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Using the quantum effective action in the Schwinger-Keldysh formalism, we derive quantum-thermal cor-
rections to the semiclassical dynamics of a dissipative system described by a macroscopic degree of freedom.
We discuss the connection with the Ehrenfest theorem and, within the local potential approximation, obtain the
corrections in closed form for arbitrary temperature and damping, showing that as the temperature increases,
they cross over from purely quantum to purely thermal. In the low-temperature and weak-damping regime,
corrections are set by the zero-point energy of fluctuations evaluated at the classical underdamped frequency,
closely paralleling the conservative case, which allows us to go to higher order in the derivative expansion. We
apply these general results to the resistively and capacitively shunted superconducting Josephson junction and to
an elongated bosonic junction, where corrections can reach the percent level under realistic conditions.

DOI: 10.1103/m2gf-nrsn

I. INTRODUCTION

Superfluid states of matter are characterized by macro-
scopic quantum coherence. Some of their low-energy prop-
erties may thus be described at the mean-field level in terms
of a complex-valued order parameter, a classical field that
encodes the collective behavior of the underlying micro-
scopic degrees of freedom and is governed by nonlinear field
equations, such as the Gross-Pitaevskii and Ginzburg-Landau
equations [1,2]. In particular, the Josephson effect in tunneling
junctions [3–16] can be understood as the dynamics of the
relative phase between the order parameters of two coupled
superfluids, which constitutes a single macroscopic degree of
freedom.

The classical conservative dynamics for the phase, al-
though adequate in many scenarios, falls short of capturing
two key aspects. First, in several experimental realizations the
actual dynamics is dissipative. In superconducting junction
circuits, dissipation arises from the presence of external resis-
tors [5,17–19], while in bosonic junctions it originates from
the intrinsic coupling between the Josephson mode and the
phonon bath of the condensate [20–33]. Second, the phase has
a quantum nature that manifests in beyond-mean-field effects.
In superconducting junctions, this was established in pioneer-
ing experiments by Clarke et al. [34–39], which observed
zero-point fluctuations, macroscopic quantum tunneling, and
energy-level quantization of the phase. In bosonic junctions,
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where the phase is directly related to the condensate frac-
tion, its quantum nature is reflected in the interaction-induced
quantum depletion [40,41].

In recent works [42–44], we suggested that the quantum
effective action, originally introduced to study quantum ef-
fects in relation to spontaneous symmetry breaking [45–48],
provides a transparent framework to incorporate quantum cor-
rections to the mean-field dynamics of the order parameter.
Moreover, it offers a systematic interpretation of effective
approaches such as the modified Gross-Pitaevskii equation,
which is often introduced heuristically in the spirit of den-
sity functional theory and has found numerous applications
in recent years (see, e.g., Refs. [49–54]). At first order in
h̄, the quantum-corrected semiclassical dynamics may be
derived analytically; applied to Josephson junctions in the
absence of dissipation, it was shown to systematically improve
upon the mean field when compared with exact quantum re-
sults [40,43].

In this work, we incorporate dissipation into the quan-
tum effective action, thereby characterizing its interplay with
quantum fluctuations of the system and addressing jointly
both of the key aspects outlined above. To this end, we adopt
the Schwinger-Keldysh formalism [55,56], which provides
a consistent action principle for describing dissipative dy-
namics. In this framework, dissipation and stochastic noise
are intrinsically linked through the fluctuation-dissipation the-
orem [57,58], reflecting the physical fact that dissipation
originates from the coupling to environmental degrees of free-
dom (assumed to be in equilibrium) which are themselves
subject to quantum and thermal fluctuations; these fluctua-
tions, in turn, induce a stochastic force on the system. Our
aim is then to derive quantum corrections to the determinis-
tic component of the dissipative dynamics, which arise from
fluctuations of the system’s collective degree of freedom cou-
pled to the environment. We will show that such corrections
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generally depend on h̄, the damping coefficient γ , and the
temperature T , and that, as the temperature increases, they
cross over from purely quantum to purely thermal character.
In certain limiting regimes, they admit a transparent physical
interpretation in terms of the energy of quantum-thermal fluc-
tuations evaluated at a characteristic frequency.

The paper is organized as follows. In Sec. II, we de-
rive the one-loop Keldysh quantum effective action for a
macroscopic degree of freedom, emphasizing the connection
of this approach to the Ehrenfest theorem, the distinction
between quantum and classical corrections, and the role of
fluctuations around the corrected average. We discuss the
local potential approximation and, in the low-temperature and
weak-damping regime, the second-order derivative expansion.
Moreover, we extend the results to the case in which the
conservative part of the action is formulated in phase space.
In Sec. III, we apply the general results to the resistively and
capacitively shunted junction (RCSJ) model for a supercon-
ducting circuit and to an elongated bosonic junction, which
provide concrete realizations of the two types of action con-
sidered in the previous section. Finally, in Sec. IV, we present
our conclusions and perspectives on possible developments,
commenting on the connection of our results to vacuum-
instability phenomena, the Schwinger effect and the Casimir
effect. Appendixes A, B, and C provide detailed calculations
of the corrections in the local potential approximation, the
derivation of the Keldysh action for the elongated bosonic
junction, and an alternative derivation of the quantum correc-
tions in the low-temperature and weak-damping regime via a
generalized Hamilton principle.

II. DISSIPATIVE QUANTUM ACTION

A. Keldysh action

We consider our macroscopic degree of freedom as the
coordinate x(t ) of a particle of mass m > 0 moving in a poten-
tial U (x). Its conservative dynamics follows from Hamilton’s
least action principle for

S0[x] =
∫

dt
[m

2
ẋ2 − U (x)

]
. (1)

How to describe dissipation? A generic dissipative dynam-
ics does not admit an ordinary variational formulation in
terms of a single dynamical variable and a standard action
S[x] [59]. Variational realizations typically require auxil-
iary variables [60], explicit time dependence [61,62], or
other nonstandard constructions, such as fractional deriva-
tives [63,64]. A consistent causal variational framework is
provided by the Schwinger-Keldysh closed-time-path formal-
ism [55,56,65,66], in which the dynamics is formulated on
doubled fields, namely, forward and backward trajectories
x+(t ) and x−(t ), or classical and response fields x = (x+ +
x−)/2 and xq = x+ − x−. The Keldysh action is written as

S[x, xq] = Scons[x, xq] + Sdiss[x, xq], (2)

where

Scons = S0[x+] − S0[x−] =
∫

dt[−mẍ − U ′(x)]xq + O
(
x3

q

)
(3)

encodes the conservative part of the dynamics, while

Sdiss =
∫

dt dt ′
[

xq(t )αR(t − t ′)x(t ′)

+ i

2
xq(t )αK (t − t ′)xq(t ′)

]
(4)

accounts for dissipation. Here, αR(t − t ′) denotes the retarded
response kernel, while αK (t − t ′) is the Keldysh correlation
kernel. Both emerge from the microscopic action describing
the particle coupled to a quantum-thermal bath after integrat-
ing out the bath degrees of freedom, see, e.g., Appendix B. If
the bath is in thermal equilibrium, the two kernels are related
by the fluctuation-dissipation theorem [57,58]

αK (ω) = h̄ coth

(
β h̄ω

2

)
Im αR(ω), (5)

where β = (kBT )−1 is the inverse temperature.
The quadratic term in xq can be decoupled via the Hubbard-

Stratonovich (HS) transformation

eiS =
∫

Dξ e− 1
2

∫
dt dt ′ξ (t )α−1

K (t−t ′ )ξ (t ′ )eiS , (6)

where

S =
∫

dt

[
−mẍ − U ′(x) +

∫
dt ′αR(t − t ′)x(t ′) + ξ (t )

]
xq

(7)
is the Martin-Siggia-Rose (MSR) action [67–70]. The clas-
sical equation of motion (EoM) then follows from the
saddle-point condition

δS
δxq

∣∣∣∣
xq=0

= 0, (8)

which yields the generalized Langevin equation

mẍ + U ′(x) −
∫

dt ′αR(t − t ′)x(t ′) = ξ (t ). (9)

From Eq. (6), ξ (t ) is a Gaussian-distributed fluctuating force
with P[ξ ] ∝ exp[− 1

2

∫
dt

∫
dt ′ξ (t )α−1

K (t − t ′)ξ (t ′)], imply-
ing 〈ξ (t )〉 = 0 and 〈ξ (t )ξ (t ′)〉 = αK (t − t ′). We thus identify
the Keldysh correlator as the noise correlator.

From now on, we will take

αR(t − t ′) = −γ ∂tδ(t − t ′), γ > 0. (10)

This expression should be interpreted as a distributional
shorthand for a kernel satisfying Im αR(ω) = γω, which
reproduces linear Markovian damping originating from an
Ohmic bath. In fact, since ∂tδ(t − t ′) = −∂t ′δ(t − t ′), substi-
tuting Eq. (10) into Eq. (9) and integrating by parts, we obtain

mẍ + U ′(x) + γ ẋ = ξ (t ), (11)

with noise spectrum [Eq. (5)]

αK (ω) = γ h̄ω coth

(
β h̄ω

2

)
. (12)

This has two relevant limits: αK (ω) � γ h̄|ω| in the low-
temperature limit β−1 � h̄|ω|, describing purely quantum
noise, and αK � 2γ kBT in the high-temperature limit β−1 �
h̄|ω|, describing purely thermal noise.
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B. Quantum effective action

The main purpose of the paper is to compute quantum
corrections to Eq. (11). To this end, we start from the cor-
responding Keldysh action [Eq. (2)]

S =
∫

dt[−mẍ − γ ẋ − U ′(x)]xq

+ i

2

∫
dt dt ′xq(t )αK (t − t ′)xq(t ′)

− 1

24

∫
dt U ′′′(x)x3

q + O
(
x5

q

)
, (13)

with αK (t − t ′) the inverse Fourier transform of (12). We
expand the fields x, xq around background fields x̄, x̄q as x =
x̄ + η and xq = x̄q + ηq. To second order in the fluctuations
η = (η, ηq), the action reads

S � S[x̄, x̄q] + 1

2

∫
dt dt ′ηT (t )F (t − t ′) η(t ′), (14)

where

F =
(

−U ′′′(x̄)x̄q + O
(
x̄3

q

)
M† + O

(
x̄2

q

)
M + O

(
x̄2

q

)
iαK − 1

4U ′′′(x̄)x̄q + O
(
x̄3

q

)
)

,

(15)

M = δ(t − t ′)
[ − m∂2

t − γ ∂t − U ′′(x̄)
]
. (16)

The one-loop one-particle irreducible (1PI) quantum effective
action 
[x̄, x̄q] is then obtained by performing the Gaussian
path integral over η [42–44,71–75], which yields


[x̄, x̄q] = S[x̄, x̄q] + i

2
Tr lnF . (17)

Defining F0 = F |x̄q=0 and Fq = −U ′′′(x̄)x̄q diag(1, 1
4 ), we

expand the trace-log in series of x̄q as Tr lnF = Tr ln(F0 +
Fq) = Tr lnF0 + Tr(F−1

0 Fq) + O (x̄2
q ). The first term is inde-

pendent of x̄q (in fact, it is independent of both background
fields; this is the normalization condition 
[x̄, x̄q = 0] = 0,
which expresses conservation of probability) and thus does
not contribute to the EoM. The second term, which is linear
in x̄q, will affect the deterministic part of the EoM. Note that
since the 22 component of F−1

0 vanishes, the O (x3
q ) vertex of

Eq. (13)—which at the order we retain contributes precisely
to the 22 entry of Fq—is annihilated in the trace and does not
affect the result. Finally, the O (x̄2

q ) term is generated by the
system’s own nonlinearity acting on its fluctuations. It is not a
renormalization of the bath kernel αK , which is fixed exactly
by the fluctuation-dissipation relation (12), but rather an ad-
ditional x̄-dependent (multiplicative) noise kernel. Relative to
the tree-level noise αK , it is of order O (h̄), i.e., the same order
as the correction we retain in the drift; it, therefore, represents
the leading quantum correction to the diffusive part of the
dynamics and does not affect the deterministic evolution at the
order considered here. Since our aim is the quantum-corrected
deterministic dynamics, we shall drop it, together with the
higher-order terms.

The quantum effective action is, therefore, 
 = S + 
1,
with 
1 = i

2 Tr(F−1
0 Fq). Computing the trace, we obtain


1 = −1

2

∫
dt[U ′′′(x̄)σ (x̄)]x̄q, (18)

where

σ (x̄) =
∫

dω

2π

αK (ω)

|M(ω)|2 . (19)

The 1PI saddle-point condition

δ


δx̄q

∣∣∣∣
x̄q=0

= 0, (20)

which identifies the background field x̄ as the average 〈x̂〉, then
yields the quantum-corrected EoM

m ¨̄x + γ ˙̄x + U ′(x̄) + 1
2U ′′′(x̄)σ (x̄) = 0. (21)

Some comments are in order:
(i) Connection to the Ehrenfest theorem. As an approach to

the semiclassical limit, the quantum effective action is closely
related to the Ehrenfest theorem.

Let us consider first the conservative case, for which the
Heisenberg equation is m ¨̂x + U ′(x̂) = 0. The Ehrenfest the-
orem then gives m ¨̄x + 〈U ′(x̂)〉 = 0, where x̄ = 〈x̂〉 and the
expectation value is understood in the vacuum associated
with fluctuations around x̄. Writing x̂ = x̄ + η̂, with 〈η̂〉 =
0 by definition, and expanding the potential around x̄, one
obtains 〈U ′(x̂)〉 = U ′(x̄) + 1

2U ′′′(x̄)〈η̂2〉 + O (η̂3). Comparing
this with the conservative version (γ = 0) of Eq. (21), for
which σ (x̄) = h̄

2 [mU ′′(x̄)]−1/2 [42–44], we realize that the two
dynamics coincide provided that 〈η̂2〉 = σ (x̄), meaning that
the fluctuations η̂ are identified with those of the ground state
of a harmonic oscillator with frequency

ω0(x̄) =
√

U ′′(x̄)

m
. (22)

At the one-loop level this is exactly the case: the fluctuations
over which one integrates to obtain the one-loop quantum
effective action are Gaussian, with frequency ω0(x̄) [42–44].

In the dissipative case, we start from the quantum
Langevin equation m ¨̂x + γ ˙̂x + U ′(x̂) = ξ̂ (t ) [76–81]. The
Ehrenfest theorem then yields m ¨̄x + γ ˙̄x + 〈U ′(x̂)〉 = m ¨̄x +
γ ˙̄x + U ′(x̄) + 1

2U ′′′(x̄)〈η̂2〉 + O (η̂3) = 0, where 〈. 〉 now de-
notes the expectation value with respect to the reduced state
of the system, obtained after tracing out the bath degrees of
freedom. Substituting x̂ = x̄ + η̂ and expanding to leading
order in η̂, we obtain m ¨̂η + γ ˙̂η + U ′′(x̄)η̂ = ξ̂ (t ), that is, the
equation for a driven-dissipative harmonic oscillator. The vari-
ance of η̂ is then 〈η̂2〉 = ∫

dω
2π

|χ (ω)|2αK (ω), where χ (ω) =
[−mω2 − iγω + U ′′(x̄)]−1 is the response function and αK (ω)
is given by Eq. (12). Since |χ (ω)|2 = Im χ (ω)/γω, this
is consistent with the fluctuation-dissipation theorem for
the system, 〈η̂2〉 = ∫

dω
2π

h̄ coth( h̄ω
2kBT )Im χ (ω). Finally, noting

that χ (ω) = −M−1(ω), we immediately get 〈η̂2〉 = σ (x̄),
recovering exactly Eq. (21). This establishes the formal cor-
respondence between the one-loop quantum effective action
and the leading-order correction derived from the Ehrenfest
theorem.

(ii) Quantum versus classical. Although we have been
thinking of σ (x̄) as a quantum correction, namely, of x̄ as
the quantum average 〈x̂〉, we emphasize that nothing in the
derivation of this section is exclusively quantum. The “quan-
tumness” of the bath is contained in Eq. (12) for the noise
kernel, and our results carry over unchanged in its classical
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limit, αK → 2γ kBT . Indeed, σ (x̄) = 〈η̂2〉 is the total variance
of the fluctuations around the background, to which zero-point
motion and thermal occupation contribute on the same foot-
ing: only at low temperatures, where the former dominates,
is the correction of purely quantum origin; at intermedi-
ate temperatures it is of quantum-thermal character, and at
high temperatures purely thermal (see Sec. II C below). What
changes across these regimes is not the status of the back-
ground field, which is x̄ = 〈x̂〉 throughout, but the nature of the
average. At high temperature, the quantum variance 〈η̂2〉 goes
over to the variance of a classical stochastic variable, so that
x̄ may equivalently be read as the average over realizations
of the classical Langevin process (11), and Eq. (21) as the
equation obeyed by its mean. This unity of the formalism for
the quantum and classical cases also applies to the Ehrenfest
discussion, simply by reinterpreting x̂ as a stochastic variable
and 〈. 〉 as a classical average over realizations.

(iii) Fluctuations around the average. Eq. (21), which we
may rewrite compactly as

E [x̄] = 0, (23)

is deterministic because it follows from the saddle-point con-
dition (20) of the quantum effective action


[x̄, x̄q] =
∫

dt E [x̄] x̄q + i

2

∫
dt dt ′ x̄q(t )[αK (t − t ′)

+ O (h̄)]x̄q(t ′). (24)

This is what identifies x̄ with the average 〈x̂〉, making 〈η̂〉 = 0
and σ = 〈η̂2〉 meaningful, and it is consistent with the Ehren-
fest derivation above, where the noise likewise disappears
because 〈ξ̂〉 = 0.

One may also be interested in the fluctuations δx around
the average. Their variance follows directly from the second
derivative of 
, which at x̄q = 0 reads


(2)[x̄, x̄q = 0] =
(

0 M†
eff

Meff iαK + O (h̄)

)
, (25)

where Meff = δE /δx̄. Since i[
(2)]−1 is the quantum-
corrected propagator, we have

〈δx2〉 = i[
(2)]−1
11 =

∫
dω

2π

αK (ω) + O (h̄)

|Meff(ω)|2 , (26)

which reduces to σ (x̄) at the order retained, since both the
difference between Meff and the bare M of Eq. (16) and
the correction to αK discussed above are themselves O (h̄).
The corresponding dynamics is obtained by performing the
HS transformation on 
 and varying the resulting MSR ac-
tion, which yields a stochastic equation for the trajectory
xξ = x̄ + δx: E [xξ ] + ξ (t ) = 0. Since connected correlators
are generated by the tree-level diagrams of 
, this equation is
to be used at linear order in δx [82],

δE

δx̄
δx + ξ (t ) = 0, (27)

which reproduces Eq. (26), since 〈ξ (t )ξ (t ′)〉 = αK (t − t ′).
At this order 〈δx〉 = 0, so that Eq. (23) for the average is
unaffected, and average and fluctuations are determined con-
sistently at the same order.

The remaining question is how to compute σ (x̄). Since the
operator M is a nonlocal functional of x̄(t ), Eq. (19) cannot be
evaluated exactly. However, assuming that x̄(t ) varies slowly
in time, one can build a derivative expansion around a constant
x̄, which yields asymptotically a local expression for σ (x̄).

C. Local potential approximation

The first order in the derivative expansion is the local
potential (or adiabatic) approximation, in which one treats the
background field as constant. Then M(ω) = mω2 + iγω −
U ′′(x̄), and σ (x̄) can be written exactly in terms of the
digamma function ψ (z). Introducing

ωγ (x̄) =
√

U ′′(x̄)

m
−

( γ

2m

)2
, (28)

that is the classical frequency of underdamped oscillations,
and

λ±(x̄) = γ

2m
± iωγ (x̄), (29)

we obtain the expression (Appendix A)

σ (x̄) = kBT

U ′′(x̄)
+ h̄

πm

ψ
(
1 + β h̄λ−

2π

) − ψ
(
1 + β h̄λ+

2π

)
λ− − λ+

. (30)

Since σ (x̄) depends on x̄ only through U ′′(x̄), the correction
to the EoM 1

2U ′′′(x̄)σ (x̄) can be written as the total derivative
U ′

1(x̄), with U (x̄) + U1(x̄) defining the effective temperature-
dependent potential

Ueff(x̄) = U (x̄) + U1(x̄)

= U (x̄) + 1

β
ln

[
β h̄ω0(x̄)



(
1 + β h̄λ+

2π

)



(
1 + β h̄λ−

2π

)
]
, (31)

where 
(z) is the gamma function. In particular, Eq. (18) can
be written as


1 = −
∫

dt U ′
1(x̄) x̄q, (32)

so that 
 retains the same form as S, with the bare potential
U replaced by Ueff, and Eq. (21) assumes a form analogous to
Eq. (11),

m ¨̄x + γ ˙̄x + U ′
eff(x̄) = 0. (33)

Following Eq. (27), fluctuations around the average then sat-
isfy

m δẍ + γ δẋ + U ′′
eff(x̄)δx = ξ (t ). (34)

Equations (30) and (31) hold for arbitrary temperature and
arbitrary damping. The reality condition for σ (x̄), and hence
U1(x̄), is U ′′(x̄) > 0. This is equivalent to requiring that both
zeros of M(ω), occurring at ω± = −iλ±, lie in the lower half
plane, i.e., the background be dynamically stable. Indeed, for
U ′′(x̄) < 0 the frequency ωγ becomes imaginary and λ+ is
real and negative; one zero of M(ω) crosses into the upper
half plane and the contour argument of Appendix A ceases to
apply. The homogeneous solutions of Eq. (34) then grow as
e|λ+|t , and no stationary fluctuation state exists. Equivalently,
continuing Eq. (31) into that region (with the branch fixed by
U ′′ → U ′′ − i0) yields an imaginary part which, at T = 0,
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reads Im U1 = − h̄
2 |λ+|; the vacuum persistence probability

|〈0out|0in〉|2 = |e−iUefft/h̄|2 = e2 Im U1t/h̄ thus decays at the rate
|λ+|, matching the growth of fluctuations and signaling the
vacuum instability. In the conservative limit, |λ+| reduces to
the inverted-oscillator result

√|U ′′(x̄)|/m, while in the over-
damped limit it becomes |U ′′(x̄)|/γ , showing that dissipation
slows the decay of the unstable vacuum. We will return to this
point in Sec. IV.

It is interesting to analyze the low-temperature (quantum)
and the high-temperature (classical) limits of Eq. (31) (see
Appendix A for detailed derivations).

In the low-temperature limit,

Ueff(x̄) = U (x̄) + h̄

π

[
ωγ (x̄) tan−1

(
2mωγ (x̄)

γ

)

− γ

2m
ln

ω0(x̄)

ωc

]
− πγ (kBT )2

6mh̄ω2
0(x̄)

+ O (T 4), (35)

where ωc is a reference frequency introduced for dimensional
reasons and which does not appear in the EoM. The validity
of the expression above extends to the overdamped regime
where ωγ is imaginary. The leading thermal correction is
proportional to T 2 and thus yields an entropy linear in T ,
vanishing for T → 0. Therefore, for T → 0, the correction
to the potential is due to purely quantum fluctuations of the
system coupled to the bath. In the additional limit γ → 0,
where the system is isolated and ωγ → ω0, we recover the
conservative result Ueff(x̄) � U (x̄) + h̄ω0(x̄)

2 [42–44], in which
the correction is set by the system’s own zero-point fluctua-
tions.

In the high-temperature limit,

Ueff(x̄) = U (x̄) + kBT ln
h̄ω0(x̄)

kBT

+ h̄2ω2
0(x̄)

24kBT
− ζ (3)

8π3

h̄3γω2
0(x̄)

m(kBT )2
+ O (T −3). (36)

The leading term is the classical free energy of harmonic
fluctuations around x̄, where the logarithm corresponds to
the entropy contribution. The corresponding σ (x̄) satisfies
1
2U ′′(x̄)σ (x̄) = 1

2 kBT , that is, the classical equipartition of
energy. Thus, in the high-temperature limit, the correction to
the potential is due to purely (classical) thermal fluctuations
of the bath. In particular, the whole γ dependence of σ (x̄) is
of quantum origin, as is already clear from Eq. (30).

In the following, we will focus on the weak damping
regime, where we approximate λ± � ±iωγ [83]. This yields

Ueff(x̄) � U (x̄) + h̄ωγ (x̄)

2
+ 1

β
ln(1 − e−β h̄ωγ (x̄) ), (37)

showing that—analogously to the conservative case, which is
recovered in the limit γ → 0 as ωγ → ω0 [44]—the correc-
tion is set by the energy of quantum-thermal fluctuations at
the damped frequency ωγ (x̄), which is given by the zero-point
contribution plus the Bose occupation.

D. Derivative expansion

Going beyond the local potential approximation is in gen-
eral a difficult task. If we restrict to the regime of low

temperature and weak damping, which is the relevant one
for the applications to Josephson junctions we will discuss in
Sec. III, we can instead make rapid progress. In fact, Eq. (32)
simplifies to


1 � −
∫

dt
∂

∂ x̄

h̄ωγ (x̄)

2
x̄q, (38)

meaning that quantum corrections are governed by the zero-
point energy h̄

2 ωγ (x̄). Consistency with the conservative
limit [42,43] then requires that, in this regime, the quantum
correction (18) matches


1 = ih̄

2

∫
dt

δ

δx̄

∫
dω

2π
ln

[
ω2 − ω2

γ (x̄)
]
x̄q (39)

at all orders in the derivative expansion, where the functional
derivative is

δ

δx̄
= ∂

∂ x̄
− d

dt

∂

∂ ˙̄x
. (40)

Using the derivative expansion of
∫

dω
2π

ln[ω2 − ω2
γ (x̄)] known

from the conservative case [42,43,72–75,84], we obtain


1 = h̄

2

∫
dt

δ

δx̄

[
− ωγ (x̄) +

[
∂x̄ω

2
γ (x̄)

]2

32ω5
γ (x̄)

˙̄x2 + O ( ˙̄x4, ¨̄x)

]
x̄q.

(41)
The absence of odd powers of ˙̄x in the derivative expansion is
a direct consequence of the invariance of Eq. (39) under time
reversal. The term proportional to ˙̄x2 produces a renormaliza-
tion of the mass m, which is replaced by the effective mass

meff(x̄) = m + h̄

32

[
∂x̄ω

2
γ (x̄)

]2

ω5
γ (x̄)

. (42)

We thus conclude that the quantum-corrected EoM at low
temperature and weak damping (at one loop and second order
in the derivative expansion) is

meff(x̄) ¨̄x + m′
eff(x̄)

2
˙̄x2 + γ ˙̄x + U ′

eff(x̄) = 0, (43)

with Ueff(x̄) = U (x̄) + h̄
2 ωγ (x̄). An alternative derivation of

this result, based on a generalized Hamilton principle, is
discussed in Appendix C. Following Eq. (27), fluctuations
around the average x̄ then satisfy

meff(x̄)δẍ + [γ + m′
eff(x̄) ˙̄x]δẋ

+
[
U ′′

eff(x̄) + m′
eff(x̄) ¨̄x + m′′

eff(x̄)

2
˙̄x2

]
δx = ξ (t ). (44)

E. Phase space formulation

With a view toward subsequent applications to bosonic
Josephson junctions, it is useful to extend the preceding re-
sults to the case in which the conservative action is formulated
in phase space, namely,

S0[x, p] =
∫

dt[pẋ − H (x, p)], (45)

where H (x, p) is the Hamiltonian. Even in the absence of
dissipation, this is an interesting generalization of the method
presented in Ref. [43]. We assume that the dissipative part of

144510-5



VIANELLO, BARDIN, AND SALASNICH PHYSICAL REVIEW B 114, 144510 (2026)

the Keldysh action retains the structure given in Eq. (4), so
that the action analogous to (13) reads

S =
∫

dt

[(
ẋ − ∂H

∂ p

)
pq −

(
ṗ + ∂H

∂x
+ γ ẋ

)
xq

]

+ i

2

∫
dt dt ′xq(t )αK (t − t ′)xq(t ′) + O

(
x3

q, p3
q

)
. (46)

Expanding x, p, xq, and pq around background fields, x = x̄ +
η, p = p̄ + ρ, xq = x̄q + ηq, and pq = p̄q + ρq, we obtain, to
second order in the fluctuations η = (η, ρ, ηq, ρq ),

S � S[x̄, p̄, x̄q, p̄q] + 1

2

∫
dt dt ′ηT (t )F (t − t ′)η(t ′), (47)

where

F =
(−(x̄q∂x̄ + p̄q∂p̄)H M†

M iDαK

)
+ O

(
x̄2

q, p̄2
q

)
, (48)

M = δ(t − t ′)[J∂t − γ D∂t − H(x̄, p̄)], (49)

with J = (0 −1
1 0 ), D = (1 0

0 0), and

H =
(

Hx̄x̄ Hx̄p̄

Hp̄x̄ Hp̄p̄

)
(50)

the Hessian of the Hamiltonian evaluated on (x̄, p̄). The struc-
tural similarity with Eqs. (15) and (16) is evident. In the local
potential approximation, 
 thus retains the same form as the
action (46), with the Hamiltonian H replaced by the effective
Hamiltonian

Heff(x̄, p̄) = H (x̄, p̄) + U1(x̄, p̄), (51)

where U1 is given by Eq. (31) with ω0 replaced by√
det H(x̄, p̄) and λ± = γ Hp̄p̄

2 ± iωγ (x̄, p̄), where

ωγ (x̄, p̄) =
√

det H(x̄, p̄) −
(

γ Hp̄p̄

2

)2

. (52)

In particular, at low temperature and weak damping, the
quantum correction is given by


1 � − h̄

2

∫
dt

(
x̄q

∂

∂ x̄
+ p̄q

∂

∂ p̄

)
ωγ (x̄, p̄). (53)

Since (∂tω
2
γ )2 = (∂x̄ω

2
γ )2 ˙̄x2 + (∂p̄ω

2
γ )2 ˙̄p2 + 2∂p̄ω

2
γ ∂x̄ω

2
γ

˙̄p ˙̄x,
the derivative expansion in Eq. (41) generalizes to


1 = h̄

2

∫
dt

(
x̄q

δ

δx̄
+ p̄q

δ

δ p̄

)[
− ωγ (x̄, p̄)

+ Zx̄x̄

2
˙̄x2 + Zp̄p̄

2
˙̄p2 + Zp̄x̄ ˙̄p ˙̄x + · · ·

]
, (54)

where Zx̄ȳ = ∂x̄ω
2
γ (x̄, p̄)∂ȳω

2
γ (x̄, p̄)/16ω5

γ (x̄, p̄) and the func-
tional derivative δ/δ p̄ is defined analogously to Eq. (40). It is
clear that, in general, these derivative corrections deform the
canonical structure. Defining the derivative deformation

Q[x̄, p̄] = Zx̄x̄

2
˙̄x2 + Zp̄p̄

2
˙̄p2 + Zp̄x̄ ˙̄p ˙̄x, (55)

the quantum effective action reads


 =
∫

dt

[(
˙̄x − ∂Heff

∂ p̄

)
p̄q −

(
˙̄p + ∂Heff

∂ x̄
+ γ ˙̄x

)
x̄q

]

+ h̄

2

∫
dt

(
x̄q

δ

δx̄
+ p̄q

δ

δ p̄

)
Q[x̄, p̄]

+ i

2

∫
dt dt ′ x̄q(t )αK (t − t ′)x̄q(t ′). (56)

Varying 
 then yields the quantum-corrected EoMs

˙̄x − ∂Heff

∂ p̄
+ h̄

2

δQ

δ p̄
= 0, (57a)

˙̄p + ∂Heff

∂ x̄
+ γ ˙̄x − h̄

2

δQ

δx̄
= 0. (57b)

This result simplifies substantially and matches Eq. (43),
when the Hamiltonian takes the form H (x, p) = p2/2m +
U (x). In fact, in this case Hx̄x̄ = U ′′(x̄), Hp̄p̄ = 1/m, and
Hx̄p̄ = 0; therefore, Eq. (52) is equivalent to Eq. (28) and in-
dependent of p̄. It follows that Heff(x̄, p̄) = p̄2/2m + Ueff(x̄),
with Ueff given by Eq. (37) (evaluated at T = 0), and Zp̄p̄ =
Zp̄x̄ = 0. Eq. (57a) then yields p̄ = m ˙̄x, which, substituted into
Eq. (57b), gives exactly Eq. (43) with meff(x̄) = m + h̄Zx̄x̄/2,
in agreement with Eq. (42).

III. APPLICATION TO JOSEPHSON JUNCTIONS

In this section, we discuss two applications of the general
results derived in Sec. II to superconducting and superfluid
Josephson junctions.

A. Resistively and capacitively shunted
superconducting junction

In the RCSJ model [5,18,19,34–36] for a superconducting
circuit with capacitance C, shunt resistance R, critical current
Ic, and external current I , the superconducting phase φ obeys
the equation

h̄2C

4e2
φ̈ + h̄2

4e2R
φ̇ + U ′(φ) = ξ (t ), (58)

with the washboard potential

U (φ) = − h̄

2e
(Iφ + Ic cos φ), (59)

where ξ (t ) is a current noise originating from the shunt
resistor. Eq. (58) is of the form of Eq. (11) upon the
identifications x → φ, m → h̄2C/4e2, and γ → h̄2/4e2R. In
the low-temperature and weak-damping regime, applying
Eq. (37) evaluated at T = 0, we thus get the effective potential

Ueff(φ̄) = U (φ̄) + h̄

2

√
�2

J cos φ̄ − �2
RC, (60)

where we have introduced

�J =
√

2eIc

h̄C
, �RC = 1

2RC
, (61)

with �J being the classical Josephson frequency. The effective
mass, which results in an effective capacitance, is instead
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given by [Eq. (42)]

Ceff(φ̄) = C + e2

8h̄

�4
J sin2 φ̄(

�2
J cos φ̄ − �2

RC

)5/2 . (62)

The quantum-corrected RCSJ equation is then [Eq. (43)]

h̄2Ceff(φ̄)

4e2
¨̄φ + h̄2C′

eff(φ̄)

8e2
˙̄φ2 + h̄2

4e2R
˙̄φ + U ′

eff(φ̄) = 0, (63)

while fluctuations δφ around the average φ̄ satisfy [Eq. (44)]

h̄2Ceff(φ̄)

4e2
δφ̈ + h̄2

4e2

(
1

R
+ C′

eff(φ̄) ˙̄φ

)
δφ̇

+
[

U ′′
eff(φ̄) + h̄2

4e2

(
C′

eff(φ̄) ¨̄φ + C′′
eff(φ̄)

2
˙̄φ2

)]
δφ = ξ (t ).

(64)

The influence of noise in the last equation may then be ana-
lyzed by employing the same methodology as in Refs. [19,85].
The essential difference, however, is that the underlying de-
terministic dynamics now intrinsically incorporates quantum
fluctuations of the macroscopic degree of freedom.

Let us consider a simple instance of such dynamics. In
the absence of external current (I = 0), the effective po-
tential has a minimum in φ̄ = 0, where Ceff(0) = C. The
linearized EoM around this minimum is, therefore, ¨̄φ +
2�RC

˙̄φ + �̃2
0φ̄ = 0, where �̃2

0 = 4e2U ′′
eff(0)/h̄2C = �2

J [1 −
(e2/h̄C)(�2

J − �2
RC )−1/2]. Its solution takes the form

φ̄(t ) = A e−�RCt cos(�̃dt + c), (65)

where A and c are fixed by the initial conditions, and the

oscillation frequency is �̃d =
√

�̃2
0 − �2

RC , namely,

�̃d =
√

�2
J − �2

RC

√
1 − (EC/2EJ )1/2

[1 − (�RC/�J )2]3/2
, (66)

with EC = e2/2C and EJ = h̄Ic/2e. In the product on the
right-hand side, the first term, �d =

√
�2

J − �2
RC , corre-

sponds to the classical frequency of underdamped oscillations,
while the second term encodes the quantum correction. In
the absence of damping (�RC = 0), Eq. (66) simplifies to
�̃0 = �J

√
1 − (EC/2EJ )1/2, in agreement with the expres-

sion reported in Ref. [42]. Unlike the oscillation frequency,
the decay rate �RC acquires no quantum correction, at least in
the linear regime around φ̄ = 0.

The RCSJ model has several experimental realizations.
In small Al/AlOx/Al junctions used in superconducting
qubits, one typically has C ∼ 10 − 100 fF, R ∼ 1 − 10 k�,
and Ic ∼ 10 − 1000 nA. These parameters place the junc-
tion deeply in the underdamped regime, �RC � �J . Taking
for instance C = 70 fF, R = 5 k�, and Ic = 20 nA, we ob-
tain �J � 29.5 GHz and �RC � 1.43 GHz. Eq. (66) then
yields �̃d � �̃0 � 0.94�J , so quantum corrections produce
a ∼6% reduction of the Josephson frequency. In contrast,
shunted Nb/AlOx/Nb junctions used in classical supercon-
ducting electronics (such as RSFQ logic or voltage standards)
typically have C ∼ 10 − 1000 fF, R ∼ 1 − 100�, and Ic ∼
10 − 1000µA. Taking for instance C = 10 fF, R = 20 �,
and Ic = 100 µA, we obtain �J � 5.51 THz and �RC =

2.50 THz, hence �RC/�J � 0.45, implying sizable damp-

ing. Eq. (66) then yields �d =
√

�2
J − �2

RC � 4.91 THz and

�̃d � 0.997�d , indicating that quantum corrections reduce
the frequency by ∼0.3%.

Although Eq. (66) has been obtained in the low-
temperature regime, its extension to finite temperature is
immediate. At the equilibrium configuration considered here
the derivative corrections vanish, so that the dynamics is
governed by the local potential approximation alone, which
by Eq. (37) is exact in T . Since the first derivative of ωγ

also vanishes at that point, only the derivative ∂U1/∂ωγ =
h̄
2 coth(β h̄ωγ /2) enters; consequently, Eq. (66) extends to fi-
nite temperature through the single substitution

√
EC/2EJ →√

EC/2EJ coth(β h̄�d/2), which amounts to replacing the
zero-point energy by the full energy of quantum-thermal fluc-
tuations at the underdamped frequency. The corrections are
thus not suppressed at high temperature: they cross over, at

T ∗ = h̄�d

2kB
, (67)

from quantum to thermal, growing linearly in T . Al/AlOx/Al
junctions have a typical operating temperature T ∼ 10 mK,
while �d � 29.5 GHz gives T ∗ � 110 mK. Similarly,
Nb/AlOx/Nb junctions typically have T ∼ 4 K, while
�d � 4.91 THz yields T ∗ � 19 K. Hence both the
superconducting examples above are deeply in the quantum
regime, where corrections are controlled by

√
EC/2EJ . This

is of the order of 10−1 and 10−3 for the two examples,
respectively, well inside the regime of validity of the one-loop
expansion.

B. Elongated bosonic junction

In an elongated bosonic junction realized by two one-
dimensional Bose gases coupled through a point-like tunnel-
ing barrier, dissipation originates from the intrinsic interaction
between the collective Josephson mode and the bath of
elementary quasiparticle excitations supported by the con-
densates (see, e.g., Refs. [23,25,29]). As shown in detail in
Appendix B, integrating out the bath degrees of freedom, and
using for convenience dimensionless units for time and en-
ergy [6], yields an effective action for the Josephson mode of
the form given in Eq. (46), with the identification x → φ, the
relative phase, and p → z, the population imbalance between
the two condensates. The Hamiltonian is

H (φ, z) = �

2
z2 −

√
1 − z2 cos φ, (68)

where � > 0 encodes the boson-boson interaction. In the
usual low-temperature and weak-damping regime, Eq. (52)
gives

ωγ (φ̄, z̄) =
√

ω2
0(φ̄, z̄) − γ 2

4

[
� + cos φ̄

(1 − z̄2)3/2

]2

, (69)

where

ω2
0(φ̄, z̄) = �

√
1 − z̄2 cos φ̄ + cos2 φ̄ − z̄2 sin2 φ̄

1 − z̄2
. (70)
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The resulting effective Hamiltonian is

Heff (φ̄, z̄) = H (φ̄, z̄) + h̄ωγ (φ̄, z̄)

2
. (71)

Note that since we are working with adimensional time and
energy, in this section h̄ is also adimensional, and it is given
by h̄ = 2/N . The Hamiltonian has a stable equilibrium in
(φ̄, z̄) = 0, where, since ∂φ̄ω2

γ (0) = ∂z̄ω
2
γ (0) = 0, the deriva-

tive corrections in Eq. (55) and in the corresponding linearized
EoMs (57) also vanish. The latter thus take the simple form

˙̄φ − ∂2
z̄ Heff(0)z̄ = 0, (72a)

˙̄z + ∂2
φ̄
Heff(0)φ̄ + γ ˙̄φ = 0. (72b)

Defining

�J = ω0(0) = √
� + 1, (73a)

�d = ωγ (0) = �J

√
1 −

(
γ�J

2

)2

, (73b)

as the classical Josephson and underdamped frequencies, re-
spectively, substituting Eq. (72b) into Eq. (72a) we obtain a
single second-order equation for φ̄(t ):

¨̄φ + 
̃ ˙̄φ + �̃2
0φ̄ = 0, (74)

where

�̃2
0 = �2

J + h̄

4�d

[
3 − �2

J

(
2 + 3γ 2

2

)
− �4

J

(
1 − γ 2

2

)]
,

(75a)


̃ = γ

{
�2

J + h̄

4�d

[
3 − �2

J

(
1 + 3γ 2

2

)]}
. (75b)

The dynamics of z̄ is then completely determined by that of φ̄

via the inverse of Eq. (72a), z̄ = [∂2
z̄ Heff(0)]−1 ˙̄φ.

We notice that in this case, due to the coupling between
φ and z, also the damping coefficient acquires a quantum
correction. The solution of Eq. (74) is

φ̄(t ) = A e−
̃t/2 cos(�̃dt + c), (76)

where A and c are fixed by the initial conditions, and the

oscillation frequency is �̃d =
√

�̃2
0 − (
̃/2)2, namely,

�̃d =�d

√
1+ h̄

4�3
d

[
3−�2

J (2 + 3γ 2) − �4
J

(
1 − γ 2−3γ 4

4

)]
.

(77)

In the absence of dissipation (γ = 0), this reduces to

�̃0 = �J

√
1 + h̄

4�3
J

(
3 − 2�2

J − �4
J

)
. (78)

It is clear from Eq. (72a) that the population imbalance has
a dynamics of the same form, oscillating with frequency �̃d

while its amplitude decays as exp(−
̃t/2).
These quantum corrections can easily reach a few percent

and, in the presence of dissipation, are generally larger than in
the undamped case (Fig. 1). For instance, fixing � = 50 and
γ = 0.2γc, where γc = 2/�J , we find that C = �̃0/�J − 1

FIG. 1. Zero-temperature quantum corrections to the dynamics
of the bosonic junction. (a) Phase dynamics for N = 100, � = 5,
and γ = 0 (dashed orange), γ = 0.2γc (solid green), and γ = 0.4γc

(dash-dotted violet), where γc = 2/�J . (b) Phase dynamics for � =
50, γ = 0.1γc and N = 10 (dashed orange), N = 50 (solid green),
and N = 200 (dash-dotted violet). (c) Quantum correction to the
Josephson frequency, Cd = �̃d/�d − 1, for N = 50, as a function
of γ /γc and �. (d) Quantum correction to the damping coefficient,
Cτ = 
̃/γ�2

J − 1, for N = 50, as a function of γ /γc and �.

amounts to −6.4% for N = 30, −1.9% for N = 100, and
−0.9% for N = 200, while Cd = �̃d/�d − 1 reaches −6.8%,
−2.0%, and −1.0% for the same value of N , respectively.
Under the same conditions, the quantum correction to the
damping coefficient, Cτ = 
̃/γ�2

J − 1, is −0.23% for N =
30, −0.07% for N = 100, and −0.03% for N = 200.

The same argument given at the end of Sec. III A applies
here, and Eqs. (75)–(78) extend to finite temperature through
the substitution h̄ → h̄ coth(T ∗/T ), the three corrections C ,
Cd and Cτ being all multiplied by the same factor. Since here
both h̄ and �d are adimensional and times are measured in
units of h̄/2J , with J the tunneling energy (see Appendix B
and Ref. [6]), the physical energy quantum associated with
�d is 2J�d , so that

T ∗ = J�d

kB
. (79)

The quantum-thermal corrections are thus governed by
h̄ coth(T ∗/T ) � 2kBT/EJ�d for T � T ∗, with EJ = JN the
total Josephson coupling energy. The relevant parameter at
high temperature is then kBT/EJ , and the one-loop treatment
requires kBT � EJ , which is also the condition for the relative
phase to remain locked.

Bosonic junctions realized with ultracold atoms may oper-
ate on either side of the crossover, depending on the barrier
height and on whether the Josephson mode has equilibrated
with the thermal cloud; in the thermal regime the fluctuations
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of the relative phase are of classical origin, and their mea-
surement provides a primary thermometer for the ultracold
gas [86]. Room-temperature magnon condensates [87–90]
lie instead deep in the thermal regime, but there the cor-
rections remain negligible because the number of magnons
is macroscopically large and kBT/EJ correspondingly small.
Our treatment thus quantifies why purely mean-field, formally
zero-temperature descriptions are usually accurate for such
systems, and indicates where they would cease to be, namely,
at small N or small tunneling energy.

IV. CONCLUSIONS AND PERSPECTIVES

In summary, we have applied the quantum effective action
approach within the Schwinger-Keldysh formalism to derive
quantum-thermal corrections to the semiclassical dynamics of
a dissipative macroscopic quantum system. Since our frame-
work is based on an effective action, it provides a general
description that is largely independent of the microscopic
details of either the system or the environment, making it
widely applicable. We have shown that, at one loop, correc-
tions are encoded in a nonlocal functional σ (x̄), representing
the variance of quantum-thermal fluctuations of the system
coupled to the environment and depending parametrically on
the temperature T and the damping coefficient γ . This re-
sult is consistent with the Ehrenfest equation derived from
the quantum Langevin equation. Within the local potential
approximation, we have computed σ (x̄) exactly for arbitrary
temperature and damping, showing that in the weak-damping
regime it generates a correction to the system potential given
by the energy of fluctuations evaluated at the classical under-
damped frequency. In the additional low-temperature limit,
where the zero-point energy dominates, the derivative expan-
sion of σ (x̄) can be extended to higher order analogously
to the conservative case, yielding quantum corrections not
only to the potential but also to the effective mass. We have
considered both situations in which the conservative dynamics
is formulated in configuration space and in phase space, as
naturally realized in the RCSJ model and in the elongated
bosonic junction, respectively. For both examples, we have
explicitly computed the quantum corrections to the oscillation
frequency and to the decay rate of phase oscillations, showing
that they can reach the percent level under realistic conditions.

The quantum effective action framework also accommo-
dates vacuum-instability phenomena, in which fluctuations
around the background play an essential role. Two such ef-
fects are already contained in our equations. The first is
the decay of a locally unstable background, which we men-
tioned in Sec. II C. For U ′′(x̄) < 0, at zero temperature U1(x̄)
develops an imaginary part ImU1 = − h̄

2 |λ+|, implying the
decay of the vacuum persistence probability at the rate |λ+| =√

|U ′′(x̄)|/m + (γ /2m)2 − γ /2m. At finite temperature, the
analytic continuation to the region where U ′′(x̄) < 0 is fur-
ther constrained. Since λ+ < 0, the gamma function 
(1 +
β h̄λ+/2π ) has poles at T = T0/n for n = 1, 2, . . . , where

T0 = h̄|λ+|
2πkB

(80)

coincides with the crossover temperature between thermal
activation and macroscopic quantum tunneling in dissipative

escape [80,91,92]. Equivalently, noting that Eq. (31) may be
written as the Matsubara sum (Appendix A)

Ueff(x̄) = U (x̄) + kBT ln
h̄ω0(x̄)

kBT

+ kBT
∑
n�1

ln
[
ν2

n + γ

m
|νn| + ω2

0(x̄)
]
, (81)

the temperature T0 identifies the softening of the n = 1 mode
when the sum is continued to ω2

0(x̄) = −|U ′′(x̄)|/m [93]. In
the RCSJ model this instability is realized at the top of the bar-
rier that the phase must overcome to escape from a metastable
minimum of the tilted washboard potential, driven by the
external bias current and suppressed by dissipation [38,39,94–
96]. At the relevant bias the crossover temperature T0, of the
order of a few tens of mK for the parameters of Sec. III A,
is well above the typical operating temperature, which allows
the observation of macroscopic quantum tunneling.

The second effect, closer in spirit to the Schwinger mech-
anism, arises when the background is itself time dependent:
Eq. (44) is then a damped Hill equation, whose parametric
resonances describe the amplification of quantum fluctuations
by the oscillating background, with γ setting a finite thresh-
old [27]. Here the quantum corrections, besides modulating
the stiffness through U ′′

eff (x̄), make the friction coefficient it-
self background dependent, γ → γ + m′

eff (x̄) ˙̄x, a parametric
modulation of the damping that has no classical counter-
part for a constant bare mass and that shifts the instability
threshold at the same order in h̄. Related vacuum-instability
phenomena driven by external fields have been investigated
in spin and magnon systems [97–99]. Extending the present
dissipative effective action from a single collective coordinate
to the full relative-phase field �(x, t ) of Appendix B, which
supports a genuine continuum of modes, would turn para-
metric amplification into a true pair-creation problem, with
a Bogoliubov spectrum of created quanta.

We also note that U1(x̄) is itself a Casimir-type quan-
tity: it is the energy of the quantum fluctuations around the
background, and −U ′

1(x̄) the force it exerts, with the role of
the geometric separation being played here by x̄. Indeed, the
argument of the logarithm in Eq. (81) is −M(iνn)/m, the
fluctuation operator continued to the imaginary axis. It thus
plays the same role as the dielectric function ε(iνn) in the
Lifshitz formula for absorbing media [100], of which Eq. (81)
is the single-mode analog. The elongated bosonic junction
offers an explicit example: the phonon bath consists of modes
kn = πn/L in a box of length L, whose zero-point energy
E0 = −π h̄vs/24L is the usual one-dimensional Casimir en-
ergy. Being independent of the background field, it does not
enter the equation of motion; the geometry nonetheless af-
fects the dynamics, because γ ∝ L, and thus U1(x̄) inherits
a dependence on the system size through the coupling to the
bath. Finite-size corrections to σ (x̄) beyond our continuum-
limit treatment would also constitute a direct signature of
the geometric dependence of the vacuum energy. Analogous
zero-point energies have been studied in spin systems, both as
finite-size corrections to the ground-state energy of antiferro-
magnets [101,102] and, more recently, as magnonic Casimir
effects [103,104], where dissipation has been shown to play a
significant role. Here too, extending the present framework to
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the full relative-phase field would allow the geometric depen-
dence of the vacuum energy to be addressed directly.

Several other directions remain open for future investiga-
tion, particularly in connection with current experiments. In
both examples considered in this paper, we have restricted our
analysis to the Josephson regime; extending the study to fully
nonlinear dynamics would be especially interesting, as correc-
tions to the effective mass would then play a central role. On
the technical side, extending the derivative expansion beyond
the weak-damping and low-temperature regime represents an-
other important avenue for development. In addition, it would
be natural to investigate the stochastic dynamics of fluctua-
tions around the quantum-corrected deterministic evolution.
A further direction concerns the structure of the dissipative
kernel. Throughout, we have assumed Ohmic damping, for
which the retarded kernel is local in time, and the classi-
cal equation of motion contains no derivatives higher than
the second. The formalism is, however, not limited to this
case. A super-Ohmic kernel, Im αR(ω) = γω + γ3ω

3, adds
a radiation-reaction term, turning Eq. (11) into mẍ + γ ẋ −
γ3˙̇ ˙x + U ′(x) = ξ (t ). This may be obtained, for instance, by
retaining the next term in the expansion of the system-bath
couplings of Appendix B, cn = JN (�kn + �3k3

n + · · · ), and
describes the emission of sound into the condensate, its
magnitude being set by the extent of the tunneling region
relative to the phonon wavelength. The one-loop construc-
tion of Sec. II C carries over; the Matsubara denominator of
Appendix A becomes cubic, and Eq. (30) generalizes from a
first to a second divided difference of the digamma function
over its three roots. Similar equations occur well beyond the
Josephson context, for instance in the growth of a cavitation
nucleus in liquid helium [105], where the collective coordi-
nate is the bubble radius, and the effective action contains
both a viscous term, Ohmic in the Matsubara frequency, and a
sound-emission term proportional to |νn|3, which is precisely
of the super-Ohmic form above. The two enter with opposite
signs, so that viscosity suppresses and sound emission en-
hances the quantum nucleation rate. This problem is naturally
formulated in terms of a coordinate-dependent mass and the
classical bubble dynamics is governed by a Rayleigh-Plesset
equation of the same form as Eq. (43). Extending our results to
the super-Ohmic case would then allow us to study quantum
corrections to such dynamics.
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APPENDIX A: CALCULATIONS IN THE LOCAL
POTENTIAL APPROXIMATION

In this Appendix, we are going to compute

σ (x̄) =
∫

dω

2π

αK (ω)

|M(ω)|2

=
∫

dω

2π
h̄ coth

(
h̄ω

2kBT

)
Im χ (ω) (A1)

in the local potential approximation, where

χ (ω) = −M−1(ω) = 1

m
(
ω2

0(x̄) − ω2
) − iγω

. (A2)

Using χ (−ω) = χ∗(ω) and the oddness of the hyperbolic
cotangent, Eq. (A1) can be rewritten as

σ (x̄) = −i
∫

dω

2π
h̄ coth

(
β h̄ω

2

)
χ (ω). (A3)

By causality, χ (ω) is analytic in the upper half plane; its poles
sit at ω = ±ωγ (x̄) − iγ /2m. Moreover, χ ∼ −1/mω2 at large
|ω|, so the contour may be closed upwards and the integral
computed by the residue theorem. The only enclosed singu-
larities are the poles of the hyperbolic cotangent at ω = iνn,
where νn = 2πn/β h̄ (n = 0, 1, 2, . . . ) are bosonic Matsubara
frequencies, at each of which h̄ coth(β h̄ω/2) has residue 2/β.
The pole at n = 0 lies on the contour and contributes one half
of its residue. Collecting the residues,

σ (x̄) = 1

β
χ (0) + 2

β

∑
n�1

χ (iνn)

= kBT

U ′′(x̄)
+ 2

mβ

∑
n�1

1

ν2
n + γ

m νn + ω2
0(x̄)

= kBT

U ′′(x̄)
+ 2

mβ

∑
n�1

1

[νn + λ+(x̄)][νn + λ−(x̄)]
, (A4)

where λ±(x̄) = γ

2m ± iωγ (x̄). The summation on the right-
hand side can be rewritten as

∑
n�1

1

(νn + λ+)(νn + λ−)

= 1

λ− − λ+

∑
n�1

[
1

νn + λ+
− 1

νn + λ−

]

= β h̄/2π

λ− − λ+

∑
n�1

[
1

n + a+
− 1

n + a−

]

= β h̄/2π

λ− − λ+

∑
n�1

[(
1

n + a+
− 1

n

)
−

(
1

n + a−
− 1

n

)]
,

(A5)

where a± = β h̄λ±/2π . The round brackets yield the series
representation of the digamma function,

∑
n�1( 1

n+a − 1
n ) =

−γE − ψ (1 + a), where γE is the Euler-Mascheroni constant;
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therefore, ∑
n�1

1

(νn + λ+)(νn + λ−)

= β h̄

2π

ψ
(
1 + β h̄λ−

2π

) − ψ
(
1 + β h̄λ+

2π

)
λ− − λ+

(A6)

and

σ (x̄) = kBT

U ′′(x̄)
+ h̄

πm

ψ
(
1 + β h̄λ−

2π

) − ψ
(
1 + β h̄λ+

2π

)
λ− − λ+

, (A7)

that is Eq. (30).
In the overdamped regime γ > γc = 2

√
mU ′′(x̄), where

ωγ is imaginary, by defining ωγ (x̄) = iκγ (x̄), with κγ (x̄) =√
(γ /2m)2 − U ′′(x̄)/m, we get λ± = γ /2m ∓ κγ , and the di-

vided difference in Eq. (A7) is real as it stands.
At critical damping γ = γc, where ωγ = 0, the di-

vided difference in Eq. (A7) tends to the finite derivative
(β h̄/2π )ψ ′(1 + β h̄γc/4πm), hence

σ (x̄)|γ=γc = kBT

U ′′(x̄)
+ β h̄2

2π2m
ψ ′

(
1 + β h̄γc

4πm

)
. (A8)

In the underdamped regime γ < γc, where ωγ is real,
λ∗

− = λ+, and since ψ (1 + z∗) = ψ∗(1 + z) and ψ (1 + z) =
ψ (z) + 1/z, we obtain

σ (x̄) = h̄

πmωγ (x̄)
Im ψ

(
β h̄λ+(x̄)

2π

)
− kBT

U ′′(x̄)
. (A9)

Let us analyze the low-temperature, high-temperature, and
weak-damping limits of σ (x̄).

(i) Low-temperature limit. Since ψ (1 + z) = ln z +
1
2z − 1

12z2 + O (z−4) at large z, as T → 0 one has

σ (x̄) � h̄
πm

ln(β h̄λ− )−ln(β h̄λ+ )
λ−−λ+

+ O (T 2), where O (T 2) =
πγ (kBT )2

3m2 h̄ω4
0 (x̄)

+ · · · . In the underdamped regime, λ− = λ∗
+ and

Im ln(β h̄λ+) = arg λ+ = tan−1(2mωγ /γ ), giving

σ (x̄) � h̄

πmωγ (x̄)
tan−1

[
2mωγ (x̄)

γ

]
+ O (T 2). (A10)

In the overdamped regime,

σ (x̄) � h̄

πmκγ (x̄)
tanh−1

[
2mκγ (x̄)

γ

]
+ O (T 2). (A11)

The two expressions match at critical damping γ = γc, where
σ (x̄) = 2h̄/πγc + O (T 2).

(ii) High-temperature limit. Since ψ (1 + z) = −γE +
ζ (2)z − ζ (3)z2 + O (z3) at small z, where ζ (n) is the Riemann
zeta function, as T → ∞ we have

σ (x̄) � kBT

U ′′(x̄)
+ O (T −1), (A12)

where O (T −1) = h̄2

12mkBT − ζ (3)
4π3

h̄3γ

m2(kBT )2 + · · · . The
leading term gives the classical equipartition of energy,
1
2U ′′(x̄)σ (x̄) = 1

2 kBT .
(iii) Weak-damping limit. As γ → 0, λ+ → iω0, and the

identity Im ψ (iy) = 1
2y + π

2 coth(πy) yields

σ (x̄) � h̄

2mω0(x̄)
coth

[
β h̄ω0(x̄)

2

]
. (A13)

This is consistent with Eqs. (A10) and (A12) in their common
limits.

Equivalently, one may consider directly the limits of the
effective potential (31).

(i) Low-temperature limit. Since ln 
(1 + z) = z ln z − z +
1
2 ln(2πz) + 1

12z + O (z−3) at large z, as T → 0 one has
U1(x̄) = − h̄

2π
[λ+ ln(λ+/ωc) + λ− ln(λ−/ωc)] + O (T 2) up to

x̄-independent terms, where O (T 2) = −πγ (kBT )2

6mh̄ω2
0 (x̄)

+ · · · and
ωc is a reference frequency scale needed on dimen-
sional grounds. In the underdamped regime, U1(x̄) =
− h̄

π
Re[λ+ ln(λ+/ωc)] + O (T 2), and since λ+ = ω0ei arg λ+

with arg λ+ = tan−1(2mωγ /γ ), we obtain

Ueff(x̄) = U (x̄) + h̄

π

[
ωγ (x̄) tan−1

(
2mωγ (x̄)

γ

)

− γ

2m
ln

ω0(x̄)

ωc

]
+ O (T 2). (A14)

In the overdamped regime,

Ueff(x̄) = U (x̄) − h̄

π

[
κγ (x̄) tanh−1

(
2mκγ (x̄)

γ

)

+ γ

2m
ln

ω0(x̄)

ωc

]
+ O (T 2). (A15)

(ii) High-temperature limit. Since ln 
(1 + z) = −γE z +
ζ (2)

2 z2 − ζ (3)
3 z3 + O (z4) for small z,

Ueff(x̄) = U (x̄) + kBT ln
h̄ω0(x̄)

kBT
+ O (T −1), (A16)

where O (T −1) = h̄2ω2
0 (x̄)

24kBT − ζ (3)
8π3

h̄3γω2
0 (x̄)

m(kBT )2 + · · · .
(iii) Weak-damping limit. As γ → 0, λ± → ±iω0, and the

identity 
(1 + iy)
(1 − iy) = πy/ sinh(πy) yields

Ueff(x̄) � U (x̄) + h̄ω0(x̄)

2
+ 1

β
ln(1 − e−β h̄ω0(x̄) ). (A17)

APPENDIX B: KELDYSH ACTION FOR THE ELONGATED
BOSONIC JUNCTION

In this Appendix, we derive the Keldysh action for an
elongated bosonic junction. This also serves as a general il-
lustration of how the characteristic structure of the Keldysh
action (2), the fluctuation-dissipation relation (5), and the
Markovian retarded kernel (10) emerge from a microscopic
description upon integrating out environmental degrees of
freedom.

We start from the Lagrangian density for two weakly cou-
pled one-dimensional Bose gases of length L,

L =
∑
j=1,2

(
ih̄�∗

j �̇ j − h̄2

2m
|∂x� j |2 − g

2
|� j |4

)

+ Jw(x)(�∗
1 �2 + �∗

2 �1), (B1)

where g = UL > 0 is the contact interaction strength, while
Jw(x), with J the tunneling energy, describes the coupling
between the two components. We shall consider a head-to-
tail configuration, in which the dimensionless profile w(x)
is localized near the edge at x = 0, with normalization
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∫ L
0

dx
L w(x) = 1. Expressing the bosonic fields in density-

phase form, � j (x, t ) = √
Nj (x, t )/L ei� j (x,t ), we obtain, up to

total derivatives,

L = 1

L

∑
j=1,2

[
− h̄Nj�̇ j − h̄2

2m

(
(∂xNj )2

4Nj
+ Nj (∂x� j )

2

)

− U

2
N2

j

]
+ 2Jw(x)

L

√
N1N2 cos(�2 − �1). (B2)

We now introduce the space-time dependent relative phase
�(x, t ) = �2(x, t ) − �1(x, t ) and fractional population im-
balance Z (x, t ) = [N1(x, t ) − N2(x, t )]/N , where N is the
(constant) total number of particles. Assuming negligible gra-
dients of the total phase, ∂x(�1 + �2) � 0, meaning that the
junction carries no significant net mass current, we then obtain

L � Nh̄Z

2L
�̇ − h̄2N

8mL

[
(∂xZ )2

1 − Z2
+ (∂x�)2

]

− UN2

4L
Z2 + JNw(x)

L

√
1 − Z2 cos �. (B3)

We next expand the fields �(x, t ) and Z (x, t ) in eigenmodes of
the Laplacian, namely, functions χn(x) satisfying −∂2

x χn(x) =
k2

nχn(x). On the interval x ∈ [0, L] with vanishing bound-
ary conditions, the normalized eigenfunctions are χn(x) =√

2 sin(knx), with kn = πn/L for n = 1, . . . ,∞, and satisfy∫
dx χn(x)χm(x) = Lδnm. In addition to these bulk modes,

which correspond to longitudinal phonon excitations, we have
the boundary fields φ(t ) = �(0, t ) and z(t ) = Z (0, t ), which
represent the Josephson degree of freedom. We, therefore,
write

�(x, t ) = φ(t ) +
∞∑

n=1

qn(t )χn(x), (B4)

Z (x, t ) = z(t ) +
∞∑

n=1

2pn(t )

Nh̄
χn(x). (B5)

Substituting these expressions into Eq. (B3), and further as-
suming that the system remains nearly homogeneous in space,
with imbalance fluctuations small compared with the back-
ground imbalance, so that (∂xZ )2 � 0 and

√
1 − Z2 cos � �√

1 − z2 cos �, we arrive at the action

S �
∫

dt

[
Nh̄z

2
φ̇ − UN2

4
z2

+ JN
√

1 − z2

∫ L

0

dx

L
w(x) cos

(
φ +

∞∑
n=1

χn(x)qn

)

+
∞∑

n=1

(
pnq̇n − p2

n

2M
− Mω2

n

2
q2

n

)]
, (B6)

where we defined M = h̄2/2U and ωn = √
UN/2m kn = vskn,

with vs the Bogoliubov speed of sound.
The action (B6) describes the intrinsic coupling between

the Josephson mode and the phonon excitations supported
by the elongated Bose gases. Expanding the tunneling term
to first order in the phase fluctuations, and further lin-
earizing the coupling with qn under the assumption of

small φ(t ) and z(t ), we get JN
√

1 − z2
∫ L

0
dx
L w(x) cos(φ +∑∞

n=1 χn(x)qn) � JN
√

1 − z2 cos φ − ∑∞
n=1 cnφqn, where

cn = JN
∫ L

0

dx

L
w(x)χn(x). (B7)

In this way, we obtain a linear system-bath coupling of the
Caldeira-Leggett type [94,95], where the bath is represented
by a collection of uncoupled oscillators:

S � S0[φ, z] +
∞∑

n=1

Sn[φ, qn], (B8)

where

S0 =
∫

dt

[
Nh̄z

2
φ̇ − H (φ, z)

]
, (B9)

H = UN2

4
z2 − JN

√
1 − z2 cos φ, (B10)

and

Sn =
∫

dt

[
M

2
q̇2

n − Mω2
n

2
q2

n − cnφqn

]
. (B11)

The objective is to now integrate out the bath degrees of
freedom to obtain the Keldysh action for the Josephson mode.
Introducing forward and backward trajectories, the Keldysh
representation of the action (B8) is

SK = Scons[φ±, z±] +
∞∑

n=1

Sn[φ±, qn,±], (B12)

where Scons = S0[φ+, z+] − S0[φ−, z−] and Sn =
Sn[φ+, qn,+] − Sn[φ−, qn,−]. The Keldysh effective action
for the Josephson mode is then defined as

eiS(eff)
K [φ±,z±] = eiScons[φ±,z±]

∞∏
n=1

∫
dqi

n,+dqi
n,−dq f

n ρB(qi
n,+, qi

n,−)

×
∫ q f

n

qi
n,+

Dqn,+
∫ q f

n

qi
n,−

Dqn,− eiSn[φ±,qn,±], (B13)

where ρB(qi
n,+, qi

n,−) = 〈qi
n,+|ρ̂B|qi

n,−〉 is the density matrix
element weighting the initial conditions for the bath. Assum-
ing the bath to be in thermal equilibrium, this is given by [106]

ρB(qi
n,+, qi

n,−) ∝ exp

[
− Mωn

2h̄ sinh(β h̄ωn)

[((
qi

n,+
)2 + (

qi
n,−

)2)

× cosh(β h̄ωn) − 2qi
n,+qi

n,−
]]

. (B14)

Performing the Keldysh rotation to classical and response
fields, we obtain

Scons =
∫

dt

[(
Nh̄

2
φ̇ − UN2

2
z − JNz√

1 − z2
cos φ

)
zq

−
(

Nh̄

2
ż + JN

√
1 − z2 sin φ

)
φq

]
+ O

(
φ3

q , z3
q

)
,

(B15)

Sn =
∫

dt
[−(

Mq̈n + Mω2
nqn + cnφ

)
qn,q − cnqnφq

]
, (B16)
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and

ρB
(
qi

n, qi
n,q

) ∝ exp

[
− Mωn

h̄
tanh

(
β h̄ωn

2

)(
qi

n

)2

− Mωn

4h̄
coth

(
β h̄ωn

2

)(
qi

n,q

)2
]
. (B17)

Eq. (B13) then reads

eiS(eff)
K = eiScons

∞∏
n=1

∫
dqi

n dqi
n,q dq f

n

× ρB
(
qi

n, qi
n,q

) ∫ q f
n

qi
n

Dqn

∫ 0

qi
n,q

Dqn,q eiSn . (B18)

Since Sn is linear in qn,q, the rightmost integral yields∫
Dqn,qeiSn = e−i

∫
dt cnqnφqδ(Mq̈n + Mω2

nqn + cnφ). Then, in-
tegrating over qn, the functional delta enforces the EoM of
Eq. (B11), whose solution is

qn(t ) = q(h)
n (t ) − 1

cn

∫
dt ′αn,R(t − t ′)φ(t ′), (B19)

where q(h)
n (t ) = qi

n cos(ωnt ) + q̇i
n

ωn
sin(ωnt ) is the homoge-

neous solution, and

αn,R(t − t ′) = �(t − t ′)
c2

n

Mωn
sin[ωn(t − t ′)]. (B20)

It follows that

eiS(eff)
K = eiScons

∞∏
n=1

ei
∫

dt dt ′φq (t )αn,R (t−t ′ )φ(t ′ )

×
∫

dqi
n ρB(qi

n, 0) e−icn
∫

dt q(h)
n φq . (B21)

In the last line, we have the expectation value
〈e−icn

∫
dt q(h)

n φq〉ρB , evaluated on the equilibrium density
matrix of a harmonic oscillator. Since ρB is a zero-mean

Gaussian, this is equivalent to e− c2
n
2

∫
dt dt ′φq (t )〈q(h)

n (t )q(h)
n (t ′ )〉ρB φq (t ′ ).

Using 〈(qi
n)2〉ρB = h̄

2Mωn
coth( β h̄ωn

2 ), 〈(q̇i
n)2〉ρB = ω2

n〈(qi
n)2〉ρB ,

and 〈qi
nq̇i

n〉ρB = 0, we obtain 〈q(h)
n (t )q(h)

n (t ′)〉ρB =
h̄

2Mωn
coth( β h̄ωn

2 ) cos[ωn(t − t ′)]. Substituting this back into
Eq. (B21), we finally get

SK = Scons +
∫

dt dt ′
[
φq(t )αR(t − t ′)φ(t ′)

+ i

2
φq(t )αK (t − t ′)φq(t ′)

]
, (B22)

where

αR(t − t ′) = �(t − t ′)
∞∑

n=1

c2
n

Mωn
sin[ωn(t − t ′)], (B23)

αK (t − t ′) = h̄
∞∑

n=1

c2
n

2Mωn
coth

(
β h̄ωn

2

)
cos[ωn(t − t ′)].

(B24)

The structure of the action (B22) is exactly the one given by
Eqs. (2)–(4). Defining the spectral density

J (ω) = π

2

∞∑
n=1

c2
n

Mωn
δ(ω − ωn), ω > 0, (B25)

we may write the kernels as

αR(t − t ′) = �(t − t ′)
∫

dω

2π
4J (ω) sin[ω(t − t ′)], (B26)

αK (t − t ′) = h̄
∫

dω

2π
2J (ω) coth

(
β h̄ω

2

)
cos[ω(t − t ′)].

(B27)

From this, we find

αK (ω) = h̄ coth

(
β h̄ω

2

)
Im αR(ω), (B28)

that is the fluctuation-dissipation relation (5).
It remains only to derive the explicit expression of J (ω)

for our model. Since the tunneling profile w(x) is local-
ized near x = 0, where χn(x) � √

2knx, the couplings (B7)
are approximately linear in kn: cn � JN[

√
2

∫ L
0

dx
L xw(x)]kn =

JN�kn. Taking the continuum limit, the spectral density (B25)
is thus given by

J (ω) = π

2

∞∑
n=1

(JN�kn)2

Mvskn
δ(ω − vskn)

→ (JN�)2L

2Mvs

∫ ∞

0
dk k δ(ω − vsk)

= (JN�)2L

2Mv3
s

ω = γω, (B29)

that is the characteristic form of an Ohmic bath. Substituting
this into Eq. (B26) and taking the Fourier transform, we obtain
indeed

Im αR(ω) = γω. (B30)

The corresponding regularized αR(t − t ′) is, in the sense of
distributions,

αR(t − t ′) = �(t − t ′)2γ

∫ ∞

0

dω

π
ω sin[ω(t − t ′)]

= −γ ∂tδ(t − t ′), (B31)

which coincides with Eq. (10).
The rescaling to adimensional units adopted in Sec. III B is

obtained by 2Jt/h̄ → t [6].

APPENDIX C: HAMILTON PRINCIPLE FOR WEAK
DAMPING

In this Appendix, we present an alternative approach to de-
riving the low-temperature, weak-damping EoM (43). We are
dealing with a particle of mass m, moving in a potential U (x)
and subject to a friction force F = −γ ẋ. The classical EoM
can be obtained from the generalized Hamilton principle [107]∫

dt
[
δ
(m

2
ẋ2 − U (x)

)
− γ ẋ δx

]
= 0. (C1)
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The first term is the variation of the conservative action (1),
namely, the exact differential δS0 = ∫

dt δS0
δx δx, with func-

tional derivative δS0
δx = −mẍ − U ′(x). In the second term,

δW = −γ ẋ δx is the infinitesimal virtual work done by the
nonconservative friction force and, unlike δS0, is not an exact
differential. Introducing the functional E [x] such that Eq. (C1)
can be written as

∫
dt E [x]δx = 0, the arbitrariness of δx

implies the EoM

E [x] = −mẍ − U ′(x) − γ ẋ = 0. (C2)

The corresponding one-loop quantum-corrected EoM is

E [x̄] + ih̄

2

δ

δx̄
tr ln

(
δE

δx̄

)
= 0, (C3)

where

δE

δx̄
= −m∂2

t − γ ∂t − U ′′(x̄) (C4)

is precisely the fluctuation operator M introduced in Eq. (16).
In frequency space, this operator takes the form M(ω) =
mω2 + iγω − U ′′(x̄) = m[(ω + iγ

2m )2 − ω2
γ (x̄)], with ωγ (x̄)

given by Eq. (28). In the weak damping limit, the small
imaginary shift of the zeros can be neglected, which yields

E [x̄] + ih̄

2

δ

δx̄

∫
dω

2π
ln[ω2 − ω2

γ (x̄)] = 0. (C5)

This reproduces the quantum-corrected EoM (43).
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