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We present a symmetry-based classification for superconducting pairing states, organized by the exchange
properties of the anomalous correlation function rather than by a specific microscopic pairing mechanism. The
classification is built from the pairwise permutation of spin, orbital, spatial, and temporal indices, leading
to the fermionic constraint SP∗OT ∗ = −1, and is further organized by separating relative and center-of-
mass space-time coordinates. This construction defines what we call the Berezinskii-Abrahams hypercube,
in which conventional Bardeen-Cooper-Schrieffer superconductivity, unconventional p- and d-wave pairing,
odd-frequency superconductivity, Fulde-Ferrell-Larkin-Ovchinnikov states, pair-density-wave states, and time-
modulated superconducting orders appear as different sectors of a unified framework. Beyond organizing known
phases, the Berezinskii-Abrahams hypercube identifies symmetry-allowed hybrid orders that have received
comparatively little attention, including odd-frequency Fulde-Ferrell-Larkin-Ovchinnikov or pair-density-wave
states and odd-frequency time-modulated superconducting states. We discuss microscopic routes, candidate
platforms, experimental signatures, and stability constraints for these sectors, emphasizing the distinction
between symmetry allowance and physical realizability. We also present the proximity-induced odd-frequency
pair-density-wave state and its driven analog as two new examples of states that naturally emerge in the
Berezinskii-Abrahams hypercube. The resulting framework provides a guide for connecting established super-
conducting phenomena with unexplored symmetry-allowed forms of order.

DOI: 10.1103/n3mf-j5pp

I. INTRODUCTION

Superconductivity is a remarkable example of a quantum
state of matter that can occur on a macroscopic length scale.
When a material becomes a superconductor, a significant frac-
tion of the electrons near its Fermi surface condenses into a
“superfluid” that extends over the entire system. This feature
leads to macroscopic electronic flow with vanishingly small
resistance. Since its discovery more than a century ago [1],
superconductivity has remained at the center of condensed-
matter research. To date, a wide range of superconducting
materials and mechanisms have been discovered: conven-
tional superconductors such as Al or Nb, which are well
described by the seminal Bardeen-Cooper-Schrieffer (BCS)
theory [2]; high-Tc cuprate superconductors, for which a
complete microscopic description is still lacking [3]; organic
superconductors [4–6]; iron-based superconductors [7–9];
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and topological superconducting systems. Recent interest in
topology has led to a closer examination of superconduc-
tors constrained by crystalline, spin, and internal symmetries,
particularly because of their potential relevance for realizing
Majorana fermions [10]. This diversity of superconducting
platforms motivates a classification principle that does not
rely on a specific microscopic pairing mechanism, but instead
organizes possible superconducting states according to their
symmetry properties.

Superconductivity requires the development of a
long-range two-fermion correlation Fαβ,ab(r, r′ | t, t ′) =
〈Tt cαa(r, t )cβb(r′, t ′)〉 that describes pairing in superconduc-
tors. Here, Tt represents the time-ordering operator (contour
ordering in the case of Keldysh analysis), and r, r′ and t, t ′
are spatial and temporal coordinates of the two particles,
respectively; {a, b} denotes the respective orbital or band
degrees of freedom, while {α, β} are the spin degrees of
freedom. In the following, we refer to F as the anomalous
Green’s function, while reserving � for the superconducting
order parameter. It is useful to distinguish the relative and
center-of-mass variables,

R = r + r′

2
, ρ = r − r′, (1a)

T = t + t ′

2
, τ = t − t ′. (1b)
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The relative coordinates (ρ, τ ) characterize the internal
structure of a Cooper pair, including its orbital and frequency
parity, whereas the center-of-mass coordinates (R, T ) charac-
terize spatial or temporal modulation of the superconducting
state itself.

The majority of discussions on the nature of the su-
perconducting state assume equal-time pairing that can be
perturbed away by allowing Eliashberg-like dependence of the
superconducting order on time primarily through retardation
effects. More general unequal-time pairing correlations have
also attracted significant attention, most prominently in the
context of odd-frequency (odd-ω) superconductivity [11–14].
In contrast, the classification developed below treats depen-
dence on ρ, τ , R, and T on equal footing, thereby organizing
superconducting orders according to both the internal struc-
ture of the pair and the possible spatial or temporal modulation
of the condensate. The odd-τ states can emerge in equilib-
rium. The states with nontrivial evolution in T , as defined
above, are externally driven states and develop under Floquet
drive, external voltage, light pulses, etc. Hence, nontrivial
T -dependent states are driven dynamical states, and we will
discuss new symmetry-allowed states below.

Here, we take a broader point of view and classify su-
perconducting pairing states by the symmetry properties of
their anomalous correlation functions. In this framework,
conventional even-frequency (even-ω) superconductors, odd-
ω superconductors, finite-momentum Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) or pair-density-wave (PDW) states,
time-modulated superconductors, and their possible hybrid
combinations are treated on equal footing. The role of sym-
metry is to identify which pairing structures are allowed by
fermionic carriers; the actual realization of a given state is then
determined by microscopic energetics, stability, disorder, and
competing orders. Thus odd-ω and time-modulated pairing
are not exceptions to the usual classification. They are natural
parts of the same broader symmetry framework. Similarly,
more exotic states, such as odd-ω finite-momentum or time-
modulated pairing, emerge as symmetry-allowed possibilities.

We start by using the analysis proposed by Berezinskii
[15]. Fermi statistics of the electron operators entering the
pairing correlation function introduce symmetry constraints
on the swap properties of the two operators. Here, we intro-
duce the relevant parity operators for the pair amplitude with
respect to the relative spatial coordinates (r to r′ swap) as P∗:

P∗Fαβ,ab(r, r′ | t, t ′)P∗−1 = Fαβ,ab(r′, r | t, t ′), (2)

while the time-swap operator for the relative time is defined
as T ∗, with its contour-ordered generalization discussed in
Appendix:

T ∗Fαβ,ab(r, r′ | t, t ′)T ∗−1 = Fαβ,ab(r, r′ | t ′, t ). (3)

It is important to emphasize that the parity operators P∗ and
T ∗ are distinct from the standard inversion operator I and
the time-reversal operator T . The former operate on relative
coordinates, while the latter are defined using absolute spatial
and temporal coordinates. In particular, applying time reversal
to the pairing amplitude in Eq. (2) would require the Hermi-
tian conjugate of the pairing field, which is not needed in the
definitions associated with the time index swap T ∗. The key
difference between T and T ∗ is illustrated in the top panel of

FIG. 1. Top: Schematic illustration of two symmetry operations:
time swap T ∗ and physical time reversal T . The operation T ∗ in-
terchanges, or swaps, the two time coordinates t1 and t2, whereas T
maps t → −t and denotes the usual time-reversal operation. Bottom:
Analogous distinction between the Cooper-pair spatial swap opera-
tion P∗ and the physical inversion operation I. The contour-ordered
generalization of the time-sector operations, relevant for nonequilib-
rium settings with explicit center-of-mass time dependence, is shown
in Fig. 9 and discussed in Appendix.

Fig. 1, which compares the time swap operator T ∗ with the
time reversal operator T . A similar distinction is shown in the
bottom panel of Fig. 1, which depicts the Cooper pair spatial
swap and inversion operators. For superconducting states with
explicit center-of-mass time dependence, the same distinction
can be formulated in terms of contour-ordered anomalous
Green’s functions on the Schwinger-Keldysh contour. In this
formulation, T ∗ swaps the two contour-time arguments of the
anomalous correlator, whereas T acts as the physical time-
reversal operation. The corresponding contour-based analysis
is provided in Appendix (see Fig. 9 for visualization).

Finally, we define two other swap operators, S , for the
spin indices α, β, and O, for the orbital indices a, b. For
completeness, we show the action of these operators on the
pairing correlation explicitly as

SFαβ,ab(r, r′ | t, t ′)S−1 = Fβα,ab(r, r′ | t, t ′), (4)

while for the orbital permutation (a to b swap), one obtains

OFαβ,ab(r, r′ | t, t ′)O−1 = Fαβ,ba(r, r′ | t, t ′). (5)

Using only fermion commutation relations, it can be shown
that the combined action of the individual swap operators
leads to a change in the sign of the pairing correlation function
[14], i.e.,

SP∗OT ∗Fαβ,ab(r, r′ | t, t ′)T ∗−1O−1P∗−1S−1

= −Fαβ,ab(r, r′ | t, t ′), (6)

or in a short notation: SP∗OT ∗ = −1. Since each of the
permutation operators has two possibilities dictated by S2 =
P∗2 = O2 = T ∗2 = 1 (assuming half-integer spin systems),
there are 24 total parities and half of them satisfy the required
SP∗OT ∗ = −1 overall parity. Hence, we obtain a 23 = 8,
or eightfold, swap-symmetry classification for generic super-
conductors. We define odd-ω superconducting states as those
with T ∗ = −1 symmetry, while even-ω states have T ∗ =
+1 symmetry. This definition is consistent with the standard
use of odd-ω pairing in terms of the anomalous Green’s
function [14].
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For completeness, we also include the classification in the
presence of spin-orbit coupling (SOC). In its absence, spin
and orbital labels can be treated as independent quantum num-
bers. In this case, the spin-exchange parity S distinguishes
spin-singlet and spin-triplet channels, while O distinguishes
orbital-symmetric and orbital-antisymmetric channels. The
constraint SP∗OT ∗ = −1 then fixes the allowed combina-
tions of spin, orbital, spatial, and relative-time parities. Thus
orbital degrees of freedom do not remove the singlet/triplet
distinction; rather, they enlarge the set of symmetry-allowed
pairing channels [16]. In systems with strong SOC, however,
spin and orbital angular momenta are generally not separately
conserved. The classification should then be formulated in
terms of the swap properties of the appropriate pseudospin
or total angular momentum states, for example J = L + S,
rather than in terms of separate spin and orbital parities.
For example, in such cases one may use a generalized swap
classification in which the separate spin and orbital parities
are replaced by the swap of the relevant total angular mo-
mentum or pseudospin indices. Schematically, this amounts
to replacing SO by an appropriate J , leading to a constraint
of the form JP∗T ∗ = −1 [17–20]. In principle, this can lead
to more than eightfold options, since J can be larger than 1/2.

It is straightforward to see that odd-ω states are dis-
tinct from their even-ω counterparts in both pure and hybrid
cases: an odd-ω anomalous correlation function is odd under
relative-time swap and therefore vanishes at equal relative
time. This statement can be formulated equivalently in real
time, imaginary time, or frequency space. The exchange-
symmetry classification itself does not depend on the choice
of representation. Real-time notation is useful for distinguish-
ing the relative-time swap operation T ∗ from the physical
time-reversal operation T , whereas Matsubara-frequency no-
tation is often convenient for equilibrium superconductors
because odd-ω pairing is then identified by the transformation
ωn → −ωn. For driven or genuinely nonequilibrium systems,
the corresponding formulation should instead be written in
terms of contour-ordered anomalous Green’s functions on the
Schwinger-Keldysh contour, as discussed in Appendix. For
simplicity, hereafter we use the representation most conve-
nient for the physical situation under discussion: equilibrium
examples may be written in Matsubara frequency, while
explicitly time-dependent or driven states are described in
real-time or contour-time language.

Considering a single-band (orbital) system with O = +1,
a straightforward example in each case would be an even-ω
(T ∗ = +1), p-wave (odd parity P∗ = −1), spin-triplet (S =
+1) superconductor, as often discussed in connection with
superfluid 3He states [21] and proposed to be the pairing state
of the layered perovskite material Sr2RuO4 [22], although the
p-wave pairing in Sr2RuO4 has now been challenged. In con-
trast, an odd-ω (T ∗ = −1), s-wave (even parity P∗ = +1),
spin-triplet (S = +1) state has been theoretically proposed,
for example, in two-band superconductors such as MgB2 in
the presence of an external magnetic field [23]. These ex-
amples illustrate how the same constraint SP∗OT ∗ = −1
accommodates both conventional and Berezinskii-type pair-
ing states without privileging a particular time representation.

Finally, before turning to the geometric organization of
the allowed pairing states following Eqs. (1a) and (1b), we

clarify the relation between the anomalous Green’s function
F and the superconducting order parameter �. In this work,
the exchange-symmetry classification is formulated primarily
in terms of F , because this object is directly constrained
by fermionic exchange statistics and is defined indepen-
dently of a particular microscopic pairing mechanism. This
choice is especially useful for relative-time-dependent or
odd-ω pairing states, for which the equal-time anomalous
amplitude vanishes, and the relevant information is contained
in the finite-relative-time correlation function [14]. By con-
trast, a static order parameter of the type commonly used in
Ginzburg-Landau descriptions is fully adequate for conven-
tional static orders, but may obscure part of the relative-time
structure of a dynamic pairing state. For this reason, F pro-
vides the most transparent object for the present symmetry
classification.

Anomalous Green’s function or order parameter

The anomalous Green’s function and the superconducting
order parameter are nevertheless closely related. In a gen-
eral translationally invariant setting, one may write, without
committing to a particular microscopic pairing mechanism
[24,25],

�αβ,ab(iωn, q)

= −T
∑
ωm,q′

Dγ δ,cd
αβ,ab(iωn, iωm; q, q′)Fγ δ,cd (iωm, q′), (7)

where repeated spin and orbital indices are summed over. Here
(α, β, γ , δ) denote spin indices, (a, b, c, d ) denote orbital
or band indices, � is the superconducting order parameter,
and Dγ δ,cd

αβ,ab(iωn, iωm; q, q′) is a general pairing kernel de-
pending on Matsubara frequencies, momenta, and internal
indices. We have written Eq. (7) in Matsubara notation for
compactness, but the same relation can be formulated in
real-frequency or contour-time language when appropriate. It
shows that the symmetry of � follows from the combined
symmetry properties of F and the pairing kernel D. Thus
once the transformation properties of D are specified, a clas-
sification formulated in terms of F can be translated into
the corresponding classification of �. In this sense, the two
formulations are equivalent for the purpose of the symmetry
classification. If one instead starts directly from �, the sym-
metry properties of the pairing kernel must be specified. For
example, in an effective-action treatment, the reality of the
partition function imposes the hermiticity condition [25]

Dγ δ,cd
αβ,ab(iωn, iωm; q, q′) = [

Dαβ,ab
γ δ,cd (iωm, iωn; q′, q)

]∗
, (8)

where ∗ denotes complex conjugation. Such additional con-
straints make the order-parameter-based classification more
involved, although it is ultimately equivalent once the pairing
kernel is specified. Throughout the present work, we there-
fore use F as the primary object of the exchange-symmetry
classification and reserve � for the superconducting or-
der parameter. Related order-parameter-based formulations of
odd-ω superconductivity have been discussed, for example, in
Ref. [26].

After these preliminaries, we are in a position to illustrate
the classification scheme based on the relative swap parities
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FIG. 2. Proposed Berezinskii-Abrahams (BA) hypercube for
organizing superconducting anomalous correlation functions
Fαβ,ab(R, ρ|T, τ ) in the mixed relative/center-of-mass
representation. The axes ρ and τ describe the internal spatial
and relative-time structure of the Cooper pair, while R and T
describe center-of-mass spatial and temporal modulation of the
condensate. Since the four independent coordinates cannot be
displayed as a true four-dimensional cube, the figure shows a
schematic projection. Gray points indicate representative single-axis
sectors: unconventional p- or d-wave pairing along ρ, Berezinskii
relative-time structure along τ , FFLO/PDW order along R, and
time-modulated superconductivity along T . Red points indicate
representative hybrid sectors involving more than one nontrivial
dependence, such as higher-angular-momentum odd-frequency
pairing, odd-frequency FFLO/PDW order, unconventional
time-modulated superconductivity, and time-modulated FFLO/PDW
order. Here, Berezinskii type (−) denotes F (τ ) = −F (−τ ), while
type (+) denotes F (τ ) = F (−τ ). The figure is qualitative; details
of the axes and hybrid sectors are discussed in the main text.

of space, time, spin, and orbital indices in the pairing channel.
While the procedure is simple, it provides a unified orga-
nization of conventional, odd-frequency, finite-momentum,
time-modulated, and hybrid superconducting orders.

II. SYMMETRIES OF SUPERCONDUCTING PAIRING

A. Berezinskii-Abrahams hypercube

As introduced earlier, the anomalous Green’s function
Fαβ,ab(r, r′ | t, t ′) can be expressed in terms of the relative
and center-of-mass variables (ρ, τ, R, T ). The central idea
of the present construction is to treat these four variables as
independent axes for superconducting orders. We illustrate
the various possible superconducting orders in this four-
dimensional phase space as shown in Fig. 2. We refer to
this organizing framework as the Berezinskii-Abrahams (BA)
hypercube.

The origin of the BA hypercube corresponds to the con-
ventional uniform BCS s-wave superconductor, for which the

TABLE I. Eightfold classification of superconductors based on
the permutation symmetries for the two fermion operators in the
Cooper pair correlation function. Note that the signature, namely
the product of all parities in each column, remains −1, reflecting
SP∗OT ∗ = −1. For convenience, we use the notation (SP∗OT ∗)
to label the states in each column. The BCS state, shown in column
1, corresponds to (− + ++). Other states are labeled similarly [14].

Operator Static order type (+) Dynamic order type (-)

S − − + + + + − −
P∗ + − + − + − + −
O + − − + + − − +
T ∗ + + + + − − − −

anomalous correlation function has no explicit dependence
on any of the four coordinates beyond the usual short-range
structure of the Cooper pair. Moving along the relative spatial
coordinate ρ introduces nontrivial internal orbital structure
of the pair, corresponding to unconventional pairing channels
such as p-, d-, or f -wave superconductivity. Moving along the
relative-time coordinate τ corresponds to the even- or odd-ω
classification originally introduced by Berezinskii [14,15,27].

The remaining two axes describe center-of-mass structure
rather than the internal structure of the pair. An explicit
center-of-mass spatial coordinate R dependence leads to
finite-momentum superconducting states, such as FFLO states
[28,29] or PDW states [30]. An explicit center-of-mass tempo-
ral coordinate T dependence corresponds to time-modulated
superconducting order, which may arise in driven, Floquet,
voltage-biased, or time-crystalline settings [31]. Thus the four
axes of the BA hypercube separate two types of structure:
(ρ, τ ) characterize the internal space-time symmetry of the
pair, while (R, T ) characterize spatial or temporal modulation
of the condensate as a whole. Hybrid states correspond to
sectors in which more than one of these structures is simul-
taneously present.

It is important to emphasize that Fig. 2 organizes the
space-time dependence of the anomalous correlation func-
tion; it does not by itself display the full spin and orbital
exchange classification. The latter is encoded in the constraint
SP∗OT ∗ = −1 and summarized in Table I. Thus a point
or sector in the BA hypercube should be read together with
the spin and orbital exchange parities. For example, an even-
ω, spin-singlet, d-wave FFLO state lies in the sector with
nontrivial ρ dependence and nontrivial R dependence, while
remaining in the Berezinskii type (+) sector along the τ axis.

To make this correspondence explicit, we discuss represen-
tative three-dimensional projections of the four-dimensional
BA hypercube in Sec. III. Each projection displays a cubic
sector containing various superconducting phases, candi-
date realizations, and symmetry-allowed hybrid states. This
organization is intended to help readers connect familiar su-
perconducting orders with the corresponding regions of the
BA hypercube.

The idea of a BA hypercube is motivated by the cube
of theories controlled by the gravitational constant G, the
speed of light c, and Planck’s constant h̄, often used in the
high-energy and gravity communities to organize different
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limiting regimes of physical theories. In analogy with that
construction, the BA hypercube is intended as an organizing
diagram rather than a microscopic phase diagram.

B. Momentum-frequency representation

A useful way to make the four axes of the BA hypercube
explicit is to Fourier transform both the relative and center-
of-mass variables. Starting from the mixed representation
Fαβ,ab(R, ρ | T, τ ), we define

Fαβ,ab(Q, k | 	,ω)

=
∫

dR dρ dT dτ e−iQ·Re−ik·ρei	T eiωτFαβ,ab(R, ρ | T, τ ).

(9)

Here k is the relative momentum conjugate to ρ, ω is the
relative frequency conjugate to τ , Q is the center-of-mass
momentum conjugate to R, and 	 is the center-of-mass fre-
quency conjugate to T . In this language, conventional uniform
BCS pairing corresponds to the sector with Q = 0, 	 = 0,
and even ω structure. Unconventional p-, d-, or f -wave pair-
ing is encoded in the dependence on k. Odd-ω pairing is
encoded in the parity under ω → −ω. FFLO or PDW order
corresponds to finite Q, while time-modulated or driven su-
perconducting order corresponds to finite 	. Hybrid states
correspond to simultaneous nontrivial dependence on more
than one of these variables.

The Pauli principle acts on the relative variables, not on
the center-of-mass variables. Therefore, for fixed (Q,	), ex-
change of the two fermions gives

Fαβ,ab(Q, k | 	,ω) = −Fβα,ba(Q,−k | 	,−ω). (10)

Equation (10) is the compact momentum-frequency form
of the exchange constraint. It shows that the eightfold
SP∗OT ∗ = −1 classification concerns the parities under spin
exchange, orbital exchange, k → −k, and ω → −ω. The
uniform equilibrium limit used in many conventional discus-
sions is recovered by setting Q = 0 and 	 = 0. In this limit,
Eq. (10) reduces to

Fαβ,ab(k; ω) = −Fβα,ba(−k; −ω). (11)

The familiar even- and odd-ω sectors then follow by assign-
ing definite parity under ω → −ω (k → −k), together with
definite spin and orbital parities. In this regard, we note that
conventional BCS theory or the Eliashberg framework for
simple s-wave superconductors does not generically produce
an odd-ω superconducting correlation function. This obstruc-
tion has been discussed as a “no-go theorem” for odd-ω
pairing [32]. It does not rule out the generic odd-ω states,
but emphasizes the need for additional ingredients such as
internal degrees of freedom, broken symmetries, interfaces,
finite-momentum pairing, strong correlations, or nonequilib-
rium driving.

C. Swap classification and physical symmetries

Focusing on Eq. (6), we can now tabulate all possible
classes of superconductors based on their exchange parities in
Table I. This table classifies the internal exchange structure of
the pair in terms of spin, relative spatial parity, orbital parity,

and relative-time parity. The BA hypercube in Fig. 2 comple-
ments this table by organizing the additional dependence on
the center-of-mass space-time variables. Equivalently, Table I
classifies the parities associated with (k, ω) and the internal
spin/orbital labels, while the hypercube organizes how these
states extend into sectors with finite Q, 	, or both. Together,
Table I and Fig. 2 provide the symmetry roadmap used in the
rest of the paper.

In addition to the SP∗OT ∗ classification, time-reversal
(T ) and spatial inversion (I) operations open up more possi-
bilities. Note that T (I) changes the sign of the center-of-mass
coordinate and the relative coordinates as follows:

T : {T, τ } → {−T,−τ }; I : {R, ρ} → {−R,−ρ}. (12)

It is important to contrast Eq. (12) with swap operations T ∗
and P∗ introduced earlier:

T ∗ : {T, τ } → {T,−τ }; P∗ : {R, r} → {R,−r}. (13)

In momentum space, I reverses momentum but not spin,
while T reverses both momentum, spin, and orbital angular
momenta T : {σ, l} → {−σ,−l}. On the other hand, I leaves
these angular momenta unchanged, I : {σ, l} → {σ, l}. This
distinction between exchange operations and global symme-
try operations is central to the classification. Taken together,
the BA hypercube and the SP∗OT ∗ classification provide
a symmetry framework for organizing pure and hybrid su-
perconducting orders. In the following section, we discuss
representative examples, including possible microscopic ori-
gins, candidate platforms, and experimental signatures. The
stability issues are discussed in Sec. V.

III. ROADMAP OF BA-HYPERCUBE SECTORS

Here, we analyze representative three-dimensional projec-
tions of the BA hypercube. Choosing any three coordinates
out of the four variables (ρ, τ, R, T ) produces a cubic projec-
tion of the full BA hypercube. There are therefore four natural
three-dimensional projections, corresponding to fixing one
of the four coordinates in turn. These projections represent
symmetry-based connections between known superconduct-
ing orders. For clarity, the corresponding schematic cubes are
displayed in Fig. 3, while more detailed projection diagrams
are discussed in the following sections. In this way, the cubes
make the abstract four-dimensional organization of Fig. 2
more transparent and provide a direct bridge between the
classification scheme and the microscopic examples discussed
in the following sections.

A. Projection I: (ρ, τ, R) at fixed T

Fixing the center-of-mass time T gives the (ρ, τ, R) pro-
jection shown in Fig. 3(a). This is the natural equilibrium
cube: ρ describes internal orbital structure, τ describes the
Berezinskii type (+) or (−) relative-time sector, and R de-
scribes finite center-of-mass momentum order, equivalently
finite Q. Thus the origin corresponds to a uniform s-wave
BCS superconductor [2], the ρ axis to unconventional p-, d-,
or f -wave pairing [22], the τ axis to odd-ω superconductivity
[14,15,27], and the R axis to FFLO or PDW order [28–30].
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FIG. 3. Four representative three-dimensional projections of the Berezinskii-Abrahams hypercube obtained by fixing one of the four
coordinates (ρ, τ, R, T ): (a) fixed T , giving the (ρ, τ, R) cube; (b) fixed R, giving the (ρ, τ, T ) cube; (c) fixed τ , giving the (ρ, R, T ) cube;
and (d) fixed ρ, giving the (τ, R, T ) cube. In each case, representative known superconducting states and symmetry-allowed hybrid sectors are
indicated schematically. The detailed meaning of each projection is discussed in Sec. III.

The mixed vertices collect hybrid equilibrium sectors:
higher-angular-momentum odd-ω pairing in the (ρ, τ ) plane
[33], finite-angular-momentum FFLO/PDW states in the
(ρ, R) plane [34], and odd-ω FFLO/PDW correlations in the
(τ, R) plane [35,36]. An exotic example in this case would
be a non-s-wave, odd-ω, FFLO/PDW state. A closely related
example with p-wave subdominant odd-ω PDW state was
studied by Yoshida et al. [33], but pure odd-ω pairing with
the additional structures [cf. Fig. 3(a)] has not been analyzed
to the best of our knowledge. Additionally, the stability of
various sectors is a separate microscopic question, especially
when odd-ω structure is combined with finite-Q order.

B. Projection II: (ρ, τ, T ) at fixed R

Fixing the center-of-mass coordinate R, or equivalently set-
ting Q = 0, gives the (ρ, τ, T ) projection shown in Fig. 3(b).
This is the spatially uniform but time-dependent cube: ρ labels
the internal orbital structure, τ labels the Berezinskii type (+)
or type (−) relative-time sector, and T labels explicit center-
of-mass time dependence, equivalently finite center-of-mass
frequency 	. The origin is the uniform s-wave BCS state [2];
the ρ axis gives unconventional p-, d-, or f -wave pairing [22];

the τ axis gives odd-ω superconductivity [14,15,27]; and the
T axis gives time-modulated superconducting order, as may
arise in voltage-biased Josephson junctions, driven/Floquet
superconductors, pump-probe settings, or time-crystalline su-
perconducting states [31,37–43]. This projection emphasizes
that odd-ω structure and time modulation are distinct. Odd-
ω pairing is odd under relative-time exchange (ω → −ω),
whereas nontrivial T dependence describes a condensate
whose center-of-mass phase or amplitude evolves in time. In
a driven or Floquet setting, this may be represented schemati-
cally as

c(T, τ ) =
∑

N

e−iN	DT cN (τ ), (14)

where c is the electron annihilation operator, 	D is the
drive frequency, and N plays the role of an orbital index.
The parity of each FNN ′ (τ ) under τ → −τ then determines
whether that component is even- or odd-ω. The mixed vertices
describe spatially homogeneous hybrid dynamical sectors:
higher-angular-momentum odd-ω pairing in the (ρ, τ ) plane
[33], unconventional time-modulated superconductivity in the
(ρ, T ) plane, and driven even- or odd-ω superconductivity in
the (τ, T ) plane [39,44]. The fully mixed corner corresponds

074511-6



EIGHTFOLD CLASSIFICATION OF SUPERCONDUCTING … PHYSICAL REVIEW B 114, 074511 (2026)

to a non-s-wave, odd-ω, time-modulated superconducting
state. This sector combines ingredients known separately from
non-s-wave odd-ω pairing and Floquet-induced odd-ω super-
conductivity [14,39,45], but its realization as a stable phase
remains unexplored. In particular, genuinely time-modulated
superconducting order should be understood in driven or
nonequilibrium systems rather than as a generic thermal-
equilibrium phase [42,43,46].

C. Projection III: (ρ, R, T ) at fixed τ

Fixing the relative-time sector gives the (ρ, R, T ) projec-
tion shown in Fig. 3(c). Since the τ direction encodes the
Berezinskii type (+) or type (−) character, this projection
should be viewed as two related cubes: one for even relative-
time parity and one for odd relative-time parity. Within either
cube, ρ labels the internal orbital structure of the Cooper
pair, R labels finite center-of-mass momentum or FFLO/PDW
order, and T labels explicit center-of-mass time dependence,
equivalently finite center-of-mass frequency 	.

In the type (+) cube, the main sectors are BCS super-
conductivity, higher-angular-momentum pairing, FFLO/PDW
order [28–30,34], and time-modulated even-ω superconduc-
tivity [31,37,42,43,46]. The type (−) cube contains the
corresponding odd-ω sectors, including odd-ω FFLO/PDW
correlations [35,36] and Floquet-engineered odd-ω supercon-
ductivity [39,47]. Thus this projection separates the choice of
relative-time parity from the independent question of whether
the condensate also carries orbital structure, finite momentum,
time modulation, or combinations thereof.

The mixed vertices represent hybrid sectors within a fixed
Berezinskii class. For example, the (ρ, R) plane contains
unconventional FFLO/PDW states, the (ρ, T ) plane contains
driven p-, d-, or higher-angular-momentum superconduct-
ing states, and the (R, T ) plane contains time-modulated
FFLO/PDW order. The fully mixed corner corresponds to
a finite-momentum, time-modulated, non-s-wave supercon-
ducting state, considered either in the type (+) or type (−)
relative-time sector.

D. Projection IV: (τ, R, T ) at fixed ρ

Fixing the relative spatial sector gives the (τ, R, T ) pro-
jection shown in Fig. 3(d). Physically, this corresponds to
choosing an orbital channel, for example an s-wave or a
higher-angular-momentum channel, and then asking how
relative-time parity, finite center-of-mass momentum, and
center-of-mass time dependence combine within that channel.

For an s-wave channel, the origin is the conventional
BCS state, the τ axis gives odd-ω s-wave superconductiv-
ity, the R axis gives FFLO/PDW order, and the T axis
gives time-modulated superconductivity. Odd-ω s-wave corre-
lations are among the most robust odd-frequency components
and are widely discussed in proximity structures and multi-
band systems [11,14,48,49]. The mixed sectors include odd-ω
FFLO/PDW correlations [35], driven odd-ω superconductiv-
ity [39], and a fully mixed (τ, R, T ) sector that remains
unexplored. The cubic projections in Fig. 3 repeatedly point to
two particularly unexplored sectors of the BA hypercube: an
odd-ω PDW state and its driven analog. We note that odd-ω

PDW correlations have been discussed previously in under-
doped cuprates in proximity to charge-density-wave order
[35], and that related finite-momentum odd-ω pairing appears
in the context of Majorana Fermi surfaces [36]. However,
both examples remain difficult to isolate experimentally. In
the cuprate setting, the odd-ω PDW component coexists with
an even-ω counterpart, making an unambiguous identification
challenging. In the Majorana-based proposal, the construc-
tion is theoretically compelling but relies on assumptions
whose experimental realization has yet to be firmly tested. In
Sec. IV H, we therefore propose a more direct and experimen-
tally motivated route: a spin-active superconductor–half-metal
interface, inspired by the Eschrig-Löfwander [50] mechanism,
supplemented by spatially modulated and, in the driven case,
time-dependent interface hopping. This setup is designed to
generate a finite-Q odd-ω anomalous component in the half-
metal side, whose structure can be analyzed explicitly by
solving the corresponding Usadel equations [51].

IV. MICROSCOPIC ROUTES, CANDIDATE PLATFORMS,
AND PROBES

The purpose of this section is to connect the geometric clas-
sification to microscopic mechanisms, candidate platforms,
and experimental probes. We therefore organize representa-
tive realization routes according to the additional physical
ingredients that move a superconducting system away from
the conventional uniform BCS solutions. These ingredi-
ents include broken spin-rotation symmetry, orbital or band
structure, left-right lead indices, finite center-of-mass momen-
tum, Floquet sidebands, dissipation, non-Hermitian dynamics,
topology, and strong correlations. A compact summary of
these routes, together with representative sectors, candidate
platforms, and possible probes, is provided in Table II.

A. General design principle

The SP∗OT ∗ classification in Table I provides a practical
rule for constructing candidate pairing sectors. An even-ω,
spin-singlet, even-parity superconducting state belongs to the
(− + ++) sector. The general SP∗OT ∗ classification of
swaps and permutations of relative indices remains valid for
pairing states with explicit modulation in T and in R. This
labeling system, generated by the SP∗OT ∗ classification,
is independent of changes in the center-of-mass spatial and
temporal coordinates.

The process for inferring the potential to generate new
even-ω and odd-ω states is as follows:

(1) identify the parent pairing channel, usually an even-ω,
spin-singlet, even-parity BCS-like state;

(2) identify the additional microscopic label or broken
symmetry, such as magnetic order or spin-active interfaces
[11,50], spin-orbit coupling [17,20], orbital or band structure
[48,49], lead asymmetry, finite momentum or spatial modu-
lation [28–30,35,47], Floquet sidebands [39], dissipation or
non-Hermitian structure [52], or topological/Majorana de-
grees of freedom [10,53,54];

(3) determine which exchange parity is changed or
mixed by this ingredient, and hence which SP∗OT ∗ = −1
constraint-allowed sector becomes accessible;
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TABLE II. Representative microscopic routes, candidate platforms, and experimental probes for the Berezinskii-Abrahams hypercube.
The listed mechanisms illustrate how additional microscopic structure, broken symmetry, or external driving can move a conventional
superconducting state into another symmetry-allowed sector. SC denotes superconductivity; FM, ferromagnet; STM, scanning tunneling
microscopy; NMR, nuclear magnetic resonance; and ARPES, angle-resolved photoemission spectroscopy.

route main ingredient representative sector candidate platforms possible probes

interface/proximity broken spin-rotation
symmetry; magnetic
texture; spin-active
scattering

odd-ω spin-triplet
correlations from even-ω
spin-singlet
superconductivity
[11,12,50,55]

SC/FM junctions;
half-metals; spin-active
interfaces

Josephson current; spin
susceptibility; tunneling
spectroscopy

Josephson/multiterminal
left-right lead index;
phase bias; broken L-R
symmetry

odd-ω interlead
anomalous correlations,
e.g.,
(−+++) → (−+−−)
[56,57]

Josephson junctions;
rings; multiterminal
devices

phase-sensitive
Josephson response; ac
Josephson spectroscopy;
flux interference

finite-Q route spatial modulation; band
folding

FFLO/PDW order
[28–30]; odd-ω
FFLO/PDW hybrid
sectors

Pauli-limited SCs;
cuprates; PDW systems;
heterostructures

STM; NMR; gap
modulation; finite-Q
spectroscopy

driven/Floquet route finite 	; Floquet
sidebands; explicit T
dependence

time-modulated
superconductivity; driven
odd-ω pairing [31,37–
43,46]

Floquet SCs;
voltage-biased junctions;
pump-probe platforms

pump-probe
spectroscopy;
time-resolved ARPES;
sidebands; ac response

multiband/topological
route

band, orbital, chirality,
pseudospin, or SOC
degrees of freedom

odd-ω multiband pairing;
interchirality Dirac/Weyl
pairing; SOC-enabled
higher-J sectors
[17–20,23,48,49,53,58–
60]

MgB2; Dirac/Weyl
semimetals;
spin-orbit-coupled SCs;
spin-3/2 systems

interband response;
surface spectroscopy;
Josephson signatures;
quasiparticle interference

non-
Hermitian/dissipative
route

spin-dependent decay;
gain/loss imbalance;
exceptional spectra

odd-ω components
induced or enhanced in
open superconducting
systems [52,61]

dissipative SCs; open
heterostructures;
non-Hermitian platforms

spectral asymmetry;
lifetime-resolved
spectroscopy;
exceptional-point
signatures

Majorana/strong-
correlation
route

self-conjugate fermions;
fractionalization; strong
correlations

intrinsic odd-ω
correlations in Majorana,
SYK-like, or Kondo-
based settings [54,62–64]

Majorana wires;
SYK-like systems;
Kondo lattices

zero-bias tunneling;
local correlation
spectroscopy; anomalous
dynamical response

(4) determine whether the resulting object is a stable bulk
phase, an induced anomalous correlation, or a transient/driven
response.

The last step is essential. The BA hypercube specifies what
is allowed by exchange symmetry, not what is guaranteed to
occur. Many odd-ω or hybrid components appear naturally
as induced anomalous correlations near interfaces, in multi-
band systems, or under drive. Establishing them as stable
bulk phases requires additional energetic, disorder, and phase-
stiffness criteria [65,66]. In this discussion, we distinguish
below between symmetry allowance, induced correlations,
and stable, realizable odd-ω superconducting order.

B. Exchange-sector routes: Spin, orbital,
lead, and internal labels

We first consider mechanisms that change the exchange
structure of the anomalous Green’s function. Magnetic tex-
tures or spin-active interfaces can mix singlet and triplet
components, while orbital, band, chirality, or lead indices can

provide an additional exchange degree of freedom. Once these
indices are specified, the constraint SP∗OT ∗ = −1 fixes the
allowed even- and odd-ω pairing components.

1. Interface-dominated design

A canonical example is provided by superconductor–
ferromagnet and superconductor–half-metal heterostructures.
When a conventional even-ω, spin-singlet superconductor is
coupled to a magnetic material or a spin-active interface, spin-
rotation symmetry is broken and singlet correlations can be
converted into triplet correlations. In diffusive proximity sys-
tems, the long-range triplet response is commonly associated
with odd-ω s-wave triplet components, while even-ω p-wave
triplet components and higher partial waves become important
toward the ballistic regime [11,12,50,55]. Thus the magnetic
interface should be viewed as a mechanism for mixing spin-
exchange sectors, not simply as a source of odd-ω pairing.

A microscopic illustration is the spin-active-interface the-
ory of Eschrig and Löfwander [50], shown schematically
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FIG. 4. Spin-active conversion of singlet supercurrent into equal-
spin triplet supercurrent in a superconductor–half-metal junction.
Misaligned interface moments m1 and m2 break spin-rotation sym-
metry with respect to the half-metal magnetization M, allowing
singlet correlations to be converted near the interfaces into long-
range equal-spin triplet correlations. Only the triplet component
propagates through the half-metal region. Adapted from Eschrig and
Löfwander [50].

in Fig. 4. At a singlet-superconductor/half-metal interface,
spin-dependent scattering first generates an S = 1, m = 0
triplet component. If spin-rotation symmetry is broken at
the interface, spin-flip transmission converts this component
into an equal-spin S = 1, m = 1 triplet amplitude, which can
propagate through the half-metal. In the tunneling limit, this
equal-spin component has the schematic form

F s,a
↑↑, j (x) ∝ Aj |�|eiχ̄ j

|εn|
ε2

n + |�|2 �s,a
j (x), (15a)

Aj = 2t↑↑, jt↓↑, j sin
ϑ j

2
. (15b)

Here ϑ j is the spin-mixing angle, while t↑↑, j and t↓↑, j

are spin-conserving and spin-flip transmission amplitudes at
interface j. The amplitude therefore requires both spin mixing
and spin-rotation-symmetry breaking.

Josephson and multiterminal devices provide a second es-
tablished exchange-sector route. In a Josephson junction, the
left-right lead index can play the role of an effective orbital
label in the SP∗OT ∗ classification. The same device can
support conventional even-ω intralead correlations and inter-
lead correlations whose parity under left-right exchange is
controlled by tunneling, phase bias, voltage bias, and device
geometry. A phase-biased junction therefore gives access to
orbital-even and orbital-odd sectors, and in some cases to
odd-ω interlead correlations [56,57]. The ring Josephson ge-
ometry shown in Fig. 5 provides a simple example. For weak
tunneling between the two superconducting leads, the local
interlead anomalous Green’s function takes the form

FLR(r = 0, iωn) = 2ωnπ
2ρ2tei(φL+φR )/2 sin(φLR/2)

ω2
n + �2

0

. (16)

The explicit proportionality to ωn makes this interlead
component odd in Matsubara frequency exactly at the
interface, while the same device also supports ordinary
even-ω intralead correlations. Here t is the tunneling am-
plitude, ρ is the quasiparticle density of states, �0 is the
superconducting gap magnitude in the leads, and φLR = φL −
φR is the phase difference. In a static equilibrium Josephson
junction, the center-of-mass phase can often be gauged away,

FIG. 5. Induction of interlead superconducting correlations in
a Josephson junction in a ring geometry. If the phase differ-
ence φLR = φL − φR, controlled by an external magnetic field B,
is nonzero, the junction supports both even-ω intralead pairing
FLL/RR = 〈ψL/RψL/R〉 and odd-ω interlead pairing FLR = 〈ψLψR〉.
Adapted from A. V. Balatsky et al. [56].

but it is kept explicitly because in voltage-biased or otherwise
time-dependent settings it can acquire nontrivial center-of-
mass dynamics [37,38].

2. Bulk-property-dominated design

Multiband, Dirac/Weyl, and spin-orbit-coupled supercon-
ductors provide a broader class of internal-index routes to
unconventional exchange sectors. In multiband superconduc-
tors, the band index plays the role of an orbital label in the
SP∗OT ∗ = −1 classification. Band-symmetric anomalous
correlations may remain conventional even-ω, whereas band-
antisymmetric correlations can become odd in frequency
when the spin and spatial parities are otherwise conventional
[23,48,49,58]. Thus multiband systems naturally realize fam-
ilies of even- and odd-ω sectors within the same microscopic
platform.

Dirac and Weyl materials provide a closely related route,
with chirality or helicity acting as an effective internal label. In
the spin-singlet, s-wave Dirac-semimetal model of Ref. [53],
the representative odd- and even-frequency gaps may be writ-
ten as

�odd(ω) = iσy ⊗ I2�odd(ω), (17a)

�even(ω) = I2 ⊗ I2�even(ω). (17b)

Here the first matrix acts in chirality space and the second
in pseudospin space. The odd-ω spin-singlet s-wave state is
antisymmetric in chirality and therefore satisfies the constraint

SP∗χT ∗ = −1, (18)

the chirality analog of the multiorbital SP∗OT ∗ = −1 rule.
Thus Fig. 6 illustrates a simple bulk mechanism: the even-ω
channel pairs quasiparticles within the same chirality sec-
tor, whereas the odd-ω channel is enabled by interchirality
pairing. Microscopically, the odd-ω gap is controlled by
the frequency derivative of the pairing interaction, so that
a repulsive but sufficiently frequency-dependent interaction
can support Berezinskii pairing [53]. This Dirac-semimetal
mechanism also gives a spectroscopic distinction: odd-ω
pairing produces characteristic cusp-like structures in the
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FIG. 6. Spin-singlet, s-wave pairing channels in Dirac semimet-
als for (a) even-ω and (b) odd-ω superconductivity. The even-ω gap
corresponds to intra-chirality pairing, whereas the odd-ω Berezin-
skii channel is enabled by interchirality pairing. Red and blue
dashed lines denote right- and left-handed quasiparticles, respec-
tively. Adapted from P. O. Sukhachov et al. [53].

density of states, unlike the more conventional spectral-
weight redistribution associated with an even-ω gap [53].
Related internal-index routes may occur in Weyl-semimetal
heterostructures, where spin-momentum locking and spin-
polarized surface states promote unconventional even- and
odd-ω components [59,60]. Finally, in strongly spin-orbit-
coupled superconductors, spin and orbital angular momenta
are not separately conserved; the exchange classification
should instead be expressed in terms of pseudospin or total-
angular-momentum sectors. This viewpoint is relevant for
spin-3/2 systems, half-Heusler materials, and related topolog-
ical semimetals [17–20].

C. Relative- and center-of-mass-space routes: ρ and R axes

We next turn to routes along the spatial axes of the BA
hypercube. The relative coordinate ρ, or equivalently the rel-
ative momentum k, describes the internal orbital structure of
the Cooper pair. Motion along this axis gives unconventional
orbital pairing, such as p-, d-, or f -wave superconductivity.
These states may be either even or odd in frequency depending
on the remaining spin, orbital, and relative-time exchange
parities.

The center-of-mass coordinate R, or equivalently the
center-of-mass momentum Q, describes spatial modulation
of the condensate. The canonical example is the FFLO state,
in which Cooper pairs condense at finite center-of-mass mo-
mentum. In the Fulde-Ferrell form, the order parameter has a
single plane-wave component,

�(R) = �QeiQ·R, (19)

while in the Larkin-Ovchinnikov form it is a standing-wave
modulation, �(R) ∼ �Q cos(Q · R) [28,29]. PDW states
generalize this idea to superconductors with intrinsic spa-

tial modulation of the pair amplitude, often intertwined with
charge or spin order [30]. Nested Fermi surfaces provide a
bulk route in which the same electronic structure selects both
the finite pair momentum Q and the relative-momentum struc-
ture of the Cooper pair [67]. In the BA hypercube, these are
Berezinskii Type (+) nontrivial R-sector states.

A more direct route to the mixed (τ, R) sector is obtained
when finite-Q superconductivity coexists with additional spa-
tial order. For example, in a d-wave superconductor with
charge-density-wave order, the charge modulation mixes mo-
menta separated by the CDW wave vector and generates PDW
components. In such a setting the anomalous Green’s function
contains both even- and odd-ω PDW components; schemati-
cally,

F (k, Q; iωn) = Fe(k, Q; iωn) + Fo(k, Q; iωn), (20a)

Fo(k, Q; −iωn) = −Fo(k, Q; iωn). (20b)

This example illustrates a bulk spatial-modulation route to
odd- and even-ω correlations. Unlike the interface or internal-
index mechanisms of Sec. IV B, the key ingredient here is
finite center-of-mass momentum Q: PDW or FFLO order
makes the anomalous Green’s function depend simultane-
ously on (k, iωn) and Q. This spatial modulation can mix
even- and odd-ω components, producing odd-ω PDW correla-
tions alongside conventional even-ω ones [35]. Related work
further emphasizes that finite-Q pairing and finite-energy pair-
ing are distinct, although their coexistence can also generate
odd-ω components [47].

D. Center-of-mass-time routes: T or finite-� sectors

The center-of-mass time coordinate T , or equivalently the
center-of-mass frequency 	, describes explicit temporal mod-
ulation of the superconducting state. This is distinct from
odd-ω pairing: odd-ω refers to relative-time parity under τ →
−τ , whereas finite-	 refers to time dependence of the con-
densate as a whole. Thus a time-modulated superconductor
may be either even or odd in relative frequency. A simple
example is a voltage-biased Josephson junction, where the
phase difference evolves as

φ(t ) = φ0 + 	Jt, 	J = 2eV

h̄
. (21)

This produces superconducting correlations with nontrivial
center-of-mass-time dependence, i.e., finite-	 structure. De-
pending on other variables, this system can host both even-
and odd-ω correlations [37,38].

More generally, periodically driven or Floquet supercon-
ductors provide a direct route to the T axis; experimentally,
THz pump-probe experiments have demonstrated coherent
condensate dynamics, including Higgs/amplitude oscillations
[68]. For a drive period T , the anomalous correlation can be
expanded as

F (T, τ ) =
∑

m

e−im	TFm(τ ), 	 = 2π

T . (22)

The Floquet index m acts as an additional effective la-
bel and can enable driven odd-ω components even when
the corresponding static system is conventional [39]. In
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FIG. 7. Schematic frequency-structure routes beyond conven-
tional Hermitian quasiparticles. (a) interacting Majorana modes
(through some bosonic modes b) provide an intrinsic route to odd-ω
correlations through their self-conjugate structure. (b) asymmetric
dissipation in a paired system can generate odd-ω anomalous cor-
relations, cf. Eq. (25).

the BA-hypercube language, the drive activates the center-
of-mass-time axis, while the relative-time parity is still
determined by the behavior of Fm(τ ) under τ → −τ .

The routes discussed above modify exchange labels, spa-
tial structure, or center-of-mass time dependence. A different
possibility is to modify the frequency structure of the anoma-
lous Green’s function itself, for example through open-system
dynamics, non-Hermitian spectra, or self-conjugate Majorana
degrees of freedom. These mechanisms should not be viewed
as new symmetry classes; rather, they provide microscopic
routes for generating strongly frequency-dependent anoma-
lous correlations that may project onto even- or odd-ω sectors
depending on the exchange structure, cf. Fig. 7.

E. Unconventional routes: Majorana systems

Majorana excitations naturally demonstrate odd- ω pairing
correlations. Indeed, the Majorana excitations are “particle”
and “hole” excitations at the same time: γi = γ

†
i . The Green’s

function for a Majorana state G(τ1, τ2) = 〈Tτ γ (τ1)γ (τ2)〉 is
both the G and F anomalous pairing function. For the simplest
example of the free Majorana fermion mode at zero energy, we
have G(iωn) = F (iωn) = 1

iωn
, and the connection between the

Majorana zero-energy mode and the odd-ω pairing is obvious
[54]. For superconducting heterostructures, the connection
between Majorana modes in a superconductor and odd-ω
states was emphasized by Tanaka and collaborators [13]. We
give two examples of odd-ω phases that naturally emerge in
interacting Majorana models.

(a) The first example is the Sachdev-Ye-Kitaev (SYK)
model used to describe the “strange metal phases” [69], where
Majorana excitations interact via random quartic terms in an
all-to-all interaction:

Hint =
N∑

i jkl=1

Ji jkl

4!
γiγ jγkγl , (23a)

E (Ji jkl ) = 0, E (J2
i jkl ) = 6J2/N. (23b)

Here E (x) is the expectation value of the random variable
x over the distribution. The solution to this model is known in
the large-N limit and gives the exact expression for the Majo-
rana propagator Gi j (τ1, τ2) = 〈Tτ γi(τ1)γ j (τ2)〉 ,∀i, j [70]:

Gi j (τ1, τ2) = sgn(τ12)

(Jτ12)2�
, � = 1

4
, τ12 = τ1 − τ2. (24)

This solution demonstrates that a single odd phase ω in the
interacting fermion model is thermodynamically stable. This
observation refutes the often-claimed “unstable nature” of the
odd-ω state that cannot exist on its own and always requires
the conventional pairing state to “feed off.”

(b) The second example of odd-ω pairing of interacting
Majorana fermions is the case of boson-mediated interaction
between Majorana modes at the ends of topological wires. In
that case, the authors claim that the SP∗OT ∗ = −1 applies
to Majorana pairing states where the spatial swap now means
swapping the ends of the wire and swapping Majorana states
at the ends of the wires keeps S = 1 for same-spin states.
Once the Majorana-fermion–boson interaction is turned on
and exceeds the critical value g > gcrit = 1, cf. Fig. 7(a),
the Majorana modes develop intra-wire odd-ω and cross-wire
even-ω correlations [54]. We also comment that both exam-
ples suggest that devices and platforms that host Majorana
states are good media for realizing odd- ω pairing states.

F. Unconventional routes: Non-Hermitian systems

A minimal non-Hermitian example is a paired fermionic
mode with spin-dependent decay, cf. Fig. 7(b),

Heff =
∑
kσ

(εk − i�σ )c†
kσ ckσ +

∑
k

�c†
k↑c†

−k↓ + H.c. (25)

In the Nambu basis �k = (ck↑, c†
−k↓)T , the anomalous

Green’s function is F (k, ω) = �/D(k, ω), where the denom-
inator is

D(k, ω) = (ω − εk + i�↑)(ω + εk − i�↓) − |�|2. (26)

The odd-ω part, Fo = [F (ω) − F (−ω)]/2, is therefore pro-
portional to the spin-asymmetric decay as

Fo(k, ω) = − i(�↑ − �↓)ω �

D(k, ω)D(k,−ω)
. (27)

Thus dissipation alone does not generate pairing. The odd-ω
component requires both a pairing source, �, and an in-
ternal lifetime asymmetry, �↑ 
= �↓. Exceptional points (in
non-Hermitian systems) provide a particularly sharp setting
where such non-Hermitian odd-frequency components can be
enhanced [52,61].

G. Weakly explored hybrid sectors of the BA hypercube

The BA hypercube is most useful not only as a catalog of
known phases but as a way to identify unexplored pair struc-
tures built from familiar ingredients. Some two-axis hybrids
have already been discussed. For example, finite-Q PDW
correlations can acquire odd-ω structure in systems where
superconductivity coexists with charge or spin modulation
[35,47,71]. Similarly, periodic driving can generate odd-ω
components in otherwise conventional superconductors by
introducing Floquet sideband labels [39]. These examples
provide useful anchors for the less explored sectors below.

A natural next target is the driven PDW sector, where
finite center-of-mass momentum and finite center-of-mass
frequency are present simultaneously. At the level of the
anomalous correlation function this corresponds to compo-
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nents

F (k, Q; ωn,	m), Q 
= 0, 	m 
= 0. (28)

Equivalently, the order may be represented schematically as

�(R, T ) = �Q,	eiQ·R−i	T + c.c. (29)

This sector combines the PDW/FFLO direction of the hyper-
cube with the time-modulated or Floquet direction. Candidate
platforms include driven Josephson arrays, voltage-biased
multiterminal junctions, and materials with incipient PDW
order subjected to periodic drive, in analogy with nonequi-
librium PDW dynamics and driven competing-order settings
[72–74].

A second unexplored target is an odd-ω driven PDW sec-
tor, where the same finite-Q, finite-	 structure also has odd
relative-frequency parity,

Fo(k, Q; ωn,	m) = −Fo(k, Q; −ωn,	m). (30)

This is the (τ, R, T ) hybrid sector of the BA hypercube. It
combines two known mechanisms: spatial modulation that
can generate odd-ω PDW correlations in superconductors
coexisting with charge or spin order [35,47], while Floquet
driving can generate odd-ω components through sideband
structure [39]. A concrete route would therefore be to start
from a PDW- or CDW-coexisting with superconductor and
apply a periodic drive, voltage bias, or pump pulse, in analogy
with nonequilibrium PDW dynamics and driven competing-
order settings [72–74]. Such a state could be probed by
combining spatial probes of finite-Q order, such as STM or
quasiparticle interference, with time-resolved or ac Josephson
probes sensitive to finite-	 response [30,37,38,68].

H. Possible route to odd-ω spin-triplet PDW correlations

We now describe a scheme that motivates an odd-ω
finite-momentum, or PDW-like, triplet component and its
driven analog. The construction is based on the spin-active
superconductor–half-metal interface of Eschrig and Löfwan-
der [50], but with a spatially and temporally modulated
tunneling matrix at the interface. The spatial modulation may
arise from patterned interfaces, moiré structures, magnetic
textures, strain, or a spatially modulated tunnel barrier. The
temporal modulation may be produced by a microwave drive,
gate modulation, optical pumping, or an ac voltage applied
locally to the interface. The purpose of the construction is
not to solve the full nonequilibrium proximity problem, but
to show how the BA hypercube naturally suggests a route to a
hybrid odd-ω, finite-Q, finite-	D anomalous component in a
half-metal.

Consider a conventional spin-singlet BCS superconductor
coupled to a half-metal through a spin-active interface. The
anomalous Green’s function of the parent superconductor is

FSC
αβ (k, iωn) = f (k, iωn)(iσy)αβ, (31a)

f (k, iωn) = �

ω2
n + ξ 2

k + |�|2 , (31b)

where ξk = εk − μ. In real space and imaginary time this par-
ent anomalous function is even under relative-time exchange
and even under relative-coordinate exchange for an s-wave

superconductor. The half-metal is assumed to contain only the
spin-↑ band at low energies, with

G↑(k, iωn) = 1

iωn − ξHM
k

. (32)

The tunneling Hamiltonian is

HT (t ) =
∑

r

d†
↑,r[t↑↑(r, t )c↑,r + t↑↓(r, t )c↓,r] + H.c., (33)

where t↑↑ and t↑↓ are, respectively, spin-conserving and spin-
flip tunneling amplitudes. We allow both amplitudes to have
weak spatial modulation along the plane of the interface and
weak temporal modulation at drive frequency 	D,

t↑↑(r, t ) = t0 + δt0 cos(Q · r) cos(	Dt ), (34a)

t↑↓(r, t ) = tsf + δtsf cos(Q · r + φ) cos(	Dt + θ ). (34b)

Here Q is the modulation wave vector along the interface,
i.e., perpendicular to the tunneling direction, while φ and θ

are the relative spatial and temporal phases between the spin-
conserving and spin-flip modulations.

Integrating out the fermionic degrees of freedom on the
superconducting side yields an induced equal-spin anomalous
self-energy in the half-metal. In the time domain this object
may be written schematically as

�↑↑(r1, t1; r2, t2) = f (r1 − r2; t1 − t2)[t↑↑(r1, t1)t↑↓(r2, t2)

− t↑↓(r1, t1)t↑↑(r2, t2)]. (35)

The antisymmetric combination in Eq. (35) is the equal-spin
analog of the spin-active conversion process: it vanishes if the
interface has no spin mixing or no spin-flip component. We
now introduce the center-of-mass and relative variables R =
r1+r2

2 , ρ = r1 − r2, T = t1+t2
2 , and τ = t1 − t2. Keeping only

terms linear in δt0 and δtsf , Eq. (35) becomes

�↑↑(R, ρ; T, τ ) = f (ρ; τ )[t0δtsf Cφ,θ (R, ρ; T, τ )

− tsfδt0 C0,0(R, ρ; T, τ )], (36)

where

Cφ,θ (R, ρ; T, τ ) = cos
[
Q ·

(
R − ρ

2

)
+ φ

]

× cos
[
	D

(
T − τ

2

)
+ θ

]

− cos
[
Q ·

(
R + ρ

2

)
+ φ

]

× cos
[
	D

(
T + τ

2

)
+ θ

]
. (37)

Using elementary trigonometric identities, the spin-flip mod-
ulation channel can also be written as

Cφ,θ (R, ρ; T, τ ) = sin (Q · R + 	DT + φ + θ )

× sin

(
Q · ρ + 	Dτ

2

)

+ sin (Q · R − 	DT + φ − θ )

× sin

(
Q · ρ − 	Dτ

2

)
. (38)

This expression is exact in Q and 	D within the assumed
single-harmonic interface modulation; no expansion in small
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Q is required. Eq. (38) also makes the symmetry content
transparent. The induced source is modulated in the center-
of-mass coordinate R and center-of-mass time T , while its
internal structure is odd under the simultaneous exchange
(ρ, τ ) → (−ρ,−τ ), as required for an equal-spin anomalous
amplitude. In the purely spatial case 	D = 0, the leading
source is odd in ρ and describes a finite-Q triplet component.
In the driven case 	D 
= 0, even at ρ = 0 one obtains, for the
spin-flip modulation channel,

Cφ,θ (R, 0; T, τ )

= 2 cos(Q · R + φ) sin(	DT + θ ) sin

(
	Dτ

2

)
, (39)

which is explicitly odd in the relative time τ . Thus the tem-
poral drive provides a direct route to an odd-ω equal-spin
component, while the spatial modulation supplies the finite
center-of-mass momentum.

The same symmetry content can be summarized schemat-
ically in a mixed Wigner/Floquet representation. This repre-
sentation is used only for bookkeeping: ω denotes the relative
frequency, while sQ and l	D label the center-of-mass spa-
tial and temporal harmonics. For the tunneling model in
Eqs. (34a)–(34b), the modulated spin-flip amplitude has the
Fourier decomposition

cos(Q · R + φ) cos(	Dt + θ ) =
∑

s,l=±1

eisQ·Reil	Dt ei(sφ+lθ )

4
.

(40)

The spin-conserving modulation has the same harmonics but
with zero spatial and temporal phase,

cos(Q · R) cos(	Dt ) = 1

4

∑
s,l=±1

eisQ·Reil	Dt . (41)

Thus, for the harmonic proportional to eisQ·Reil	DT , the in-
duced equal-spin self-energy takes the schematic form

�
(s,l )
↑↑ (k; ω) ∼ 1

4

[
t0δtsf e

i(sφ+lθ ) − tsfδt0
]

×
[

f

(
k + sQ

2
, ω − l	D

2

)

− f

(
k − sQ

2
, ω + l	D

2

)]
, s, l = ±1.

(42)

The factor ei(sφ+lθ ) therefore comes only from the spin-flip
modulation in Eq. (34b); the spin-conserving modulation in
Eq. (34a) carries no additional phase. The two shifted ar-
guments of f arise from the two relative-coordinate and
relative-time positions of the interface factors in Eq. (35).
Equation (42) should therefore be read as the lowest-harmonic
Wigner/Floquet representation of the anomalous source, not
as a full nonequilibrium solution.

With the same convention, the induced anomalous Green’s
function in the half-metal may be written schematically as

F (s,l )
↑↑ (k; ω) ∼ G↑

(
k + sQ

2
, ω + l	D

2

)
�

(s,l )
↑↑ (k; ω)

× Ḡ↑

(
k − sQ

2
, ω − l	D

2

)
. (43)

Here Ḡ↑(k, ω) is the corresponding hole propagator in the
half-metal. Eq. (43) is again only a compact lowest-order
expression. In a complete driven treatment, the Green’s func-
tions are matrices in Floquet or Keldysh-Floquet space, and
Eq. (43) represents the weak-drive, single-harmonic compo-
nent relevant for identifying the symmetry of the induced
anomalous response. The odd-ω component is obtained by
projection onto the part antisymmetric in the relative fre-
quency,

F (s,l ),odd
↑↑ (k; ω) = 1

2 [F (s,l )
↑↑ (k; ω) − F (s,l )

↑↑ (k; −ω)]. (44)

This definition avoids any small-Q expansion and makes clear
that the odd-ω character refers to relative-frequency parity,
whereas sQ and l	D label center-of-mass spatial and temporal
modulation.

The clean tunneling expression above should not be con-
fused with a full solution of the diffusive proximity problem
[75]. In the quasiclassical description, one separates the fast
relative momentum from the slow center-of-mass variables
by writing k � kFk̂ and integrating over the single-particle
energy ξHM

k measured from the Fermi level. The remaining
dependence on k̂ labels angular harmonics of the relative
motion. In a dirty half-metal, impurity scattering suppresses
anisotropic angular harmonics, so the Usadel limit retains the
isotropic component. This projection removes the relative-
momentum dependence of the anomalous amplitude, but it
does not remove the slow center-of-mass harmonics sQ and
l	D. We denote the corresponding diffusive component by

F (s,l ),qcl
↑↑ (ω) ≡

〈∫
dξHM

k F (s,l )
↑↑ (k; ω)

〉
k̂
, (45)

where 〈· · · 〉k̂ denotes angular averaging over the Fermi sur-
face. If this projection yields a nonzero equal-spin triplet
component and the surviving isotropic component is even
under P∗, the constraint SP∗OT ∗ = −1 therefore requires
it to be odd in ω,

F (s,l ),qcl
↑↑ (−ω) = −F (s,l ),qcl

↑↑ (ω). (46)

Restoring the center-of-mass harmonics gives

Fqcl
↑↑ (R, T ; ω) =

∑
s,l=±1

F (s,l ),qcl
↑↑ (ω)eisQ·R−il	DT . (47)

Equation (47) represents the schematic isotropic equal-spin
triplet component induced in the half-metal. Since each
nonzero harmonic amplitude in this projected sector is odd
in ω, it describes an odd-ω, finite-Q, finite-	D PDW-like
anomalous component. A full calculation of its magnitude
and boundary-condition dependence requires solving the cor-
responding time-dependent Usadel problem and, of course,
addressing the heating issues due to the periodic drive. We
do not attempt that calculation here. The purpose of the
present construction is instead to identify the symmetry of
the boundary-generated anomalous component. The clean
tunneling analysis shows how the spatially and temporally
modulated spin-active interface produces harmonics labeled
by sQ and l	D, while the diffusive projection selects the
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FIG. 8. Spin-active superconductor–half-metal interface realiz-
ing an odd-ω, finite-Q, finite-	D anomalous response. The mod-
ulated interface tunneling generates the center-of-mass harmonics
Q and 	D, while the spin-active conversion produces an equal-
spin triplet component in the diffusive half-metal. The spatial decay
shown in the half-metal is schematic and follows from the Usadel
description in the diffusive regime.

isotropic equal-spin triplet sector in the half-metal. By the
SP∗OT ∗ = −1 constraint, any such isotropic equal-spin
triplet component in a single-orbital half-metal must be odd
in ω, provided the averaging produces a P∗ = 1-uniform
component. Thus the interface provides a symmetry-allowed
route to an odd-ω, finite-Q, finite-	D PDW-like anomalous
response. Its magnitude, decay length, and stability are sep-
arate microscopic questions that require a full quasi-classical
nonequilibrium treatment. The schematic form of the odd-ω
PDW correlation function is shown in Fig. 8.

V. STABILITY CONSTRAINTS AND EXPERIMENTAL
DIAGNOSTICS

The BA hypercube should be read as a symmetry roadmap,
not as a guarantee of thermodynamic stability. A sector al-
lowed by the exchange constraint SP∗OT ∗ = −1 may appear
as an induced anomalous correlation, a transient driven re-
sponse, or a stable bulk phase. These are physically different
situations. A stable ordered state must also have positive stiff-
ness against phase, spatial, and temporal fluctuations.

For finite-Q sectors, such as FFLO or PDW order, the sim-
plest long-wavelength Landau free energy contains a stiffness
cost for spatial modulation [30,76],

LQ = [r + K (Q − Q0)2]|�Q|2 + u|�Q|4 + · · · . (48)

A finite-Q condensate is stable only when the quadratic
coefficient is negative near some nonzero Q0, while the stiff-
ness and quartic terms keep the state bounded. Disorder is
especially restrictive because elastic scattering destroys the
phase coherence required to maintain a finite center-of-mass
momentum. This is why conventional FFLO and many PDW
states favor clean or spatially organized systems. Hybrid odd-
ω finite-Q sectors are expected to be even more constrained,
because they must maintain both spatial coherence and a well-
defined relative-time structure [77].

For odd-ω sectors, the stability question is not determined
by frequency parity alone. In a functional-integral formula-

tion with a retarded pairing kernel, the quadratic action for a
frequency-dependent gap can be written schematically as [24]

S (2) = T
∑
ωn,ωm

�∗(iωn)K(iωn, iωm)�(iωm),

�(−iωn) = −�(iωn). (49)

In a basis that diagonalizes the pairing kernel, this reduces to
the more familiar schematic form

S (2) = T
∑
ωn

�∗(iωn)[D−1(iωn) − �(iωn)]�(iωn), (50)

where D and � are the bare interaction kernel and Cooper pair
susceptibility, respectively. A stable odd-ω phase requires an
instability of the kernel in the odd-frequency channel while
preserving a physical, positive electromagnetic response. This
is a stronger condition than merely finding an odd-ω com-
ponent in the anomalous Green’s function. Induced odd-ω
amplitudes in proximity structures can be robust, especially
when they are s-wave in the relative coordinate, but establish-
ing an intrinsic homogeneous odd-ω bulk phase remains more
subtle [24,25].

Driven sectors introduce a separate constraint: the drive
can populate finite-	 or Floquet sideband components, but
heating and relaxation compete with superconducting co-
herence. A useful phenomenological criterion is that the
induced hybrid component must live longer than the relevant
dephasing time,

�heat + �qp � �sc,	, (51)

where �heat is the drive-induced heating rate, �qp is the quasi-
particle relaxation rate, and �sc is the superconducting energy
scale. High-frequency or prethermal Floquet regimes, voltage-
biased junctions with controlled dissipation, and pump-probe
settings with short observation windows are therefore the most
natural platforms for finite-	 hybrid sectors [42,43,68].

The diagnostic strategy should follow the active axes
of the BA hypercube. Spatial modulation along the R
axis can be probed by STM, quasiparticle interference,
NMR line shapes, or diffraction-sensitive probes. Internal
orbital structure along the ρ axis can be tested by nodal
spectroscopy and phase-sensitive Josephson measurements.
Phase-sensitive Josephson measurements, surface Andreev
bound states, and spin-orbit-coupled Josephson platforms
provide complementary probes of unconventional pairing
symmetry and its higher-angular-momentum or topological
descendants [78–81]. Relative-time structure along the τ axis
requires probes sensitive to frequency dependence, such as
tunneling spectroscopy, Josephson response, and Meissner or
spin-susceptibility measurements. Center-of-mass-time struc-
ture along the T axis requires pump-probe spectroscopy,
ac Josephson response, Floquet sidebands, or time-resolved
ARPES. Controlled disorder studies are particularly important
for distinguishing robust induced correlations from fragile
bulk ordered phases.

Thus the practical use of the BA hypercube is twofold.
First, it identifies which pairing structures are allowed by
exchange symmetry. Second, it makes clear which additional
stability filters must be passed before a symmetry-allowed
sector can be regarded as a realizable superconducting phase.
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VI. FUTURE DIRECTIONS AND SUMMARY

We have presented a symmetry-based classification of su-
perconducting pairing orders formulated at the level of the
anomalous Green’s function. The classification follows from
the exchange parities of spin, relative space, orbital or internal
labels, and relative time, constrained by SP∗OT ∗ = −1. This
reproduces the familiar distinction between spin-singlet and
spin-triplet pairing and between s-, p-, and d-wave orbital
channels, while placing even- and odd-frequency pairing on
the same footing.

By separating relative and center-of-mass space-time vari-
ables, we organized the allowed pair amplitudes into the BA
hypercube. In this representation, ρ describes the internal
orbital structure of the Cooper pair, τ its relative-time or
frequency parity, R finite-momentum or spatially modulated
order such as FFLO and PDW states, and T explicit tempo-
ral modulation of the condensate. This construction connects
conventional BCS, unconventional orbital pairing, odd-ω pair-
ing, FFLO/PDW order, and driven or Floquet superconducting
correlations within one framework.

The value of the BA hypercube representation is that it
identifies hybrid sectors that are symmetry-allowed but not
yet systematically explored. Examples include odd-ω FFLO
or PDW correlations, driven PDW states, and odd-ω driven
finite-Q superconducting correlations. Guided by the BA clas-
sification, we developed a microscopic scheme in which one
can induce an odd-frequency PDW state. These states should
be viewed as targets suggested by symmetry. The physical
realization of proposed new states requires additional micro-
scopic analysis, including sufficient phase stiffness, controlled
disorder, favorable pairing kernels, and, in driven systems,
manageable heating and relaxation.

The same swap logic can also be formulated for a nonequi-
librium system using contour-ordered Green’s functions on
the Schwinger-Keldysh contour. In that setting, the relative-
time swap remains distinct from physical time reversal,
while explicit center-of-mass-time dependence corresponds to
finite-	 or Floquet sectors. Throughout this work, we have

FIG. 9. Contour-based illustration of the time-swap operation
T ∗
C and the physical time-reversal operation TC on the Schwinger-

Keldysh contour. Top: T ∗
C exchanges the two contour-time arguments

t1 and t2, corresponding to the nonequilibrium generalization of
relative-time permutation. Bottom: TC reverses the physical time
coordinates, ti → −ti, and acts as the usual time-reversal operation.
This figure is the contour analog of the real-time illustration shown
in Fig. 1.

assumed ordinary fermionic exchange, so that the relevant
pairwise swap operations have real Z2 eigenvalues.
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APPENDIX: SWAP PROPERTIES IN
SCHWINGER-KELDYSH CONTOUR

In this appendix, we describe how the exchange/swap
operations introduced in the main text are generalized to a
nonequilibrium setting with explicit center-of-mass time de-
pendence. In this case, the anomalous Green’s function is
naturally defined on the Schwinger-Keldysh contour C as

Fαβ,ab(1, 2) = 〈TCcαa(1)cβb(2)〉, (A1)

where 1 = (r1, z1), 2 = (r2, z2), (z1, z2) ∈ C, and TC de-
notes contour ordering. The contour consists of the forward
branch C+, the backward branch C−, and, when needed, the
imaginary-time branch used to encode the initial density ma-
trix. The time-swap operation T ∗

C acts by exchanging the two
contour-time arguments,

T ∗
C : z1 ↔ z2, (A2)

while leaving the physical meaning of the contour branches
unchanged. This operation is the contour analog of the
relative-time permutation discussed in the main text. By con-
trast, the physical time-reversal operation TC reverses the
physical time coordinates and acts antiunitarily on the micro-
scopic fermionic operators. Thus T ∗

C is an exchange operation
on the two-particle correlator, whereas TC is a physical sym-
metry operation. The distinction is illustrated in Fig. 9. In the
upper panel, T ∗

C interchanges the two contour-time positions
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t1 and t2 on the Keldysh contour. In the lower panel, T re-
verses the physical time coordinates, mapping ti → −ti, and
correspondingly reverses the orientation of the contour repre-
sentation. The spatial operations are generalized analogously:
P∗ exchanges the two spatial coordinates r1 ↔ r2, while the

physical inversion operation I maps each coordinate as ri →
−ri. Therefore the exchange-based classification SP∗OT ∗ =
−1 can be formulated for contour-ordered anomalous Green’s
functions in the same way as for equilibrium time-ordered
correlators.
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