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Ab initio Maxwell-Bloch approach for x-ray excitations in two-dimensional materials
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The combination of Maxwell and Bloch equations is an ideal framework to describe ultrafast time-resolved
X-ray experiments on an attosecond timescale in crystals. However, broadband experiments such as x-ray
absorption near-edge spectroscopy or resonant inelastic x-ray scattering require detailed knowledge of the
electronic structure and transition matrix elements. Here, we show how to fill this gap by combining the
Maxwell-Bloch formalism with first-principles calculations treating explicitly the core states. The resulting
x-ray absorption spectrum recovers key spectral signatures which were missing in previous work relying on

a semiempirical tight-binding approach.
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I. INTRODUCTION

Recent advances in laser technology have enabled the cre-
ation of attosecond short pulses in the extreme ultraviolet to
soft x-ray regime [1—4]. In turn, this allows one to study and
even control coherent effects on ultrashort timescales below
the femtosecond limit. Such attosecond dynamics was initially
studied in atomic systems, particularly for the real-time ob-
servation of valence electron motion [5]. These investigations
were quickly followed by studies on molecular systems [6-9],
where light-induced ultrafast dynamics plays a role in early
photosynthetic processes [10,11] and in chemical reactions
or interface dynamics involving electron transfer [12—14]. In
the last few years, attosecond dynamics in crystalline solids
has also become widely studied. Compared to femtosecond
dynamics, attosecond short x-ray excitation in solids is still
an unexplored area of research. A key experimental technique
is attosecond transient absorption, which combines time-
delayed pump and probe pulses. These advances in attosecond
experiments call for theoretical approaches accompanying the
experimental efforts. Density functional theory (DFT) has
enabled major progress in modeling x-ray processes [15,16].
Yet, nonequilibrium effects are beyond the reach of DFT,
and extensions such as time-dependent DFT struggle with the
description of coherent effects occurring at overlapping pump
and probe pulses or at subfemtosecond timescales due to its
high computational cost.

To address nonequilibrium x-ray dynamics, in our re-
cent work we proposed a self-consistent Maxwell-Bloch
equation approach and applied it to x-ray excitations in
two-dimensional materials [17]. This approach enables the

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9950/2025/112(8)/085307(7)

085307-1

description of key features in nonlinear x-ray experiments,
including aspects of many-body interactions such as energy
renormalization, valence or core excitons, and relaxation
dynamics. This method allows us to describe the real-
time dynamics starting from the pump pulse and tracking
the dynamics up to the picosecond timescale. Due to the
self-consistent coupling between the dynamical x-ray Bloch
equations and the Maxwell equations, our formalism can pre-
dict experimentally observable signals as well as capture x-ray
propagation in the material, localized excitation of the sample,
and polaritonic effects. As proof of principle, in our recent
work we calculated x-ray absorption spectra in graphene in-
cluding x-ray absorption near-edge spectroscopy (XANES)
and extended x-ray absorption fine structure (EXAFS), all
within a single calculation [17]. However, our previously de-
veloped approach also suffers from several limitations. First,
as evidenced by comparing with experiments, our predicted
spectrum missed a key spectral feature. The reason for this
discrepancy is that our analytical tight-binding approach in-
cluded only a small number of bands, while a broadband
experiment such as XANES requires detailed knowledge of
the full band structure. Second, for reliable predictions of the
dynamics it is important to compute the interaction matrix
elements with quantitative accuracy. This requires full access
to the Bloch electronic wave functions (or, equivalently, to the
tight-binding coefficients).

In this work, we show an approach combining first-
principles calculations with the MaxwellBloch formalism for
x-ray excitations to address both of these challenges. We com-
pute the core, valence, and conduction band states on equal
footing using DFT calculations with the QUANTUM ESPRESSO
package [18], and then use these quantities as a starting point
to obtain accurate interaction matrix elements, focusing on
transition dipoles computed with the YAMBO code [19]. This
allows us to develop a combined Maxwell-Bloch plus first-
principles scheme for x-ray excitations to reconstruct the full
XANES spectrum. Our combined approach paves the way for
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a more accurate and general description of x-ray-matter in-
teractions and x-ray excitation dynamics in two-dimensional
materials. In comparison to other pure DFT methods such
as the supercell core-hole method (SCH method) [20,21] we
have direct access to the self-consistent Maxwell equations.
This is especially an advantage in systems with intrinsic
strong light-matter interactions or in systems with strong ra-
diative coupling and should yield more precise results.

II. BAND ENERGIES AND TRANSITION DIPOLES
FROM FIRST PRINCIPLES

We develop a theoretical description of x-ray interactions
with two-dimensional (2D) crystals. In crystalline solids, be-
cause of the periodic lattice potential the electronic wave
functions satisfy Bloch’s theorem. The electronic wave func-
tion for band » and crystal momentum k reads

1 ik-r
VUnk(r) = ——==€""upk (1), ey
Al
where A is the area of the 2D material and [, is the size of the
simulation cell in the layer-normal direction. The Bloch wave
functions are products of a plane wave and a lattice periodic
function u,k(r), with in-plane wave vector k and position r.
Using plane-wave basis, the Bloch functions are expressed
as a Fourier expansion with respect to the reciprocal lattice
vectors G,

(1) =) Cuiy ST )

G

Inserting Egs. (1) and (2) into the Schrédinger equation allows
one to solve for the expansion coefficients ¢,k . In DFT,
these calculations are based on the Kohn-Sham framework
[22,23], which describes a system of independent electrons
in an effective potential written as the sum of nuclei, Hartree,
and exchange-correlation contributions [24].

Typical DFT calculations treat explicitly only the valence
electrons and leave out the core electrons due to their negli-
gible contribution to chemical bonding and optical properties
of the material. The effect of the core electrons is included by
using pseudopotentials [24], which approximate interactions
between the valence electrons and the nuclei plus core elec-
trons [25]. Figure 1(a) shows an exemplary hexagonal lattice
with two atoms per unit cell. Figure 1(b) compares the wave
functions of a valence electron obtained from an all-electron
calculation versus one using pseudopotentials. The oscillatory
behavior of the all-electron wave function near the nucleus
stems from the constraint to be orthogonal to the lower-energy
core states with the same angular momentum. Accurately
describing these oscillations requires a large kinetic energy
cutoff in a plane-wave basis. In contrast, the pseudo wave
function is smooth in the core region and it accurately repro-
duces the all-electron wave function outside a cutoff radius
from the nucleus in the region relevant for chemical bonding.
Therefore, pseudopotential calculations cannot be employed
when an explicit description of the core electrons is needed,
as is the case when modeling x-ray spectroscopies.

For the self-consistent field calculation we describe
the atomic species with core electrons by the projector
augmented-wave (PAW) method [26] as implemented in

(b)

pseudo

all-electron

FIG. 1. (a) Interaction of the x-ray with the 2D crystal lattice.
(b) Sketch of a hexagonal crystal lattice in real space. (c) The zoom-
in on an atom shows the tightly bound core electrons. The wave
functions of the core electrons oscillate rapidly close to the nucleus
due to the divergent Coulomb potential, while the pseudopotential
model gives a smoother wave function that takes only the envelope
into account.

QUANTUM ESPRESSO [27]. PAW unifies the accuracy of all-
electron calculations with the efficiency of pseudopotential
methods. This is achieved by a linear transformation which
ensures that the pseudo wave function and the all-electron
wave function differ only in the vicinity of atomic nuclei, in an
augmentation region. The transformation is defined using a set
of all-electron partial waves, pseudo partial waves, and pro-
jector functions. Consequently, the PAW method effectively
transforms kinks and rapid oscillations of valence wave func-
tions near ion cores into smooth wave functions, which are
more computationally convenient. Finally, using a generated
PAW potential with the desired number of core electrons, and
solving the corresponding transformed Kohn-Sham equation,
yields Kohn-Sham wave functions in reciprocal space for each
k value and band including core bands [cf. Eq. (2)]. Figure 2
shows a calculated band structure of graphene including the 1s
core band along a high-symmetry k path. The calculated core
band energy aligns well with values presented in the literature
[28,29]. We use graphene as an exemplary material to test the
combined ab initio x-ray Bloch approach. The PAW potential
is generated using the Perdew-Burke-Ernzerhof (PBE) func-
tional with a matching radius (rcore parameter) of 0.7 a.u.
for the smoothing of the core charge. The electronic ab initio
calculation is performed with a cutoff energy of 120 Ry on
a 10 x 10 x 1 grid. A vacuum layer of 12 A was introduced
along the out-of-plane direction to suppress spurious interac-
tions between periodic images of the 2D layer.

As an exemplary interaction Hamiltonian, we investigate a
semiclassical light-matter interaction and evaluate it explicitly
with the YAMBO code [19]. The light-matter interaction is
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FIG. 2. Band structure of graphene obtained from a DFT that
includes the 1s core state. The dashed line indicates the Fermi level.

described by

1 4
H=-— Y &lox E ey piqtui 3
Alz n,k,Q,G

with an electron creation ai K+Q in band n with wave vector

k + Q and an electron annihilation a, x in band m with wave
vector K. The electronic transition is determined by the dipole
matrix element di ¢ = i€o [y @1 k() Vir Qi) 4o (1)
Here, Q corresponds to the Fourier momentum from the in-
plane position taking into account the spatial resolution of the
x-rays: E(r,1) = ZQ Eq(z,1)exp(iQ - r)). The Q = 0 limit
corresponds to a perpendicular, spatial homogeneous excita-
tion. The index m ensures that only interband transitions are
taken into account. Due to the high frequency of x-rays, the
intraband transition can be neglected. The Q + G takes into
account the possible Umklapp processes originating from the
spatial resolution of the x-ray waves.

For soft x-rays interacting with the light carbon atoms
of graphene the transition matrix element can be accurately
described within a dipole approximation [17]. However, a
careful check for each material should be performed, es-
pecially when entering the medium x-ray regime, although,
performing a dipole approximation in the matrix element,
we keep the off-diagonal indices in the electronic operators
of Eq. (3) to account for possible spatial inhomogeneity in
the dynamics. We compute the dipole moments with YAMBO
[30,31], which reads the ab initio band energies and wave
functions from QUANTUM ESPRESSO. As example, Fig. 3
shows the out-of-plane component of the dipole integral for
a ls to m conduction band (2p, orbital) transition, which
dominates over the in-plane components due to symmetry
reasons. As can be seen in Fig. 3, the integral inherits the
hexagonal lattice symmetry of graphene. While the dipole
integral vanishes at the K points, the transitions are favorable
around the M points and between the M and I" point.

II1. X-RAY NEAR-EDGE ABSORPTION SPECTRUM
OF GRAPHENE

The response of a two-dimensional material to a weak
X-ray excitation can be investigated by the x-ray absorp-
tion spectrum. In order to calculate the x-ray absorption of
material, we need to find expressions for the reflected and
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FIG. 3. Out-of-plane component of the dipole matrix element
of graphene for the 1s to w (2p,) transition. The matrix element
carries the hexagonal symmetry and displays considerable oscillator
strength around the M point and on the trace to the I point. The
strength of the dipole matrix element is displayed in arbitrary units.

transmitted x-ray light. The full electric field space and time
dependence is given by the wave equation

V2E(r, 1) — — & E(r, 1) = & P(r. 1)
’ C2 8[’2 ’ - MO 8[2 )

- LV[V P,0)], (@)
€€y

with the dielectric constant €, the magnetic permittivity o,
the speed of light in vacuum ¢, and the dielectric constant
of the uniform background €. Here, we explicitly keep the
spatial resolution of the electric field. The macroscopic po-
larization P(r,t) provides a connection to the microscopic
polarization pit, . The microscopic polarization describes
the transition amplitude from a state |m,k + Q) to a state
In, k). The off-diagonal character of the wave vector in-
dices allows for a spatial localized excitation of the sample
by the short-wavelength x-ray light. In Fourier space, the
macroscopic polarization at the sample position z = 0 reads
Po(t) =3, .k o xPiiox(t), where the microscopic po-
larization can be calculated from the x-ray Bloch equations.
A self-consistent solution of the wave equation together with
the x-ray Bloch equations yields the necessary electric field
containing the response of the material [17]. Then, the electric
field can be found as

Eqi6(z, w) = €[Go+cl(z, ) xql(w)

-1
X |:]1 — € Z[GQJrG'](Zo, w)[XQ](w):|

G’

< Y By (20, ) + EQ(z, ), (5)
G//

where EOQ is the incident electric field, the dyadic Green’s
function [Gq](z, w) describing the propagation of the x-ray
field, and the susceptibility [ xql(w). The dyadic Green’s func-
tion is defined in Appendix A. The first term describes the
interference of the electric field with the polarized respond-
ing material. The reciprocal lattice vector takes into account
the Umklapp processes, due to the x-ray wave vector [32].
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Moreover, Eq. (5) can describe x-ray scattering at the sample.
After the incidence of the x-ray light with wave vector Q,
investigating the transmitted x-ray light as a function of the
changing x-ray wave vector (or angle) yields an x-ray scatter-
ing spectrum. However, in the following we are interested in
absorption, where only the G = 0 limit contributes. Focusing
on the K edge, the initial band can be fixed to 1s. From the
x-ray Bloch equations, the K-edge susceptibility tensor reads
in frequency space

dlisi(JrQ ® dﬁi& K
[xol(w) = : —. (6)
nZk: ha)—Elf—I—ElliQ—i-ly

The n sum runs over all conduction bands. The dipole mo-
ments dlli:[ék and energies E;! were explicitly calculated from
first principles as described in the previous two sections. The
damping constant y is so far phenomenologically added. It
can be microscopically calculated by including a Coulomb in-
teraction to the x-ray Bloch equations as derived in Ref. [17],
using the ab initio Coulomb matrix elements from YAMBO.
Detailed knowledge of the Coulomb matrix elements is of
crucial interest for the calculation of Meitner-Auger recombi-
nation of core holes, which is a major contribution to the finite
lifetime of core excitations [33,34]. Here, we simply increase
the dephasing constant with increasing conduction band index
to simulate the larger amount of possible scattering channels.
The x-ray wave vector is connected to the frequency w and the
angle of incidence 6 of the light by the linear light dispersion
via |Q|*> = w?sin(#)/c%. For § = 0°, we recover the special
case of a perpendicular excitation geometry. The transmitted
and reflected light spectra are defined as the intensity of the
x-ray light behind the sample, and the intensity of the x-ray
light in front of the sample propagating away from the sample,
respectively.

Finally, it should be noted that the susceptibility ten-
sor [Eq. (6)] does not include core-excitonic effects. Using
the corresponding Coulomb matrix element and solving the
Bethe-Salpeter equation yields a core-exciton landscape and
wave functions [35,36]. With this basis set, the electron-core-
hole Coulomb interaction in the Maxwell-Bloch equations for
x-rays can be diagonalized and the equations expressed in a
core-exciton basis. This enables access to ultrafast dynamics
of core excitons, which are of growing interest for the x-ray
community [37-39].

In the following, we calculate the x-ray absorption near-
edge spectrum for an angle of incidence 6 = 16°. We start
by discussing the XANES taking only an analytical five-band
model into account (cf. Fig. 4, purple curve). Here, we see
the first K edge rising at 286 eV corresponding to the tran-
sition of the 1s electron into the w band (2p, orbital). In the
following the three peaks originate from transition of the 1s
core electron into the o bands formed by the 2s, 2p,, and
2p, orbitals. Between the three peaks the absorption dra-
matically decreases. Comparing with experiments (cf. Fig. 4,
red curve, taken from Ref. [40]), we observe a qualitatively
different behavior. Moreover, we note a plateau corresponding
to an almost continuous absorption. Therefore, the analytical
five-band tight-binding model is clearly not sufficient for x-
ray absorption near-edge spectrum modeling, leading us to
use the first-principles approach. The ab initio band-structure

T T T T T
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| Tight-binding

04 DFT =

0.35 | Experiment

Absorption [10‘2]
o
(3]

280 285 290 295 300 305 310
Energy [eV]

FIG. 4. The purple curve shows the XANES of graphene with an
analytical five-band tight binding model. In contrast, the blue curve
takes into account a first-principles calculation. When comparing
with the experiment (red) we find a dramatically improved match. All
curves are normalized to the DFT curve. For better comparison we
shifted the theoretical curve on top of the experimental. Experimental
data taken from Ref. [40].

calculations enable us to include a large number of electronic
bands with exceptional accuracy across the entire Brillouin
zone (Fig. 2). The blue curve in Fig. 4 shows the obtained
XANES using the first-principles electron bands. We see that
in addition to the peaks at 286 and 292 eV, we recover now
also the plateau starting at 292 eV after a rapid increase of the
absorption edge. Furthermore, the decreasing absorption from
307 eV is well described. However, the absorption around
296 eV computed in our work exceeds the values observed
in the experiment. This shows that the oscillator strength
of the transitions into higher o bands are overestimated in
our calculation. In general, the oscillator strength is slightly
overestimated, when observing the = peak (286 eV ). How-
ever, the peak height ratio of the 7 peak and the highest o
peak corresponds well to the ratio observed in the experi-
ment. Additionally, so far no microscopic description of the
band-dependent dephasing is present. An accurate derivation
does not only give valuable insights into the relaxation of
core-level x-ray excitations in two-dimensional materials but
also leads to a proper distribution of the oscillator strength
over all bands.

IV. CONCLUSION

In summary, we employed the ab initio calculations ap-
plied to graphene, using a pseudopotential, which contains
information about the outer core shells (1s) and obtained the
graphene band structure and Bloch factors including the 1s
core shell from the solution of the Kohn-Sham equation as im-
plemented by QUANTUM ESPRESSO. The Bloch factors allowed
for a calculation of the K-edge dipole elements in a dipole
approximation as implemented in YAMBO. The first-principles
results were used as input for the microscopic Maxwell-
Bloch formalism for x-ray absorption. This led to an accurate
XANES of graphene also at high energies as compared to a
semiempirical tight-binding approach.

Our work shows that on one hand the many-band scenario
appearing in the microscopic Maxwell-Bloch formalism for
x-ray excitations can comfortably be evaluated by including
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the results from first-principles calculations which leads to
much better agreement with experiment than an analytical
few-band model. On the other hand, first-principle codes,
especially those that focus on core-electron spectroscopy such
as OCEAN [41,42], can implement the electric field and sus-
ceptibility tensor developed in this work to calculate the real
absorption as a macroscopic observable instead of the joint
density of states or Fermi’s golden rule for the transition
amplitude.

Currently we did not include Coulomb contributions to
the energy calculations. This could be the scope of future
work, with the objective of achieving even better results when
compared to experiments.
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APPENDIX A: DYADIC GREEN’S FUNCTION
FROM THE WAVE EQUATION

We start from the wave equation

& E(r,t)= ” P(r,1) ! VIV-P(r,1)]
8[2 ’ —MO 8[2 ’ €€o ’ ’

(A1)

VE(r, 1)— <
’ 2
C

which can be derived from the Maxwell equations. Since we
want to include nonlocal phenomena and a nonperpendicular
excitation geometry, the second term on the right-hand side
does not vanish. The wave equation can be solved with a
Green’s function approach, which reads in Fourier space

EqQ(Q:, ) = Go(Q:, 0)II(Q:, w),

with the inhomogeneity Ilg(Q., w) corresponding to the
right-hand side of the wave equation. The Fourier transfor-
mation of the wave equation in space and time allows for an
identification of the Green’s function. A subsequent inverse
Fourier transformation with respect to Q. yields the solved

(A2)

electric field

Eq(z, w) = /dz’ Go(z — 7, 0)g(Z, w), (A3)

with  Go(z — 7, w) = iexp(—ik|z — 7|)/2« and k2 =
ew?/c* — |QJ%. Assuming that the macroscopic polarization
Po(z, ) [defining To(Q;, w)] is located in plane of the
sample, ie., Po(z,w) = PéD(a))S(z —7/), the integral in
Eq. (A3) can be solved. Writing the solution in matrix form
Eq(z, ) = [Gol(z, w)PéD(a)), we can define the dyadic
Green’s function from the main text as

[Gol(z, )
e—iklz—Zo\
20
JLow? _ Q)z- 00 O _
K €QEK €QEK €€ Sgn(Z ZO)
0,0, wo? @ o
X —aer B T ae aesen@—) |
Ox Oy How? P
oesgn(z —z0)  oesgn(z —z0) S — o
(A4)

APPENDIX B: BLOCHL FORMALISM

The Blochl formalism [26] is based on the linear trans-
formation 7 between the true wave function ¥,k and an
auxiliary wave function v, x: ¥,k = T ¥.x. The space is
divided into atom-centered augmentation spheres and a bond-
ing region outside the sphere. The wave function matches at
the boundary of the spheres. Since beyond the critical core
radius the wave function is already smooth, the transforma-
tion attacks only inside the core sphere. Here, the true wave
function is expanded in partial waves ¢{, which themselves
are expressed by smooth auxiliary functions ¢¢ with an atom
index a and compound index i for the atomic site and angular
quantum numbers. The all-electron Kohn-Sham wave func-
tions are described by

Yk (0) = Pui () + Y [¢1(0) — $LO](5 [Fur).  BD)

With the linear transformation defined in Eq. (B1), the smooth
auxiliary wave functions 1/},1,1( are obtained by solving the
transformed Kohn-Sham equation and expressed in a plane-
wave basis set. In contrast, ¢, N;‘, and p? are atom-centered
localized functions. ¢{(r) are all-electron partial wave so-
Iutions to the radial scalar relativistic non-spin-polarized
Schrodinger equation and multiplied by the spherical har-
monics. A pseudopotential procedure yields ¢¢ and (p;|¢;) =
d;,; with projector functions j¢ probing the character of the
wave function. The set of functions is system independent.
Therefore, they are precalculated in an atomic environment,
tabulated, and kept frozen in the remaining calculation.
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