattice supporting a flat band [36–38]. Here the 2D
lattice version of the flux attachment procedure (lattice CS
transformation) allows for the exact reformulation of the frus-
trated antiferromagnetism problem to the problem of lattice
fermions interacting with the CS gauge field [8,9,35,39–43].
The fact that the fermions occupy a Chern band with a nonzero
Chern number (which for the honeycomb lattice is equivalent
to the gauged Haldane-Chern insulator [39]) translates into
the fact that the low-energy effective theory is a chiral spin-
liquid (CSL) with lattice CS gauge theory with K = 2. These
findings leverage the lattice version of the CS gauge field to
describe the topological properties of the CSL phase in flat-
band and moat-band lattices, overcoming the long-standing
challenge of defining a CS theory on a lattice. This formu-
lation of the lattice CS theory has recently been studied in
the mathematical physics context in [44–46]. Reference [44]
considers 2D lattices enriched by an electromagnetic U (1)
background. It develops a method to describe these phases
using lattice models and continuum path integral formula-
tions, revealing novel connections to (twisted) doubled U(1)
CS theory through Deligne-Beilinson cohomology. Reference
[45] offered an approach to regularizing U (1) CS theory on
a Euclidean spacetime lattice using a modified Villain frame-
work, which has the potential of supporting global features
of continuum CS theory, such as level quantization, one-form
symmetries, and the ’t Hooft anomaly directly on the lattice.
Along these lines, Ref. [46] addressed two critical challenges
in the former approach: the necessity of including a Maxwell
term for maintaining local dynamics and implementing the
U (1) gauge field in its Villain representation to preserve topo-
logical properties, including ground state degeneracy and the
chiral gravitational anomaly.

In [7–10,35,47,48], it was shown that in two dimensions
interacting Bose systems with moat-type dispersion, the moat-
induced frustration of the system leads to the formation of the
CSL phase with semion excitations. The equation of state,
namely, the scaling of the per-particle ground state energy
of such system as a function of the density of Bosons, was
shown to be ∼n2 log2(n), which at low densities is lower
than the energy of any bosonic condensate [49–52]. The
effective 1D (∼ 1/

√
ε) divergence of the density of states

(DOS) near the bottom of the moat band is seen in Rashba
spin-orbit-coupled electron systems with 2D and 3D moat
dispersions [53–55]. Another interesting study is on the moat-
like [one-dimensional (1D)-like] behavior of the DOS in a
3D topological magnet [56]. This study observes the 3D Van
Hove singularity, the divergence in DOS at critical points in
the band, in a 3D topological magnet.

The 3D moat dispersion is also studied in the con-
text of quantum criticality in a paired fermion system
with unbalanced densities [57]. It was shown that the one-
loop polarization operator at small momenta approaches a
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universal function independent of the repulsive bare interac-
tion. Rashba spin-orbit coupling also leads to the formation
of the moat dispersion for electrons. The low-energy sector of
Rashba spin-orbit coupled electron systems with interactions
in two dimensions is studied in [1,58].

Recently, several experiments have studied the many-body
physics emerging from the moat dispersion for bosons. Refer-
ence [59] presents the experimental realization of a moat-like
energy dispersion using Floquet-driven ultracold bosons in
an optical lattice, motivated by the theoretical proposal put
forward in [10]. The authors employ Floquet engineering by
periodically modulating the depth of a checkerboard optical
lattice, hybridizing the two lowest energy bands to create a
moat band. The moat-like structure is confirmed by measur-
ing a zero group velocity at a nonzero quasimomentum and
investigating how the modified dispersion affects the con-
densate’s center-of-mass trajectory. This work represents a
significant step toward achieving strongly correlated quantum
states, such as bosonic CSL, within driven optical lattices.

Reference [47] presents a significant advance in the exper-
imental realization of moat-band physics. The study focuses
on shallowly inverted InAs/GaSb quantum wells, where the
imbalanced electron and hole densities create a frustrated
excitonic system. This frustration results in the formation
of an excitonic moat band, with energy minima forming a
continuous loop in momentum space. The experiments reveal
a time-reversal symmetry breaking and the formation of the
bosonic CSL, dubbed the excitonic topological order. The
observed state remains stable across a range of density imbal-
ances and persists under strong perpendicular magnetic fields
up to 35 T.

Historically, the effect of the moat-like degeneracy for the
order parameter in Landau-Ginzburg theory was discussed in
Ref. [60], where the creation of the order parameter of a Bose
condensation on the spherical moat in three dimensions was
investigated, focusing on conditions where the order param-
eter becomes nonuniform at nonzero momenta (condensation
at discrete momenta along the moat). It is predicted that un-
der the assumption of condensation, weak interactions, and
sufficiently low energies, a uniform condensate can become
thermodynamically unstable, leading to a first-order transi-
tion towards nonuniform states, such as periodic or helical
structures. The study explores scalar and vector order pa-
rameters, showing that these transitions can occur without
third-order terms in the Landau-Ginzburg functional. These
results apply to systems such as cholesteric liquid crystals,
rare-earth metals, and magnets with large-period superstruc-
tures. The analogous study in two dimensions was performed
in Refs. [49,50,52]. However, Ref. [48] showed that in two
dimensions, Bose condensation on the moat bands is ruled
out at low densities due to the specific form of the equation of
state, where the chemical potential μ scales as n2 log2(n) at
low particle densities n → 0. This behavior makes the CSL
state energetically more favorable compared to the conven-
tional Bose condensation. Through Monte Carlo simulations,
Ref. [48], the two of us have determined the density range
where this scaling law holds, confirming that Bose condensa-
tion is suppressed in favor of the CSL state in two dimensions.

In the present work, we demonstrate a generalization of
the 2D CSL state to the 3D space, dubbed a chiral vortex-

line liquid (CVLL), and present the action formulation of the
corresponding state in (3+1)D spacetime. Analogous to the
CSL state in two dimensions, which is based on the CS flux
attachment to the fermion wave function, which leads to the
K = 2 CS theory at low energies. In three dimensions, we
construct the state using a CS flux attachment on a 2D plane
and a Jordan-Wigner transformation on a transversal vortex
line with an arbitrary shape. We show that the derived action
in (3+1)D space reproduces the Gauss law of this combined
flux attachment with Jordan-Wigner transformation as a so-
lution to the equations of motion. Furthermore, we compute
the chemical potential of the CVLL state in the case of an
infinitely long cylindrical moat band (when the dispersion has
a minimum on an infinite cylinder in 3D reciprocal space)
as a function of the particle density employing the Monte
Carlo simulations. By further increasing the precision of the
simulations in Ref. [48], we show that in the dilute limit, the
energy reproduces the equation of state, μcylinder ∼ n2 log2(n),
inherent to CSL. This result rules out the possibility of Bose
condensation in such systems at low particle densities and
suggests stabilizing the U (1) symmetric CVLL ground state.

The paper is organized as follows. Section II addresses the
physics of interacting bosons, highlighting the role of the den-
sity of states in suppressing Bose condensation. Emphasizing
physical realizations, the section analyzes the diamond lattice
structure as a prominent example, where frustration arising
from competing nearest-neighbor and next-nearest-neighbor
hopping integrals induces moat bands. Section III introduces
the CVLL state as a ground state for interacting bosons in
3D systems exhibiting moat-band dispersion. Section IV for-
mulates the topological field theory underpinning the CVLL
state. Section V develops a low-energy effective field theory
describing interacting bosons with cylindrical moat-band dis-
persion. Section VI investigates the CVLL ground state in
interacting bosonic systems with cylindrical moat dispersion.
We employ Monte Carlo simulations to quantitatively deter-
mine the chemical potential and equation of state, focusing
explicitly on the dilute limit.

The results of the present work have implications for the
physics of frustrated quantum magnets, ultracold-atom sys-
tems, roton quasiparticles in 4He, and the physics of moat
regimes in heavy-ion collisions, which are discussed in the
Outlook section.

II. THE MODEL

In the present section, we will discuss the physics of the
moat band for interacting bosons, emphasizing how the 1D-
like divergence of the density of states near the bottom of
the moat band leads to the absence of condensation. We will
particularly explore the origins of moat bands in the contexts
of frustrated quantum magnets and ultracold-atom systems.
We analyze kinetic energy dispersions for some 3D systems,
showing how these structures exhibit 1D-like behavior.

A. Moat band in three dimensions

In the 2D moat-band scenario of single-particle physics,
where the degenerate energy minimum is distributed along a
closed contour (Fig. 1), the DOS in two dimensions behaves
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FIG. 1. Moat band in two dimensions, illustrating a minimum
energy contour forming a moat at a finite wave vector k = k0. The
band structure exhibits a local minimum along the closed manifold in
momentum space, which is characteristic of systems with competing
interactions with frustration. Such a moat dispersion for interacting
bosons in two dimensions leads to forming the chiral spin (Bose)
liquid supporting the semion topological order [7–10,35,47,48].

analogously to a 1D system [1,53,61]. In lattice models, such
dispersion is observed in a frustrated 2D honeycomb lattice
[8], square lattice with π flux [62], Floquet-driven square lat-
tice [10,59], and other bipartite lattices with frustration [8,9].
The low-energy physics and ground state of the interacting
bosons in a moat band lead to the formation of the chiral spin
liquid, stabilizing a semion topological order [7–10,35,47,48].
The interesting question is whether similar physics exists in
three dimensions, where the degenerate minima would form
surfaces instead of loops.

Interestingly, the DOS still exhibits a 1D-like divergence
near the bottom of a 3D moat band. We will show that this
divergence profoundly impacts the system, suppressing Bose-
Einstein condensation. While a 3D system with a parabolic
dispersion would typically support condensation below a crit-
ical temperature, the 1D-like DOS in the moat band leads to
enhanced fluctuations that destabilize the condensate, prevent-
ing long-range order.

To explore the low-energy sector in 3D interacting bosonic
moat-band systems, we define the kinetic energy dispersions
for different manifold geometries as

KT(k) = 1

2M

[√
(|k2D| − k0)2 + k2

z − k1
]2

,

KS(k) = 1

2M

(√|k2D|2 + k2
z − k0

)2
, (1)

KC(k) = 1

2M
(|k2D| − k0)2.

Here k2D =
√

k2
x + k2

y and k = (kx, ky, kz ) are the 2D and 3D

momenta, respectively. These equations describe the kinetic
energy for toroidal (KT), spherical (KS), and cylindrical (KC)
geometries. In the torus geometry, k0 is the major radius and k1

the minor radius, with k1 ensuring zero energy on the surface
of the manifolds (Fig. 2). Regardless of the manifold, the DOS
scales as 1/

√
ε, characteristic of 1D systems, diverging as the

energy ε approaches the lowest value in all 3D moat surface
geometries. This divergence at low energies amplifies quan-
tum fluctuations that prevent the formation of a condensate.
This behavior is intuitively similar to the absence of con-

FIG. 2. Examples of 3D moat manifolds corresponding to dis-
persion relations (1). (a) Sphere topology with minimum at k = k0

and (b) Torus topology.

densation in 1D systems, where the Mermin-Wagner theorem
forbids the spontaneous breaking of continuous symmetries at
finite temperatures. The moat band transfers this 1D behav-
ior to higher-dimensional systems, suppressing condensation
through enhanced fluctuations along the degenerate minima.

B. Moat lattice in three dimensions

While the CSL state with semion topological order in 2D
moat-lattice antiferromagnets, such as the frustrated spin- 1

2
XY model on the honeycomb lattice with nearest-neighbor
and next-nearest-neighbor interactions has been reported in
previous works [8–10,35], the natural question is whether one
can have an extension of this physics in three dimensions.
The frustrated diamond lattice naturally extends these ideas,
supporting a 3D moat band. Here we will discuss the moat-
band structure in the diamond lattice, a bipartite 3D analog
of the honeycomb lattice (Fig. 3). A spin-1/2 quantum ma-
terials candidate for the diamond lattice spin-1/2 Heisenberg
antiferromagnet is the A-site spinel materials with the typical
chemical formula AB2X4, where the lattice has the next-
nearest-neighbor bond frustration [63–66]. The existence of
magnetism in such materials was experimentally observed in
previous studies [67–69]. Here we propose the realization of
the spin-1/2 XY antiferromagnet using ultracold atoms in the

FIG. 3. A fragment of the diamond lattice, illustrating the
nearest-neighbor (t1) and next-nearest-neighbor (t2) hopping param-
eters. The lattice structure is defined by the primitive lattice vectors
a1 = a

2 (0, 1, 1), a2 = a
2 (1, 1, 0), and a3 = a

2 (1, 0, 1). The diamond
lattice, composed of two interpenetrating face-centered cubic sublat-
tices, is a fundamental model with geometric frustration leading to a
3D moat dispersion in a wide parameter range.
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3D optical diamond lattice, given the correspondence between
the XY model and a system of hard-core bosons with strong
on-site repulsion.

To this end, we focus on the Hamiltonian for hard-core
interacting bosons on the diamond lattice. The lattice struc-
ture consists of two interpenetrating face-centered cubic (fcc)
sublattices displaced by the vector a/4(1, 1, 1), where a is
the diamond lattice constant. The Hamiltonian incorporates
both nearest-neighbor (NN) and next-nearest-neighbor (NNN)
antiferromagnetic exchange interactions, t1 and t2, corre-
spondingly:

Ĥ = t1

4∑
l=1

a†
i (r)b j (r + δl ) + t2

12∑
k=1

a†
i (r)a j (r + ek )

+ t2

12∑
k=1

b†
i (r)b j (r + ek ) + μn̂(r), (2)

where the summation over r representing the coordinates of
each unit cell is assumed. Vectors δl , with l = 1, . . . , 4, and
ek , with k = 1, . . . , 12, are the translation vectors between
the nearest-neighboring sites (NN) and the next-nearest-
neighboring site (NNN), respectively. Their explicit forms are
δ1 = a

4 (1, 1, 1), δ2 = a
4 (1,−1,−1), δ3 = a

4 (−1,−1, 1), and
δ4 = a

4 (−1, 1,−1) being the four translation vectors between
NNs and ei = a

2 (±1, 0,±1), ei = a
2 (±1,±1, 0), and ei =

a
2 (0,±1,±1) are the 12 translation vectors between NNNs.
The bipartite nature of the diamond lattice allows for two
annihilation operators for identical bosons, a and b, which
operate on different sublattices A and B, correspondingly.

In the t1-t2 Heisenberg antiferromagnet on the diamond
lattice, the classical frustration threshold occurs at t2

t1
= 1

8 (this
is when a degenerate spherical moat occurs in the single par-
ticle dispersion relation), while quantum fluctuations shift the
critical ratio to t2

t1
� 0.18 [65]. Motivated by the moat-band

physics in (3+1) dimensions, we propose that in the XY inter-
action limit (hard core bosons), the conventional second-order
transition at t2

t1
� 0.18 from collinear Néel order to an incom-

mensurate spiral is preempted by the emergence of a CVLL
phase for intermediate frustration ratios t2

t1
∈ (0.125, 0.18),

and that a subsequent transition at t2
t1

� 0.25 marks the onset
of spiral order from the CVLL state.

In Fourier space, the single-particle analog of Hamiltonian
(2) becomes

Ĥ =
∑

k

ψ
†
k

(
t2|F (k)| t1 f (k)

t1 f ∗(k) t2|F (k)|

)
ψk, (3)

where ψ
†
k = (a†

k, b†
k ),

f (k) = 4

(
cos

kxa

4
cos

kya

4
cos

kza

4

− i sin
kxa

4
sin

kya

4
sin

kza

4

)
, (4)

and F (k) = | f (k)|2 − 4. One can write the Hamiltonian in a
simpler form by defining

T̂k =
(

0 f (k)
f ∗(k) 0

)
. (5)

FIG. 4. Infinitely degenerate minimum equi-energy surface, the
3D moat, corresponding to the minimum of the single-particle disper-
sion relation on a 3D diamond lattice for different ratios of t2/t1. The
surface represents the continuum loci of momentum-space points
where the energy reaches its minimum, highlighting the role of the
next-nearest-neighbor hopping parameter t2 in modifying the band
structure. As t2/t1 varies, the topology and shape of the degenerate
manifold evolve, indicating the presence of frustration-driven insta-
bilities. Left panel: The moat surfaces around the � point of the
Brillouin zone at 1/8 < t2/t1 < 1/4. For t2/t1 < 1/8, the dispersion
has a single minimum at the � point. Right panel: The moat surfaces
touch at t2/t1 = 1/4, and merge as t2/t1 > 1/4.

Therefore, one will have for the Hamiltonian (3): Ĥ = t1T̂k +
t2(|T̂k|2 − 4Î ), where Î is the 2D identity matrix. It is straight-
forward to find the two energy branches as follows:

E (±)(k) = ±t1| f (k)| + t2[| f (k)|2 − 4]. (6)

Since t1 and t2 are positive, the lowest energy branch is
E (−)(k) = −t1| f (k)| + t2[| f (k)|2 − 4]. The minimization of
this energy with respect to the momentum, k, yields the
equation | f (k)| = t1

2t2
. This is an equation for the 3D wave

vector, k, in a 3D reciprocal space. In general, the solution
to this equation defines a 2D manifold embedded in the 3D
space—the moat.

When t2
t1

� 1
8 , the equation of minimum dispersion has a

solution in the form of a single minimum at the � point of
the Brillouin zone. This suggests that the bosons for such
values of the exchange integrals will condense at the � point,
consistent with the previously obtained collinear Néel phase
for small t2. At t2

t1
= 1

8 , initially the surface solution for the
equation of minimum dispersion starts to form a sphere (when
the ratio t2/t1 is slightly greater than 1/8), and as the ratio
increases, the formation of the surface changes according to
the symmetries of the lattice. The minimal contour is topo-
logically a sphere for 1/8 < t2/t1 < 1/4 centered at the �

point. At t2/t1 = 1/4, the minimal surface becomes multiply
connected, and at t2/t1 > 1/4, the surfaces merge into a larger
multiply connected surface with holes. The evolution of the
minimum surface is shown in Fig. 4. The situation here is
similar to the formation of the moat contour in the frustrated
2D honeycomb lattice [8]. The formation of the moat surface
for bosons at t2

t1
= 1

8 , classically, signals a transition from the
condensate at the � point to the condensate at finite momen-
tum, corresponding to an incommensurate spiral state [63].

In the case of hard-core bosons, strong on-site repul-
sion prevents double occupancy of any site. This constraint
allows us to map the hard-core boson system onto an equiva-
lent quantum magnet. Specifically, the bosonic creation and
annihilation operators on sites positioned at rA and rB of
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sublattices A and B, correspondingly, can be equivalently re-
defined as spin- 1

2 operators:

a†(rA) → S+
rA

, a(rA) → S−
rA

,

b†(rB) → S+
rB

, b(rB) → S−
rB

, (7)

where S+
r and S−

r are the spin raising and lowering operators,
respectively. These operators satisfy the commutation rela-
tions for spin- 1

2 particles and enforce the hard-core condition
by limiting each site to either zero or one boson. The Hamilto-
nian for hard-core bosons with NN hopping and strong on-site
repulsion takes the form equivalent to the XY antiferromag-
netic model:

ĤXY = t1
∑
〈i, j〉

(S+
i S−

j +H.c)

+ t2
∑
〈〈k,l〉〉

(S+
k S−

l + H.c) + h
∑

i

Sz
i , (8)

where h is the external magnetic field in the direction of the z
component of the spins, 〈· · · 〉 corresponds to the summation
performed over the NN bonds while 〈〈· · · 〉〉 corresponds
to the summation performed over the NN bonds on the 3D
diamond lattice. This equivalence provides a framework
for analyzing strongly interacting hard-core bosons on the
diamond lattice, leveraging a well-developed tool in quantum
magnetism. The previous investigation of the frustrated
Heisenberg antiferromagnet on the diamond lattice suggested
a second-order phase transition from a collinear Néel phase to
an incommensurate spiral phase at t2/t1 ≈ 0.18, highlighting
the role of quantum fluctuations in stabilizing novel phases
beyond the classical limit of t2/t1 = 1/8. In the language of
hard-core bosons, the fluctuations shift the transition from
the condensate at � point to an incommensurate spiral with
condensate wave vector (k̃, k̃, 0) at t2/t1 ∼ 0.18, which is
considerably higher than the classical value 1/8 [63–65]. It
was also shown that in systems with tetragonal distortion,
such as CuRh2O4, spiral phases become energetically
favorable along specific crystallographic directions.

Our main results below for the continuum limit of a
bosonic moat-band system in three dimensions lead us to con-
jecture that the diamond lattice spin-1/2 XY antiferromagnet
near full magnetization in z direction stabilizes the CVLL
ground state at sufficiently strong frustration of intermediate
values of t2/t1 between the collinear Néel phase and the in-
commensurate spiral phase when the moat-band effect is the
strongest.

In conventional Bose systems, condensation corresponds to
the macroscopic occupation of a single-particle state, accom-
panied by spontaneous U (1) symmetry breaking. However,
the frustrated system prevents such condensation in the moat-
band scenario. A key implication of our present study in the
diamond lattice spin-1/2 XY antiferromagnet is the absence
of ordering and stabilization of the time-reversal symme-
try breaking CVLL phase between the condensate at the �

point and the condensate at finite momentum on the moat.
This, in turn, implies stabilization of chiral order parameters
[9,35,36,70–78] on triangles composed of the NN and NNN
links in the unit cell of the 3D diamond lattice. In the fol-
lowing subsection, we discuss the equations of state for the

condensate states in a moat band. We will subsequently calcu-
late the equation of state for the CVLL and demonstrate that
it has a lower energy compared to the condensate energies.

C. Condensate on a spherical moat band

In general, the energy of a Bose condensate reflects the
interplay between the kinetic energy and the interaction en-
ergy of the constituent particles. For weakly interacting dilute
gases, the condensate energy per particle can be expressed in
terms of the particle density n and the interaction strength
g0, as EBEC ∼ g0n. This relationship in dilute Bose gases
arises because the interactions are effectively captured by a
single parameter, the scattering length, which defines the bare
coupling strength g0. The renormalization of the coupling
constant, g0 → guniv, with guniv, accounts for short-range cor-
relations and ensures that the theory accurately describes the
low-energy behavior of the system, even though the micro-
scopic interactions may be more complex. The proportionality
of the condensate energy to n reflects the mean-field nature of
the interactions, where each particle experiences the average
effect of all other particles in the system. This is the universal
behavior of the energy, which is valid for all U (1) symmetry-
breaking BECs at low densities.

In examining the energy of a Bose condensate consisting
of interacting bosons within a 3D spherical moat band as an
example, it is instructive to consider several condensate types
and identify which condensate state minimizes the interaction
energy, yielding a more stable configuration. We are interested
in dilute Bose gases with the s-wave short-range interaction
Hamiltonian given by

Hint = g0

2M

N∑
i, j

δ(ri − r j ), (9)

where M is the particle mass and N is the total number of
particles in the system.

Let us consider the following two ways to construct the
condensate wave function for this many-body system, each
associated with a different energy outcome. First, consider a
Bose condensate composed of identical single-particle states,
with all particles in the same momentum state with |k| =
k0. The corresponding many-body wave function can be ex-
pressed as

�
(0)
B (r) =

N∏
i=1

eikri , (10)

where eikri represents the plane-wave state for the ith particle.
This wave function describes a condensation with all particles
in the same momentum state, forming a coherent, uniform
condensation. The interaction energy for this configuration is
determined by the expectation value of the interaction Hamil-
tonian Hint. Calculating the energy per particle for this state
yields

E0
int = g0N2

4MV
, (11)

where V is the system volume.
Second, consider a condensate formed by a superposition

of two distinct momentum states, k1 and k2, both lying on

245130-6



CHIRAL VORTEX-LINE LIQUID OF THREE- … PHYSICAL REVIEW B 111, 245130 (2025)

the same degenerate manifold such that |k1| = |k2| = k0. The
wave function for this mixed-state condensate can be written
as

�
φ
B (r) =

N∏
j=1

1√
2

[eik1r j + eik2r j ]. (12)

This superposition introduces interference between the two
momentum components, leading to a more complex conden-
sate structure than the uniform plane-wave configuration. The
energy corresponding to this mixed-state condensate is

Eφ

int = 3g0N2

4MV
. (13)

A comparison of the two energies reveals that E0
int <

Eφ

int, indicating that the uniform condensate state �
(0)
B has a

lower interaction energy than the superposed state �
φ
B . This

outcome aligns with the expectation that a more coherent
condensate, without interference between distinct momentum
components, minimizes the interaction energy, making it en-
ergetically more favorable.

More generally, the moat dispersion in 3D interacting
bosonic systems and fluctuations can drive the homogeneous
condensation of the system towards forming inhomogeneous
phases [60]. This results in spatially modulated conden-
sates, where the system may form phase-modulated states or
amplitude-modulated structures corresponding to a 1D mod-
ulation embedded in 3D space. Both configurations, driven
by the finite-momentum minimum, avoid the homogeneous
condensates. The fluctuation-induced interactions can alter
the nature of phase transitions in systems with spatially modu-
lated order parameters. In particular, the effect of fluctuations
involves the thermal (Brazovskiı̌) and quantum (Dyugaev)
fluctuations [60,79] that introduce a first-order phase transi-
tion instead of the second-order transition. This is attributed
to the singular behavior of the fluctuation field’s propagator
near the transition point, which manifests as a divergence at
k = k0 due to the loop integrals of the fluctuating fields.

The effect is notable because fluctuations modify both
second- and fourth-order vertices in the thermodynamic
potential. Specifically, the fourth-order vertex’s fluctuation-
induced modification changes sign, enforcing a first-order
transition. This result aligns with Brazovskiı̌’s findings that
thermal fluctuations adjust the coefficients of higher-order
terms, driving a shift from second-order to first-order transi-
tions. Dyugaev’s work extended this phenomenon to quantum
fluctuations, showing similar effects in quantum systems at
zero temperature, where these fluctuations influence the vertex
functions even in the absence of thermal contributions.

To derive the scaling of the chemical potential, μ, with the
condensate order parameter in a spatially modulated phase at
zero temperature, we consider the effective action for a system
where the bosonic condensate is characterized by a nonzero
wave vector k0 due to the moat dispersion. Following the
Brazovskiı̌ theory framework, the thermodynamic potential

 includes contributions up to the fourth order in the order
parameter ψ (assumed real for simplicity) and is given as


(ψ ) = 1
2τψ2 + 1

4 λ̄ψ4 + · · · , (14)

where τ = μ − μc, with μc being the critical chemical po-
tential at which the transition to the inhomogeneous phase
occurs. The parameter λ̄ is the renormalized fourth-order cou-
pling constant. Minimizing 
 with respect to ψ , one finds the
equilibrium condition for the condensate, yielding the scaling
relation ψ ∼ √

μ − μc. This quadratic dependence between
μ and ψ arises from the ψ4 term in the thermodynamic
potential and implies that the chemical potential increases
quadratically with the order parameter.

For a dilute, inhomogeneous condensate, the particle den-
sity behaves as n ∼ ψ2 since n measures the number of
condensed particles per unit volume. Substituting ψ2 for n
in the chemical potential scaling, we obtain the linear rela-
tionship: μ ∼ gunivn, where guniv = λ̄/2 is the renormalized
coupling constant.

Below we will argue that the 3D extension of the CSL,
namely, the proposed CVLL state, is energetically more fa-
vorable at low densities compared to the spatially modulated
condensate states discussed above. In a CVLL, topological
defects such as vortex lines become the primary degrees of
freedom, leading to a phase in which the system can avoid
the costs associated with long-range coherence that is typical
of conventional condensate states. This is in contrast to the
inhomogeneous condensate phases where the moat dispersion
forces bosons to condense at finite momentum, demanding
∼gunivn scaling of chemical potential with density.

III. THE CHIRAL VORTEX-LINE LIQUID STATE

The presence of a moat dispersion, with its characteristic
minimum at finite momentum, introduces a 1D-like density
of states that enhances the likelihood of a lower energy of
the fermionized wave function without a conventional con-
densate fraction. This structure suggests that for a many-body
bosonic system, a noncondensed state, such as the CSL in two
dimensions, could offer a lower chemical potential compared
to spatially modulated condensate phases. Building on this
intuition, we seek to construct a quantum state for N bosons
that fulfills two essential criteria: (1) the wave function must
vanish when particle coordinates coincide, mimicking the
anti-symmetric properties of a fermionic Slater determinant
and thereby avoiding bosonic clustering; and (2) a mecha-
nism, similar to a CS field, should introduce phase factors
that effectively transmute the bosonic statistics, precluding
macroscopic occupation of any single state and thus ensuring
the absence of a condensate fraction. This approach aims
to establish a ground state that employs fermionic exclusion
principles within a bosonic system, leveraging the 1D density
of states induced by the moat dispersion to energetically favor
such noncondensed, topologically ordered phases.

In two dimensions the CS flux attachment allows the rep-
resentation of an N-body bosonic wave function in terms of
an antisymmetric one by attaching phase-dependent fluxes
to each particle in a 2D system. This transformation intro-
duces a complex phase factor to the bosonic wave function,
multiplied by the antisymmetric N-body wave function, an
inherent property of fermionic states. Specifically, the CS
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transformation reads

�B(w1, . . . ,wN ) =
∏
i> j

(
wi − w j

|wi − w j |
)m

�F (w1, . . . ,wN ),

(15)

where w j = x j + iy j with j = 1, . . . , N represent the planar
coordinates of particles in complex form, and m = 1, 3, 5, . . .

denotes the flux number, an odd integer, signifying the
strength of the attached flux. The fermionic wave function,
�F (w1, . . . ,wN ), when multiplied by this CS phase fac-
tor, becomes symmetric with respect to particle exchange,
effectively transforming it into a bosonic wave function
�B(w1, . . . ,wN ).

This CS flux attachment transformation in two dimen-
sions can technically apply to any wave function, including
a Bosonic wave function representing a condensate. How-
ever, in the case of a condensate, the CS flux attachment
becomes trivial. The reason is that in a standard condensate,
the antisymmetric part of the wave function would possess a
conjugate phase that exactly cancels the phase contribution
from the CS factor. This results in no net effect of the flux
attachment, as if each boson carries a flux opposite to that of
its neighbors, leading to mutual cancellation. An example of
such a “fermionized” state, where the CS phases are canceled,
is provided by the work of Girvin and MacDonald [80], which
demonstrated that the absolute value of the Slater determinant
wave function—without the net CS phase factor—has a finite
condensate fraction, representing a symmetry-broken conden-
sate phase. In this phase, Goldstone modes arise as gapless
excitations, indicating the presence of long-range order rather
than topological order. This is in contrast to a topologically
ordered phase, where gapless Goldstone modes would be ab-
sent.

To ensure that a bosonic many-body wave function
achieves true statistical transmutation and topological order-
ing, it is essential that the fermionic part of the wave function,
�F (w1, . . . ,wN ), carries a phase structure that matches—not
cancels—the “statistical” CS phase factor. This alignment
ensures that the CS phase factor does not negate itself upon
particle exchange. Instead, it introduces a robust topologi-
cal structure to the bosonic system, effectively transforming
its statistics and enforcing the absence of macroscopic oc-
cupation, typical of a noncondensed, topologically ordered
phase. This careful alignment of phases is thus crucial to
creating a fermionized bosonic system where topological or-
der replaces conventional Bose-Einstein condensation, with
particles avoiding the occupation of a single quantum state
in favor of a collective, fractionalized behavior.

The CS flux attachment can be described in the second
quantized formalism, where we express the bosonic field op-
erator �̂B in terms of the fermionic field operator �̂F . In 2D
space, the second quantized form of the CS transformation is
given by [81]

�̂2D
B (ri ) = exp

⎡
⎣im

∑
j �=i

arg(ri − r j )n̂ j

⎤
⎦�̂2D

F (ri ). (16)

FIG. 5. Real-space schematic of a segment of the 3D system,
illustrating the structure emerging after representing the many-body
bosonic wave function as a Slater determinant with effectively 2D
CS phase factors in the XY plane and monotonic vortex lines along
which Jordan-Wigner phases are introduced. Each vortex line is
characterized by the function qli

(z) and originates at the base point
li = (xi, y j ), where it crosses the XY plane. The depicted 3D CS
transformation [Eq. (18)] represents an efficient variational ansatz
for the ground state of the many-body Hamiltonian, capturing the
interplay between topological phases and many-body correlations
and providing insight into the emergent quasiparticle statistics in this
strongly interacting system.

The function arg(ri − r j ) represents the angle between the 2D
radius vectors of particles i and j, while n̂ j = (�̂2D

F )†�̂2D
F =

(�̂2D
B )†�̂2D

B denotes the particle density operator.
The above definition of the CS transformation is designed

for 2D systems, where the phase factor accounts for particle
exchanges in the plane. However, a natural question arises:
How can this transformation be extended to three dimensions,
where particles can exchange along the third spatial coordi-
nate? To extend the CS transformation into 3D space, we must
generalize the phase factor to respect the 3D geometry. To this
end, we introduce a function ql(z) that is designed to vary
continuously with the third spatial coordinate z and defines
a mapping from a plane (at z = 0) to 3D space. This function
is written as

ql(z) = x f (z) + iy/ f (z), f (0) = 1, (17)

where r = (l, z), with l = (x, y), representing the position of
a particle in 3D space, and f (z) is a monotonic function of z,
which we will keep as a variational variable and pick the one
which minimizes the energy most efficiently for the given type
of the moat band. Upon fixing the coordinates l = (x, y) on the
plane z = 0, the function ql(z) defines a continuous trajectory
in three dimensions by varying z, the vortex line. Points on
this vortex line are parameterized by (x f (z), y/ f (z), z), where
x and y remain constant as z varies, as shown in Fig. 5. This
transformation (x, y, 0) → (x′ = x f (z), y′ = y/ f (z), z) is an
area preserving transformation of planes, since dS = dxdy =
dx′dy′, ensuring that particle exchanges in three dimensions
can be consistently represented. The monotonicity of function
f (z) ensures that the number of points at which vortex lines
cross at any higher or lower plane with fixed z = const is the
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same, L. Thus, each vortex line can be marked by the index
li = (xi, yi ), i = 1, . . . , L representing the crossing point of
the vortex line parametrized by qli (z) with z = 0 plane, as in
Fig. 5.

In the second quantized form, we extend the CS transfor-
mation to three dimensions as follows:

�̂B(ri ) = exp

⎧⎨
⎩im

∑
l′ �=l,z′

arg[ql(z) − ql′ (z
′)]n̂r′

⎫⎬
⎭

× exp

⎛
⎜⎜⎝iπ

∑
l′=l
z′<z

n̂r′

⎞
⎟⎟⎠�̂F (ri ). (18)

The first exponential term is an extension of the 2D CS phase
factor to three dimensions, where the arguments ql(z) and
ql′ (z

′) introduce position-dependent phases based on particle
positions along the z axis. The second exponential factor acts
as a “string operator” that extends into the z direction, repre-
senting a 1D Jordan-Wigner transformation along the vortex
line. This operator introduces an additional phase factor when
particles are ordered along the vortex line, ensuring that ex-
changes in the third dimension contribute to the overall phase
consistently with fermionic antisymmetry.

The 3D CS transformation in the second quantization
leads to a specific ansatz for the first quantized form of the
many-body bosonic wave function. This wave function can be
written as

�B(r1, . . . , rL ) =
∏
li �=l j

(
qli (zi ) − ql j

(z j )

|qli
(zi ) − ql j

(z j )|

)m

×
∏

li′=l j′

sgn[zi′ − z j′]�F (r1, . . . , rL ), (19)

where �F (r1, . . . , rL ) is defined by a Slater determinant of
single-particle wave functions ψi(li, zi ) for i = 1, . . . , L. In
this wave function, the product over li �= l j incorporates the
CS phase factors from the positions qli (z) and ql j

(z), ensuring
that each pairwise exchange in plane at height z includes
the proper phase shift. The product over li′ = l j′ introduces
a sign factor depending on the relative z coordinates, which
is crucial for enforcing antisymmetry in the third dimension.
This overall structure results in a bosonic wave function that
acquires a phase structure and a fermionic Slater determi-
nant wave function, guaranteeing statistical transmutation and
topological order in the 3D setting.

Let us examine the terms in Eq. (18) in greater detail to un-
derstand their roles in the transformation process for mapping
bosonic to fermionic operators in 3D space. Consider the first
term in the phase factor:

U1(r) = exp

⎧⎨
⎩im

∑
l′ �=l,z′

arg[ql(z) − ql′ (z
′)]nr′

⎫⎬
⎭. (20)

This term corresponds to the 2D CS transformation, where
the relative azimuthal angle between particles on the plane
sets the phase factor. Here U1 accumulates a phase from the
azimuthal angle between particle positions at different points

r and r′ in the plane. Importantly, U1 excludes points on
the same vortex line, ql(z), to avoid phase singularities that
could arise if r and r′ coincided. This phase term ensures that
commuting bosonic operators are transformed into fermions,
replicating the effect seen in the original 2D CS framework.

The second phase term in Eq. (18) introduces a phase along
the z axis:

U2(r) = exp

⎛
⎝iπ

∑
l′=l,z′<z

nr′

⎞
⎠. (21)

This phase is nonzero when the points r and r′ lie on the
same vortex line, meaning l′ = l, but at different z coordinates,
z �= z′. It functions similarly to the Jordan-Wigner string trans-
formation, which in 1D introduces a phase factor to maintain
anticommutation along a specified direction—in this case, the
direction of the vortex line. By applying this phase factor, U2

enforces the anticommutative nature of fermionic operators on
particles aligned along the same vortex, as would be expected
for fermions confined to a line.

Interestingly, the U2 phase factor corresponds to a unitary
U (1) gauge transformation when particle density nr is contin-
uous. Although it modifies the phase of fermionic operators
along the z axis, it does not produce any net magnetic flux
across the system, effectively leaving the physics of the sys-
tem unchanged in terms of gauge interactions. To confirm that
this gauge transformation does not create a physical magnetic
field, one can take the continuous limit of the trivial identity
product

∏
i U +

2 (ri )U2(ri+1), which becomes the Wilson loop
C of the 3D gauge vector potential U +

2 ∂U2,

1 =
∏

i

U +
2 (ri )U2(ri+1)

= Tr

(
P exp

[
i
∮

C
U +

2 (r)∂U2(r)

])
, (22)

where P is the path-ordering operator. The fact that the Wilson
loop evaluates to unity implies that this phase transformation
does not create any enclosed flux around a closed path C,
confirming that the transformation does not alter the physical
gauge field. This property is similar to the behavior observed
in the XX spin chain after the Jordan-Wigner transformation,
where the product of spin-1/2 raising and lowering operators,
S±, on neighboring sites transform into fermionic operators,
c±, without affecting the form of the Hamiltonian. This in-
variance ensures that the physical properties of the system
are retained after the transformation, with the transformation
itself solely altering the statistics of the operators.

The CVLL state we discussed above serves as a variational
state designed to more efficiently lower the energy of low-
density interacting bosons with moat dispersion, compared to
Bose condensates. It also aims to capture the essential statisti-
cal and phase properties that are characteristic of fermionized
bosons through CS flux attachment. In the next section, we
will explore the topological field theory that underpins this
construction, identifying it as the theory that yields the CVLL
state from the Euler-Lagrange equations of motion.
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IV. FIELD THEORY OF THE CHIRAL
VORTEX-LINE LIQUID

The CS flux attachment procedure in two spatial dimen-
sions enables a hard-core bosonic system to be transformed
into an equivalent description of spinless fermions coupled to
the U (1) CS gauge field, termed a statistical CS action. This
can be derived by noting that the fermionic action resulting
from this transformation is coupled to a fixed CS gauge field,
where the associated CS vector potential is determined by the
local density of fermions, reflecting the flux attachment. To
ensure the consistency of this transformation, one introduces
a fluctuating gauge field, achieved by enforcing the Gauss law
with a Lagrange multiplier. This gauge field effectively medi-
ates interactions in the fermionic action, making it equivalent
to the original bosonic action. The resulting fermionic theory
is then coupled to a dynamic U (1) gauge field characterized
by the statistical CS action. Our objective here is to extend this
program to three dimensions by implementing the 3D version
of the flux attachment discussed in the previous section.

An important aspect of our “CS theory” in three spatial di-
mensions is the presence of a variational function, f (z), which
defines a continuous form of the vortex line and serves as a
degree of freedom for minimizing the energy of the system. To
explore the field theory corresponding to the 3D bosonic wave
function in Eq. (18), let us consider the quantum CVLL state
of particles located on distinct vortex lines, represented by
ql(z) and ql′ (z) with l �= l′, assuming that no pair of particles
reside on the same vortex line. This assumption is particularly
useful because our goal is to derive the CS gauge field from
this ansatz while keeping in mind that JW strings along vortex
lines do not produce any gauge fields. To this end, we consider
the following bosonic wave function:

�̂B(ri ) = exp

⎧⎨
⎩im

∑
j �=i

arg[qi(zi ) − q j (z j )]n̂ j

⎫⎬
⎭�̂F (ri ). (23)

The phase factor in the transformation from bosonic to
fermionic wave function introduces a gauge-fixed CS-type
gauge field. This modification allows us to express the Hamil-
tonian of the model in terms of fermionic matter fields that are
coupled to the U (1) CS-type spin-1 field, resulting in inducing
a covariant derivative, i.e., i∂a → i∂a + Aa(r) with a = x, y, z.
Such a transformation creates a U (1) vector potential

Aa(r) = m∂a

∑
l′ �=l,z′

log

[
ql(z) − ql′ (z

′)
|ql(z) − ql′ (z

′)|
]
, (24)

where a = x, y, z, around the vortex line located at r = (l, z)
with l = (x, y). This field is singular on a vortex line, ql(z),
and is attached to a fermionic field. A direct calculation of the
curl, Ha(r) = εabc∂bAc(r), created by the vortex line, gives
the effective CS magnetic field with components

Hx(r) = −2πmx
f ′(z)

f (z)
nr = 2πhxnr,

Hy(r) = −2πmy
f ′(z)

f (z)
nr = 2πhynr, (25)

Hz(r) = 2πmnr = 2πhznr,

where nr = L
∑

z′
∑

l′ �=l δ(ql(z) − ql′ (z
′)) is the density of vor-

tex lines at r while L is their total number. Here, for the
sake of simplification, we introduce a notation, ha, defined as
hx = −mx f ′(z)/ f (z), hy = −my f ′(z)/ f (z), and hz = m.

In 3D space, the emergence of a statistical gauge field is
more subtle than in 2D systems. In two dimensions the sta-
tistical CS term in action introduces a CS gauge field which,
in the constant-density approximation, leads to an emergent
magnetic field given by the curl of a vector potential. This field
effectively captures the statistical interactions in the system.
One encounters fundamental differences in our fermionization
approach to 3D interacting boson systems. The statistical term
in the action resulting from the 3D fermionization procedure
leads to an emergent magnetic field. However, when f (z) �= 1,
this field does not satisfy the condition of being the curl
of a conventional vector potential in a flat space under the
constant particle density approximation. This contrasts with
the 2D case, where the emergent field remains expressible
in terms of a CS gauge potential. Mathematically, in three
dimensions, the emergent magnetic field (25) in a flat space
generally does not satisfy H = ∇ × A in the constant density
limit. The failure of this condition arises due to the intrinsic
nature of 3D gauge theories, where the induced field does not
map straightforwardly to an Abelian-like flux attachment as
it does in two dimensions. Instead, the emergent vortex ex-
citations do not admit a simple curl representation. However,
if one allows for a nontrivial spatial curvature, characterized
by a position-dependent metric function defined in terms of
f (z) �= 1, the emergent magnetic field in the constant density
approximation can indeed be expressed as the curl of a mod-
ified vector potential in this curved space. This suggests that
the statistical gauge structure in three dimensions is intimately
connected to the geometry of the underlying space, unlike in
two dimensions, where it remains well defined in a flat space.
In such curved backgrounds, the emergent vector potential A
is modified by metric-dependent terms, and the magnetic field
acquires additional contributions coming from the curvature.
This allows the emergent field to be rewritten in the form:
H = ∇g × A where ∇g is the covariant derivative associated
with the curved spatial metric. The function f (z) effectively
encodes deviations from a flat space, and when properly in-
corporated, it restores the expressibility of the emergent field
as the curl of a vector potential.

The dependence on curvature suggests that the emergent
gauge fields in 3D statistical gauge theories may be linked to
gravitational effects.

In the fermionization approach to spin systems [7,9,10],
one typically resorts to a mean-field approximation based
on the homogeneous density of particles or vortices, leading
to a constant CS magnetic field. From Eq. (25), it is clear
that with the vector potential H = ∇ × A, we cannot have
a constant magnetic field based on the constant density of
fluxes. However, it can be fixed by introducing a manifold
M with a nondynamical metric g(3)

ab which is independent of
time, under which the components of vectors A and H in the
orthonormal basis become Aā and Hā with ā = 1, 2, 3. The
general relation between Aā and Hā is

Hd = Hb̄e d
b̄ = 1√

g(3)
εdab∇a

(
g(3)

bc A
āe c

ā

)
, (26)
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where e a
ā is the deribein (vielbein in 3D) satisfying g(3)

ab e a
ā e b

b̄
=

δāb̄, the affine connection acts on a vector V a as ∇aV b =
∂aV b + �b

acV
c with �b

ac being the Christoffel symbols, and
g(3) is the determinant of the metric g(3)

ab .Throughout the paper,
we used the convention that Latin letters a, b, c, . . . are 3D
Euclidean space indices, barred letters ā, b̄, c̄, . . . are the coor-
dinate chart indices of the 3D curved space, and Greek letters
μ, ν, ρ, . . . are the coordinate chart indices of the (3+1)D
curved space.

The problem is now finding a suitable metric g(3)
ab for the

new set of vector potentials A(�x′) residing on M. The sim-
plest choice is to set A3 = 0 and assume that the metric g(3)

ab
is diagonal with the form diag{Q, Q, 1}. With this choice,
one can solve Eq. (26) using the magnetic field described in
[Eq. (25)], resulting in the following expression for A(�x):

A1 = −yπmnr[log f (z) + 1],

A2 = xπmnr[log f (z) + 1], (27)

A3 = 0.

In this equation |g| = (log f (z) + 1)4 is the determinant of the
new curved metric ĝ:

ĝ =

⎛
⎜⎜⎜⎜⎝

−1 0 0 0

0 [log f (z) + 1]2 0 0

0 0 [log f (z) + 1]2 0

0 0 0 1

⎞
⎟⎟⎟⎟⎠. (28)

Can we formulate a gauge field theory as a solution of
the Euler-Lagrange equations of motion that will reproduce
expressions (24) and (25) as (26) and (27), respectively? This
can be done by considering a fermionic system in the Galilean
gravitational field. In general, the concrete form of the kinetic
energy of fermions can be any relativistic Dirac-type with
nonrelativistic quadratic terms. The main property of the sys-
tem we will look into is that its single-particle dispersion must
be degenerate on a 2D closed manifold embedded in a 3D
reciprocal space as defined by the kinetic energies in Eq. (1).
For simplicity, consider

K (k) =
∫

d3�x
∑

μ

�B†
τr K̂ �B

τr, (29)

where �B
τr is a bosonic wave function in (3+1) dimensions

with imaginary time component τ . Using CS transformation,
Eq. (23), as a gauge transformation for transforming bosonic
wave function �B

τr into fermionic wave function �τr with
metric gμν which has a conformal (Weyl) form in the (x, y)
plane coming from the covariant part of the Lagrangian, we
come to the action

S =
∫

dτd3�x√g

[
�+

τr((∂τ − A0) + K (|k̂|))�τr

+ im

2π
Bb̄ 1√

g(3)
εdab∇a

(
g(3)

bc A
āe c

ā

)
ed

b̄

]
, (30)

where a, b, c, d = x, y, z and ā, b̄ = 1, 2, 3 are the spatial co-
ordinates, and τ is the imaginary time defined by a Wick

rotation as τ = −it . In Eq. (30) K is the kinetic energy
written as in Eq. (1), and the momentum operator in the
curved space is defined as |k̂| = 1√

π
k̂2
∫∞
−∞ dse−s2 k̂2

where

k̂2 = 1√−gDā(
√−ggāb̄Db̄) with the covariant derivative de-

fined as Dā = ∇ā − iAā, and ∇ā being the affine connection.
Here we define a fluctuating four-vector potential as Aμ =
(A0,Aā), where A0 = ∑

a=x,y,z Baha with a Lagrange multi-
plier Bμ acquired by imposing Eq. (25). A0 can be interpreted
as a temporal component of the vector potential A, therefore,
we created a (3+1)D action on a curved spacetime. In this
action, the fermions are spinless, so we do not need a spin
connection.

In our approach, we derive the statistical term in the ac-
tion (30) by implementing a 3D fermionization procedure,
which combines a 2D Chern-Simons transformation in the
plane with a Jordan-Wigner transformation along vortex lines
that extend in the third dimension. This construction is car-
ried out in a fixed gauge: we choose a centrally symmetric
gauge for the Chern-Simons field in the plane and define
the Jordan-Wigner strings along specified vortex lines. The
resulting statistical term in the effective action is consequently
not gauge invariant. Nevertheless, similar to the conventional
2D Chern-Simons fermionization framework, one can relax
this fixed-gauge constraint by formulating the transformation
in an arbitrary gauge, thereby promoting the theory to a
gauge-invariant U(1) quantum field theory. Such a reformu-
lation would restore gauge invariance, which is often crucial
to ensuring the renormalizability and consistency of the the-
ory. However, for the present work, we proceed within the
fixed-gauge framework without invoking gauge invariance,
leaving this as an open question for the future, along with
renormalizability considerations.

To analyze the low-energy fluctuations of the spin-1 vector
field A, we will first integrate out the fermionic field. This
step allows us to construct an effective action that captures
the interactions and dynamics of the field, isolating it from the
influence of the fermions. Following this, we will perform a
series expansion of the effective action around the mean-field
〈δA〉 value, retaining terms up to the second order in the fluc-
tuation of the gauge field δA. This expansion is expected to
capture the primary contributions to the low-energy behavior
of the gauge field while simplifying the analysis. Unlike a
traditional approach that expands around a saddle-point con-
figuration, where the field configuration minimizes the action,
our method does not assume that the field configuration is near
a minimum. Expanding around a saddle point is more restric-
tive, as it is typically effective only when the fermionic field’s
behavior is approximately quadratic in fluctuations around
the minimum. However, by expanding around the mean-field
value, we can avoid any limitations related to the shape of the
potential at the saddle point. This is particularly beneficial in
cases where the fermionic field does not exhibit a quadratic
structure. Moreover, this around-mean-field-point expansion
naturally accommodates potential Goldstone modes, if such
exist, which would otherwise complicate or limit the validity
of an expansion around a saddle point. The details will be
presented in the next section for the representative case of the
cylindrical moat band.
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V. LOW-ENERGY EFFECTIVE FIELD THEORY FOR
INTERACTING BOSONS WITH CYLINDRICAL

MOAT-BAND DISPERSION

In this section, we develop a low-energy effective field
theory for interacting bosons with a cylindrical moat-
band dispersion, focusing on the properties of low-energy
excitations emerging from CVLL. The path integral formu-
lation leads us to an effective action where integrating out
fermionic degrees of freedom reveals the nature of fluctuating
fields around the mean-field solution. Specifically, we derive
the polarization operator within the random phase approxima-
tion (RPA), capturing thermal and quantum fluctuations that
define the nature of the low-energy excitations.

Due to the translational symmetry in the z direction, we
take f (z) = 1. With this simplification, the path integral par-
tition function of Eq. (30) becomes

Z =
∫

D�† D� DAμ e−LzSc[�†,�,Aμ] (31)

with

Sc =
∫

dτdxdy

[
�+

τr((∂τ − A0) + Kc(|k̂|))�τr

+ im

4π

∑
μ,ν,ρ=τ,x,y

εμνρAμ∂νAρ

]
. (32)

Since the action is independent of z, we have integrated the
z direction

∫
dz → Lz. Moreover, we imposed ∇ · A = 0 in

two dimensions, so that the term A0
∑

a,b=x,y εab∂aAb be-
comes the CS term up to a total derivative. In order to get
an effective action, we need to integrate out the fermions first

Z =
∫

DAμ e−Seff[Aμ]+LzSCS[Aμ] (33)

with

Seff[Aμ] = − log det(∂τ − A0 + K (|k̂|)), (34)

where a constant term −tr log Lz has been dropped in Seff.
As discussed in Appendix A, Seff[A] contributes two terms:

the mean-field contribution giving rise to an extra CS term and
the fluctuation around the mean-field S0,eff[δA] which can be
computed from the one-loop and random phase approxima-
tion (RPA). To calculate the one-loop polarization operator
for spinless fermions, we just need to expand the determinant
with respect to the fluctuating statistical gauge field δA.

Within the RPA, one can compute the polarization operator
at finite temperature from the effective action (34) at low
energy (|q| � k0) as detailed in Appendix A. The resultant
polarization operator consists of two parts, the first part comes
from the effective action, and the second term comes from the
CS action as follows:

�μν (q) = f 2
β,k0

M(q)(
q2

x + q2
y

)2[
β fβ,k0 M(q) + (

m2
xx − m2

xy

)
q2

τ

]
⎛
⎜⎝

q2
τ qτ qx qτ qy

qτ qx q2
x qxqy

qτ qy qxqy q2
y

⎞
⎟⎠ + (m + 1)Lz

2π

⎛
⎜⎜⎜⎝

0 0 0

0 0
q2

τ +q2
x +q2

y

qτ

0 − q2
τ +q2

x +q2
y

qτ
0

⎞
⎟⎟⎟⎠,

(35)

where

fβ,k0 = k2
0

∫ ∞

0

dx

2π

x

2 cosh
[ βk2

0
2M (x − 1)2

] + 2
,

mxx = βk4
0

M2

∫ ∞

0

dx

2π

1
2 x(x − 1)2

2 cosh
[ βk2

0
2M (x − 1)2

] + 2
, (36)

mxy = k2
0

M

∫ ∞

0

dx

2π

1
4 − 3

4 x

2 cosh
[ βk2

0
2M (x − 1)2

] + 2

are parameters depending on the inverse temperature β and
moat radius k0, M(q) = mxx(q2

x + q2
y ) − 2mxyqxqy, and Lz

which is the system size in the z direction. The temperature
dependence of these parameters is shown in Fig. 6.

At zero temperature, the parameters fβ,k0 , mxx, and mxy

vanish, causing the first term in the polarization operator to
disappear. At low temperatures, when β−1 � k2

0/2M, these
parameters behave as the square root of the temperature:

fβ,k0

k2
0

� 1.34744

4π

√
2M

βk2
0

,

mxx � 1.07215

2π

√
k2

0

2Mβ
,

mxy � −1.34744

4π

√
k2

0

2Mβ
, (37)

FIG. 6. Dimensionless parameters in the polarization operators

as a function of the dimensionless inverse temperature
βk2

0
2M , where

mii is the mxx or myy and mi j is the mxy and myx .
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where the small and subleading terms in powers of M
βk2

0
� 1

are dropped. These asymptotes indicate that the temperature-
dependent term in the polarization operator at low temper-
atures vanishes singularly, as ∼β−3/2. This fact suggests a
continuous phase transition at zero temperature, β−1 → 0.

Importantly, independent of temperatures, the characteris-
tic equation for the polarization operator [Eq. (35)] leads to a
dispersion for the x and y components of the fluctuating vector
field, forming a light cone:

ω = ±
√

q2
x + q2

y . (38)

To support a Dirac cone dispersion (38), the complete low-
energy effective theory must exhibit an emergent relativistic
invariance, specifically Lorentz invariance in (2+1) dimen-
sions. This is indeed the case, and importantly, this relativistic
invariance is an emergent property of the low-energy theory
of low-energy excitations. We note that the original theory in
Eq. (30) lacks relativistic invariance due to the nonrelativistic
nature of the moat-band dispersion. The reason is that the
original bosonic matter fields with the moat dispersion are
gapped, lying far beyond the low-energy description, indicat-
ing the emergence of collective modes at low energies and low
temperatures.

To further understand the low-energy effective field theory
of the CVLL state, we focus on the effective action at zero
temperature in real space,

S0,eff = (m + 1)Lz

2π

∑
i, j=x,y

∫
dt

∫
dxdyεi jδAi

×
(

∂t + 1

2
sgn(t )∇2

)
δA j, (39)

with δA being the spin-1 vector field fluctuation around the
mean-field value. To see its topological nature, one can per-
form the integral by parts for the second term, which gives a
boundary term and an antisymmetric bulk term that vanishes
under summation as detailed in Appendix B,

S0,eff = (m + 1)Lz

2π

∑
i, j=x,y

∫
dt

(∫
dxdyεi jδAi∂tδA j

−1

2
sgn(t )

∮
dr n · εi jδAi∇δA j

)
, (40)

where the second term is the integral over the boundary of the
system with n being the normal vector pointing outside the
system as labeled in Fig. 7.

The free low-energy effective action Eq. (40) consists of
two terms, S0,eff = S0,bulk + Sbound, a free bulk term S0,bulk =
(m+1)Lz

2π

∑
i, j=x,y

∫
dt

∫
dxdy (δA × ∂tδA)z and the boundary

term that can be rewritten in the following form:

Sbound = − (m + 1)Lz

2π

∫
dt sgn(t )

∮
dr (n × δA)z(∇δA).

(41)
The free action S0,eff is fully invariant under continuous SO(2)
rotations in the (x, y) plane, but it breaks time-reversal (T)
and reflection (P) symmetries. Combined PT symmetry is
preserved in this action, indicating a characteristic feature
common to topologically ordered systems supporting chiral

FIG. 7. Schematic diagram for a 3D cylindrical sample of arbi-
trary shape in real space. The red curve is the boundary of a 2D cut
at a fixed value of z.

edge states. In the following, we argue that the latter is indeed
the property of the CVLL phase.

The bulk action S0,bulk has the form of a topological theory
with a first-order derivative in time, analogous to a 2D CS-
type action, but notably without spatial derivative terms. The
action S0,bulk lacks explicit energy dispersion terms (no spatial
gradients), thus, it supports a flat band for the fluctuating
vector field components. The system has infinitely degener-
ate static solutions parameterized by time-independent fields
δAi(x, y), with δAx(x, y) and δAy(x, y) being the conjugate
variables. In other words, we deal with the flat-band situation
for quasiparticle excitations in the bulk, which are localized in
real space and exhibit an absence of propagation. The theory
describes a purely topological, zero-energy sector where bulk
modes do not propagate.

Going beyond the quadratic terms in the expansion in
Eq. (34), a quartic interaction term explicitly introduces en-
ergy scales and spatial variations. The original flat-band,
containing only a time derivative term, would now gain spatial
dependence through potential gradient terms upon quantum
fluctuations. The presence of such nonlinear terms could lead
to the emergence of low-energy excitations and spatial corre-
lations. Low-energy excitations from these flat-band localized
vacuum states could emerge as collective modes. Since the
interaction term, evaluated from further expanding Eq. (34),
is positive definite, we conjecture that the quasiparticle exci-
tations will be gapped, thereby preserving the SO(2) rotational
symmetry of the Hamiltonian. This also suggests the stability
of our mean-field solution and the emergence of vortex-line
excitations upon restoring the z dimension in the problem.
The braiding statistics of the emergent vortex-line excitations
is an open problem we propose to study by investigating the
interaction terms and their effect on the flat-band localized
states in the bulk.

The boundary action Sbound represents a quadratic La-
grangian for a two-component vector field δAi(x, y), with i =
x, y, defined on a (1+1)D boundary of the 2D slice of the sys-
tem at a fixed value of z (Fig. 7). The boundary action breaks
the individual T and P symmetries while preserving the com-
bined PT symmetry. Upon reintroducing the time derivative,
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∂t , the relativistic dispersion ω ∼ |q| emerges, characterizing
gapless chiral bosonic edge excitations, analogous to quantum
Hall edge states and edge states in CSLs.

With no dependence on ∂z, the frequency ω of excitations
is independent of the momentum qz. This leads to a flat band
along the qz direction, indicating that there is no gap opening
or velocity in the z direction. Physically, this can be viewed
as a stack of 2D chiral boundary modes, each localized in a
plane for each value of z. Thus, in 3D, the same 2D chiral
physics is replicated along the z direction. As a result, the
1/K fractional vortex excitations inherent to 2D CS theories at
level K = m + 1, due to this stacking, become fractionalized
vortex-line excitations (flux flips along the JW vortex lines) of
the CVLL state.

The resulting edge states are a continuum of boundary
modes, surface modes, that do not disperse in z and continue
to break time-reversal and reflection symmetries in the same
manner, slice by slice. The only new symmetry is the triv-
ial translation invariance along z (and possibly large gauge
transformations if one includes them), but the action remains
noninvariant under full 3D rotation.

VI. CVLL GROUND STATE OF INTERACTING BOSONS
WITH CYLINDRICAL MOAT DISPERSION: MONTE

CARLO SIMULATION OF THE EQUATION OF STATE

After discussing the stability of the mean-field theory, in
this section, we study the CVLL state, focusing on the cylin-
drical moat band. This setup maintains translational symmetry
along the z spatial dimension, thereby enabling a simplified
treatment of the wave function in terms of 2D and z-separable
components. We will use Monte Carlo (MC) simulations to
demonstrate that the CVLL state remains energetically fa-
vorable compared to condensation states, even with finite
interaction strength g0, when the particle density n is suffi-
ciently low.

Because of the translation symmetry in the z direction, the
wave function can be separable, i.e., f (z) = 1, leading to ĝ =
diag{−1, 1, 1, 1}, and it simplifies to the following form:

�B(r1, r2, . . . , rL ) =�B,2d (w1,w2, . . . ,wL )

× �B,z(z1, z2, . . . , zL ), (42)

where wi = xi + iyi denotes the complex coordinates in the
2D plane and

�B,2d =
∏
i< j

wi − w j

|wi − w j |�F (w1,w2, . . . ,wL ). (43)

In the above 2D wave function �B,2d , we choose m = 1 as
it corresponds to the simplest case of the CVLL. Generally,
the fermionic part �F (w1,w2, . . . ,wL ) can be any antisym-
metric function. However, we will focus on the case where
the smeared density is spatially uniform, which is valid in
the low-density limit. Under this assumption, the gauge flux
becomes uniform, and the effective action (30) simplifies to
an action that describes free fermions in a uniform gauge
flux. Hence, �F (w1,w2, . . . ,wL ) is a Slater determinant of

Landau levels

�
(l )
F (z1, z2, . . . , zN ) = 1√

N!
det

−l�m�N−l−1
1� j�N

[
χ (l )

m (z j )
]
,

where each χ (l )
m (z) represents the single-particle Landau level

wave function in a uniform gauge field fixed in the symmetric
gauge,

χ (l )
m (z) =

⎧⎪⎪⎨
⎪⎪⎩

(−1)l
√

l!
lB

√
2π2m (l+m)!

(
z
lB

)m
e
− |z|2

4l2B L(m)
l

[ |z|2
2l2

B

]
, m � 0

(−1)(l+m)√(l+m)!
lB

√
2π2−ml!

(
z̄
lB

)−m
e
− |z|2

4l2B L(−m)
l+m

[ |z|2
2l2

B

]
, m � 0,

(44)
where L(m)

l (x) is the generalized Laguerre polynomial with
lB = 1/

√
2πnl being the magnetic length.

To determine the ground state properties of the CVLL
phase, we first consider the mean-field energy E in the
presence of a uniform gauge field. For particles in this con-
figuration, the energy is given by

E = 1

2M
(
√

(2l + 1)Mωc − k0)2, (45)

where ωc = 2πn/M is the cyclotron frequency in terms of the
particle density n [10]. To get discrete values of n for different
l , we must minimize the energy

nl = k2
0

2π (2l + 1)
, l ∈ N (46)

with a large Landau level index l , the optimized nl becomes
small and almost continuous.

At low density, the energy E3D = 〈�B| KS |�B〉 =
〈�B| k2

2D − 2k0|k2D| + k2
0 |�B〉 of the CVLL state is reduced to

two dimensions and the energy per particle scales as n2 ln2(n)
shown by the previously established 2D CSL studies [10,48].
To clarify this in the CVLL state, a Monte Carlo simulation
of the energy integral is performed. For this simulation, we
set the particle number N = 60 and vary the Landau level
index l = 20, 22, 25, 30, 32, 40, 50, 70, 100, 200, which also
determines the density according to Eq. (46). The results are
summarized in Fig. 8, where we observe the CVLL state’s
energy per particle scaling as n2 ln2(n) at low density, as
expected. This energy should be compared to the energy
of the condensation Ec

N ∼ g0n. The MC results demonstrate
that the CVLL state’s energy remains lower than that of the
condensate Ec, particularly in the low-density regime where
the interaction strength g0 is finite. This finding confirms that
the CVLL state is energetically favored over BEC for low
densities, highlighting its robustness as a ground state in the
cylindrical moat-band systems.

To summarize this section, we construct a first-quantized
CVLL wave function for a 3D system of N bosonic particles,
formulated as a 2D CS transformed state embedded within
a 3D space, where vertical Jordan-Wigner strings encode the
third spatial dimension. In the strictly 2D limit, where the z
direction is absent, this state corresponds to the well-known
CSL phase. This phase can be understood as a fermionic Slater
determinant wave function that describes a fully filled Landau
level, incorporating CS phase factors that add to, rather than
cancel, the phase structure of the lowest Landau level wave
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FIG. 8. The energy of the factorized CVLL wave function (42)
with m = 1. The inset shows the scaling of 〈k〉 = 〈�B| |k2D| |�B〉 and
〈k2〉 = 〈�B| k2

2D |�B〉.

function. In this framework, the emergent CS gauge field
effectively plays the role of the external magnetic field, which
is proportional to the local particle density. Extending this
construction to (3+1) dimensions, we observe that due to the
fermionic nature of the transformed CVLL state, its interac-
tion energy vanishes exactly. Consequently, the total energy
of the system is determined solely by its kinetic energy. Upon
employing the Monte Carlo method to evaluate the kinetic
energy, we obtained an explicit estimate of the total energy of
the CVLL state. We showed that in the case of the cylindrical
moat, the energy of the CVLL state rules out the possibility of
forming a BEC at low densities, implying that the CVLL is a
ground state of the system.

The 2D CSL ground state of interacting bosons in a moat-
band dispersion and the 3D CVLL ground state of bosons
with a cylindrical moat surface share an identical scaling
form of their equation of state, μ(n) ∼ n2(ln n)

2
, where μ

is the chemical potential and n the boson density. However,
despite the similar equation of state signature, the underlying
quantum orders in twoand three dimensions are fundamentally
distinct. In two dimensions the CSL is characterized by a
fully gapped topological order supporting semionic anyons,
with the many-body wave function constructed via a Chern–
Simons flux attachment that binds vortices to fermions in
a single plane. Its ground-state degeneracy and modular K
matrix reflect the nontrivial braiding statistics of pointlike
excitations, and the entanglement spectrum exhibits a chiral
conformal edge mode. In contrast, the 3D CVLL state of
bosons with cylindrical moat dispersion in momentum space
leads to a condensation of vortex loops rather than point vor-
tices. The 3D wave function can be formally viewed as a stack
of 2D CSL layers whose semion excitations are bound into

continuous vortex lines threading the bulk. These vortex lines
form a liquid with line-like topological defects, and the system
supports loop-loop and loop-point braiding statistics distinct
from purely 2D anyons. Thus, the nature of the long-range
entanglement in three dimensions differs from that of the 2D
CSL.

Thus, while the chemical-potential scaling is identical in
both cases, the 2D CSL and 3D CVLL represent fundamen-
tally different quantum phases: the former is a 2D topological
order of semions, and the latter is a 3D loop-condensed state
with vortex-line excitations and higher-dimensional braiding
structure.

VII. OUTLOOK

We have generalized the CS transformation to three spatial
dimensions and formulated the fermionization/anyonization
of hard-core bosons. The transformation and subsequent flux-
smearing approximation define a state of quantum matter with
emergent vortices inducing a metric in the low-energy sec-
tor of the theory. Our studies indicate that the vortices have
nontrivial braiding and loop statistics and can be regarded as
anyonic vortices. Furthermore, we showed that at low densi-
ties of particles, the 3D analog of the 2D CSL, namely, the
CVLL state, is preferable against the condensate phase for
short-range interacting bosons.

The results of the present work have implications for
the physics of ultracold-atom systems, frustrated quantum
magnets, the physics of excitons in 3D, 4He, and heavy-ion
collisions, some of which are discussed below.

In the context of ultracold atoms, Ref. [11] proposed
a method to synthesize 3D spin-orbit coupling (SOC) in
ultracold atomic systems, analogous to the Rashba effect
but extended to three dimensions, termed Weyl SOC. It is
demonstrated that this coupling can be realized using Raman
transitions connecting four atomic states arranged in a tetrahe-
dral geometry. A key result is the presence of a protected Dirac
point in the energy spectrum, which remains robust against
uniform Zeeman fields. Our results open avenues for studying
the CVLL state with ultracold atoms under experimentally
controllable conditions.

Another way to observe the proposed CVLL state is by
investigating the magnetic rotons—excitations with energy
minima on a 3D moat-band, discussed in Ref. [12]. The work
focuses on the role of magnetic rotons within the Landau-
Ginzburg theory of quantum phase transitions. It is shown
that in systems with weak spin-orbit coupling and broken
inversion symmetry, such as MnSi, paramagnon excitations
exhibit a moat-like minimum at a finite wave vector. Through
self-consistent Hartree and renormalization group (RG) cal-
culations, it is established that the effective action for the
collective magnetization includes dynamic and static contri-
butions, with a kinetic term reflecting the moat-like structure.

Another perspective for the realization of CVLL is the
existence of rotons as vortex-antivortex pairs, low-energy
collective excitations in Bose-Einstein condensation [82] in
superfluid 4He, which appear with the moat-like dispersion
[83]. The dispersion for rotons mimics the moat dispersion
ε(p) = � + (p−p∗ )2

2m∗
where � is the roton gap, p∗ is the roton

minimum momentum, and m∗ is the effective roton mass [84].
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Such a quasiparticle excitation is the signature of 4He in a
low-temperature limit. Rotons are also observed in fractional
(anomalous) quantum Hall effect both experimentally and
numerically [85–87]. Rotons in superfluids are also used to
detect dark matter by measuring their interaction with the
vacuum interface [88]. Our studies suggest that at low temper-
atures and at the low-density limit of rotons in 4He, the system
would exhibit chiral surface states and vortex-line excitations
inherent to the CVLL state.

Notably, the 3D moat dispersion also emerges in a spec-
trum in a dense quark matter, particularly in heavy-ion
collisions at low beam energies [14]. The moat disper-
sion affects particle production and correlations, leading to
distinctive signatures that can be observed experimentally.
These include particle distributions and multiparticle corre-
lations that peak at nonzero momenta and differ significantly
from typical phases where the lowest energy occurs at zero
momentum. The signatures of the predicted CVLL state may
become more pronounced and potentially observable because
of the preserved U(1) symmetry with the appearance of spa-
tially elongated vortex lines, possibly indicative of the CVLL
state of a quantum pion liquid. This implies that the ex-
perimental detection of these spectral features could provide
insight into the novel CVLL phases in QCD, potentially
observable in facilities such as RHIC’s beam energy scan
program.
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APPENDIX A: THE CALCULATION OF THE
POLARIZATION OPERATOR FOR CYLINDRICAL
MOAT-BAND FERMIONS IN (3+1) DIMENSIONS

In this Appendix, we demonstrate in detail the calculation
of the polarization operator for the cylindrical dispersion to
arrive at a low-energy effective theory. We start with the
effective action Eq. (34) and keep only the first term:

Seff = − ln det[∂τ − A0 + KC (k̂i − Ai )]. (A1)

The CS gauge field can be written as the mean field and the
fluctuation above the mean-field components A = 〈A〉 + δA.
At the mean-field level, the 〈A〉 effectively creates a magnetic
field leading to a fully-filled Landau level and contributes a
CS term of level 1. The remaining action can be expanded in

FIG. 9. One-loop diagrams.

the vicinity of fluctuation beyond the mean-field around δA in
the momentum space, giving rise to

Seff = SMF + S′
eff ,

SMF = i

4π

∑
μ,ν,ρ=τ,x,y

εμνρAμ∂νAρ,

S′
eff = − tr ln � + trAμ

∂�

∂kμ

1

�
(A2)

+ 1

2
trAμ

∂�

∂kμ

1

�
Aν

∂�

∂kν

1

�

− 1

2
Aμ

d2�

∂kμ∂kν

1

�
Aν + · · · ,

where we have defined �(kμ) = iω + KC (ki ), with kτ = iω.
Note that in the action, we abuse the notation a bit using A for
the fluctuation beyond the mean field, which will be adopted
in the following Appendix. The first term in S′

eff is indepen-
dent of the gauge field A and the second term corresponds to
a tadpole diagram, which contributes to a constant πA0(0).
Therefore, without loss of generality, we will leave out these
terms, giving rise to the effective action

S′
eff =

∫
d3q

(2π )3
Aμ(q)�μν (q)Aν (−q), (A3)

where q is the transferred momentum and the polarization op-
erator contains two terms �μν (q) = �(1)

μν (q) + �(2)
μν (q) with

�(1)
μν (q) =

∫
d3k

(2π )3

∂�(k)

∂kμ

1

�(k)

∂�(k + q)

∂kν

1

�(k + q)
(A4)

and

�(2)
μν (q) = −

∫
d3k

(2π )3

∂2�(k)

∂kμ∂kν

1

�(k)
, (A5)

where the polarization operator is obtained by performing
one-loop self-energy diagram shown in Fig. 9 for the infinite
cylinder case. �(1)

μν (q) can also be expressed in terms of the
free-fermion propagator [90],

�μν (q) =
∫

d3k
(2π )3

jμ(k) G(k) jν (k + q) G(k + q) ,

where G is the fermion propagator for a given dispersion
relation and jμ(k) = − δG−1(k)

δAμ(k) is the current through the vor-
tex with the momentum k and can be evaluated by taking
the derivative of the action S (inverse G) with respect to the
fluctuating gauge field Aμ(k). In the calculations below, we
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will focus only on the cylindrical case. One can easily find the
current as follows:

j0(k) = i, (A6)

jμ(k) = kμ

M

(
1 − k0

k

)
, (A7)

where μ = x, y and k =
√

k2
x + k2

y . Consequently, we can an-

ticipate a zero element in the polarization matrix �μν (q) that
is dependent on the z axis.

The polarization operator is a k independent constant at
zero temperature, therefore, we need to look at the finite tem-
perature case. To compute the finite temperature polarization
operator, the integral over the ω is replaced by a summation
over Matsubara frequencies ωn = (2n+1)π

β
,

�(1,T )
μν (q) =

∫
d2k

(2π )2

∑
ωn

1

β

∂�(k)

∂kμ

1

�(k)

∂�(k + q)

∂kν

1

�(k + q)
(A8)

and

�(2,T )
μν (q) = −

∫
d2k

(2π )2

∑
ωn

1

β

∂2�(K)

∂kμ∂kν

1

�(K)
. (A9)

To begin, let us calculate �(1,T )
μν . To perform the summation over the Matsubara frequencies, one can multiply the integrand

by − β

eβz+1 , which has poles located at z = ωn. Then one can perform the contour integral of z around these poles as shown in
Fig. 10, which leads to the following expression:

�(1,T )
μν (q) = −

∫
d2k

(2π )2

1

2π i

∮
�

∂�(k)

∂kμ

1

�(k)

∂�(k + q)

∂kν

1

�(k + q)

1

eβz + 1

=
∫

d2k
(2π )2

∂�(k)

∂kμ

∂�(k + q)

∂kν

(
1

�(k + q)

1

eβz1 + 1

∣∣∣∣
iω→z1

+ 1

�(k)

1

eβz2 + 1

∣∣∣∣
iω→z2

)

=
∫

d2k
(2π )2

∂�(k)

∂kμ

∂�(k + q)

∂kν

1

Kc(k + q) − Kc(k)

(
1

e−βKc (k) + 1
− 1

e−βKc (k+q) + 1

)
. (A10)

In the second line, the loop around the poles z = ωn is de-
formed to infinity, with the new poles being z1 + Kc(k) = 0
and z2 + Kc(k + q) = 0.

To obtain the low-energy effective theory, we are interested
only in the low-energy and momentum limit, i.e., |q| � k0.
So, we can proceed with the evaluation by expanding the
polarization operator and keeping only the lowest order in q.
The resulting polarization operator’s components are given by

�(1,T )
xτ (q) =

∫
d2k

(2π )2

kx

kxqx + kyqy

e−βKc (k)

(e−βKc (k) + 1)2

=
∫

d2k
(2π )2

cos θkx − sin θky

|q|kx

e−βKc (k)

(e−βKc (k) + 1)2

FIG. 10. Contour � used in Eq. (A10). The left contour can be
smoothly deformed into the right one.

= qx

|q|2
∫

d2k
(2π )2

e−βKc (k)

(e−βKc (k) + 1)2

= qx

|q|2 fβ,k0 . (A11)

The second equality is obtained by making a change of
variables as: kx → cos θkx − sin θky, ky → sin θkx + cos θky

with tan θ = qy

qx
. In the last line of the equality we de-

fined the integral as follows: fβ,k0 := ∫
d2k

(2π )2
e−βKc (k)

(e−βKc (k)+1)2 =∫
d2k

(2π )2
1

2 cosh[βKc (k)]+2 , which is independent of the transferred
momentum q. The integral fβ,k0 can be further simplified by
rescaling k̃ = k/k0,

fβ,k0 = k2
0

∫
d2k̃

(2π )2

1

2 cosh
[ βk2

0
2M (|k̃| − 1)2

] + 2
, (A12)

which is proportional to k2
0 and dependent on a dimensionless

parameter βk2
0

2M . Figure 6 shows the functional behavior of fβ,k0

versus this parameter. By implementing the same method, one
can obtain

�(1,T )
yτ (q) = qy

|q|2 fβ,k0 , (A13)

�(1,T )
ττ (q) = β fβ,k0 , (A14)

�
(1,T )
i j (q) = mi j, (A15)
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FIG. 11. RPA diagrams and the Dyson equation. The thick curly line is the gauge field dressed propagator, and the thin curly line is the
gauge field bare propagator, DCS.

where

mxx = myy = βk4
0

M2

∫
d2k̃

(2π )2

1
2 (|k̃| − 1)2

2 cosh
[ βk2

0
2M (|k̃| − 1)2

] + 2
,

mxy = myx = k2
0

M

∫
d2k̃

(2π )2

1
4|k̃| − 3

4

2 cosh
[ βk2

0
2M (|k̃| − 1)2

] + 2
.

(A16)
Similarly, one can compute the �(2,T )

μν which, up to order
O(q), gives rise to

�(2,T )
τμ (q) = �(2,T )

xy (q) = 0, (A17)

�
(2,T )
ii (q) = mi, (A18)

where

mx = my = k2
0

M

∫
d2k̃

(2π )2

1

e− βk2
0

2M (|k̃|−1)2 + 1

(
1

2|k̃| − 1

)
.

(A19)
In summary, the polarization operators can be expressed in

matrix form as follows:

�(1,T )
μν (q) =

⎛
⎜⎜⎝

β fβ,k0 − fβ,k0

qx

|q|2 − fβ,k0

qy

|q|2
fβ,k0

qx

|q|2 mxx myx

fβ,k0

qy

|q|2 mxy myy

⎞
⎟⎟⎠ (A20)

and

�(2,T )
μν (q) =

⎛
⎝0 0 0

0 mx 0
0 0 my

⎞
⎠. (A21)

At this level, one can derive the equation of motion from
the effective action (34):

�(T )
μν (q)Aν (q) + (m + 1)Lz

2
εμρσ Fρσ (q) = 0, (A22)

where the field strength tensor is Fμν (r) = ∂μAν − ∂νAμ,
and �(q) is the one-loop polarization operator defined as
�(T )(q) = �(1,T )(q) + �(2,T )(q). This sets up a homoge-
neous linear equation of A. To have a nonzero solution,

the coefficient matrix in front of A, i.e., �(T )
μν (q) + (m +

1)Lzε
μρνkρ , should have zero determinant, which is known as

the characteristic equation and, hence, the dispersion relation
up to order O(1/q2) as follows:

ω2 = fβ,k0 [M(q) + mx|q|2]

L2
z (m + 1)2β|q|4 , (A23)

where M(q) = mxx(q2
x + q2

y ) − 2mxyqxqy. To incorporate the
CS action and address the singularity in the polarization op-
erators, we perform a random phase approximation (RPA)
calculation as shown in Fig. 11, which leads to

�(a,T,RPA)
μν (q) = �(a,T )

μν (q)

1 − 1
Lz

DCS(q)�(a,T )
μν (q)

, (A24)

where a = 1, 2 is the index of the two polarization operators
and DCS(q) represents CS gauge field propagator. In imag-
inary time, the propagator can be explicitly expressed in a
matrix form as

DCS(q) = 2π

m + 1

⎛
⎜⎜⎝

0 qy

q2 − qx

q2

− qy

q2 0 qτ

q2

qx

q2 − qτ

q2 0

⎞
⎟⎟⎠, (A25)

where m + 1 denotes the level of CS theory and q2 = q2
τ +

q2
x + q2

y .
The polarization operators can be computed straightfor-

wardly with Eq. (A24):

�(1,T,RPA)
μν (q) = f 2

β,k0
M(q)

|q|4[β fβ,k0 M(q) + (
m2

xx − m2
xy

)
q2

τ

]

×

⎛
⎜⎝

q2
τ qτ qx qτ qy

qτ qx q2
x qxqy

qτ qy qxqy q2
y

⎞
⎟⎠ (A26)
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and

�(2,T,RPA)
μν (q) = (m + 1)Lz

2π

⎛
⎜⎜⎝

0 0 0

0 0 q2

qτ

0 − q2

qτ
0

⎞
⎟⎟⎠. (A27)

In the last equality, we utilize the divergence of mx, which
renders �(2,T,RPA)

μν (q) purely off-diagonal. These polarization
operators reproduce the results presented in Eq. (35).

The dispersion of the gauge field can be determined by the
characteristic equation. At zero temperature, �1,T,RPA = 0,
leading to a dispersion for the x and y components of the gauge
field, forming a light cone:

ω = ±
√

q2
x + q2

y . (A28)

At finite temperature, with the help of the matrix determinant
lemma,

det(A + uvT) = det(A) + vTadj(A)u, (A29)

and considering that �1,T,RPA can be written in a tensor
product of a vector with itself, one can compute the full
determinant of �T,RPA which gives rise to the same light cone
dispersion as written in Eq. (A28).

APPENDIX B: THE DERIVATION OF THE BOUNDARY
ACTION IN THE LOW-ENERGY EFFECTIVE

FIELD THEORY

In this Appendix, we will consider the second, “boundary”
term of the effective low-energy action (39) and show that it
is topological, corresponding to a novel action in a reduced
spatial dimension defined on a boundary of the system. Using
∂2

i′ = ∂i′δi′ j′∂ j′ = −εi′lεl j′∂i′∂ j′ ,where the indices correspond
to the spatial coordinates x and y and εi j is the antisymmetric

tensor, one finds

Sbound = 1

2

∫
dt sgn(t )

∫
dxdy εi jδAi∇2δA j

= −1

2

∫
dt sgn(t )

∫
dxdy {εi′l∂i′ [εi jδAiεl j′∂ j′δA j]

− εi′l (∂i′δAi )(∂ j′δA j )εi jεl j′ }, (B1)

where the sum over repeating indices is assumed. The
second term in this expression, εi′l (∂i′δAi )(∂ j′δA j )εi jεl j′ =
εi j (∂i′δAi )(∂ j′δA j )δi′ j′ , is vanishing due to the antisymmetric
property of εi j . Therefore, upon introducing a dual vector field
Ãl ≡ εi jδAiεl j′∂ j′δA j , one can rewrite the action Eq. (B1) as

Sbound = −1

2

∫
dt sgn(t )

∫
dxdy εi′l∂i′Ãl

= −1

2

∫
dt sgn(t )

∮
dr εlknkÃl , (B2)

where we used Stokes’ theorem relating the integral of the curl
of the auxiliary vector field Ãl over the 2D surface to the line
integral around the boundary of the system. Here n = (nx, ny )
is the unit vector normal to the 1D boundary of the 2D system
at a fixed z in 3D real space. Using the fact that dr εlknkεl j′ =
dr n j′ , one can rewrite Eq. (B2) in the following form:

Sbound = −1

2

∫
dt sgn(t )

∮
dr nlεi jδAi∂lδA j . (B3)

This reproduces the boundary term in the low-energy effective
action (40).

Alternatively, using the identity εi jεl j′ = δilδ j j′ − δi j′δ jl ,
one finds that

Ãl = δAl (∂ jδA j ) − δA j (∂ jδAl ). (B4)

Substituting this expression into Eq. (B2) and integrating by
parts, one finds an alternative form of the boundary action:

Sbound = −
∫

dt sgn(t )
∮

dr εlknkδAl (∂ jδA j ). (B5)

Note that the coefficient 1/2 in Eq. (B2) is now canceled in
this expression.
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