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The moiré pattern, which emerges due to a relative rotation between two monolayers of transition metal
dichalcogenides, features a long lattice period for small twist angles. The resulting band-structure modulation
acts as an effective potential for interlayer excitons, which can realize correlated many-body phenomena. Here,
we aim for a material-realistic modeling of the interlayer exciton-exciton interaction, taking into account lattice
reconstructions and an exciton-exciton potential that incorporates the highly anisotropic screening imposed by

the two-dimensional bilayer and the dielectric background. We find strong modifications of the on-site interaction
induced by the change of the moiré potential during lattice reconstructions, while for long-range interactions on
the length scale of the moiré period, anisotropic dielectric screening leads to a crossover from a repulsive to an
attractive interaction. The interaction potential and hopping amplitudes serve as parameters for a Bose-Hubbard

model on the moiré lattice, which we use to explain the correlated behavior of interlayer excitons.

DOI: 10.1103/mvpg-r83h

I. INTRODUCTION

Stacking two monolayers of transition metal dichalco-
genides (TMDs) with a relative twist results in a moiré pattern
that extends over many conventional unit cells. This super-
lattice opens up the possibility for investigating many-body
quantum phenomena, such as quantum phase transitions and
correlated states [1-3]. Underlying these observations is often
a periodic band-gap modulation. Charge carriers and excitonic
complexes experience this modulation as an effective poten-
tial with the periodicity of the moiré lattice [4,5]. As this
situation of particles in a periodic lattice is similar to a Hub-
bard model, studies investigated the Fermi [6] as well as the
Bose-Hubbard (BH) model [7] for moiré systems [8—12]. In
conjunction with the theoretical predictions of the BH model,
experiments on moiré TMDs find mainly a Mott-insulating
phase for excitons [10,13,14], but also preliminary evidence
of a superfluid phase has been shown [13]. Next to those,
a series of other phases can be realized such as excitonic
insulators [15], quantum Hall insulators [1], and generalized
Wigner crystals [16].

Considering interlayer excitons (IXs), the reason for the
formation of correlated insulating states is the dipole-dipole-
like repulsive interaction between these composite bosons
[17,18]. However, a material-realistic description of the
exciton-exciton interaction that takes the anisotropic screen-
ing of the bilayer TMD into account, is missing. Current
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models of IX interactions are mostly limited to the simplest
form of a dipole-dipole potential, where dielectric screening,
if at all, is only included as the effective dielectric con-
stant of the background. Thus, the subtle interplay between
in-plane and out-of-plane interactions caused by the highly
anisotropic screening in two-dimensional (2D) layers is ne-
glected. Furthermore, in the regime of small twist angles,
atomic reconstructions strongly alter the ideal moiré lattice
[19-21]. This reordering within the moir€ unit cell has a direct
impact on IXs via a change in the moiré potential [22,23] that
has not yet been explored in detail.

Here, we consider a MoS, /WS, heterobilayer with small
relative twist angles of 1°—3.9°. By applying a low-energy
continuum model for interlayer excitons that are localized in
the minima of the periodic moiré potential, we calculate the
Wannier functions taking into account atomic reconstructions
modeled by accurate force-field relaxations of the moiré unit
cell. We map the localized excitons onto an extended BH
model. To determine the on-site Coulomb interaction U and
the nearest-neighbor interaction V between excitons, we solve
Poisson’s equation including the anisotropic screening of the
bilayer itself as well as a background of surrounding dielectric
media. Computing the Hubbard parameters and solving the
BH model in mean-field approximation enables us to deter-
mine the quantum phases of interlayer excitons in the system.

We find that, compared to the unscreened rigid model,
the on-site interaction is drastically influenced by atomic
reconstructions resulting in an increased on-site interaction
for large twist angles, while suppressing it for smaller twist
angles. While the lattice reordering has vanishing influence on
intersite interactions, the dielectric screening strongly mod-
ifies long-range interactions between excitons, resulting in
a crossover from a repulsive to an attractive interaction at
certain distances, which can further be tuned by the dielectric
environment.

Published by the American Physical Society
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The paper is organized as follows. Section II introduces
the applied model including the representation of the moiré
potential and the excitonic Hamiltonian. Section III briefly
describes the lattice reordering in the moiré unit cell due
to atomic reconstructions and introduces the used force-field
relaxations. In Sec. IV we discuss the change of excitonic
properties due to atomic reconstructions by comparison with
the rigid model. In Sec. V we present the BH model for
IXs and the calculation of the hopping parameters, while the
calculation of the interaction parameters is given in Sec. VL.
Section VII presents the quantum phases of excitons pre-
dicted by the BH model. Finally, we summarize our results in
Sec. VIIL

II. MODEL

We consider a MoS,/WS, heterobilayer with the R)’g-
stacking structure (see Ref. [24] for a definition of the used
naming convention of stacking structures). After twisting, the
stacking configuration varies across the moiré unit cell. Con-
sidering rigidly rotated monolayers, this variation is extremely
smooth. However, the pristine moiré pattern changes due to
atomic reconstructions.

TMD heterobilayers, such as MoX, /WX, (X = §, Se)
feature a type-II band alignment at the K-point in reciprocal
space due to the weak hybridization [25]. Upon photoex-
citation of intralayer electron-hole pairs, efficient interlayer
charge transfer leads to a spatial separation of electrons and
holes. The strong Coulomb interaction leads to the formation
of interlayer excitons [26], where the electrons are located
in the MoS, layer, while the holes remain in the WS, layer.
Due to the twist, the K-points of the respective monolayers
are slightly shifted. This increases the radiative lifetime of
excitons [27,28], allowing them to thermalize before recom-
bination.

The local band gap of the bilayer system depends on the lo-
cal stacking configuration which varies through the moiré unit
cell. The resulting band-gap modulation acts as an effective
potential for IXs [4]. The modulation of the binding energy is
neglected because it varies only marginally across the lattice
[5]. We apply a continuum model, where it is assumed that
the stacking configuration and the local band gap are smooth
functions in the moir€ unit cell [4,5].

As an input to our model, we use the K—K band gap, ob-
tained from small untwisted unit cell density functional theory
(DFT) calculations, including spin-orbit coupling, for differ-
ent layer stackings, which then are mapped onto the moiré
unit cell [20]. The key approximation is that the calculated
K—K gaps are direct, while in the twisted system, the gap is
indirect due to a shift between the K-points of the monolayers.
However, since the considered twist angles are small in our
case, the shift of the K-points is also modest, which justifies
this approximation. To obtain a continuous variation of the
band gap, it is interpolated over the unit cell. The moiré
potential can be fitted with a Fourier series expansion [4,5]

V) = Vaue®™. (1
GM

Here, the sum runs over moiré reciprocal lattice vectors ekl
from several shells in the reciprocal lattice. This is due to

the fact that the moiré potential of the reconstructed system
strongly differs from a sine-like curve, as will be shown in
Sec. III. For an accurate fit eight shells of reciprocal lattice
vectors are used. The moiré potential is a real-valued quan-
tity and exhibits three-fold rotational symmetry. Because of
this, all Fourier coefficients corresponding to reciprocal lattice
vectors, which constitute a hexagon, can be represented by
Veu = Ve* with alternating sign of the phase 0, if the coef-
ficients are sorted by the angle of the corresponding reciprocal
lattice vectors.

We approximate the excitons as bosons by neglecting their
inner fermionic structure [29]. This is justified by the fact
that the Bohr radius is small compared to the unit cell of
the moir€ lattice. Therefore, we describe the center-of-mass
(COM) motion of IXs in the moiré potential landscape with
an effective single-particle Hamiltonian

hz
Ho = =57 Ar+ VM), 2)

with the total mass M = m, + my, of the IXs.

III. DFT AND FORCE-FIELD RELAXATION
OF TWISTED TMD BILAYERS

At small twist angles, the pristine moiré pattern of TMD
bilayers is changed by atomic reconstructions due to inter-
atomic forces. For TMD bilayers with RY stacking, the R},
and RY configurations are favored by the system because
they lower the stacking energy [30,31]. These areas grow in
size during a relaxation process, while the regions with an
R stacking shrink. The shrinkage occurs because the R
configuration maximizes the stacking energy [32]. Atomic
reconstructions are accompanied by an increase of the energy
due to the resulting strain, leading to a competition between
the interatomic forces and the induced strain. For small twist
angles/large moiré unit cells, the layers are nearly aligned
inducing a minimal strain. For small unit cells, a very large
strain is needed which inhibits the formation of large areas
with the same stacking. The described lattice reordering starts
to be significant for angles below 4°—5° [20,21,33].

While it is not possible to apply ab initio DFT simulations
directly to the moiré unit cells, which can contain more than
100000 atoms, we employ a classical force-field for the ge-
ometry optimization. Our used procedure is elaborated on in
Ref. [20], and briefly summarized in the following. Impor-
tant for TMD bilayer systems is the correct modeling of the
interlayer van der Waals (vdW) interaction. As proposed in
Ref. [34], a Kolmogorov-Crespi (KC) potential can be used to
describe the vdW interaction. Parameters of the KC potential
(lattice constant, intra, and interlayer distance) are fitted to
DFT relaxations for small untwisted systems. In the special
case of lattice-matched bilayers it is sufficient to fit the KC
parameters only for the six high-symmetry stacking configu-
rations Ry /RM, RY,, RY, HY /HY, HY, H)f, which retain the
C; rotational symmetry. This is due to the fact that every point
in the moiré unit cell of a lattice-matched system can be rep-
resented by the stacking configuration of the bilayer system
with a specific translation between the monolayers but without
a relative twist. For large moiré periods, the local stacking
configuration varies continuously through the unit cell but the
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FIG. 1. Fourier fit of the moiré potential along the diagonal 7gjae
of the moiré unit cell. Potential is shown for twist angles of 1° and
3.9° and for the rigid and reconstructed unit cell.

stacking configuration at each point can be approximated by a
superposition of the high-symmetry stacking configurations.

Since the moiré potential is obtained from DFT calcula-
tions as well, at this point, we also describe its calculation
using a grid-based interpolation method. For each transition
metal atom m in the bottom layer, a shift Ar,, = (Ax, Ay),
can be defined as the in-plane distance to the nearest transition
metal atom in the top layer. Ar,, is adjusted relative to the
twist of the two monolayers. Ry is represented by Ar,, = 0.
Then, DFT calculations are performed for each value of Ar,
to get the local band gap at each point of the transition metal
atoms of the bottom layer, i.e.,

E, = E(Ary, d(Ary)), A3)

where d(Ar,,) is a shift-dependent interlayer spacing. To ob-
tain a continuous band-gap variation, E, is interpolated over
the whole moiré unit cell.

We use the local band gap at the K-valley, i.e., the en-
ergy difference between the local extrema of the valence
band in WS, and the conduction band in MoS;. As previ-
ously explained, this band gap of untwisted DFT calculations
serves as approximation for the K—K gap of the twisted
heterostructure.

IV. EFFECTS OF ATOMIC RECONSTRUCTIONS
ON MOIRE INTERLAYER EXCITONS

We now use the moiré potential obtained from the DFT
calculation as an ingredient for the effective single-particle
Hamiltonian from Eq. (2). Before solving the eigenvalue prob-
lem, it is instructive to study the changes of the moiré potential
due to atomic reconstructions. Figure 1 compares the moiré
potential of the rigid and relaxed system for two twist an-
gles along the diagonal through the moiré unit cell. Due to
lateral atomic reconstructions, the potential adopts the trian-
gular shape of the lattice for small twist angles. The potential
minima and maxima are much broader than in the rigid case.
Along the diagonal, the potential has a quantum well-like
shape, which has a direct impact on the excitonic dispersion.
For larger twist angles, the induced strain increases, making
the lateral reconstructions less significant and we find similar
behavior of the moiré potential at 3.9°. For all angles, out-of-
plane reconstructions lead to a much deeper moiré potential of
~135 meV, compared to ~80 meV in the rigid system, which

1.0° rigid reconstructed 3.9°
60 200
——ee{ 150
40 ~
=
g 30 100 A
K 20+
50
10 A
0 0 —/-/\
T T T T
v m.o kK v v m. kK v

FIG. 2. Excitonic band structure of the rigid and reconstructed
system for twist angles of 1° and 3.9°.

is in good agreement with previous estimates in the literature
of 100-260 meV [35-37].

We solve the eigenvalue problem given by the Hamiltonian
(2) in a Bloch basis

o 1 o i(Q—G")r
x50 = ﬁgcgﬁz@e@ o, “)

where Q is the in-plane quasimomentum of the COM motion
of IXs, and A is the crystal area.

The resulting excitonic dispersion is shown in Fig. 2. For
small twist angles we observe a flat dispersion in both sys-
tems, which was already found in rigid systems [38]. The flat
bands correspond to IXs with a high effective mass, i.e., inert
particles leading to a reduced affinity of the excitons to move
across the lattice. In the BH model in Sec. V, the mobility
of the IXs is quantitatively captured by the hopping ampli-
tude. Since the relaxed moiré potential has deeper, broader
minima, much like a wider quantum-well trap, the resulting
excitonic subbands lie closer together. On the other hand, in
the rigid system with deeper, narrower minima the bands are
pushed further apart. This could make excited states more
accessible at nonzero temperature. For larger twist angles the
bands exhibit a more pronounced curvature in both cases,
reflecting the nearly identical shape of the underlying poten-
tials in this range. The quantum-well-like shape of the moiré
potential, together with its depth [39] and the reduced mobility
of excitons at small twist angles, suggests that IXs become
trapped in the potential minima. Due to the localization it is
natural to change from the Bloch basis to a Wannier function
representation via

o 1 i o
w;e )(r)= ﬁ%eQRXé )(r), (5)

where the Wannier state is localized at position R and N is the
number of in-plane quasimomenta Q. Equation (5) defines the
orbitals for the IXs seen as effective single particles. While
the single-particle Hamiltonian (2) is capable of describing
excitons with nonlocalized COM motion present in higher
bands, the model does not capture excitons for which the
electron and hole distributions within the moiré unit cell do
not coincide. Such a case (in which the exciton Bohr radius is
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FIG. 3. Ground-state excitonic Wannier functions in the moiré
unit cell as color map and moiré potential as contour plot for (a) 1°
and (b) 3.9°.

comparable to the moiré period) is realized for the charge-
transfer electrons reported in Ref. [40]. Consistently, such
excitons are expected to have a relatively small binding energy
and a dominant fermionic substructure, being much closer to
a “free” electron-hole pair than to a point-like neutral particle.
They are thus not well described as composite bosons, which
spoils the formulation of the many-body problem in terms of
an effective BH model and necessitates a many-body descrip-
tion in terms of interacting electrons and holes in a moiré
lattice instead. Here, we focus on excitons with localized
COM wave function in the lowest band and set « = 0 from
now on. Figure 3 shows the excitonic Wannier functions for
both systems at the smallest and largest twist angles. The
Wannier functions are localized in the minima of the moiré
potential for all twist angles and both systems, in accordance
with the above assumption and previous results [41]. At small
twist angles, the Wannier functions smear out in the broad po-
tential minimum of the relaxed system and are less localized
in comparison to the rigid case. Furthermore, the shape of the
Wannier function changes to match the triangular shape of the
potential minima. A completely opposing behavior appears at
large twist angles, where the Wannier functions of the relaxed
system are more strongly localized due to the deepened moiré
potential.

Quantitative information about the localization of the Wan-
nier functions can be obtained from the extent of the IXs.
As an absolute measure of the extent, we calculate the first
absolute moment of |wg(r)|*:

(Irl)ue =/|r—R||wR<r>|2d2r. ©)

This absolute measure of the extent is shown in Fig. 4 as a
function of the twist angle, with a smaller extent correspond-
ing to stronger localization. The crossover comes from the
competition of the depth and the shape of the moiré poten-
tial. Although out-of-plane lattice reconstructions induce a
deeper potential at all angles, the broad shape of the minima
dominates over the depth and leads to a lesser localization
of the excitonic wave functions at small twist angles. With
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FIG. 4. Weighted average extent (top) and relative extent (bot-
tom) of the excitonic Wannier functions in dependence of the twist
angle (moiré period).

increasing twist angle, the lateral reconstructions lose signifi-
cance followed by a narrowing of the potential until the depth
outweighs this effect at & ~ 1.47°. The bottom of Fig. 4 shows
the absolute extent normalized to the moiré period (|r|) ., /am.
which can be viewed as relative extent. It shows that, although
the moiré unit cell grows as the twist angle decreases, the
Wannier functions do not expand across the cell in proportion
to this growth. We therefore expect that the on-site repulsion
between excitons will generally decrease with smaller twist
angles, however, not with the same rate as the area of the
moiré unit cell grows.

V. MOIRE BOSE-HUBBARD MODEL

The strong spatial localization of the IX wave functions at
the minima of the moiré potential allows us to map the system
onto a BH model [8]. We consider the extended version of the
BH model by using the Hamiltonian

H =—tZEIISj+%Zﬁ,-(ﬁi— I

(i)

R Y3 Y, ™
i (i)

which can be derived from a general Hamiltonian for spinless
bosons on a lattice [42]. Here, 1317, 131. are the bosonic creation
and annihilation operators and #; = b b, is the boson number
operator. ¢ denotes the nearest-neighbor hopping and U and V
are the on-site and nearest-neighbor interactions, respectively.

The BH Hamiltonian (7) describes an eigenvalue problem
that can be solved for a set of parameters (¢, u,U,V) in-
dependently of any material platform on which the system
is implemented. In Appendix A we present the solution of
the extended BH model in mean-field approximation together
with the resulting phase diagram. Here, we consider an exper-
imental setup with a fixed number of excitons in the lattice,
corresponding to a canonical ensemble. This changes the pa-
rameter space from the grand canonical ensemble (¢, u, U, V)
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FIG. 5. Nearest-neighbor hopping amplitude ¢ calculated for IXs
in a MoS, /WS, heterobilayer in dependence on the twist angle.

to (t, p, U, V), where p is the exciton density (given as the
number of excitons per moiré unit cell). Material and platform
specific properties of correlated excitonic phases enter via the
model parameters ¢, U, and V. This is where we establish a
connection by using the Wannier states that were introduced
in Sec. IV to determine these parameters for our specific setup.

Generally, the hopping between nth nearest-neighbor lat-
tice sites R and R, is given by

t, = / wi(Hy(r)wg () d*r

1

=% D R RIE, 8)
Q

We neglect #, because it just merely represents a constant
energy. Equation (8) is effectively the Fourier transform of
the lowest band, and therefore, all information of the hopping
amplitude is already incorporated in the IX dispersion. The
results of the hopping parameters as a function of the twist
angle are shown in Fig. 5. As mentioned in the last section,
at small twist angles the affinity of the IXs to move across
the lattice is reduced because of the flat dispersion, which
was already found in Ref. [38]. This results in vanishingly
small hopping parameters, where no difference between the
rigid and relaxed system can be seen. As the twist angle
increases, the hopping amplitudes also increase due to a more
pronounced curvature of the dispersion and differences due to
atomic reconstructions become apparent. However, by further
increasing the twist angle, these differences vanish again due
to a lesser influence of atomic reconstructions. Overall, the
hopping amplitudes of the relaxed system are slightly smaller
due to the flatter bands induced by the quantum well-like
shape of the potential. We note that the next-nearest-neighbor
hopping is small, which is why we neglect it. The calculation
of the Hubbard U, parameters is much more elaborate, as we
show in the next section.

z
; K 1
o
(Sl: %dlf
€1 K1 = /el 2 MoS,
0_
o ki = /€l 3 WS,
—0 = —| 2d; ]
o K 4

FIG. 6. Schematic illustration of a TMD heterobilayer encapsu-
lated in a dielectric environment.

VI. MACROSCOPIC MODELING OF THE
EXCITON-EXCITON INTERACTION IN
TWO-DIMENSIONAL HETEROBILAYERS

A key characteristic of atomically thin crystals is the pre-
dominant role of interaction effects. The IX-IX interaction
in 2D bilayers is often modeled by a classical dipole-dipole
potential, while dielectric screening of the environment or the
bilayer itself is neglected or only considered via a dielectric
constant, rather than a nonlocal function [17,18,43]. This
completely neglects the anisotropic dielectric response, which
becomes especially important for long-range interactions. We
account for the anisotropy by calculating macroscopic non-
local dielectric functions for the in-plane and out-of-plane
directions corresponding to intra and interlayer Coulomb in-
teractions. As shown in detail in Appendix C, we do this by
solving Poisson’s equation for a situation depicted in Fig. 6.
The TMD bilayer with layers labeled by / and [ is encapsu-
lated between bulk hBN. Dielectric constants are denoted by
K, k1, k7, which are given by the geometric mean of the re-
spective in-plane (||) and out-of-plane (_L) dielectric constants:
K1 = ¢e|e', and analogously for &, «7. The thickness of the
layers is denoted by d;, d;.

The result of our calculation is the potential energy be-
tween two excitons, which consists of four contributions

Vix(q) = Viu(q) + Viz(q) — 2V;3(q)

_ Wintra(q) Wintra(q) B zwinter(q) (9)
ell'(q) ell(q) ell(q)
where Wi (g) = 285‘234(] is the bare Fourier-transformed 2D

electrostatic potential and W"*'(g) = %{e’%(‘]’”ﬁ con-
tains an exponential decay due to the interlayer separation
of electrons and holes. Here, ¢ is the elementary charge.
The first two terms are given by Vj;(¢) and Vi(g), which
model the intralayer interactions between electrons in layer
[ and holes in layer I. V;(q) represents the two possible
interlayer interactions between an electron in layer / and a
hole in layer [ [V;;(¢) being symmetric in / and []. For the
dielectric functions we find analytical expressions which are
provided in Appendix C. We note that the above model for
the exciton-exciton interaction is purely based on a Hartree-
like, electrostatic contribution. As discussed in Ref. [44] for
untwisted TMD heterobilayers, significant corrections may
emerge from exchange interaction and phase-space filling due
to the fermionic substructure of excitons as well as dynamical
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excitonic screening. While we expect the long-range dipole-
dipole interaction to dominate at large interexciton distances,
the corrections can be especially important for the onsite in-
teraction U, where exciton wave functions strongly overlap.
Thus, our model is most reliable for nearest-neighbor interac-
tions and beyond, while a fully quantitative treatment of the
on-site interaction remains an open task.

Moreover, the macroscopic approximation to the dielectric
matrix &/’ (¢) assumes that local screening effects within the
moiré unit cell (beyond the vertical bilayer structure) are
negligible, such that the matrix elements depend on a sin-
gle momentum. Hence, the dielectric matrix does not take
into account the variation of atomic registry or any interlayer
distance changes within the moiré cell. A fully microscopic
treatment of screening would require the dielectric function
to encode more degrees of freedom, for example, by having
a matrix structure in terms of orbitals localized at all atoms
in the unit cell, as utilized for untwisted heterobilayers in
Ref. [44]. Such a microscopic treatment of screening, how-
ever, is far beyond the scope of this work and will be a further,
interesting task for future endeavors. Here, we assume that a
potential modulation of screening within the moiré unit cell is
sufficiently small.

Since our goal is to calculate the Hubbard U,, parameters as
expectation values of the exciton-exciton potential, we need
the latter in real-space representation. To improve the conver-
gence of the inverse Fourier transformation, we account for
the finite out-of-plane extent of the electron and hole wave
functions in the intralayer Coulomb integrals via an exponen-
tially decaying form factor F;(g) as described in Ref. [45].
The inverse Fourier transformation is performed numerically
to obtain Vix(r):

1

Vix(r) = On P

/]Rz (F\Vii + FVip — 2Vipe™ d’q
1 o0
= (ZT)Z/ I:(FIVH + Vi —2Vipg
0
2 )
x / g1 eos®) dzﬁ‘}dq (10)
0

l [e.¢]
= E/ (FVu + FVip = 2VipgJdo(gr)dg - (11)
0

where Jj is the zeroth-order Bessel function of the first kind.
We omit the ¢ dependencies of the form factor and the poten-
tials for clarity.

To demonstrate the significant changes of the IX-IX po-
tential, we show Vix(r) for a heterobilayer MoS,/WS, in
comparison with the classical dipole-dipole potential in Fig. 7.
As expected, there are moderate differences between the
potential which accounts for the anisotropic screening and
the potential which assumes a homogeneous dielectric back-
ground due to the two different physical situations which they
describe. In the limit of vanishing distance between the exci-
tons, both potentials behave similarly and diverge as r — 0.
For larger interaction distances we see qualitative differences
between both models. While the dipole-dipole potential is
repulsive for all r, anisotropic screening effects lead to a sign
change of the potential. At first glance, this might seem unin-
tuitive for dipoles that are parallely aligned. However, it can

10 -
5 1 = cl. dipoles (hBN)
|| == Poisson sol. (hBN)
6+ l‘ = Poisson sol. (free-standing)
K27
=
O -
—92
74 T T T T
0 5 10 15
r (nm)

FIG. 7. Exciton-exciton interaction potential modeled as classi-
cal dipole-dipole interaction (solid black) with hBN as homogeneous
dielectric background, or calculated as the solution of the Poisson
equation for an anisotropic heterostructure either freestanding in
vacuum (solid gray) or encapsulated in hBN (dashed gray).

be interpreted with the anisotropic screening in the following
way. Since the in-plane dielectric constant of TMD mono-
layers is larger than the out-of-plane dielectric constant [46],
in-plane interactions are screened more efficiently than out-of-
plane interactions. While the repulsive electron-electron and
hole-hole interactions in layers / and [ are purely in-plane, the
attractive interactions between electrons and holes have also
an out-of-plane component. Since this out-of-plane compo-
nent is suppressed less strongly by screening, there is a certain
distance r*, at which the in-plane repulsive interactions are
sufficiently screened such that the electron-hole interactions
take over and lead to an effective attraction. Coincidentally,
the magnitute of r* lies in the range of the moiré lattice
constant at small twist angles. This opens up the possibility
to interesting correlated physics in moiré structures, which
can be tuned by the twist angle as well as by the dielectric
environment. We stress that the crossover from repulsive to
attractive interaction caused by the anisotropic screening only
applies to excitons with a sizable interlayer dipole. In the case
of intralayer excitons, long-range electrostatic effects largely
cancel and exchange as well as correalation effects dominate.

We use the screened potential to calculate the Hubbard U,
parameters between excitons at nth neighboring lattice sites
(where Uy = U is the on-site term and U; = V is the nearest-
neighbor interaction). U, can be calculated as the expectation
value of the interaction potential

2 / ’
U, = /R lwr @) |wg, )| Vix(Ir — ' d*rd®’,  (12)

where R, is the vector corresponding to the site, which is
a nth nearest-neighbor of lattice site R. The on-site and
nearest-neighbor interaction as a function of the twist angle
are depicted in Fig. 8. The two different interaction regimes
are dominated by changes of either the atomic reconstructions
or the anisotropic screening. The former predominantly mod-
ifies the on-site interaction in a highly twist-angle dependent
way. At small twist angles, lateral atomic reconstructions
cause the Wannier functions to smear out, thereby reducing
the interaction strength. In contrast to that, the stronger (ab-
solute) localization of the Wannier functions at larger twist
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FIG. 8. Hubbard U, parameters: on-site interaction U (left) and
nearest-neighbor interaction V (right). Parameters are calculated for
a MoS,/WS,; heterobilayer freestanding in vacuum (solid) and en-
capsulated in hBN (dashed).

angles increases the interaction. The crossover between the
two regimes appears at § ~ 1.5° and is directly related to
the crossover of the localization/extent of the Wannier func-
tions observed in Fig. 4. Generally, our calculated on-site
interactions are comparable to findings in experiments of
~10-37 meV [13,17].

Considering the nearest-neighbor interaction in the right
panel of Fig. 8, it becomes evident that lattice reordering has a
negligible effect on the long-range excitonic interaction. This
is obvious from Eq. (12), where the overlap of the Wannier
functions is governed primarily by the distance between lat-
tice sites, rather than by the localization of each exciton. In
contrast to that, the dielectric screening does not only have
quantitative, but also qualitative impact on the long-range
interaction. As explained earlier, the crossover of the exciton
potential from a repulsive to an attractive regime appears on
the same length scale as the moiré period. While the nearest-
neighbor exciton interaction is attractive at all twist angles
when the bilayer is free-standing (vacuum), the interaction
with an hBN encapsulation possesses a repulsive regime at
large twist angles and an attractive regime at smaller ones.
At this point it should be stressed that the nearest-neighbor
interaction is one to two orders of magnitude weaker than
the on-site one. While this will make a direct measurement
of the long-range interaction generally difficult, the fact that
the excitonic potential has a global minimum is in agreement
with findings of generalized Wigner crystals [16].

VIL. QUANTUM PHASES OF MOIRE EXCITONS

Having calculated the Bose-Hubbard parameters, we can
determine the phases of the IXs as a function of the twist
angle. To reduce the influence of fermionic effects, we restrict
our analysis to a fixed filling factor of one boson per lattice
site (p = 1). We find that for fillings with p > 1, excitons
form a superfluid phase. The strongly suppressed long-range
interactions make density-wave and supersolid phases inac-
cessible. Phases for p =1 as a function of the twist angle
are shown in Fig. 9. Consistent with experimental results,
excitons are in a Mott-insulating (MI) state for most twist
angles [10,13,47]. Due to the increased on-site interaction

rigid = reconstructed air == hBN
0 (de
3.5 3.0 2.5 2.(§ e) 1.5
FIPITITS INTET S S S T T N T S 1 1
0.04
Superfluid (SF
t 0.03 A 2 (SF)
U Mott insulator (MI)
0.02
0.01
0.00
6 8 10 12 14
an (nm)

FIG. 9. Quantum phases of moiré IXs in a MoS,/WS, het-
erostructure as a function of the twist angle for a unit filling factor.

at large twist angles, atomic reconstructions push the phases
deeper into the MI region. However, also for the reconstructed
system a phase transition to the superfluid phase is predicted
at large twist angles. Generally, the superfluid phase has been
predicted for (moiré free) TMD heterostructures [15,48] and
has recently been measured in a MoSe,/WSe,; bilayer [49].
For moir¢ superlattices, experimental results also hint towards
a superfluid phase of interlayer excitons [13].

VIII. CONCLUSION

We examine the properties of interlayer excitons in the
moiré lattice of a twisted MoS,/WS, heterostructure under
the influence of atomic reconstructions that become partic-
ularly relevant at small twist angles. The lattice reordering
is modeled with a classical force-field relaxation and cap-
tured by a modified moiré potential for interlayer excitons in
terms of a low-energy continuum Hamiltonian. The resulting
wave functions for excitons trapped in the moiré potential are
mapped to an extended Bose-Hubbard lattice model. To ob-
tain a material-realistic exciton-exciton interaction potential
accounting for the highly anisotropic screening in few-layer
TMD systems, we explicitly solve Poisson’s equation for a
macroscopic model of the dielectric heterostructure.

We find that the interaction potential between interlayer
excitons in TMD bilayers exhibits a nonintuitive crossover
from a repulsive interaction for short distances to an attrac-
tive long-range interaction, which is unexpected from aligned
dipolar excitons in free space. This results in a repulsive
on-site interaction, which is drastically influenced by the lat-
tice reordering. At large twist angles, the repulsion increases
while it decreases at small ones. Atomic reconstructions have
little effect on the nearest-neighbor interaction, but we find the
anisotropic dielectric environment to play a substantial role.
Since the transition from a repulsive to an attractive inter-
action appears on the same length scale as the moiré lattice
period, the nearest-neighbor can be attractive or repulsive via
its dependence on the dielectric environment.

Finally, we use the numerically obtained Hubbard param-
eters to determine the phase of the excitons as a function of
the twist angle. At fractional lattice fillings, the excitons form
a superfluid due to the weak nearest-neighbor interaction,
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making the density-wave phase or the supersolid phase inac-
cessible. At unit filling factor, excitons form a Mott-insulating
state at most twist angles in agreement with findings in the
literature.

Our work improves the theoretical understanding of
moiré interlayer excitons by including accurate lattice re-
constructions modifying the moiré potential and using a
realistic description of the exciton-exciton Coulomb inter-
action. Our observation that the exciton-exciton potential
undergoes a crossover from repulsive short-range to at-
tractive long-range interactions is of particular interest for
experiments in 2D excitonic lattices. For example, a re-
cent experiment [47] reported frozen exciton dynamics in
a WS,/WSe, heterostructure for a duration of ~80ns, ex-
plained by a stabilization of the Mott-insulating phase due
to long-range repulsive exciton interactions. The crossover to
an attractive interaction potential could cause a similar effect,
which may be worth investigating for different TMD material
combinations.

An attractive exciton-exciton interaction has been de-
duced from measured exciton line shifts in a free-standing
WSe, /WS, bilayer [50]. While in this work, it was attributed
to the exchange interaction between excitons, our finding of
an attractive interaction due to anisotropic screening could be
an alternative explanation for this phenomenon, especially for
the free-standing heterobilayer setup of Ref. [50] for which
our model predicts an enhanced attraction compared to a setup
with dielectric encapsulation.
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APPENDIX A: EXTENDED BOSE-HUBBARD MODEL

The fact that the Hamiltonian (7) includes products of
annihilation and creation operators at neighboring lattice sites
(bilocal operators) makes it impossible to solve the corre-
sponding eigenvalue problem for an infinite lattice exactly
[52]. We use the mean-field (MF) approximation to find a
numerical solution to the extended BH Hamiltonian. A deriva-
tion can be found in Ref. [53], which we will sketch in the
following.

If we write the bosonic operators as their mean value plus
a small deviation term

bi = ¢; + b, (A1)
bi = ¢} + 8b}, (A2)
fi = 0; + 87, (A3)

FIG. 10. Triangular lattice with three sublattices, marked by dif-
ferent colors. The black lines mark the unit cell of the lattice.

the MF theory approximates the product of operators at differ-
ent lattice sites by a sum of products containing only the mean
values and local operators

bib, ~ —gip; +¢ib, + 9,5}, (A4)
ity ~ —0i0j + 0iftj + 0 ;. (AS5)
With these approximations, the MF Hamiltonian reads
H~A" =13~} +@7b, +,b)
N RN
2 & -
14 - ~ A
+ 5 (—eiei + 20ih). (A6)

Solving the standard BH model in MF approximation
would require only a diagonalization for one lattice site.
However, a Hamiltonian with a nearest-neighbor interaction
requires to distinguish between different lattice sites. To do
so, the whole lattice is split into different sublattices. Instead
of diagonalizing Eq. (A6) for a single lattice site, it will be
solved for a unit cell. The unit cell is defined to be the set of
single lattice sites corresponding to different sublattices, and
which can be repeated by translation to reconstruct the whole
lattice. In Fig. 10 we show the sublattices and the unit cell for
the triangular lattice. Now, the Hamiltonian for a single unit
cell 1-?11}’8: can be written as a sum over the sublattices X :

A ==t (—¢3x + Diby + @xb)
X

F Y iy — D - Y iy
X X

1
+VZ@x<ﬁx - 59)()-
X

In principle, @x and px are still sums over all nearest-
neighbors of the lattice site corresponding to sublattice X.
However, here they will be expressed as summations over
sublattices, instead of sums over individual lattice sites.
Therefore, the so-called adjacency matrix Ny is introduced.

(A7)
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TABLE I. List of parameters and material constants which we
use for the numerical simulations. m is the mass of a free electron.

Quantity Calculation Value Reference
« of hBN K= «/sﬂBNaﬁBN 3.76 [54]

k; of MoS, K =eje, 9.69 [46]

k; of WS, K= «/sﬂsi 10.64 [46]

d; of MoS, 0.618 nm [55]

d; of WS, 0.6219 nm [55]

m, 0.42my [51

my O34m0 [5]

It expresses how many lattice sites of sublattice Y are the
neighbors of the lattice site belonging to sublattice X. Here,
three sublattices will be used, for which N is

N =

(A8)

w W O

3 3
0 3
3.0

With this adjacency matrix, @y and gy can be expressed as

Px =Y Nyyor, (A9)
Y

ox =Y Nyyor. (A10)
Y

For reference, the quantities ¢ and ¢ without any index refer
to the mean values

1
o= ox, (A1)
N attice X
1
o= ox, (A12)
N attice X

where npice 1S the number of sublattices. The phase diagram
of the extended BH model in MF approximation with three
sublattices is displayed in Fig. 11.

MI DW SF SS

[ ——— |

4.0
3.5
3.0
2.5

2.0

==

1.5

1.0

0.5

0.0

1 T
1003 0.04 0.05

U

FIG. 11. Phase diagram of the extended Bose-Hubbard model
solved in mean-field approximation.

0.01 0.02

APPENDIX B: PARAMETERS
AND MATERIAL CONSTANTS

In Table I we list the parameters and material constants
which we use for our simulations.

APPENDIX C: SOLUTION OF POISSON’S EQUATION
WITH AN ANISOTROPIC DIELECTRIC CONSTANT

Poisson’s equation accounting for an anisotropic dielectric
constant is given by

v, /é(r, )V dr = (C1)

o)

&0 ’
where £(r, r') is the nonlocal dielectric tensor. Our goal is to
find the screened electrostatic potential ¢(r) between charges
in a vertical dielectric heterostructure as depicted in Fig. 6.
To this end, we solve Poisson’s equation for each layer of
the heterostructure, respectively, and connect the individual
solutions by boundary conditions that follow from Maxwell’s
equations. Due to the geometry of the problem, cylindrical
coordinates r = (x, y, z) = (pcosg, psing, z) are best suited
to derive the screened potential. We assume that in each layer
the dielectric function is local with respect to the out-of-plane
coordinate z and nonlocal with respect to in-plane coordi-
nates (r, ') = &(p, p')8(z — 7'), where the two-dimensional
vector p compasses the coordinates p and ¢. Moreover, we
assume rotational invariance, which removes the dependence
of all quantities on the angle ¢. With this, Poisson’s equation
becomes

w~[/amﬂw@—z)

<3¢(p’, ) 9¢(p'. ')
X €y +
3,0’ 97

ez/) dzpidz/ — _Q(P, Z)‘
&o

q

(623

Here, e, e, are basis vectors whose components are given
by e« = (@|i(r)), o = {x, y, z}. Latin characters i, j indicate
the components of basis vectors in cylindrical coordinates.
The dielectric tensor may be represented in cylindrical
coordinates as

Er,r)= Z i) (i) E@r, ) 1j@)) (GG, (C3)

b &ij(r.r’)

where the position dependence of the basis vectors is taken
into account. We assume that the dielectric tensor is diagonal
in Cartesian coordinates

8|| 0
Er,r)y=(0 ¢ 0], (C4)
0 0 €1

where all the components are still nonlocal functions of
the in-plane coordinates: & = g(p, '), €1 = &1(p, p'). To
transform the dielectric tensor from Cartesian to cylin-
drical coordinates, we insert completeness relations into
Eq. (C3). Thus, we obtain, for example, for the p—p
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component
(p(NElp(r)) = p(r>|Z|a a|eZ|ﬂ MBI p()

= (p(Mx)e(xlp(r)) + (p(M)y)ey (o) + (p(r)lz)e L {zlp())

= ¢g|(cos @ cos ¢’ + singsing’)

=g cos(p — ¢).
Plugging the cylindrical representation of & into Eq. (C2), using the orthonormality of basis vectors and writing the divergence
explicitly in cylindrical coordinates yields
AP (p’, 2) / . d¢(p’, 2)
v, / (e(p, p/)T(COS(w —¢e, —sin(p — ¢')e,) + L (p, p’)a—z,ez d*p’

2
/ / [ (pCOS(w @'y (p, p)¢(p Z)>

¢(p 2) Po, 27,
- ;@ <Sln(<p oHe(p, p)——— ) +er(p.p )— dy'p'dp’ (C5)
__0(p2) . (C6)
€0
As further simplification, we assume the dielectric function to be local with respect to the in-plane coordinates
13 3¢(p, 2) e(p,2)
——<p8|| + L_¢( D=———".
pap ap €0
This allows us to Fourier transform the electrostatic potential with respect to the in-plane coordinates
2 2
(C7)

i d q igp cos d q_
qb(,O,Z)Z/ TP (q, 7) —— Gny _/eflp Y9 (q, z) QR

where ¢, is the angle between p and ¢ and the rotational symmetry of the Fourier-transformed potential has been used. With
d’q
}ﬁ(q, 2) 2 )2

this, Poisson’s equation becomes [56]
2

1 , '
f |:8|| —(ig cos (pqequ cospy 4 p(ig cos goq)zezq,o coswq) + glﬁequ oS @y
Z

B /p(q 12 igpcosey d’q
o 0 Qr)2
82
+e&, —2ﬂJo(qp)}¢>(q, 7)gdg

/ [Sn (ﬂZﬂiJl(qp) - qz(ZﬂJo(qp) _ M)) :
P qp d

:> —_—
(2m)?
=27 (= £J1(ap)=*Jo(ap)+2J1(ap))
=—q"2nJo(qp)
1 / > olq’, 2)
=——— | 2nJ¢dp)———=4¢ dq
Q2n)* Jo €0
> 9 0(d',2)
= / Jo(g, p)[_ng” +3 28¢]¢(q, 2)qdg = —/ Jolg'p)—— o q'dq
0 0
32 0(q,2)
= (Siﬁ - €||q2>¢>(q,z) =-
€0
e, 9° (@)
= g =5 - ¢ )e@.0= —Q—a(z — 2). (C8)
& 9z
In the last step, we assume that the charge density is localized at z = zy. By introducing a rescaled out-of-plane coordinate
- €
7=z 2o Yy (C9)

€1
one can bring Poisson’s equation for an anisotropic dielectric tensor to the form of an effectively isotropic system with dielectric

constant k =, /gjeL [57,58]
?  N\w o~ 0@ o(q) ol
(a%? - >¢(q,z) 8[(“— 20)/y ]———yrSC W SHSLS(‘— 20)- (C10)
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This rescaling procedure can be straightforwardly extended
to a heterostructure consisting of several layers. After
obtaining the effective screened potential ¢(g,Z) in terms
of the rescaled coordinate, the solution for the anisotropic
geometry at the physical coordinate is identified as ¢(z =
Z/y) = ¢(q, 7). For simplicity, we drop the tilde notation in
the following as all coordinates are understood to be rescaled
ones.

We now seek the solution to Eq. (C10) for our specific sit-
uation of a heterobilayer embedded into a dielectric medium
as depicted in Fig. 6, where Poisson’s equation holds in each
layer separately. We assume that the charge density is located
in the middle of one of the TMD layers, such that

3 85

20=—=—VZ20=——.

> 5 (C11)

1
Here, §;, = ‘/:—,”d, is the rescaled thickness of layer / in an
"L

effective heterostructure. By calculating the potential ¢ at
7= ‘3—21 and z = —% caused by the charge density at zp we can
derive intra and interlayer interaction potentials.

Considering the potential in one layer produced by the
charge in the other layer, this corresponds to the homogeneous

part of Eq. (C10) with a solution of the form

¢i°"(q.2) = Bf ¢ + B ™. (C12)

Generally, the indices i and j will refer to any material layer in
Fig. 6 including the dielectric environment, while the indices /
and [ specifically denote the two TMD layers. The inhomoge-
neous solution for the potential in a layer with charge density
is given by

¢[1:nhom(q, 7) = Bljf-e(iz + Bi—e—qz +Aie_‘1|z—20|’ (C13)
A= 2D (C14)
2e0kiq

We determine the coefficients Bl.*', B;” by means of the bound-
ary conditions at the layer interfaces. Since the potentials
must vanish at z — oo, we have B] = 0 and B; = 0. At the
interfaces between layers, we have the following boundary
conditions (corresponding to the continuity of the tangential
component of the electric field E and the normal component
of the displacement field D, respectively)

¢ = Giy1, (C15)
ap; 09; .
L L ) (C16)
0z a9z

First, we consider the case where the charge is in the top layer,
20 = % At the interface of materials 1 and 2 at z = §; we
obtain from the boundary conditions

Bre ™ = Aye 1% + Bt P + By e, (C17)

- KqB]’e’q‘sl = K,q(—Aze*q%' + B;req& — B;efqé;)_
(C18)
At the interface of materials 2 and 3 at z = 0 we have
Ase "% + B} +B; = BY +B;,
k(A% + B — By) = ki(BS — B3).

(C19)
(C20)

Finally, for the interface between 3 and 4 at z = —§; we have
Bfe 1 + By e = Bfe ", (C21)
ki(By e~ "1 — By ") = kB} e~ (C22)

We summarize the six conditions into the following system of
linear equations:

a -1 —a 0 0 0\ (B
—ka =% a0 0 0 Bf
o 1 1 -1 -1 o0 |]|8
0 kI —ki  —Kj  Kf 0 B
0 0 b 3 —b|]|B;
0 0 kb =% —«kb Bf
——
M x
c
—K]C
4| . (C23)
—KiC
0
0
—_——

where we use the following abbreviations:

a=e P, p=e W = efq%] = a. (C24)
Equation (C23) is simplified to
X = AzMilv = Azi, (CZS)

which we solve using mathematica. We find for the potential
in the top layer at z = %’, which corresponds to the intralayer
potential

¢ (@) =A2<1 + ’% +5c3c)

C26
— AZKZ ( )
elg)
Similarly, for the potential in the bottom layer z = —%, we
have
i b Xs
¢ (q) = A X4V + ﬁ
(C27)
—. Azks o= 4 +dy)
e'(q) ’

which is the interlayer potential. The electrostatic potentials
produced by a charge in the bottom layer (zp = —%) are
simply obtained by interchanging the roles of / and /. The
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TABLE II. Contributions to the Coulomb potential energy of parallely aligned excitons.

particles interaction potential energy

ee repulsive intralayer Vee(q) = —€0¢f)l(f]) = MC;,;:;;” =:Viu(q)

e¢h attractive interlayer Ven(q) = eod!! (q) =: —W;%(rq()q) = —Vi(q)

he attractive interlayer We(q) = —€0¢;I;[(CI) = _W;";(‘;)q) = —Vi(q)
. . 77 intra

hh repulsive intralayer Vin(q) = eody) (q) =: Wg,—,— (;)q L =: Vi(q)

g-dependent dielectric functions are given by

e_aqul

N
e@= 4[k; cosh (‘S’Tq) + k sinh (’317‘1)]

K[ (k + /c,-)2 —(k — /c,-)z] cosh(8;q) + 2¢%4 sinh((S;q)[(/c + KZ)ZKI‘ cosh(d;q) + /c(/cl2 + /clz) sinh(Bl-q)]
X

; . —— : (C28)
iy cosh (*42) [k cosh(8;q) + « sinh(8;9)] + 7 sinh (%) [« cosh(8;q) + k7 sinh(8;q)]

Mgy — k1 cosh(8,q)[ 2k« cosh(87q) + (k* + «7) sinh(87q)] + sinh(8,9)[ (k> + k7 )« cosh(87q) + « (k7 + «7) sinh(57¢)]
e [c; — k + €¥9(k + k)]l — & + €59 (kc + K7)]

x 2200 o= 3 dikd) (C29)
Our aim is to calculate the potential energy between two parallely aligned excitons as depicted in Fig. 6. The potential energy
consists of four contributions (electron-electron, electron-hole, hole-electron, and hole-hole), which are given by to The potential
energy consists of four contributions (electron-electron, electron-hole, holeelectron, and hole-hole), which are given in Table II.

Here, ey is the elementary charge. The index at the dielec-
tric potentials (either e or h) refers to the charge density o(q)
which enters A,

4 for electrons,

S |
olq) = {ej’ for holes, (€30)

where A is the crystal area. The total potential energy between
two excitons finally reads

Vix(q) = Vu(q) + Vir(q) — 2V;i(q)
Wintra(q) Wintra(q) B 2Winter(q)
all(q) sl_l_(q) e”_(q)

as given in the main text. The parameters k; = v/& & (for
the layers) and « (for the environment) are calculated as the

. (C3D)

(

geometric mean of the in-plane and out-of-plane dielectric
constants. As a sanity check, the potential becomes the classi-
cal dipole-dipole potential in the g — 0 limit [58]

-0 e (d d;
le(CI) ‘1_) Vdipole =2 _ll + —-l . (C32)

2e0\ & &l
As shown in the main text, we Fourier transform Eq. (C31)
back to real space to obtain the potential energy of two inter-
layer excitons separated by in-plane distance r. This potenital
energy is shown in Fig. 7 for a MoS,/WS, heterobilayer,
either encapsulated in hBN or freestanding (vacuum), together
with the potential energy of classical dipoles in a homoge-
neous dielectric background taken to be hBN.
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