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A deformation of a graphene sheet changes more than the positions of the atoms. In the low-energy Dirac
theory it also produces geometric electron-phonon vertices. One of these vertices acts as an emergent phonon
gauge field Aμ, which couples to the same Dirac current as the electromagnetic vector potential. This shared
current vertex gives a direct route from mechanics to electronics: a moving deformation can generate a transverse
electric current, and a deformation pattern with emergent phonon flux can bind electric charge. We show that
the coefficient of this mixed electromechanical response is the parity-odd current-current correlator of a massive
Dirac cone. For an insulating cone the coefficient is the one-cone Chern-Simons value, while for a doped cone in
the local regime it is reduced by the Berry curvature factor m/|μ|. We apply the response to explicit deformations.
A traveling flexural wave generates a transverse second-harmonic current; a static ripple mixed with a dynamic
phonon generates a transverse current at the drive frequency; and two noncollinear modes can generate charge
modulation through the emergent phonon flux. We keep the spin and valley sum explicit, so the paper shows
when the one-cone anomaly becomes a charge current in graphene and when it instead appears in a valley, spin,
or spin-valley channel. For sublattice-gapped graphene with a valley-odd deformation gauge coupling, the two
valleys add rather than cancel. The experimentally sharp signature is a transverse electrical signal at twice the
flexural-wave frequency, with a phase fixed by the sign of the sublattice gap and a gate dependence that crosses
over from a gap plateau to a 1/|μ| decay. These direction, phase, frequency, and gate-voltage selection rules give
clean tests of the anomaly-induced electromechanical channel in deformed graphene.
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I. INTRODUCTION

Graphene is an unusually clean platform for studying
how geometry acts on quantum matter. Near the two in-
equivalent Dirac points, its low-energy quasiparticles are
two-dimensional Dirac fermions. A deformation of the sheet
therefore does more than change the elastic energy. It changes
the local Dirac velocity, shifts the Dirac points, and can
generate curvature-dependent scalar and masslike terms. This
geometric view was developed in continuum treatments of
fermions on curved two-dimensional surfaces and in low-
energy theories of deformed honeycomb lattices [1–7].

Deformations of graphene are known to generate several
electronic vertices, including scalar deformation potentials,
velocity corrections, and valley-dependent pseudogauge fields
[8–11]. Strain engineering was proposed as a way to cre-
ate large effective magnetic fields and pseudo-Landau levels
[12–16]. Experiments have observed large pseudomagnetic
fields in graphene nanobubbles and in graphene on structured
substrates, and optical measurements have shown that strain-
induced pseudofields can strongly affect carrier dynamics
[17–19]. Recent work on periodic pseudogauge fields, elastic
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screening, and related two-dimensional Dirac systems further
emphasizes that deformation-generated gauge fields are ac-
tive electronic degrees of freedom rather than passive elastic
parameters [20–22].

Time-dependent strain in graphene and related Dirac ma-
terials has also been studied as a source of synthetic electric
fields and deformation-induced currents [23–27]. These works
addressed strain-driven electronic transport, topological cur-
rents in gapped graphene, and quantum-Hall responses to
dynamical strain gradients. This work extends this line of re-
search by deriving the parity-odd response at finite frequency,
identifying the harmonic and momentum selection rules of
the geometric deformation field, keeping the spin and valley
structure explicit, and predicting a gate-dependent crossover
from an insulating plateau to a 1/|μ| decay in the doped
regime.

A conceptually different approach to fermion-phonon in-
teractions in graphene was developed in Ref. [4]. The main
idea is geometric and uses the structure defined for manifolds.
A strongly deformed graphene sheet may not be described
conveniently by a single flat coordinate chart. Instead, one
covers the sheet by local patches or open sets and uses transi-
tion maps between overlapping patches,

ξ̂ (a) = f (ab)[ξ̂ (b)], (1)

which glue the local coordinate systems into one two-
dimensional manifold (see Fig. 1). This language is useful
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FIG. 1. Local geometry of a deformed honeycomb sheet. (a) A
deformed lattice is described by local patches, here denoted U1 and
U2, which cover neighboring lattice sites and the link between them.
The patch language keeps track of how the curved or distorted sheet
is assembled from local coordinate systems. (b) A site at position
�X (ξ̂ ) in three-dimensional space is rotated into a local flat reference
plane. These local rotations are the microscopic source of the geo-
metric gauge fields that appear in the continuum Dirac theory.

because local deformations, dislocations, and disclinations
can then be treated within the same low-energy framework.

Starting from a deformed honeycomb lattice, let μ̂ j with
j = 1, 2, 3 denote the three nearest-neighbor directions and
let t j (ξ̂ ) be the corresponding local hopping amplitudes. The
tight-binding Hamiltonian is

H =
∑

j,ξ̂

t j[ψ+
A [ �X (ξ̂ + μ̂ j )]ψB[ �X (ξ̂ )]

+ψ+
B [ �X (ξ̂ )]ψA[ �X (ξ̂ + μ̂ j )]], (2)

where A and B are the two sublattices and �X (ξ̂ ) is the position
of the lattice site ξ̂ in three-dimensional space. Equation (2)
simply says that every bond is allowed to know about the local
shape of the sheet: the hopping strength and the bond direction
can vary from point to point. The continuum fields used later
are the long-wavelength limit of this local bond geometry.

As shown in Ref. [4], local three-dimensional rotations of
the hopping links can map the tangent frame of a deformed
lattice onto a flat reference plane (see Fig. 1). Under this local
rotation the fermion fields transform as

�[ �X (ξ̂ )] = �[ �X (ξ̂ )]� ′(ξ̂ ). (3)

Dropping the prime after the rotation, the Hamiltonian can be
written as

H = 1

2

∑
ξ̂

3∑
j=1

t j� ′+(ξ̂ )�+[ �X (ξ̂ )]σ1

· [e−←−
∂ ·μ̂ jσ3 + eσ3μ̂ j ·−→∂ ]�[ �X (ξ̂ )]� ′(ξ̂ ), (4)

where the arrows show whether a derivative acts to the left or
to the right, and σ1,3 are Pauli matrices acting in the sublattice
space. This expression is not used below in its full lattice
form. Its role is to show the origin of the continuum vertices:
local rotations and local hoppings generate a velocity vertex,
a masslike curvature vertex, and a gaugelike vector vertex.

The same lattice Hamiltonian gives the local condition for
a pair of Dirac nodes,

3∑
j=1

t jeiμ̂ j · �K = 0, (5)

where the momentum �K is the local position of a Dirac
point in a given patch. This equation in each patch has his
own solution and they are gluing on overlap’s of patches
by reparametrization transformations (gravity) [Eq. (1)]. Ge-
ometrically, Eq. (5) means that the three complex hopping
vectors must close into a triangle. When this condition is
satisfied, the deformation shifts the Dirac points but does not
by itself destroy the low-energy Dirac quasiparticles. Notice
that Eq. (5) admits two local solutions of constant shift, �K (ξ )
and �K ′(ξ ), which are patch dependent. Similar to the flat case,
these solutions yield Dirac cones with different helicities.

After introducing the local two-dimensional (2D) metric,
the low-energy kinetic term takes the form [see Eqs. (5)–(9)
of Ref. [4] and the discussion therein]

H = iε

2

∑
ξ̂

e�+(ξ̂ )�+[ �X (ξ̂ )]σα

· (
−→
∂ α − ←−

∂ α )�[ �X (ξ̂ )]�(ξ̂ ), (6)

where e is the determinant of the tetrad element eαa and ε

is the minimal length scale of the lattice and σα = eαaσa.
By using an ambiguity of the coordinate vectors μ̂ j one can
associate tetrads eαa with the induced metric of the surface
gαβ = ∂α �X∂β �X . Namely, we can fix the coordinate vectors μ̂ j
in such a way that

∂α �X∂β �X =
∑

a=1,2

ea
αea

β, (7)

where ea
α = [eαa]−1 (see details in [4]). The Hamiltonian (6)

coincides with the Hamiltonian of the Dirac theory on 2D
random surfaces induced from three-dimensional (3D) flat
Dirac theory with an Euclidean metric defined in Ref. [1]. It
was shown that by defining the induced gamma matrices as
γ̂α = ∂α �X �γ (�γ are 3D Dirac γ matrices) and a 3D rotation
one arrives at the simpler Hamiltonian

H = i

2

∫
d ξ̂

√
g�+(ξ̂ )γ̂ α (

−→
∂ α − ←−

∂ α )�(ξ̂ ), (8)

where g = det[gαβ] and γ̂ α are induced gamma matrices. This
action was defined in [1,2]. Equation (8) displays the metric
part of the curved-surface Dirac operator. The local rotations
used to define the tangent frame also produce a non-Abelian
SU(2) connection. Transforming the left differential in (8) to
the right one, we obtain [see Eq. (5) in [1]]

H = i
∫

d ξ̂
√

g�+(ξ̂ )γ̂ α (∂α + �α )�(ξ̂ ), (9)

�α = 1

2
γ̂ β∇αγ̂β . (10)

Here �α is an induced gauge connection, ∇ is covari-
ant derivative defined by Christoffel symbols, and γ̂ α�α =
1
2∇αγ̂ α . The term ∇αγ̂ α = √

ghα
α n̂ is connected with the sec-

ond quadratic form hαβ = �n∇α∂β �X , where �n = √
g∂1 �X × ∂2 �X

is the vector normal to the surface at ξ̂ .
In the weak-deformation limit, the component of this con-

nection that couples as a vector source is the phonon gauge
field Aa used below.

In this paper, we isolate the parity-odd part of the prob-
lem of fermion-phonon interactions via SU(2) gauge field. In

175103-2



FINITE-FREQUENCY ANOMALY-INDUCED … PHYSICAL REVIEW B 114, 175103 (2026)

FIG. 2. In real space the response has a simple meaning. The
phonon flux BA produces charge, while the phonon electric field EA
produces a transverse current. The same coefficient C = eλA�R

odd

controls both branches.

simple terms, this is the part of the response that changes
sign when the Dirac mass or the orientation of a Dirac
cone is reversed. For one massive two-component Dirac
fermion in (2 + 1) dimensions, the same parity-odd deter-
minant gives the Chern-Simons response associated with
the parity anomaly [28–33]. Electron-phonon coupling can
also generate Chern-Simons–type structures in Dirac sys-
tems [34–36]. Here the key observation is very direct: if the
fermion couples both to the electromagnetic vector potential
Aμ = (A0, A) and to a deformation-induced vector field Aμ =
(A0,A), then the one-loop determinant contains a mixed
electromagnetic-phonon Chern-Simons term. The field Aμ is
not a real electromagnetic field. It is an emergent field that
describes how the local deformation shifts and rotates the
low-energy Dirac cone.

The main results of the paper are the following. First,
for one spinless massive Dirac cone the deformation-induced
electromagnetic current is [37]

jμan(q) = eλA�R
odd(q; μ, m)εμνρqνAρ (q). (11)

Here q = (ω, q) is the external frequency momentum, m is
the Dirac mass, λA is the microscopic strength of the defor-
mation gauge coupling, and �R

odd is the retarded parity-odd
current-current correlator. Equation (11) is the central mixed
electromechanical response. It states that a time-dependent
deformation drives a Hall-type current transverse to the
phonon-induced electric field, while a deformation-induced
flux binds charge.

Figure 2 summarizes the physical content of this response.
The emergent phonon magnetic field BA = ∇ × A induces a
local charge density, whereas the phonon electric field EA =
−∂t A generates a transverse Hall-type current. Both responses
are controlled by the same coefficient C = eλA�R

odd:

ρan = CBA, jan = −C ẑ × EA. (12)

For an infinite periodic deformation the spatially averaged
current may vanish, while finite samples, edges, or localized
wave packets can convert the local response into an experi-
mentally observable signal.

Second, the coefficient in Eq. (11) is controlled by band
topology only when the cone is insulating. For |μ| � |m|
the long-wavelength coefficient is the one-cone Chern-Simons

value − sgn(m)/(4π ). For a doped cone, |μ| > |m|, the con-
trolled local coefficient is −m/(4π |μ|). Thus, doping does
not destroy the Berry-curvature origin of the response, but it
removes quantization because the Fermi surface participates.
This distinction is important in graphene, where finite-density
response functions can contain nonanalytic structure from
intraband excitations and Kohn anomalies [38–46].

Third, the geometric deformation gauge field is nonlinear
in the displacement. This gives clean phonon signatures. A
single traveling flexural wave produces a transverse current at
2ω, a static ripple mixed with a dynamic phonon produces
a transverse current at ω, and two noncollinear modes can
produce charge modulation through the emergent phonon flux.
These frequency and geometry dependencies are useful be-
cause they distinguish the parity-odd response from ordinary
deformation-potential backgrounds.

Finally, graphene contains two valleys and two spins. The
one-cone result is therefore not, by itself, a charge-current
prediction for graphene. The valley chirality, the mass pattern,
and the valley parity of λA decide whether the response adds
as a charge current or cancels as a charge current and survives
in a valley, spin, or spin-valley channel. This spin-valley book-
keeping is kept explicit throughout the paper. It is closely tied
to current studies of gapped Dirac systems, sublattice order,
and valley-selective collective modes [47,48].

This bookkeeping leads to a concrete experimental pre-
diction for realistic graphene. Consider sublattice-asymmetric
graphene, for example, graphene aligned to hBN or another
substrate that distinguishes the two carbon sublattices. Such
a substrate produces a Semenoff-type gap: the mass has the
same sign in the two valleys. The ordinary strain pseudogauge
vertex, by contrast, is valley odd [9–11]. The key point is
that the two valleys also have opposite Dirac chirality. The
chirality sign and the pseudogauge sign therefore cancel each
other, so the two valleys, and then the two spins, drive charge
current in the same physical direction rather than canceling. A
moving flexural ripple should then produce a transverse elec-
trical signal at exactly twice the mechanical drive frequency.
This second harmonic is not accidental: the emergent gauge
field contains one factor of local slope and one factor of local
curvature, so a sinusoidal ripple squares into a response at
2ω. The signal has three sharp experimental fingerprints. It is
perpendicular to the ripple wave vector, its phase changes by
π when the sign of the sublattice mass is reversed, and a gate
sweep changes its size in a predictable way: the amplitude
is essentially on a plateau while the Fermi level lies in the
gap and decreases inversely with |μ| once the Fermi level
enters a band. These features give a clean lock-in protocol
for separating the anomaly-induced transverse current from
ordinary longitudinal deformation-potential backgrounds.

Importantly, an ordinary deformation potential can easily
make a density signal at the mechanical drive frequency,
but it does not naturally give a mass-odd, transverse,
second-harmonic charge current with the Berry-curvature gate
dependence described above. This combination of signatures
is what makes the proposed effect experimentally identifi-
able even when the microscopic coupling λA is not known
precisely.

The paper is organized as follows. Section II summarizes
the deformed-graphene Dirac Hamiltonian and identifies the
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physical meaning of the phonon vertices. Section III de-
fines the mixed electromagnetic-phonon response. Section IV
gives the one-loop parity-odd kernel in the controlled insulat-
ing, local, and optical limits. Section V converts the kernel
into charge and current responses. Section VI separates the
conventional mass-channel background from the anomaly-
induced current. Section VII applies the formula to explicit
phonon profiles. Section VIII gives the spin and valley sum
required for graphene. The Appendixes contain derivational
details; the last Appendix derives the microscopic consistency
checks needed to validate a tight-binding or numerical Kubo
calculation.

II. DIRAC FERMIONS ON A DEFORMED SHEET

A. Geometry of the sheet

Let ξ a with a = 1, 2 be material coordinates on the sheet.
Latin indices a, b = 1, 2 label these material coordinates
and are summed when repeated. The embedding in three-
dimensional Euclidean space is

X (ξ, t ) = ξ 1x̂ + ξ 2ŷ + u(ξ, t ), u = (u1, u2, h), (13)

where h ≡ u3 is the flexural displacement. The induced metric
and normal are

gab = ∂aX · ∂bX , (14)

n = ∂1X × ∂2X
|∂1X × ∂2X | . (15)

The continuum Dirac theory follows by expanding the tight-
binding Hamiltonian around local Dirac points while rotating
each local tangent frame to a reference plane. The tangent vec-
tors generate induced gamma matrices, and the local rotations
generate a spin connection or, equivalently, a local rotation
gauge field �†[ �X (ξ )]∂a�[ �X (ξ )](see details in [1,2,4]).

Only the weak-deformation form is needed below. In units
h̄ = 1 and, unless stated otherwise, vF = 1, the one-valley
Hamiltonian density can be written [follow Eqs. (10)–(17)
in [4] and the discussion therein]. Substituting weak linear
deformations (13) into the (9) we will obtain quadratic action
of fermions with differential operator

D[u] = iσa∂a + iTja[u]σ j∂a + σaAa[u] + σ3M[u] + · · · .

(16)

Here a = 1, 2 is a spatial index on the sheet and j = 1, 2, 3 la-
bels Pauli matrices. The three displayed vertices have distinct
physical meanings.

First, Tja changes the local velocity matrix. To leading
order,

Tja = −∂au j + O(u2). (17)

This is the emergent-metric or stress-tensor vertex. It con-
tributes to ordinary parity-even conductivity corrections.

Second, the masslike field is controlled by curvature. The
leading flexural term is

M[u] = 1
2∇2h + O(u∂2h, ∂u∂h). (18)

Here ∇2 = ∂2
x + ∂2

y . The field M modulates the local Dirac
gap and therefore the carrier density in a doped system.

Third, the spatial phonon gauge field begins at quadratic
order in the deformation gradients. A convenient leading ex-
pression is

Aa[u] = − 1
2 [(∂ah)∇2h

+ (∇2ub)(∂aub + ∂bua)] + O(u3). (19)

This vector potential starts from quadratic deformation ua

terms and contains three gradients. It is a consequence of the
form (10) which is U(1) vector potential and where there are
two tangent vectors of the surface and one gradient ∂α .This
explains why there is no linear deformation in Aa[u]. The
microscopic normalization depends on the hopping model
and the definition of the continuum fields. We therefore keep
an explicit coupling λA in all response formulas; physically,
λAAa is the energy-scale vector vertex seen by the Dirac
fermion. Equation (19) is the geometric, local-frame gauge
field generated by the deformation. It should not be confused
with a real electromagnetic vector potential. It is also more
specific than the usual phenomenological strain pseudogauge
field: both objects shift Dirac points and can be valley odd,
but their microscopic prefactors and allowed higher-gradient
terms need not be identical. The physical distinction is useful.
A scalar deformation potential changes the local carrier den-
sity, a velocity vertex changes the metric seen by the Dirac
particle, while Aa acts as a vector source for the Dirac current.
Only the last vertex directly feeds the parity-odd current-
current bubble used below. For this reason the spin-valley sum
in Sec. VIII is kept explicit.

This separation of vertices also clarifies the experimental
strategy. Scalar and velocity vertices are present in any de-
formed lattice and can create large conventional signals. The
anomaly channel is identified not by its absolute size alone but
by its transverse direction, its odd dependence on the Dirac
mass, and its spin-valley selection rules.

B. Why the gauge vertex isolates the anomaly

The velocity vertex Tja produces parity-even current re-
sponses. Such terms are important for optical conductivity
and for quantitative comparison with microscopic models, but
they are not the most direct probe of the anomaly channel. The
mass vertex M is also important, especially at finite density,
because it gives a conventional density response proportional
to ∂n/∂m.

The gauge vertex Aa is different. It couples to the same
Dirac current as an external vector potential. Hence, the mixed
electromagnetic-phonon response is governed by the ordinary
current-current correlator of a massive Dirac fermion. Its
parity-odd part gives the Chern-Simons term. This observa-
tion makes the finite-frequency problem technically simple:
once the one-loop tensor �μν is known, the anomaly-induced
electromechanical current follows by replacing one electro-
magnetic leg by the phonon gauge field.

III. RESPONSE THEORY

A. Single-cone action

We first keep one two-component Dirac cone. Spin and
valley sums are restored in Sec. VIII. The unperturbed real-
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time Hamiltonian is

H0(k) = vF (σxkx + σyky) + mσz − μ. (20)

Here k is the momentum measured from the Dirac point, vF

is the Fermi velocity, and the Pauli matrices σi act on the
sublattice pseudospin. The mass m opens a gap 2|m|, while the
chemical potential μ fixes the filling. For the loop calculation
it is useful to work in Euclidean space,

S0 =
∫

k
ψ̄k[γ μkμ + m]ψk, kμ = (ωn + iμ, vF kx, vF ky),

(21)

where ψ and ψ̄ are Euclidean Dirac fields, ωn is a fermionic
Matsubara frequency, and {γ μ, γ ν} = 2δμν . We use∫

k
≡ T

∑
ωn

∫
d2k

(2π )2
. (22)

Here T in the Matsubara sum is temperature; it should not be
confused with the deformation tensor Tja. We take T = 0 in
the final response formulas. The external-momentum integral
is denoted analogously by

∫
q, where the bosonic external

frequency is denoted by �n. The sign of m is physical because
the parity-odd response changes sign under m → −m.

The electromagnetic field and the phonon gauge field enter
through the same current vertex. This is the microscopic rea-
son that an electromagnetic probe can detect the parity-odd
phonon response. We write

Aμ = eAμ + λAAμ, A0 = 0, (23)

where Aμ is only a combined source field, and Ai is the
deformation field in Eq. (19). The curvature-induced mass
modulation is included as

m → m + λMM[u]. (24)

Here λM is the microscopic coupling of the curvature-induced
mass vertex. With these definitions the Euclidean action to
first order in external vertices is

SE = S0 +
∫

k,q
ψ̄k+qγ

μAμ(q)ψk

+ λM

∫
k,q

ψ̄k+qM(q)ψk + · · · . (25)

B. Quadratic effective action

Integrating out the fermions gives

e−Seff =
∫

Dψ̄Dψ e−SE . (26)

To quadratic order,

S(2)
eff = 1

2

∫
q
Aμ(−q)�μν (q)Aν (q)

+ λM

∫
q
Aμ(−q)�μ

M (q)M(q)

+ λ2
M

2

∫
q
M(−q)�MM (q)M(q) + · · · . (27)

FIG. 3. The anomaly-induced signal is obtained from the mixed
current-current bubble with one electromagnetic vertex, Aem

μ , and
one phonon-gauge vertex, Aν . Its parity-odd part is proportional to
�R

oddε
μνρqρ . The lower diagram shows the ordinary mass-channel

background from the scalar curvature vertex M; this background is
useful for comparison but is not the mixed Chern-Simons response.

The current-current bubble is

�μν (q) = −
∫

k
tr[γ μG(k + q)γ νG(k)], (28)

with

G(k) = −γ μkμ + m

k2 + m2
. (29)

The mixed scalar-current correlator is

�
μ
M (q) = −

∫
k

tr[γ μG(k + q)G(k)]. (30)

The scalar-scalar correlator �MM (q) in Eq. (27) is defined
in the same way, with two mass vertices instead of cur-
rent vertices. The electromagnetic current four-vector jμem =
(ρem, jem ) induced by a deformation is obtained by differenti-
ating with respect to Aμ:

jμem(q) = eλA�μν (q)Aν (q) + eλM�
μ
M (q)M(q) + · · · .

(31)

The first term contains the anomaly channel because it is the
current-current response with one electromagnetic leg and one
deformation-gauge leg, as shown in Fig. 3(a). The second
is a conventional mass-channel background; it is allowed by
symmetry but is not a Chern-Simons response [see Fig. 3(b)].
This separation is central experimentally: the anomaly chan-
nel is transverse and odd in m, whereas the mass channel is
mostly longitudinal or densitylike and depends on ordinary
compressibility.

The distinction is analogous to separating a Hall response
from an ordinary longitudinal response. Both can be generated
by the same deformation, but only the parity-odd current-
current bubble carries the Chern-Simons tensor εμνρqρ . This
tensor is what rotates the phonon-induced field into a trans-
verse electrical current.
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IV. PARITY-ODD ONE-LOOP KERNEL

A. Vacuum tensor

At μ = 0 the Euclidean tensor decomposes as

�
μν
E (q) = (Q2δμν − qμqν )�E

even(Q; m)

+ iεμνρqρ�
E
odd(Q; m), (32)

where �n is a bosonic Matsubara frequency and

Q =
√

�2
n + v2

F q2 (33)

is the Euclidean length of the external energy momentum. The
trace in Eq. (28) gives

Nμν = 2[kμ(k + q)ν + kν (k + q)μ − δμνk(k + q) + δμνm2]

− 2imεμνρqρ. (34)

The last line is the parity-odd term. After Feynman
parametrization and shifting the loop momentum,

�(x) = m2 + x(1 − x)Q2. (35)

The odd scalar coefficient is

�E
odd(Q; m) = − m

4π

∫ 1

0

dx√
m2 + x(1 − x)Q2

. (36)

Therefore,

�E
odd(Q; m) = − m

2πQ
arctan

Q

2|m| (37)

for one two-component cone [38,39]. In the long-wavelength
limit,

�E
odd(Q; m) = − sgn m

4π
+ sgn m

48π

Q2

m2
+ O(Q4/m4). (38)

The first term is the Chern-Simons coefficient of an isolated
massive Dirac cone. It is the origin of the anomaly-induced
part of the electromechanical response.

The even part is useful as a check on the normalization.
Gauge-invariant regularization gives

�E
even(Q; m) = 1

2π

∫ 1

0
dx

x(1 − x)√
m2 + x(1 − x)Q2

. (39)

For m = 0, Eq. (39) reduces to 1/(16Q), the standard scaling
of a massless Dirac cone in two spatial dimensions.

B. Finite chemical potential: Controlled limits

A chemical potential selects the rest frame of the Fermi
sea. Therefore, at finite density and finite momentum the
retarded tensor is not a function only of the Lorentz
scalar Q2

R = v2
F q2 − (ω + i0+)2. The full clean-limit tensor

can contain additional transverse structures built from the
Fermi-sea velocity uμ = (1, 0, 0), and intraband particle-hole
processes can make the response nonanalytic. This caution
is familiar from finite-density Dirac response functions and
from graphene magnetotransport and Kohn-anomaly physics
[38,40–46]. This work therefore uses only the limits in which
the parity-odd coefficient is universal and unambiguous.

First, if the chemical potential lies in the gap |μ| � |m|, no
Fermi surface is present at T = 0. The finite-frequency kernel

is the analytic continuation of the vacuum result

�R
odd(ω, q; m) = − m

2πQR
arctan

QR

2|m| , (40)

with

QR =
√

v2
F q2 − (ω + i0+)2. (41)

The square root and arctangent are taken on the retarded
branch. This expression becomes complex when interband
particle-hole production is allowed.

Second, in a doped cone |μ| > |m|, the local Hall coeffi-
cient is fixed by the Berry curvature of the occupied states.
Defining

Eμ = max(|m|, |μ|), (42)

one obtains

�R
odd(0, 0; μ, m) = − m

4πEμ

. (43)

Thus, an insulating cone gives − sgn(m)/(4π ), while a doped
cone gives

�R
odd(0, 0; μ, m) = − m

4π |μ| , |μ| > |m|. (44)

This is one of the main controlled inputs of the paper. It is
the coefficient used for the doped long-wavelength phonon
response, with corrections controlled by ω/Eμ and vF |q|/Eμ

away from particle-hole continua. Physically, doping exposes
only part of the Berry curvature of the massive Dirac band, so
the Hall-type coefficient is reduced rather than quantized.

For reference, the homogeneous optical limit q = 0 is also
elementary:

�
R,opt
odd (ω; μ, m) = − m

4π (ω + i0+)
ln

2Eμ + ω + i0+

2Eμ − ω − i0+ . (45)

It reduces to Eq. (43) for |ω| 	 2Eμ and develops an imag-
inary part above the Pauli-blocked interband threshold |ω| =
2Eμ. Appearance of imaginary part is an additional signature
of the dissipative regime. Away from the insulating case,
Eqs. (43) and (45) should not be replaced by a single QR-only
formula at finite momentum.

V. ANOMALY-INDUCED CURRENT

Keeping only the mixed parity-odd term gives

Sodd
AA = eλA

∫
q

Aμ(−q) iεμνρqρ�odd(q)Aν (q). (46)

Varying this action with respect to the electromagnetic source
gives

jμan(q) = eλA�R
odd(q; μ, m)εμνρqνAρ (q). (47)

This is the main result of the paper. It is a mixed Chern-
Simons law: the electromagnetic current is generated by
derivatives of the deformation gauge field. The formula is
local in the external field but nonlocal in the coefficient
�R

odd(q), which contains the band-gap, finite-frequency, and
finite-density physics. The current is therefore transverse and
changes sign when the parity-odd Dirac mass changes sign.
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This sign reversal is a direct experimental diagnostic of the
anomaly channel.

This is a response law for a gapped Dirac band, not as a
force applied directly to the ions. The moving lattice creates
Aμ; the massive Dirac fermions convert this source into an
electrical current through their Berry curvature. This is why
the same deformation can give different observable channels
after the spin and valley sum is taken.

In real time the response can be written in terms of the
emergent phonon electric and magnetic fields,

BA = ∂xAy − ∂yAx, (48)

EA = −∂tA − ∇A0. (49)

For one cone,

ρan(q) = eλA�R
odd(q)BA(q), (50)

jan(q) = −eλA�R
odd(q)ẑ × EA(q). (51)

Here ẑ is the unit normal to the reference graphene plane.
These equations show the physical content of Eq. (47): the
phonon flux BA binds charge, while the phonon electric field
drives a transverse current. This convention gives the local
continuity equation

∂tρan + ∇ · jan = 0, (52)

because ∂tBA + ∂xEA,y − ∂yEA,x = 0. In the deformation ge-
ometries considered below, A0 = 0. Then

jan = eλA�R
odd(ω, q)ẑ × ∂tA. (53)

This is the main result in its most transparent real-time form: a
moving deformation produces a Hall-type current perpendic-
ular to the time derivative of the emergent vector field (see
Fig. 3). With the Fourier convention f (r, t ) ∝ exp[i(q · r −
ωt )],

jx = iωeλA�R
oddAy, jy = −iωeλA�R

oddAx. (54)

The sign of a quoted real-space current depends on the con-
vention for εμνρ and for Fourier transforms. The transverse
structure, current conservation, and the value of the kernel are
convention independent.

For one insulating cone at long wavelength,

jan = −eλA
4π

sgn(m) ẑ × ∂tA, (55)

up to the same convention sign. For a doped cone,

jan = −eλA
4π

m

|μ| ẑ × ∂tA, |μ| > |m| (56)

valid in the local regime |ω|, vF |q| 	 Eμ and away from
particle-hole continua.

The insulating and doped formulas therefore predict two
simple regimes. If the Fermi level lies in the gap, the response
is controlled only by the sign of the mass. If the Fermi level is
moved into a band, the same Berry curvature is still present,
but the occupied states no longer give a quantized coefficient;
the amplitude decreases as 1/|μ|.

FIG. 4. Summary of the harmonic and geometric selection rules.
A single flexural wave generates a transverse current at 2ω; a static
ripple mixed with a dynamic phonon produces a current at ω; and
two noncollinear modes with nonzero emergent flux generate charge
modulation at ω1 ± ω2.

VI. MASS-CHANNEL BACKGROUND

The field M[u] changes the local Dirac mass. At zero den-
sity and in the absence of a magnetic or emergent gauge flux,
a scalar mass modulation alone does not generate a transverse
charge current. At finite density it changes the carrier density.
For one spinless cone,

n(μ, m) = sgn μ

4πv2
F

(μ2 − m2)�(|μ| − |m|). (57)

Here � is the Heaviside step function. Therefore, away from
the band edge,

ρM = eλM
∂n

∂m
M,

∂n

∂m
= − sgn μ m

2πv2
F

�(|μ| − |m|). (58)

This density response is not topological: it is an ordinary
compressibility effect caused by shifting the band edge. It
is nevertheless important experimentally because the leading
curvature field M � ∇2h/2 is linear in the flexural displace-
ment. In a measurement it can be larger than the anomaly
signal, but it has different symmetry. It does not by itself
produce the transverse Hall-type current in Eq. (51); instead it
mainly gives density modulation at the same frequency as the
curvature field.

This difference is useful in practice. A compressibility
signal follows the local curvature and is generally even under
reversal of the Dirac mass. The anomaly signal is transverse
and odd in the mass. Measuring direction, phase, and gate
dependence therefore provides a practical way to separate the
two channels.

The mass channel also modulates the anomaly coefficient
itself:

�odd(m + λMM) = �odd(m) + λMM∂�odd

∂m
+ · · · . (59)

Thus, a dynamic curvature field can change an existing
anomalous response generated by a static phonon gauge field.
This is a higher-order effect, but it provides a clean way to test
the mass dependence of the parity-odd kernel.

VII. EXPLICIT PHONON PROFILES

Before presenting the detailed calculations, Fig. 4 sum-
marizes the characteristic responses generated by represen-
tative deformation profiles. A single traveling flexural wave
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produces a transverse current at the second harmonic because
the geometric gauge field is quadratic in the deformation.
Mixing a static ripple with a dynamic phonon generates a
cross term at the fundamental frequency, whereas two non-
collinear modes can produce an emergent phonon flux and
hence charge modulation at the sum and difference frequen-
cies.

A. Single flexural wave: Second harmonic

Consider a traveling flexural wave

h(x, t ) = h0 cos(qx − ωt ), ux = uy = 0. (60)

With φ = qx − ωt , Eq. (19) gives

Ax = −1

2
(∂xh)∂2

x h = −q3h2
0

4
sin(2φ), Ay = 0. (61)

The response is transverse. The factor of 2 in frequency ap-
pears because the gauge field contains the product of the slope
and the curvature of the wave. Using Eq. (54) at the Fourier
component (2ω, 2q) gives

jy(x, t ) = eλA
2

�R
odd(2ω, 2q)ωq3h2

0 cos(2φ). (62)

This is one of the main experimentally useful results of the
paper. The sign follows the convention of Eq. (53). The ro-
bust prediction is the second-harmonic transverse signal with
amplitude proportional to ωq3h2

0. The factor q3h2
0 is the prod-

uct of a slope qh0 and a curvature q2h0. Thus, the effect is
strongest for fast, short-wavelength ripples while remaining
within the small-slope regime. For the realistic sublattice-
gapped, valley-odd-coupling case derived in Sec. VIII, this
local signal is a true charge current rather than only a val-
ley current. This makes the 2ω transverse response a direct
electrical signature of the anomaly channel.

In the one-cone insulating limit,

jy(x, t ) � −eλA
8π

sgn(m)ωq3h2
0 cos(2φ), (63)

again up to the global convention sign. The measured charge
response requires the valley sum discussed in Sec. VIII.

B. Longitudinal in-plane wave

For a longitudinal in-plane wave,

ux(x, t ) = u0 cos(qx − ωt ), uy = h = 0, (64)

Eq. (19) gives

Ax = −1

2

(
∂2

x ux
)
(2∂xux ) = −q3u2

0

2
sin(2φ), Ay = 0. (65)

Thus,

jy(x, t ) = eλA�R
odd(2ω, 2q)ωq3u2

0 cos(2φ). (66)

This has the same transverse and second-harmonic structure
as the flexural result, with a different geometric prefactor.

The in-plane example shows that the second harmonic is
not tied to bending alone. It is a consequence of the quadratic
geometric gauge field. Whenever the relevant component of
Aa is built from two factors of a monochromatic deformation,
the anomaly current appears at twice the drive frequency.

C. Static ripple plus dynamic flexural phonon

A single flexural wave gives a second-harmonic signal
because Aa is quadratic in h. A linear-frequency signal is
obtained by mixing a static ripple with a dynamic wave:

h(x, t ) = hs cos(Qx) + hd cos(qx − ωt ), hd 	 hs. (67)

Keeping terms linear in hd ,

A(sd )
x = − hshd

2
[Qq2 sin(Qx) cos(qx − ωt )

+ qQ2 sin(qx − ωt ) cos(Qx)]. (68)

Equivalently,

A(sd )
x = − hshd qQ

4
[(q + Q) sin[(q + Q)x − ωt]

− (q − Q) sin[(q − Q)x − ωt]]. (69)

The Fourier components occur at momenta q ± Q and at the
frequency ω. Hence,

j (sd )
y = eλA�R

odd(ω, q ± Q)∂tA(sd )
x . (70)

This is another main result for experiment. The geometry
is attractive because the response is linear in the dynamic
amplitude hd ; the static ripple supplies the second power of
deformation required by the gauge vertex. In practice, this
means that a patterned static deformation can convert the
anomaly signal from the second harmonic to the fundamen-
tal phonon frequency. The conversion is useful for detection
because the electrical signal then appears at the externally
applied phonon frequency, while its transverse direction and
mass-odd sign still distinguish it from ordinary deformation-
potential backgrounds.

D. Two noncollinear modes: Charge modulation

The anomaly-induced charge density is proportional to the
emergent phonon flux:

ρan = eλA�R
oddBA, BA = ∂xAy − ∂yAx. (71)

A single one-dimensional wave has zero flux. A simple
nonzero example uses two noncollinear flexural modes,

h(r, t ) = h1 cos φ1 + h2 cos φ2, φi = qi · r − ωit . (72)

Using qi = |qi|, the cross term in the gauge field is

A(12)
a = −h1h2

2

[
q1aq2

2 sin φ1 cos φ2 + q2aq2
1 sin φ2 cos φ1

]
.

(73)

Taking the curl gives the explicit phonon flux

B(12)
A = h1h2

2

(
q2

1 − q2
2

)
(q1 × q2)z sin φ1 sin φ2. (74)

Equivalently,

B(12)
A = h1h2

4

(
q2

1 − q2
2

)
(q1 × q2)z

× [cos(φ1 − φ2) − cos(φ1 + φ2)]. (75)

Thus, the charge density contains sum and difference compo-
nents,

ρ (12)
an = eλA�R

odd(ω1 ± ω2, q1 ± q2)B(12)
A . (76)
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TABLE I. How the one-cone anomaly appears after the spin and valley sum in graphene. The charge response survives only when the
product of valley chirality, mass pattern, and deformation-coupling parity is even under the full spin-valley sum. If this product is odd, the
charge current cancels between valleys or spins, but a valley, spin, or spin-valley current can remain.

Mass/coupling pattern Charge response Main surviving channel if charge cancels

Semenoff mass mχ = m, valley even A Cancels Valley current
Semenoff mass mχ = m, valley odd A Adds Charge current
Haldane mass mχ = χmH , valley even A Adds Charge current
Haldane mass mχ = χmH , valley odd A Cancels Valley current
Kane-Mele mass mχs = χsmSO, valley even A Cancels Spin Hall-type current
Kane-Mele mass mχs = χsmSO, valley odd A Cancels Spin-valley current
Massless symmetric graphene Vanishes None
Valley-polarized state Partial cancellation Mixed charge-valley current

This is one of the main geometric results of the paper. It makes
the conditions for charge modulation transparent. The flux
vanishes for collinear waves, and it also vanishes for two ideal
plane waves with equal wavelength q1 = q2. Nonzero charge
modulation therefore requires an oriented two-dimensional
deformation pattern together with unequal Laplacian eigen-
values or a more general spatial profile.

This condition gives a direct way to design or rule out
charge-modulation experiments. Merely crossing two equal-
wavelength plane waves is not enough. The deformation must
produce a real emergent flux, in the same way that an elec-
tromagnetic magnetic field requires a vector potential with
nonzero curl.

VIII. SPIN AND VALLEY STRUCTURE

Before the explicit spin-valley sum is taken, the response
theory describes one spinless Dirac cone. Graphene has two
spin states and two valleys. Let χ = ±1 label the valleys and
choose

Hχ = vF (χσxkx + σyky) + mχσz − μ. (77)

The factor χ changes the orientation of the Dirac cone and
therefore the sign of the parity-odd response. If the phonon
gauge coupling in valley χ is λA,χ , the total anomaly coeffi-
cient is

�tot
odd = Ns

∑
χ=±1

χλA,χ�
(0)
odd(ω, q; μ, mχ ), (78)

with spin degeneracy Ns = 2. The function �
(0)
odd is the one-

cone coefficient in Sec. IV, without the valley orientation or
phonon-coupling factor.

This sum is not a technical detail; it decides the physical
channel that an experiment can see. The common cases are
summarized in Table I. We write s = ±1 for the physical spin.
A valley-even deformation coupling has λA,χ = λA, while a
valley-odd, or pseudogauge, coupling has λA,χ = χλA. Or-
dinary time-reversal-symmetric strain gauge fields are usually
valley odd. If a microscopic convention absorbs this sign into
the definition of Aa, Eq. (78) is the invariant statement.

The experimentally sharp charge-current case is a Se-
menoff mass together with a valley-odd deformation gauge
coupling. This is the symmetry structure expected for
sublattice-gapped graphene, including graphene on aligned
hBN, driven by an ordinary strain pseudogauge field. Put

mχs = m and λA,χ = χλA in Eq. (78). The two factors of χ

cancel:

CS
gr (μ, m) ≡ eNs

∑
χ=±1

χλA,χ�
(0)
odd(μ, m)

= 4eλA�
(0)
odd(μ, m). (79)

Here CS
gr is the coefficient multiplying ẑ × ∂tA in the

graphene charge current, and the superscript S denotes the
Semenoff mass pattern. Using the controlled local coefficient
in Sec. IV B,

CS
gr = −eλA

π
Fμm, Fμm =

{
sgn(m), |μ| � |m|
m/|μ|, |μ| > |m|. (80)

This is a graphene-level result, not a one-cone statement. It
predicts a real charge response because the two valleys add
after the spin sum. For the flexural wave of Eqs. (60) and (80)
gives

jS
y,gr (x, t ) = −eλA

2π
Fμm ωq3h2

0 cos(2qx − 2ωt ), (81)

up to the global sign convention stated below Eq. (54).
Equation (81) is the sharp experimentally detectable predic-
tion for realistic gapped graphene emphasized in this work.
It gives a transverse charge current at twice the mechanical
drive frequency. Its phase reverses when the sublattice mass
reverses, while in the doped local regime its magnitude scales
as |m|/|μ|. A gate sweep therefore provides a direct test:
after the Fermi level leaves the gap, the signal decreases as
1/|μ| while keeping the same geometric ωq3h2

0 dependence.
Because the predicted current is transverse and occurs at
a generated harmonic, it can be isolated by measuring the
quadrature and phase of the 2ω electrical response rather than
by measuring a dc current.

This result is the clearest bridge from the single-cone
anomaly to an electrical experiment in graphene. The valley-
odd coupling supplies one sign, the opposite valley chirality
supplies the opposite sign, and their product is valley even.
Spin then simply doubles the charge signal.

There are therefore several experimentally distinct
regimes. The same one-cone anomaly can appear as
different physical currents after the lattice symmetries
are restored. This point is particularly relevant for gapped
graphene on aligned substrates and for valley-selective
collective modes, where mass pattern and valley content
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are part of the observable physics [47,48]. A substrate or
interaction-driven order that generates a noncanceling mass
pattern gives a charge current. Valley-selective pumping can
turn incomplete cancellation into a charge signal. In pristine
symmetry-balanced graphene the charge response cancels,
but the same calculation predicts a valley current whose two
valley components flow with opposite signs.

IX. SCALING AND OBSERVABILITY

In the formulas above, we set h̄ = 1. Restoring vF amounts
to using

QR =
√

(vF |q|)2 − (ω + i0+)2. (82)

If the Hamiltonian is written as

H = vF σi[−i∂i − eAi] + σiAi + mσz, (83)

then Ai/vF has the same dimension as an electromagnetic
vector potential. In practice, the safest procedure is to keep
λA explicit and fix it from the microscopic hopping model or
from a tight-binding calibration.

For a flexural wave the anomaly-current scale is

| jy| ∼ |eλA�odd|ωq3h2
0. (84)

The scaling is robust even when the microscopic prefactor is
model dependent because it follows from geometry and from
the mixed Chern-Simons tensor structure. The effect grows
with frequency, slope qh0, and curvature q2h0. The continuum
expansion requires

qh0 	 1, qu0 	 1, (85)

and the low-energy Dirac description requires momenta well
below the inverse lattice spacing.

A realistic measurement must separate the parity-odd sig-
nal from parity-even backgrounds. Useful diagnostics are the
transverse direction, the sign reversal under m → −m, the
m/|μ| dependence in the doped regime, and the harmonic
content: the pure flexural response occurs at 2ω, while the
ripple-assisted response occurs at ω. These signatures are
insensitive to the nonuniversal value of λA, although the ab-
solute magnitude is not. High-mobility and ballistic graphene
devices are therefore natural settings for testing the effect
because the clean-limit transverse response is least obscured
by disorder-induced relaxation [45,46].

For sublattice-gapped graphene with a valley-odd deforma-
tion gauge coupling, such as a graphene-hBN device in which
the substrate opens a sublattice gap, the one-cone caveat is
removed: the spin-valley sum gives the charge coefficient in
Eq. (80). The experimentally relevant scale of the pure flexural
signal is therefore

∣∣ jS
y,gr

∣∣ = e|λA|
2π

|Fμm|ωq3h2
0. (86)

To give an order-of-magnitude estimate, we write λA =
αAh̄vF , where αA is a dimensionless microscopic constant.
Taking αA ∼ 1, vF � 106 m/s, 2|m| = 40 meV, q = 107 m−1,
h0 = 10 nm, and f = 100 MHz, Eq. (81) gives on the in-
sulating plateau | jy| ∼ 1.6 µA/m. For a 5-µm device this

corresponds to a current of order 8 pA. In the doped regime
the result is reduced by the factor |m|/|μ|. The absolute value
scales linearly with the nonuniversal parameter αA.

This expression contains three robust tests that do not re-
quire knowing λA precisely. First, the signal is transverse and
appears at 2ω. Second, its phase changes by π if the sublattice
mass changes sign. Third, in the doped local regime,

jy(μ1)

jy(μ2)
= |μ2|

|μ1| , |μ1,2| > |m| (87)

for fixed deformation and fixed mass. This gate dependence is
a sharp way to separate the Berry-curvature anomaly channel
from ordinary geometric backgrounds, which need not follow
the same 1/|μ| law. In practice, one can drive a known ripple
mode, detect the transverse electrical response with a lock-
in amplifier at 2ω, and then repeat the measurement while
sweeping the gate through the gap. The expected pattern is
overconstrained: the phase is fixed by the mass domain, the
frequency by the deformation geometry, and the gate depen-
dence by the Berry curvature of the massive Dirac bands.

A useful experimental sequence is therefore as follows:
first identify the generated harmonic, then rotate or redesign
the deformation to confirm the transverse direction, and finally
sweep the gate voltage. The full anomaly signature is the
combination of these tests, not just a single nonzero voltage.

The current in Eq. (53) is a local conserved current. For
an infinite periodic traveling wave its spatial average over one
period is zero; this is not a uniform dc transport current. It
can nevertheless be probed by local current or magnetic-field
probes, by finite wave packets, by edge accumulation in a
bounded sample, or by radiation at the generated harmonic.
The theory predicts the local source term and its symmetry;
the conversion into a contact signal depends on boundary
conditions and device geometry.

Inside the gap this response is not an ordinary transport
current of free carriers. It is a polarization, or Berry-curvature,
current of the filled valence band. In a finite sample it can
therefore be read out through oscillating edge charge or
displacement current into the contacts, as well as by local
magnetic probes. For the parameters estimated above, an ef-
fective capacitance of 5–50 fF corresponds to an ac voltage
of order 0.1–1 µV. Consequently, the proposed gate sweep
remains meaningful also while the chemical potential lies
inside the gap.

These measurement requirements are compatible with
existing experimental progress in strained graphene. Large
strain-induced pseudomagnetic fields have been observed in
graphene nanobubbles, reaching values above 300 T [17],
demonstrating strong coupling between controlled deforma-
tion and Dirac electrons. Dynamical strain has also been gen-
erated in graphene by surface acoustic waves at frequencies
of hundreds of MHz, while recent graphene nanomechanical
experiments have demonstrated phase-sensitive detection of
high-frequency mechanical motion. These developments in-
dicate that controlled dynamical deformation and harmonic
lock-in detection required for the proposed transverse re-
sponse are experimentally accessible.
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X. DISCUSSION AND CONCLUSIONS

We have derived a finite-frequency electromechanical re-
sponse generated by the parity-odd determinant of massive
Dirac fermions in a deformed graphene sheet. The key phys-
ical point is simple. A deformation produces an emergent
gauge field Aμ for the Dirac quasiparticles. Because this
field couples to the same current as the electromagnetic
vector potential, the ordinary parity-odd current-current bub-
ble immediately becomes a mixed electromagnetic-phonon
response.

The main result is Eq. (47). It is a mixed Chern-Simons
relation between the electromagnetic current and the deforma-
tion gauge field. Equivalently, Eqs. (50) and (51) state that the
emergent phonon flux binds charge and the emergent phonon
electric field drives a transverse current. In one insulating cone
the coefficient is fixed by the sign of the mass. In a doped cone
the local coefficient becomes −m/(4π |μ|), so the signal de-
creases as the chemical potential moves away from the gap. In
the homogeneous optical limit the same coefficient becomes
complex above the Pauli-blocked interband threshold, which
gives a direct route to dissipative finite-frequency physics.

The phonon predictions are also main results. A trav-
eling flexural wave produces a second-harmonic transverse
current proportional to ωq3h2

0 [Eq. (62)]. The factor q3h2
0

has a clear geometric origin: it is a slope times a curvature.
A static ripple mixed with a dynamic phonon produces a
fundamental-frequency transverse current [Eq. (69)] because
the static ripple supplies one power of the deformation. Two
noncollinear modes generate charge modulation only when
they produce a nonzero emergent phonon flux [Eq. (74)]; in
particular, equal-wavelength ideal plane waves do not suf-
fice. These selection rules are useful experimental diagnostics
because they separate the parity-odd response from ordinary
longitudinal deformation-potential effects.

The final main point is the spin-valley sum. The anomaly
of a single cone is not automatically a charge anomaly in
graphene. The observed channel depends on the valley chiral-
ity, the mass pattern, and the valley parity of the deformation
coupling. For some mass and coupling patterns the response
adds as a charge current. For others it cancels in charge but
survives as a valley, spin, or spin-valley current. This cancel-
lation structure is not a limitation of the theory; it is a sharp
symmetry prediction.

The most direct graphene charge-current prediction occurs
for a Semenoff mass and a valley-odd deformation gauge cou-
pling. This situation is relevant to sublattice-gapped graphene,
including graphene-hBN devices, driven by ordinary strain
pseudogauge fields. In that case the valley chirality and the
valley-odd coupling compensate each other, so the two valleys
and two spins give the coefficient CS

gr = −(eλA/π )Fμm. A
traveling flexural wave then generates the transverse charge
current in Eq. (81). The experimentally sharp signatures are
a 2ω electrical response, a phase reversal with the sign of the
sublattice mass, and a crossover from an insulating plateau to
a 1/|μ| gate dependence in the doped local regime.

The response derived here should be testable by look-
ing for transverse harmonic currents, edge accumulation in
finite samples, local magnetic fields generated by the circu-
lating current, or radiation at the generated harmonic. For the

charge-adding graphene case, the cleanest protocol is a lock-in
measurement at twice the flexural drive frequency, followed
by a gate sweep through the gap and into the doped regime.
The experiment does not need to know the microscopic value
of λA in order to identify the effect: the robust signatures are
the transverse direction, the sign change under m → −m, the
insulating plateau followed by the m/|μ| doped-regime decay,
and the harmonic selection rules imposed by the deformation
geometry. Observing this full set of signatures would provide
a direct electrical probe of the parity-odd electromechanical
response of gapped graphene.

The broader message is that lattice geometry can probe the
same Berry-curvature physics that is usually accessed by elec-
tromagnetic fields. Deformed graphene therefore provides a
mechanical handle on a topological response: by shaping and
driving the sheet one can select the frequency, momentum,
and spin-valley channel of the anomaly-induced current.
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APPENDIX A: DERIVATION OF THE
DEFORMATION VERTICES

The induced gamma matrices on the deformed sheet are

γ̂ a = ∂aX · σ. (A1)

Expanding Eq. (13) about a flat sheet gives

γ̂ a = σa + (∂au j )σ j + · · · . (A2)

After symmetrizing derivatives in the Hamiltonian, the lead-
ing correction has the form

iTjaσ j∂a, Tja = −∂au j + · · · . (A3)

The spin connection and curvature pieces generate the scalar
and gauge vertices. Keeping the terms required in the main
text,

M = 1
2∇2h + O(u∂2h, ∂u∂h), (A4)

Aa = − 1
2 [(∂ah)∇2h + (∇2ub)(∂aub + ∂bua)] + · · · . (A5)

The omitted terms are higher order in gradients and can be
restored from the full geometric Hamiltonian when a specific
deformation geometry requires them.
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APPENDIX B: CURRENT-CURRENT BUBBLE

For μ = 0, the parity-odd contribution follows from the
last term of Eq. (34):

�
μν
odd = − 2imεμνρqρ

∫ 1

0
dx

×
∫

d3�

(2π )3

1

[�2 + m2 + x(1 − x)Q2]2
. (B1)

Using ∫
d3�

(2π )3

1

(�2 + �)2
= 1

8π
√

�
, (B2)

we obtain

�
μν
odd = −iεμνρqρ

m

4π

∫ 1

0

dx√
m2 + x(1 − x)Q2

. (B3)

The remaining parameter integral is∫ 1

0

dx√
m2 + x(1 − x)Q2

= 2

Q
arctan

Q

2|m| , (B4)

which gives Eq. (37) after matching to the tensor decomposi-
tion (32).

The even part is transverse in a gauge-invariant regulariza-
tion. Terms odd in the shifted loop momentum vanish, and the
nontransverse part is removed by the same regularization that
enforces the Ward identity,

qμ�μν = 0. (B5)

This gives Eq. (39).

APPENDIX C: FINITE-DENSITY LOCAL
AND OPTICAL LIMITS

The local doped result can be derived without using
Lorentz invariance. For the massive Dirac Hamiltonian, the
band energies are

Es,k = sEk, Ek =
√

v2
F k2 + m2, s = ±1. (C1)

The Berry curvature of band s is

�s(k) = −s
mv2

F

2E3
k

. (C2)

With our current convention, the intrinsic odd coefficient is
the occupied Berry-curvature integral. At T = 0 this gives

�R
odd(0, 0; μ, m) = − m

4πEμ

, Eμ = max(|m|, |μ|), (C3)

which is Eq. (43).
The homogeneous optical limit follows from the interband

Kubo formula. Pauli blocking sets the lower interband energy
to Eμ. The odd coefficient is

�
R,opt
odd (ω; μ, m) = − m

4π

∫ ∞

Eμ

dE

E2 − (ω + i0+)2/4
. (C4)

Evaluating the integral gives Eq. (45). The logarithm shows
explicitly how the real Hall coefficient at low frequency
turns into a complex optical response above the threshold
|ω| = 2Eμ.

APPENDIX D: DERIVATIONAL CONSISTENCY CHECKS
FOR A MICROSCOPIC CALCULATION

This Appendix derives the checks that a microscopic tight-
binding or numerical Kubo calculation must satisfy in order
to reproduce the continuum response. The derivations are
included to make clear which parts of the result are univer-
sal and which part must be calibrated microscopically. The
only nonuniversal quantity is the value of λA; the tensor
structure, the limiting coefficients, and the harmonic selection
rules follow from gauge invariance, Berry curvature, and the
geometric form of the deformation gauge field.

First consider gauge invariance. On the lattice the elec-
tromagnetic current vertex is obtained by differentiating the
inverse Green function with respect to the vector potential. In
the continuum limit this gives the Ward identity

qμ�μ(k + q, k) = G−1(k + q) − G−1(k). (D1)

Multiplying Eq. (D1) into the current-current bubble gives

qμ�μν (q) = −
∫

k
tr{[G−1(k + q) − G−1(k)]

× G(k + q)�ν (k, k + q)G(k)}. (D2)

The two terms reduce to the same integral after shifting the
loop momentum, provided the regularization preserves gauge
invariance. Hence,

qμ�μν (q) = 0. (D3)

This identity is the microscopic origin of current conservation
in Eq. (52). A numerical calculation that violates Eq. (D3)
is not measuring the Chern-Simons response alone; it still
contains gauge-noninvariant cutoff artifacts or inconsistent
current vertices.

The second check is the anomaly coefficient of one insu-
lating cone. Taking Q → 0 in Eq. (36) gives

�E
odd(0; m) = − m

4π

∫ 1

0

dx

|m| = − sgn(m)

4π
. (D4)

This half-quantized value is the one-cone parity anomaly. A
full honeycomb lattice has two valleys, so the physical charge
response is obtained only after summing the valley orienta-
tions, masses, and deformation couplings as in Eq. (78). Thus,
a microscopic calculation should not compare a two-valley
lattice result with Eq. (D4) directly. It should compare each
valley-resolved contribution with Eq. (D4) and then perform
the symmetry sum.

The third check is the doped local limit. At finite density
Lorentz invariance is absent, so a lattice calculation at finite ω

and finite q should not collapse onto a single function of QR.
In the local Hall limit, however, the result is fixed by Berry
curvature. Using Eq. (C2), the occupied-state integral gives

�R
odd(0, 0; μ, m) =

∫
d2k

(2π )2

∑
s

nF (Es,k − μ) �s(k)

= − m

4πEμ

. (D5)

For |μ| > |m| this becomes −m/(4π |μ|). A microscopic cal-
culation should approach this value in the order of limits
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appropriate to a local Hall coefficient, with |ω| and vF |q| small
compared with Eμ and away from particle-hole continua.

The fourth check concerns static deformations. The
anomaly-induced charge and current are

ρan = eλA�R
oddBA, jan = −eλA�R

odd ẑ × EA. (D6)

A static pure-gauge deformation has EA = 0 and BA = 0.
Equation (D6) then gives no anomaly-induced charge and no
anomaly-induced current. If a microscopic calculation finds a
local equilibrium current in such a geometry, that current must
be a magnetization, boundary, or parity-even background
contribution rather than the mixed Chern-Simons transport
current studied here.

The fifth check is the harmonic content of the deformation
profiles. For the flexural wave h = h0 cos(qx − ωt ), the gauge
field is quadratic in the deformation,

Ax = −1

2
(∂xh)

(
∂2

x h
) = −q3h2

0

4
sin[2(qx − ωt )], (D7)

and therefore the transverse current is at 2ω. In contrast, if
h = hs cos Qx + hd cos(qx − ωt ), the cross term proportional
to hshd is linear in the dynamic amplitude and oscillates at
ω. A microscopic calculation should reproduce this frequency

conversion. It is a direct consequence of the geometric form of
Ax, not of a special property of the continuum approximation.

The sixth check is the phonon flux generated by two non-
collinear modes. Starting from Eq. (73) and taking the curl
gives

B(12)
A = h1h2

2

(
q2

1 − q2
2

)
(q1 × q2)z sin φ1 sin φ2. (D8)

Thus, a two-dimensional orientation factor is necessary but
not sufficient: the two ideal plane waves must also have un-
equal Laplacian eigenvalues, or the deformation profile must
be more general than two equal-wavelength plane waves. A
numerical calculation should see no anomaly-induced charge
density when this flux vanishes.

Together these derivations give a compact protocol for a
microscopic test. Compute the lattice current-current response
with gauge-invariant current vertices, calibrate λA from the
deformation-induced Dirac-point shift, separate valley and
spin contributions, and then verify Eqs. (D3)–(D5), (D7), and
(D8). Passing these checks would establish that the lattice
calculation is measuring the same anomaly-induced elec-
tromechanical response as the continuum theory.
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