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Interferometric braiding of anyons in Chern insulators
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The coherent control and braiding of anyons remain central challenges in realizing topologically protected
quantum operations. We propose a Ramsey interferometry protocol to directly access the geometric phases asso-
ciated with anyons in fractional Chern insulators. Our approach employs impurities with individually addressable
internal states that bind to the anyons, allowing their adiabatic motion and exchange under full spatial control.
By combining Ramsey and spin-echo sequences using one and two impurities, the protocol gives independent
access to the Aharonov-Bohm and exchange contributions to the total geometric phase, thereby providing an
unambiguous probe of anyonic statistics. Our scheme can potentially be implemented in cold-atom quantum
simulators as well as in van der Waals heterostructures. Complementary finite-size simulations in noninteracting
Chern insulators quantify the system sizes required to faithfully extract geometric phases, highlighting the role of
edge effects. Our results establish impurity-based interferometry as a feasible route toward direct anyon braiding
experiments in quantum simulators and lay the groundwork for future explorations of non-Abelian braiding and
topological quantum control.
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I. INTRODUCTION

Recent years have witnessed an outburst of research on
various aspects of topologically ordered states of matter.
Theoretical predictions of their exotic nature and promising
applications in quantum computing have made their experi-
mental realization, probing, and understanding longstanding
goals in modern condensed matter physics [1]. The quest
to construct topological qubits has ushered in intense efforts
to create and manipulate anyonic excitations, particularly in
solid-state platforms and digital quantum processors. Un-
equivocal signatures of such excitations are their fractional
charge and statistics, which have been observed in solid-state
experiments through various anyon interferometry schemes
[2–8]. Although schemes based on quasiparticle interference
in solid-state devices have proven effective in revealing the
existence of anyons [9–11], direct spatiotemporal control over
individual anyons still needs to be achieved. On digital quan-
tum processors, nontrivial topologically ordered states and
gate-based braiding of their excitations have been only re-
cently realized: Such platforms offer coherent control over
individual Abelian or non-Abelian anyons in the context of the
toric code [12,13] and related surface codes [14]. However,
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the same degree of control over other topologically ordered
systems, such as fractional quantum Hall states and topolog-
ical quantum spin liquids, and the associated textbook-type
adiabatic braiding have yet to be realized.

Meanwhile, quantum simulation of topological band
structures—for example with cold atoms in optical lattices
or photonic systems—using artificial gauge fields has seen
substantial progress [15,16], also in the strongly interacting
regime [17]. The recent realizations of 1/2-Laughlin states of
two bosons in an optical lattice [18], a twisted optical cavity
[19], a rotating microtrap [20], and a circuit QED system
[21] offer the prospect of creating and controlling individual
anyonic quasihole excitations of such fractional quantum Hall
states [22].

Here, we propose an experimentally feasible interfero-
metric protocol to create anyons and directly extract their
fractional charge and braiding statistics using a quantum im-
purity. To this end, we propose to create a pair of anyons using
local pinning potentials [23–26]. From this state, it is possible
to extract the braiding angle by first binding spin-1/2 impurities
to the anyons [27,28] and then applying a combined Ramsey
interferometry and spin-echo sequence. An even simpler form
of our protocol also allows for direct measurements of the
Aharonov-Bohm phase, thus giving unbiased access to the
pure exchange phase and to the anyons’ fractional charge.

Below, we will first discuss our protocol and comment
on its experimental feasibility. In principle, our protocol is
applicable to a broad class of systems, among them traditional
solid-state platforms and state-of-the-art quantum simulators.
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FIG. 1. Interferometric sequences allowing for measurements of (a) the Aharonov-Bohm phase and (b) the exchange phase using impurities
and state-dependent paths. Due to the combined Ramsey and spin-echo sequence, the dynamical phase at the end of the sequence vanishes,
resulting only in the measurement of the geometric contribution. Notably, for this sequence to work, it is sufficient to bind |↑〉 to the quasihole,
whereas |↓〉 does not need to move and can be completely decoupled from the many-body system.

We furthermore perform numerical simulations of noninter-
acting Chern insulators, investigating the system sizes needed
to unambiguously extract the Aharonov-Bohm and exchange
phases. We find that systems of at least a few hundred lattice
sites are needed due to substantial edge effects. While we
expect this to be true for strongly interacting fractional Chern
insulators as well, these system sizes are currently still out
of reach for numerical simulations as well as experimental
realizations in synthetic quantum materials.

II. IMPURITY INTERFEROMETRY

To directly measure geometric phases, we propose an inter-
ferometric protocol inspired by the approach in Ref. [29] for
measuring the Chern number of a state containing anyons—
assumed here, for concreteness, to be quasiholes. To this end,
we suggest to immerse impurities with internal states |↑〉 and
|↓〉 in the fractional quantum Hall liquid. Our approach is gen-
eral and can, in principle, be realized in a variety of physical
platforms supporting fractional quantum Hall states. For clar-
ity and specificity, however, we describe its implementation
in the context of cold-atom quantum simulators. The impu-
rities interact repulsively with the particles in the fractional
quantum Hall liquid, with interaction strengths v↑(↓) which
depend on the impurities’ internal states and are proportional
to the impurity-atom scattering lengths a↑(↓) > 0. When the
repulsive interaction between the impurity and the majority
atoms is sufficiently strong for a particular internal state—
taken here to be |↑〉—an impurity localized at the position of a
quasihole can effectively pin the quasihole. While an impurity
in the |↓〉 state could, in principle, also interact with the
majority atoms—and its interaction strength could potentially
be tuned to match that of the |↑〉 state—a more experimentally
realistic scenario is one in which only the |↑〉 state interacts
strongly. In this case, the quasihole remains bound exclusively
to the |↑〉 impurity. This scenario relies on the assumption that
quasiholes possess a lifetime that is significantly longer than
the duration of the interferometric sequence, such that they

remain stable even in the absence of an external potential (e.g.,
from a |↓〉 impurity or laser-induced trap).

If the impurity in the state |↑〉 is now moved adiabati-
cally, the quasihole remains bound to the impurity due to the
strong repulsive interaction, thereby following its trajectory.
In this way, the position and motion of the quasihole can be
controlled via the impurity, enabling the implementation of
braiding operations. For interferometric use, the |↓〉 compo-
nent of the impurity is not moved and thus not braided, thereby
serving as the second arm of an interferometer, providing
a reference phase relative to which the geometric phase is
measured.

When two quasiholes are braided, the geometric phase
acquired by the system consists of two contributions:
an Aharonov-Bohm phase and an exchange phase. The
Aharonov-Bohm phase arises from the coupling of the quasi-
hole density to the applied magnetic flux and is present even
for a single quasihole, while the exchange phase results purely
from the nontrivial statistics associated with the braiding of
the quasiholes. In the following, we analyze the role of each
contribution in detail.

A. One impurity: The Aharonov-Bohm phase

We start our discussion by considering a single impurity
immersed in the system, pinning a quasihole. Moving the
impurity along a closed path, the system’s state acquires an
Aharonov-Bohm phase, due to the coupling of the quasihole’s
density to the effective magnetic flux realizing the quantum
Hall state. The impurity is initially prepared in the |↑〉 state
and located at the position of the quasihole. Applying a Ram-
sey π/2 pulse and assuming spin-dependent trapping potentials
g↑(r) �= g↓(r) seen by the impurity allows independent con-
trol of the position of the |↑〉 and |↓〉 component of the
impurity. By moving the |↑〉 impurity along a closed loop
while keeping the |↓〉 impurity fixed [see Fig. 1(a)], we will
show now that the geometric Aharonov-Bohm phase can be
extracted directly using Ramsey interferometry. To eliminate
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the dynamical phase accumulated during the interferometric
sequence, a spin-echo protocol is employed. Specifically, the
closed path traversed by the impurity is divided into two
equivalent segments. To ensure that the dynamical phases
acquired along each segment are equal, the two paths are
designed to be mirror symmetric with respect to the line
connecting the initial and final positions of the impurity (see
Fig. 1). In this configuration, applying a π pulse midway
through the sequence completes the spin echo and effectively
cancels the total dynamical phase. We will further develop the
details of the sequence below.

The sequence starts with the impurity in the state |↑〉
trapped at the position of the quasihole r1, such that the initial
state is

|�init〉 = |r1 ↑〉 |qh〉QH . (1)

Here, |qh〉QH denotes the initial quantum Hall state with a
quasihole. Applying a π/2 pulse to the impurity changes its
spin state from |↑〉 to |+〉 = ( |↑〉 + |↓〉 )/

√
2, thus changing

the state of the system to |r1+〉 |qh〉QH. Next, the potential
g↑(r) is used to move the |↑〉 state along the first half of
the closed path discussed above, while the potential g↓(r)
keeps the |↓〉 state at the initial position; see Fig. 1(a). After
one-half of the interferometry sequence, a spin-echo π pulse
implements a spin flip for the impurity, before the |↑〉 impurity
is moved from r1 to r2, to the position of the |↓〉 impurity. A
second π/2 pulse with a control phase φc closes the Ramsey
sequence and a joint measurement of the impurities’ spin and
position results in the state |r2 ↑〉, with probability

p↑ = |{1 + exp[i(ϕgeo − φc)]}/2|2 = cos2

(
ϕgeo − φc

2

)
,

(2)
where ϕgeo = ϕAB is the geometric Aharonov-Bohm phase
acquired by the quasihole moved along a closed path.

In summary, the measurement of |r2 ↑〉 after moving the
impurity along a symmetry-preserving, closed path gives di-
rect access to the Aharonov-Bohm phase ϕAB. For additional
details regarding the evolution of the state throughout the
sequence, we refer the reader to the Supplemental Material
[30].

B. Two impurities: The exchange phase

Next, we turn to the case of two impurities, which allows
for measurements of the exchange phase and therefore also
gives insight into the braiding phase and the statistics of the
quasiholes. Similar to the single-impurity case, the impurities
are initially prepared in their |↑〉 state, bound to the quasiholes
at positions r1 and r2,

|�init〉 = |r1 ↑, r2 ↑〉 |2 − qh〉QH . (3)

Again, after applying a global Ramsey π/2 pulse on both im-
purities, spin-dependent potentials allow one to independently
control the position of the |↑〉 and |↓〉 component of the
impurities. Modifying our previous protocol to incorporate
an exchange of the quasiholes along one path of the inter-
ferometer [see Fig. 1(b)], the exchange phase is extracted
directly using a combination of Ramsey interferometry and
a spin-echo sequence.

To conclude, the measurement of |r3 ↑, r4 ↑〉 gives direct
access to the geometric phase ϕgeo via

p↑↑ = |{1 + exp[i(ϕgeo − 2φc)]}/4|2 = 1

4
cos2

(
ϕgeo − 2φc

2

)
.

(4)
Note that in this case, both the (single-impurity) Aharonov-
Bohm phase ϕAB and the (two-impurity) exchange phase ϕexc

contribute to the geometric phase, ϕgeo = ϕexc + ϕAB. Com-
bining the full geometric phase obtained with two impurities
with the single-impurity Aharonov-Bohm measurement al-
lows one to isolate the exchange part. For additional details,
we refer the reader to the Supplemental Material [30].

The non-Abelian case

We would like to emphasize that similar protocols can also
be employed to study non-Abelian anyons, for example, in the
Moore-Read Pfaffian state [31]. For such non-Abelian states,
the low-energy manifold in the presence of some anyons con-
sists of degenerate states |ψa〉QH, a = 1, . . . , M. To generalize
the Abelian geometric phase exp[iϕgeo] to the non-Abelian
case, we use the Wilson loop operator,

Ŵ = exp

[
i
∮

dλ · A(λ)

]
, (5)

where λ parametrizes a closed loop in parameter space—e.g.,
a braiding path—and Aab

μ = 〈ψa|i∂λμ
|ψb〉QH denotes the non-

Abelian Berry connection.
We envision that all matrix elements of the Wilson loop

operator Ŵ , defined in the manifold of degenerate states, can
be systematically mapped out. In particular, the amplitude of
the interferometric signal is proportional to 〈ψ |Ŵ |ψ〉QH via

p↑↑ = 1
8 [1 + | 〈ψ |Ŵ |ψ〉 | cos(ϕψ − 2φc)], (6)

where ϕψ = arg 〈ψ |Ŵ |ψ〉 and |ψ〉 is a combination of the
basis states |ψa〉 in the degenerate manifold. In practice, this
could be achieved via internal (braiding) operations within the
degenerate manifold. Therefore, our interferometric protocol
allows for a complete classification of the braiding rules of a
given non-Abelian state.

C. Experimental implementation

In cold-atom quantum simulators, our impurity interferom-
etry scheme could be realized by preparing a ν = 1/2 Laughlin
state of 87Rb atoms in the |F = 1, mF = −1〉 state [18] and
using two 87Sr atoms as impurities. The availability of a
87Rb - 87Sr Feshbach resonance at B = 521.5(4) G [32] al-
lows one to achieve strong impurity-majority interactions. The
clock states of 87Sr (the ground 1S0 and excited 3P0 states)
enable state-dependent control of the impurity position [33],
while the interaction strength between 87Rb atoms and the 1S0

state of 87Sr can be tuned via the aforementioned Feshbach
resonance. Our protocol might also be applicable to exper-
iments with fermionic 6Li [20], where additional hyperfine
states could be used to realize the impurities.

Furthermore, our protocol is not limited to cold-atomic
systems, but also holds promise for implementation in solid-
state platforms based on van der Waals heterostructures. In
these systems, stable electronic fractional quantum Hall states
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can be realized within a single layer, while adjacent opti-
cally active layers—such as those based on transition metal
dichalcogenides (TMDs)—can serve as probe layers. In such
configurations, tightly bound excitons can be optically in-
jected via resonant excitation in the TMD layers. Due to
their sharp and stable resonances, these excitons can act
as sensitive optical probes of the fractional quantum Hall
system [34–36]. In such settings, a TMD heterostructure is
placed in proximity to a quantum Hall system—for example,
a fractional quantum Hall state in a graphene monolayer or
a fractional Chern insulator in a twisted MoT2 bilayer. In
bilayer TMDs, interlayer excitons can interact with electrons
either repulsively or attractively, depending on the layer con-
figuration of the electron and hole within the exciton. For
sufficiently strong repulsive interactions, excitons can bind to
quasiholes in the quantum Hall system [27,28]. The ability
to generate strongly localized excitons—with spatial extents
of the order of ∼1 nm—combined with the development of
optical quantum twist microscopes (QTMs), where an exciton
can be localized at the microscope tip, may enable precise
spatial and motional control of exciton positioning [27,28].
Furthermore, the internal degrees of freedom of excitons can
be manipulated using polarized light, allowing for the creation
of superpositions of valley states and enabling the implemen-
tation of the same impurity interferometry protocol described
below.

Key challenges in this solid-state context include the rel-
atively short exciton lifetimes, which can limit the extent of
mechanical motion before recombination, and the difficulty
in maintaining long-lived coherence in excitonic states. These
limitations are mitigated in cold-atomic systems, where ultra-
long coherence times of clock states and greater control over
both internal states and interactions are readily achievable.
However, this advantage comes at the cost of substantially
smaller system sizes currently available in experiments.

III. NUMERICAL FINITE-SIZE STUDIES

While solid-state platforms can be considered to directly
operate in the thermodynamic limit, many quantum simula-
tion platforms are still limited in system size. To study the role
of finite-size effects in such systems, we perform numerical
simulations of finite systems. We provide numerical evidence
for the applicability of our adiabatic protocol to directly ex-
tract the Aharonov-Bohm and exchange phases, given that the
path of the pinning potentials is well separated from the edge
of the system. We show for a paradigmatic noninteracting
Chern insulator that the system sizes needed to extract a clean
signal are of the order of a few hundred lattice sites. Based on
estimates of the characteristic length scales, we expect similar
sizes to be needed for more complex fractional Chern insula-
tors. We furthermore show how a local magnetic flux can be
used to obtain the (quasi)hole charge from Aharonov-Bohm
phase measurements directly.

A. Model and methods

Inspired by the recent progress in quantum simulators
[18,21], we study the Hofstadter-Hubbard model on a square

lattice. In Landau gauge, the Hamiltonian reads

Ĥ = − J
∑
x,y

(â†
x+1,yâx,y + ei2π (α+δα(x,y))xâ†

x,y+1âx,y + H.c.)

+ U

2

∑
x,y

n̂x,y(n̂x,y − 1), (7)

where â(†)
x,y annihilates (creates) a particle at site (x, y), n̂x,y =

â†
x,yâx,y is the particle number operator, (x0, y0) denotes the

center of the lattice, and α is the background flux per pla-
quette. In addition, we introduce an additional flux δα(x, y)
through some plaquettes, as specified below. In our numerical
simulations, we restrict ourselves to noninteracting fermions,
thus setting U/J = 0. All our simulations are performed
for open boundary conditions, relevant also for experiments.
Anyon braiding on a small torus showed the conceptual appli-
cability of a similar protocol under idealized conditions [37].

To trap and move (quasi)particles and holes, we introduce
Gaussian pinning potentials of the form

V̂pin = Vpin

∑
x,y

e−((x−X )2+(y−Y )2 )/2σ 2
n̂x,y, (8)

where R = (X,Y ) is the center of the pinning potential and
σ is its width. In our simulations, we vary the center R of
the pinning potential along a closed loop C, which we dis-
cretize into Nsteps evenly spaced steps with center position
R j , j = 0, . . . , Nsteps, where we explicitly include the last
point such that R0 = RNsteps . In each step, we calculate the
ground state |ψ j〉 of the system, hence simulating a perfectly
adiabatic protocol. Afterwards, we use this set of ground states
to determine the geometric phase acquired along the path C,

ϕgeo = Im ln

⎛
⎝Nsteps∏

j=0

〈ψ j+1|ψ j〉
⎞
⎠, (9)

where we included the factor 〈ψ0|ψNsteps〉 to remove the overall
gauge redundancy of the expression; see Ref. [38].

B. Single particle in a magnetic field

1. Encircling a small flux region

We start our simulations with the particularly simple case
of a single particle in a magnetic field, to confirm the appli-
cability of our numerical tools. We turn off the background
magnetic flux, α = 0, and only introduce a local magnetic
flux, δ
 = 4 × δα, through the central four plaquettes. We
consider an attractive pinning potential of strength Vpin/J =
−5 and width σ/a = 1, which is moved along a circular path
of radius R. In our simulations, we systematically vary R and
split the path into Nsteps = 40 steps to adiabatically follow the
ground state. To allow for a wide range of possible radii R and
to avoid edge effects, we consider a system of size 15 × 15.

The predicted Aharonov-Bohm phase for a particle of
charge q� moved along such a path is

ϕ
(pred)
AB (δα) = 2πδα min[4, π (R/a)2] × q�, (10)

where the min expression takes into account that the path only
partially encircles the flux region for R/a < 2.
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FIG. 2. Aharonov-Bohm phase obtained from Eq. (9) for a single
particle encircling a flux δα through the central four plaquettes along
a circular path of radius R/a for Vpin/J = −1.5 (full symbols) and
−5.0 (open symbols), respectively. For R/a = 1, the path does not
encircle the local flux completely, resulting in substantial deviations
from the expected behavior. For radii R/a � 2, the entire flux is en-
circled, so that we expect a scaling ϕAB ∝ 2π × 4δα × q� according
to Eq. (10), with q� the charge of the pinned object. The solid black
line indicates this scaling for q� = 1. We find that for a sufficiently
strong pinning potential, the numerically extracted Aharonov-Bohm
matches this prediction as well as the expected q� = 1 (see inset).
Here, q� is obtained using a fit of ϕ

(pred)
AB (δα) to the numerical data.

We find that the Aharonov-Bohm phase extracted from
Eq. (9) along this path agrees well with the theoretical pre-
diction, as long as the particle does not overlap with the flux
region; see Fig. 2. By performing a fit of ϕ

(pred)
AB (δα) in Eq. (10)

to the numerically obtained Aharonov-Bohm phases, we can
determine the charge q� of the object pinned by the potential.
We find that the extracted charge is consistent with q� = 1
for paths staying sufficiently far away from the flux region,
R/a � 2; see the inset of Fig. 2.

Reducing the strength of the pinning potential (Vpin/J =
−1.5) results in quantitatively less accurate results, while
preserving the qualitative features.

2. Homogeneous magnetic background field

Next, we perform similar simulations in the presence of
a homogenoeus magnetic background flux α = 0.2 per pla-
quette, thus creating topologically nontrivial Chern bands. To
adiabatically follow the ground state and avoid Chern band
mixing, we choose a pinning potential of strength Vpin/J =
−1.0, smaller than the band gap �/J ≈ 1.5 above the lowest
band, and width σ/a = 1.0.

We thread an additional flux δ
 � 0.08 through the central
four plaquettes to probe the dependence of the geometric
phase on such a flux defect. To fully encircle the region of
additional flux, we choose radii R/a > 2.

The expected Aharonov-Bohm phase for such a system is

ϕ
(pred)
AB (δ
) = 2πq�[α × π (R/a)2 + δ
]. (11)

FIG. 3. (a) Aharonov-Bohm phase for a single particle in a mag-
netic field of flux α = 0.2 per plaquette, encircling an additional
flux δ
 through the central four plaquettes along a circular path of
radius R/a. Already for a relatively weak pinning potential (Vpin/J =
−1, σ/a = 1) and R/a � 3, the numerically extracted Aharonov-
Bohm phase (symbols) matches the prediction (lines). The solid
lines indicate the expected scaling for the respective δ
, whereas
the gray shaded area indicates a band of width 2π around the ex-
pected value for δα = 0. (b) Pinned charge q� as extracted from the
Aharonov-Bohm (circles) and full geometric (squares) phases. For
R/a � 3, the pinned charge agrees well with the expected q� = 1.
Here, q� is obtained using a fit of ϕ

(pred)
AB/geo(δ
) to the numerical data,

respectively. Note that measurements of ϕAB involve only one parti-
cle, whereas measurements of the full geometric phase ϕgeo require
one to manipulate two particles. (c) Extracted exchange phase for
two fermions. For 3 � R/a � 4.5, the phase is consistent with the
fermionic ϕexc = π , whereas for smaller radii, the effect of not fully
encircling the additional flux δ
 is visible for δ
 �= 0. For larger
radii, edge effects become substantial and lead to deviations from the
expected exchange phase. The insets show the different paths taken
by the pinning potentials to determine the Aharonov-Bohm (left) and
full geometric (right) phases, respectively.

Simulating the system for various values of R/a and δα, we
confirm the scaling ϕAB ∼ R2; see Fig. 3(a). We also find a
linear dependence of ϕAB on δ
, which we use to extract the
charge q� of the pinned object, which is consistent with q� = 1
for sufficiently large R/a � 3; see Fig. 3(b).

We remark that for a finite external flux α �= 0, the pinning
potential needed to trap the particle is substantially weaker
than for the case without external magnetic field. We attribute
this effect to the formation of flat Chern bands, which tend to
localize the particles and hence increase the relative effect of
already weak pinning potentials.

C. Exchanging two fermions

We perform a minimal numerical “braiding” experiment by
exchanging two fermions in the presence of a magnetic field.
In this case, the full geometric phase is given by

ϕgeo = ϕAB + ϕexc, (12)
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FIG. 4. Density profiles for a system of N = 35 particles in a
magnetic field of flux α = 0.2 per plaquette subject to no (left), one
(middle), and two (right) pinning potentials (Vpin/J = 1.5, σ/a =
1.0). The ground state without any pinning potentials realizes a
Chern insulator in the lowest Hofstadter band.

where the predicted Aharonov-Bohm phase ϕgeo is given by
the expression in Eq. (11) and the exchange phase ϕexc = π

for fermions. Experimentally, the Aharonov-Bohm phase can
be determined by moving a single particle along a closed
path, whereas the full geometric phase is obtained from the
exchange of two particles along the first half of this path;
see, also, Fig. 1. Thereby, the pure exchange phase can be
extracted as ϕexc = ϕgeo − ϕAB. We emphasize that while the
detection of the Aharonov-Bohm phase ϕAB is a purely single-
particle measurement, the measurement of the full geometric
phase ϕgeo involves two particles.

Guided by our earlier results, we consider a system of 15 ×
15 sites and vary the radius R of the exchange path from the
center of the system. At the same time, we insert a small flux
δ
 = 0.00 . . . 0.08 through the central four plaquettes, thus
allowing us to extract the pinned charge q� from a linear fit
of ϕAB(δ
). As before, we fix the parameters of the pinning
potential to Vpin/J = −1.0, σ/a = 1.0.

We find that for radii 3 � R/a � 4.5, the extracted ex-
change phase is consistent with ϕexc = π , which for δ
 = 0.0
is true even for smaller radii; see Fig. 3(c). For even larger
radii, R/a � 4.5, edge effects become substantial and lead to
deviations from the expected exchange phase. Furthermore,
we find that for R/a � 3, the charge extracted from ϕgeo(δ
)
is consistent with q� = 1; see Fig. 3(b).

We conclude that our protocol is suitable to extract the
exchange phase given an exchange path which avoids both
the δ
-flux region in the center and the edge of the system.

D. Noninteracting Chern insulator

Having confirmed the validity of our approach for the
minimal case of two fermions, we now continue by probing
the simplest nontrivial many-body state. In particular, we con-
sider a noninteracting Chern insulator of N = 35 fermions on
15 × 15 sites pierced by a magnetic flux α = 0.2 per plaque-
tte. For these parameters, the bulk of the systems exhibits a
Chern insulating state at ν = 1. We again introduce an addi-
tional local flux δ
 through the central four plaquettes of the
system. We choose pinning potentials of strength Vpin/J = 1.5
and width σ/a = 1.0, strong enough to pin one and two holes
on top of the ν = 1 Chern insulator; see Fig. 4. We define the

FIG. 5. (a) Aharonov-Bohm phase for a single pinning poten-
tial (Vpin/J = 1.5, σ/a = 1) moved along a circular path of radius
R/a in a system of N = 35 particles on 15 × 15 sites with a flux
α = 0.2 per plaquette, realizing a Chern insulator in the lowest
Hofstadter band. The solid lines indicate the expected scaling for
the respective δα, whereas the gray shaded area indicates a band
of width 2π around the expected value for δ
 = 0. (b) Pinned
charge q� as extracted from the Aharonov-Bohm (circles) and full
geometric (squares) phases. For 3 � R/a � 4, the pinned charge
agrees well with the expected q� = −1. Here, q� is obtained using a
fit of ϕ

(pred)
AB/geo(δ
) to the numerical data, respectively. (c) Extracted

exchange phase for two pinning potentials. For 3 � R/a � 4, the
phase is consistent with the expected ϕexc = π , whereas for smaller
radii, the effect of not fully encircling the additional flux δ
 is visible
for δ
 �= 0. For larger radii, edge effects become substantial and lead
to deviations from the expected exchange phase.

charge operator

Q̂ =
∑

r

e−(r−R)2/ξ 2(
n̂r − n(0)

r

)
, (13)

where n(0)
r is the density in the absence of the pinning po-

tentials, R is the center site of one pinning potential, and
ξ = 2a is the width of a Gaussian envelope function chosen
to be larger than the magnetic length �B = a/

√
2πα ≈ 1.25a,

but smaller than the distance to the edge. By evaluating the
expectation value 〈Q̂〉, we obtain an estimate of the pinned
charge based on ground-state properties. We find that the
pinned charge 〈Q̂〉 = −0.863 for one pinning potential (〈Q̂〉 =
−0.761 for two potentials) is roughly consistent with a pinned
hole of (negative) unit charge, while systematically underesti-
mating the pinned (negative) charge.

Next, we move a single hole around a closed path split
into Nsteps = 80 segments. We extract the Aharonov-Bohm
phase ϕAB(R, δ
) in the presence of the Chern insulating
bulk and find that for R/a ≈ 4, the charge extracted from
the Aharonov-Bohm phase is consistent with q� = −1; see
Figs. 5(a) and 5(b). For larger radii, edge effects become
sizable.

Finally, we exchange two pinning potentials along a path of
Nsteps = 40 steps. We find that for radii 3 � R/a � 4, the ex-
tracted exchange phase is consistent with ϕexc = π , which for
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FIG. 6. Same as Fig. 5, but for a system of N = 70 particles on
21 × 21 sites with a pinning potential of strength Vpin/J = 0.8. We
find that for circular paths of radius R/a � 3, all observables agree
well with their expected values and the effect of the edge of the
system is significantly less pronounced than in the smaller system.

δ
 = 0.0 is true even for smaller radii; see Fig. 5(c). Further-
more, we find that in this regime, the charge extracted from
ϕgeo(δ
) is consistent with q� = −1; see Fig. 5(b). Again, for
large radii (R/a � 4.5), edge effects become sizable and the
exchange phase cannot be extracted in a meaningful manner.
Similar simulations with an additional projection to the lowest
Chern band give essentially unchanged results [30].

To study the role of the edge further, we perform a similar
analysis for N = 70 particles on 21 × 21 sites; see Fig. 6.
Again, the Aharonov-Bohm phase is calculated for circular
paths of varying radius, discretized into Nsteps = 80 steps. We
apply pinning potentials of strength Vpin/J = 0.8 and width
σ/a = 1.0. The pinning potential was chosen such that the
same parameters allow for pinning (exactly) one and two
holes.

We find that using a larger system substantially increases
the range of radii for which the charge extracted from the
Aharonov-Bohm and exchange phases matches the prediction
q� = −1, and the exchange phase is consistent with ϕexc = π ;
see Fig. 6. We conclude that sufficiently large lattice systems
allow for faithful extraction of the exchange phase. However,
the system sizes needed are of the order of a few hundred
lattice sites.

IV. CONCLUDING DISCUSSIONS

In this work, we introduce an interferometric protocol
designed to directly probe the geometric phase of anyonic
excitations in two-dimensional topological systems. Our ap-
proach makes use of impurities possessing two internal states,
which interact with the surrounding medium. Specifically, in
a fractional quantum Hall liquid, these impurities become
bound to quasihole excitations. By precisely manipulating the
impurities—such as with optical tweezers—one can imple-
ment impurity-based interferometry to resolve the braiding

phase characteristic of anyonic statistics. The proposed ex-
perimental scheme is compatible with current state-of-the-art
platforms, including ultracold-atomic systems and potentially
van der Waals heterostructures. Furthermore, our protocol is
extensible to non-Abelian anyons, enabling full reconstruction
of the associated Wilson loop matrix.

We performed numerical investigations to determine the
system sizes necessary for reliably extracting the geometric
phase via our interferometric protocol. Using a noninteract-
ing Chern insulator as a benchmark, we found that systems
comprising at least several hundred lattice sites are required to
suppress detrimental edge effects—that is, the system dimen-
sions must significantly exceed the magnetic length �B. Given
that the relevant length scales are comparable in strongly inter-
acting fractional Chern insulators, we infer that similarly large
systems are essential for accurately measuring the anyonic
exchange phase. However, simulating interacting lattice sys-
tems of this scale remains a formidable challenge, particularly
for bosonic models. Consequently, our numerical studies of
the interferometric scheme within the fractional quantum Hall
regime of the Hofstadter-Hubbard model [23–26,39–47] were
constrained to small system sizes and yielded inconclusive re-
sults at this stage, due to pronounced edge effects. As quantum
simulators continue to scale up, they offer a promising avenue
for exploring regimes that remain out of reach for classical
numerical methods.

Our work paves the way toward anyon braiding exper-
iments in solids or quantum gas microscopes with direct
spatiotemporal control, also aiming for more intricate braiding
processes involving non-Abelian anyons. In particular, we
expect similar protocols to be useful in future investigations
of the quasiholes of Moore and Read’s Pfaffian state [31].

Ultimately, progress towards non-Abelian anyon braiding
is speculated to give access to topologically protected quan-
tum computation [48]. While this is currently still out of
reach for any existing platform, braiding Abelian Laughlin
quasiholes in quantum simulators will be an important step
towards this ambitious goal.
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