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Microscopic theory of Anderson localization of electrons in random lattices
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The existence of Anderson localization, characterized by vanishing diffusion due to strong disorder, has been
demonstrated in numerous ways. A systematic approach based on the Anderson quantum model of the Fermi gas
in random lattices that can describe both diffusive and localized regimes has not yet been fully established. We
build on a recent publication [V. Janiš, New J. Phys. 27, 073503 (2025)] and present a microscopic theory
of disordered electrons that covers both the metallic phase with extended Bloch waves and the localized
phase, where a propagating particle forms a quantum bound state with the hole left behind at the origin. The
general theory provides a framework for constructing controlled approximations to one- and two-particle Green
functions that satisfy the necessary conservation laws and causality requirements across the full range of disorder
strength. It is used explicitly to derive a local, mean-field-like approximation for the two-particle irreducible
vertices, enabling quantitative analysis of the solution’s dynamic properties in both metallic and localized phases,
including critical behavior at the mobility edge. A new instability line for the dynamical electron-hole correlation
function of the metallic phase is introduced.

DOI: 10.1103/lwpp-f2zb

I. INTRODUCTION

Anderson formulated a simple model of the propagation
of a quantum particle in a random lattice [1]. His solution, in
which diffusion is suppressed over long distances when dis-
order is sufficiently strong, is known as Anderson localization
and sparked tremendous interest in the physics community.
Early research focused on locating the mobility edge between
extended and localized states of the Fermi gas in models
of disordered alloys [2–7]. The vanishing of diffusion was
attributed to a zero of the static electric conductivity. Based
on qualitative considerations and experimental evidence, Mott
suggested a scenario of a discontinuous metal-insulator transi-
tion at the mobility edge with a minimal metallic conductivity
[4,8]. Symmetry arguments and the apparent short-range be-
havior of the averaged resolvent led to a conjecture that the
critical behavior of interacting matrices, nonlinear σ model,
may simulate the mobility edge behavior in dimensions 2 + ε

[9–11].
The analogy between the Anderson localization transition

and the critical behavior of phase transitions in statistical
mechanics was supported by scaling arguments in Ref. [12].
Since then, the focus has shifted from the original Ander-
son quantum model of disordered noninteracting electrons to
classical statistical mechanical models, allowing the use of
established techniques for studying the critical behavior of
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interacting systems, such as scaling properties and universal-
ity classes [13]. The models differed in the universality class
[10] or the underlying lattice [6]. In particular, a solution
on the Bethe lattice with infinite coordination number was
considered a mean-field solution of the Anderson localization
transition. Unlike regular lattices, the critical behavior at the
localization transition was found to be exponential [14,15].
The exponential critical behavior was later shown to be an
artifact of the Bethe lattice [16]. Moreover, the mean-field so-
lution on the Bethe lattice was later shown to miss the correct
high-dimensional limit of the Cayley tree [17,18]. The Bethe
lattice is the infinite limit of a regular random graph [19], and
the concept of Anderson localization was then extended to
random graphs [20–23].

Random matrix models in low spatial dimensions, d � 2,
were known to exhibit a localized spectrum [24]. The exis-
tence of the Anderson localization transition and the mobility
edge in dimensions d > 2 was proved rigorously [25]. Nu-
merical simulations in d = 3 complemented the mathematical
proof [26,27]. The concept of Anderson localization has since
broadened beyond its original formulation in charge diffusion
and has been extended to light propagation [28,29], the local-
ization of thermal phonons [30], and the Anderson transition
in cold atoms [31].

All these approaches focused on the critical behavior of
Anderson localization in the insulating phase. They use either
localized states or a diverging scale, namely the localization
length. They are inapplicable in the metallic phase, where no
evident diverging scale exists. Instead, the limit of the static
conductivity to zero has been used to indicate the Anderson
localization transition. To find a theory of the Anderson lo-
calization transition approached from the metallic phase, the
diagrammatic expansion in the Anderson model of disordered
electrons, together with Green functions, was used to derive
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a self-consistent theory for the diffusion constant that turns
zero at the localization transition [32–36]. It has been assumed
to be an effective mean-field-like theory, for which, however,
systematic extensions have not yet been found.

Over the past six decades, we have gained significant
insights into the Anderson localization transition and its as-
sociated critical behavior in the localized phase, characterized
by a diverging localization length. However, not all questions
about the origin of the localized phase have been answered.
First, the critical scale is defined only in the localized phase.
Second, no order parameter analogous to those in statistical
mechanics has been identified. Third, the microscopic origin
of the localized states, as described by the Anderson model,
remains unexplained in the existing approaches.

The path to a microscopic theory of Anderson localization
is to use the original model of a Fermi gas on a random
lattice and solve it in a controlled manner. This is achieved by
diagrammatically expanding the random potential in the av-
eraged one- and two-particle resolvents. The well-established
local mean-field theory for the electronic properties of random
alloys, the coherent-potential approximation (CPA) [37,38],
does not lead to Anderson localization. A controlled way to
go beyond the local approximation is to take the limit where
the spatial dimension tends to infinity. The first fully self-
consistent perturbation theory for single-electron properties,
exact in infinite spatial dimensions, was shown to be equiva-
lent to CPA [39,40]. It misses vertex corrections to the Drude
conductivity and is unfit to describe Anderson localization
[41,42]. Vertex corrections that diminish the electric conduc-
tivity are caused by backscattering and nonlocal correlations
missed by the CPA [43,44].

The charge diffusion and its vanishing depend on how
far a particle can propagate in a random environment. This
information is not contained in the one-particle self-energy.
It is the electron-hole correlation function, derived from the
two-particle Green function, that carries information about
the origin of electron propagation. It is determined from
a Bethe-Salpeter equation with a two-particle irreducible
vertex. The Anderson localization transition is signaled
by a bifurcation point at which a new solution for the
two-particle vertex emerges. Self-consistent nonlinear equa-
tions for the two-particle vertex must be used to see the
bifurcation in the two-particle vertex [45]. We earlier used
the parquet construction, combining Bethe-Salpeter equa-
tions for nonlocal irreducible vertices in the electron-hole
and electron-electron scattering channels, to introduce a two-
particle self-consistency [46,47]. This approach is similar
to Refs. [32,33,36], which replaced the full two-particle
self-consistency of the parquet equations for the irreducible
vertices with a self-consistent equation for the dynamical
diffusion coefficient. We identified a critical point that re-
sembles the Anderson localization transition. Our solution,
however, seemed unphysical since it did not obey the nec-
essary Ward identity of Ref. [33] between the self-energy
and the irreducible electron-hole vertex. This Ward identity
guarantees the correct low-energy asymptotics of the diffusion
pole in the density response function of the metallic phase.
The dynamical vertex in the perturbation expansion must
be causal so that the related self-energy has the demanded
analytic properties. We showed that microscopic causality is

incompatible with the macroscopic Ward identity [48,49]. The
observed macroscopic quantities, the electron-hole correlation
function and conductivity, must conform to the conservation
laws. We showed how a conserving vertex complying with the
desired Ward identity is obtained from the dynamical one of
the perturbation theory in Ref. [50]. This addition enabled us
to establish a controlled method for relating the outcome of
microscopic perturbation theory to macroscopic observables.
It opened a route towards a consistent microscopic theory of
Anderson localization.

The first step toward a fully controllable microscopic the-
ory of Anderson localization was taken in a recent publication
[51]. A local approximation to the two-particle irreducible
vertex in the parquet equations led to a critical point in
the metallic phase of the Anderson model of disordered
electrons. The critical point was identified with the Anderson
localization transition. The diverging scale at the transition
point was identified as the frequency derivative of the dy-
namical electron-hole irreducible vertex, or the dynamical
conductivity. It was found to match the divergence of the
localization length on the other side of the Anderson local-
ization transition. The most fundamental conclusion of this
paper was that the localized state is a quantum bound state of
the propagating electron and the hole left at the beginning of
its motion.

This paper builds on Ref. [51] to present a fully con-
trollable microscopic theory of Anderson localization based
on self-consistent nonlinear equations for two-particle ir-
reducible vertices, derived from the parquet theory that
interconnects multiple scattering in the electron-hole, diffu-
son, and electron-electron, cooperon channels. We show that,
to reach the critical point signaling a transition to the localized
phase, two-particle functions must contain more information
than that provided by the self-energy. The localized phase
contains quantum bound states characterized by a new order
parameter that induces a gap in the two-particle vertex func-
tion. Because there is no condensation of the bound states,
no gap appears in the one-particle self-energy. We present
details of the localized bound states, determine the threshold
energy for bond breaking, and describe how the localized
state converts into a metal. We also discuss the relationship
between the microscopic dynamical quantities derived from
perturbation theory and the macroscopic observables that
obey conservation laws. We further specify the extent to which
the Ward identities are valid in the metallic and localized
phases. We demonstrate that linear-response theory breaks
down in the localized phase and that static theories cannot
fully describe Anderson localization. Finally, we discuss the
relationship between the dynamical conductivity, the electron-
hole correlation function, and the complex diffusion function
in both metallic and localized phases.

The paper is structured as follows. The basic definitions,
exact relations, and restrictions required to obtain a consistent
solution of the Anderson model for disordered electrons in
terms of the averaged one-particle and two-particle Green
functions are summarized in Sec. II. The important pieces
of the derivation of a consistent mean-field approximation
that yields the Anderson localization transition, presented in
earlier publications (Refs. [44–47,50]), are summarized in
Sec. III. The detailed dynamical properties of this solution and
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how to obtain measurable quantities near the mobility edge
and in the localized phase are discussed in Sec. IV. The impact
and consequences of the presented mean-field solution on
understanding Anderson localization are discussed in Sec. V.

II. MODEL AND FUNDAMENTAL RELATIONS

A. Hamiltonian and averaged resolvent

The microscopic theory of Anderson localization of elec-
trons in random alloys will be formulated for the tight-binding
Hamiltonian

Ĥ =
∑
〈i j〉

ti j ĉ
†
i ĉ j +

∑
i

Vîc
†
i ĉi. (1)

The atomic potential Vi is independently and identically dis-
tributed across sites. The two terms in the Hamiltonian do not
commute, and the model is fully quantum mechanical.

We assume the validity of the ergodic hypothesis, which
states that spatial averaging is equivalent to configurational
averaging. Consequently, all physical quantities in the ther-
modynamic limit will be configurationally averaged and
translationally invariant. The averaged functions of interest,
which determine all relevant physical quantities, are the one-
particle and two-particle resolvents in the complex energy
plane. The matrix representation of the one-particle resolvent
for complex energy z = E + iη in direct space reads

G(1)
i j (z) =

〈[
ẑ1 − Ĥ

]−1

i j

〉
av

, (2)

where the angular brackets 〈. . .〉av indicate configurational
averaging. Averaging restores translational invariance, and we
can represent the averaged resolvent in the Hilbert space of
wave vectors. Its wave vector representation is

Gk(z) = 1

N

∑
i j

e−i(Ri−Rj )k
〈[

ẑ1 − Ĥ
]−1

i j

〉
av

= 1

z − ε(k) − �k(z)
, (3)

where ε(k) is the lattice dispersion relation. The second
equality is the Dyson equation, which introduces the self-
energy, �k(z), that contains all information about the impact
of the random potential on electron propagation. The aver-
aged one-particle Green function determines the electronic
structure and spectral properties of the Fermi gas in a random
lattice. It contains no information about the extent of the con-
figurationally dependent electron wave functions at the given
energy, z = E + i0+.

B. Two-particle vertex and electron-hole correlation function

The extent of the eigenstates of the random Hamiltonian
affects the two-particle resolvent or the averaged two-particle
Green function. The two-particle Green function for nonin-
teracting particles in a random potential generally has two
complex energies z1 and z2:

G(2)
i j,kl (z1, z2) =

〈[
z1̂1 − Ĥ

]−1

i j

[
z2̂1 − Ĥ

]−1

kl

〉
av

. (4)

The indices i, j, k, l correspond to the lattice sites with posi-
tions Ri, R j, Rk, Rl , respectively.

The behavior of the two-particle Green function with
energies z1 ≡ E+ = E + ω/2 + i0+ and z2 ≡ E− = E −
ω/2 − i0+ is decisive in determining whether the eigenstates
of the random Hamiltonian are localized or extended. Here
E is the Fermi energy and ω is the transfer energy between
particle and hole. These energies characterize the electron-
hole resolvent GRA, the wave-vector representation of which
is

GRA
kk′ (E ; ω, q) = 1

N

∑
i jkl

e−ik·Ri eik′ ·R j e−i(k′−q)·Rk ei(k−q)·Rl G(2)
i j,kl

× (E + ω/2 + i0+, E − ω/2 − i0+), (5)

with the Fermi energy E . The transfer energy ω and wave
vector q are conserved during the scattering processes when
the two-particle Green function is decomposed into elemen-
tary scattering events. The dynamical variables affected by the
random potential are wave vectors k and k′.

The averaged two-particle Green function GRA
kk′ (E ; ω, q)

contains the uncorrelated propagation of two particles, the
product of the averaged retarded and advanced propagators,
GR

k (E+) and GA
k+q(E−), with E± = E ± ω/2, and a disorder-

induced vertex correction

GRA
kk′ (E ; ω, q) = GR

k (E+)GA
k−q(E−)

[
Nδkk′ + KRA

kk′ (E ; ω, q)

× GR
k′ (E+)GA

k′−q(E−)
]
. (6)

The two-particle vertex KRA obeys an integral Bethe-Salpeter
equation, an analog of the one-particle Dyson equation,

KRA
kk′ (E ; ω, q) = LRA

kk′ (E ; ω, q) + 1

N

∑
k′′

LRA
kk′′ (E ; ω, q)

× GR
k′′ (E+)GA

k′′−q(E−)KRA
k′′k′ (E ; ω, q), (7)

where LRA is the electron-hole irreducible vertex, an electron-
hole self-energy. The electron-hole vertex, with all its
variables, is important for the microscopic description. The
problem of a particle moving in an infinite lattice with random
atomic potentials is solved completely if we know the one-
particle self-energy �R

k (E ) and the electron-hole irreducible
vertex LRA

kk′ (E ; ω, q).
The variables of the electron-hole vertex include micro-

scopic, dynamical variables, such as wave vectors k and k′,
as well as macroscopic, conserved quantities: Fermi energy
E , transfer energy ω, and transfer wave vector q. The micro-
scopic variables cannot be neglected in the microscopic theory
of Anderson localization, but they affect global, measurable
quantities, such as conductivity or diffusion, only through
averaging. The fundamental function for determining the mea-
surable transport properties is the electron-hole correlation
function, defined as

�RA(E ; ω, q) = 1

N2

∑
kk′

GRA
kk′ (E ; ω, q). (8)

It is not, however, directly derivable from the microscopic
theory. It is obtained from the electron-hole irreducible vertex
LRA

kk′ (E ; ω, q) by using the Bethe-Salpeter equation (7) and
Eq. (6).

We use the Bethe-Salpeter equation (7) to obtain the dom-
inant contribution to the electron-hole correlation function in

104207-3



VÁCLAV JANIŠ PHYSICAL REVIEW B 113, 104207 (2026)

the low-energy limit ω, q → 0. We determine the eigenvec-
tors of the symmetrized version of the integral kernel in this
equation. That is, we find normalized vectors φS

k (E ) that sat-
isfy the following equations:

S(E )φS
k (E ) = 1

N

∑
k′

GR
k (E )LRA

kk′ (E ; 0, 0)GA
k′ (E )φS

k′ (E ), (9a)

1 = 1

N

∑
k

∣∣φS
k (E )

∣∣2. (9b)

Generally, the eigenvalues S(E ) � 1 in the metallic phase.
The low-energy asymptotics of the electron-hole vertex pro-
jected to the eigenstate |φS〉 is

〈φS|GRKRA(E ; ω, q)GA|φS〉 → S(E )

DS (E ; ω, q)
(10)

with

DS (E ; ω, q) = 1 − 1

N2

∑
k,k′

φS∗
k (E )GR

k+ (E+)

× LRA
kk′ (E ; ω, q)GA

k′−
(E−)φS

k′ (E ). (11)

We assumed that the low-energy limit is dominated and
controlled by the irreducible vertex LRA

kk′ (E ; ω, q) in the de-
nominator DS (E ; ω, q), without changing the eigenvector
φS

k (E ). The eigenvector |φ〉 with the maximal eigenvalue
S(E ) = 1 then determines the low-energy asymptotics of the
electron-hole correlation function. It is

�RA(E ; ω, q) → |χ (E )|2
D(E ; ω, q)

. (12a)

with

χ (E ) = 1

N

∑
k

φk(E )GA
k (E ). (12b)

It is easy to see that the electron-hole correlation function
has a pole: D(E ; 0, 0) = 0. It is essential, however, to know
how the pole is approached as ω, q → 0.

C. Ward identities, diffusion pole, and generalized
Einstein relation

We must know the dynamical electron-hole Green func-
tion GRA

kk′ (E ; ω, q) to determine the electron-hole correlation
function and the transport properties of the model. It depends
on the one-particle Green functions GR

k (E+) and GA
k (E−). The

solution of the two-particle functions cannot be disconnected
from that of the one-particle Green function. The one-particle
and two-particle functions are connected via Ward identities.
There are two of them for the Fermi gas in random lattices.

Velický derived the first one within the mean-field,
coherent-potential approximation [41]. It holds only for the
zero transfer wave vector, q = 0, and arbitrary frequency.

1

N

∑
k′

GRA
kk′ (E ; ω, 0) = 1

ω

[
GR

k (E+) − GA
k (E−)

]
. (13)

It was derived nonperturbatively but holds only if the two-
particle Hilbert space can be spanned by sums of products
of Bloch waves with real wave vectors k and k′. This means
that the two-particle space contains only scattering states and

no quantum bound states. This Ward identity guarantees that
the wave-function norm is conserved in the Hilbert space
of extended states. It prevents a transition to spatially local-
ized states.

The other Ward identity was introduced by Vollhardt and
Wölfle [33] who proved that

��k(E ; ω, q) = 1

N

∑
k′

LRA
k,k′ (E , ω; q)�Gk′ (E ; ω, q), (14a)

where

�Gk(E ; ω, q) = GR
k (E+) − GA

k−q(E−), (14b)

��k(E ; ω, q) = �R
k (E+) − �A

k−q(E−). (14c)

This equality was derived from the perturbation expansion
of the self-energy in the one-particle Hilbert space. It holds
for arbitrary transfer frequencies ω and momenta q. It is
unrelated to the Velický identity and guarantees macroscopic
particle conservation. It holds in the metallic phase, where the
perturbation expansion in powers of the random potential is
applicable and convergent.

Both Ward identities have a substantial effect on
the electron-hole correlation function in the metallic
phase. They restrict the low-energy asymptotics to the
following form:

�RA(E ; ω, q)
.= 2πn(E )

−iω + A(E ; ω)ω2 + D(E ; ω, q)q2
, (15)

where

n(E ) = − 1

N

∑
k

∫ ∞

−∞

dω

π
f (ω)

∂

∂E
	GR

k (E + ω) (16)

is the density of the electron states at temperature T and
energy E , and f (E ) is the Fermi function. The denominator
of the electron-hole correlation function contains the diffu-
sion pole, and it vanishes in the limit ω → 0 together with
q → 0, as demonstrated in the preceding subsection. The
linear term in frequency does not depend on the disorder
strength due to particle conservation and the Ward identity
(14). This low-energy expansion is then controlled by two
disorder-dependent functions A(ω) and D(ω, q). The latter is
the generalized diffusion function, and the former time scale
was introduced in Ref. [51]. It violates the Ward identity
Eq. (13), which holds, however, only when no tunneling and
bound two-particle states may exist. As argued in Ref. [51],
Anderson localization represents a quantum bound state be-
tween the moving electron and the hole left behind, and
A(ω) → ∞ as ω → 0, indicating that the tunneling barrier
becomes effectively infinite and unpenetrable to infinite dis-
tances for the diffusing particle.

The diffusion function D(ω, q) plays a special role in
the description of diffusion. Its homogeneous, static value,
the diffusion constant D = D(E ; 0, 0), is related to the
static electrical conductivity through the Einstein relation,
σ = e2nD. Introducing the inhomogeneous dynamical con-
ductivity σ (E ; ω, q), the static Einstein relation can be
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generalized to a dynamical form using the electron-hole cor-
relation function in the low-energy asymptotics ω, q → 0:

σ (E ; ω, q) = −ie2ωn(E )D(E ; 0, 0)

−iω + A(E ; ω)ω2 + D(E ; ω, q)q2

= −ie2ω

2π
�RA(E ; ω, q)D(E ; 0, 0). (17)

The disorder-dependent coefficients in the denominator of
the electron-hole correlation function in Eq. (15) are pro-
portional to second derivatives A(E ; ω) ∝ ∂2D(E ; ω, 0)/∂ω2

and D(E ; ω, q) ∝ ∇2
qD(E ; ω, q), as follows from Eq. (12).

The eigenvalue S(E ) = 1 and the first frequency deriva-
tive ∂D(E ; ω, 0)/∂ω evaluated at ω = 0 remain disorder-
independent, as exacted from the Ward identity (14).

We use this formula to assess the low-frequency limit of
the homogeneous, q = 0, dynamical conductivity

σ (E ; ω) → −ie2ωn(E )D(E )

−iω + A(E )ω2
= e2n(E )D(E )

1 + iA(E )ω
. (18)

Anderson localization is generally assumed to occur when
D → 0 for n > 0, i.e., when the static diffusion constant
vanishes. However, this is not a critical point. The disorder-
induced critical point occurs when A → ∞. This means that
the frequency derivative of the imaginary part of the dynam-
ical conductivity, or the real electric polarizability, diverges.
The width of the central peak of the real part of the dynamical
conductivity vanishes, but not necessarily its height, the static
diffusion. We argue below that this is the critical point of
the Anderson localization transition. Beyond this transition,
a new order parameter emerges in the denominator of the
electron-hole correlation function. Consequently, the diffu-
sion pole and diffusion vanish, as does the static conductivity
σ (E ; 0) = 0 calculated from the generalized Einstein relation,
Eq. (17), even if the static diffusion constant from the metallic
phase is positive, D(E ) > 0.

It is clear from the exact representation of the electron-hole
correlation function, Eqs. (10)–(12), that one cannot derive a
closed equation for either parameter A(E ; ω) or D(E ; ω, q).
The complete microscopic theory must give, apart from the
one-electron self-energy �R

k (E ), expressions for the full irre-
ducible vertex LRA

kk′ (E ; ω, q) and the eigenvector φk(E ). The
theory of Vollhardt and Wölfle, [32,33,36], which leads to a
self-consistent equation for D(E ; ω, 0), is only an effective
approximation. Its derivation is not fully microscopically con-
trolled, and it cannot be viewed as a consistent microscopic
theory of Anderson localization as long as the correspond-
ing electron-hole irreducible vertex LRA

kk′ (E ; ω, q) remains
unknown.

III. PERTURBATION EXPANSION

The complete microscopic theory of charge diffusion and
Anderson localization must determine the one-particle and
two-particle Green functions in accordance with the macro-
scopic conservation laws. Moreover, it must yield two-particle
functions that are not fully determined by the one-particle
self-energy for Anderson localization to occur. We hence in-
vert the construction of approximations suitable for describing
Anderson localization and employ a bottom-up approach, in

which we determine the self-energy from the approximated
two-particle irreducible vertex. This will be used beyond the
local mean-field theory. The mean-field irreducible vertex,
determined from the local self-energy, will serve as input to
the two-particle approach.

A. Coherent potential approximation

The CPA is the best local approximation to the self-energy.
It represents a dynamical mean-field theory for the disordered
Fermi gas [52]. It is determined for a complex energy z =
E + iη with η �= 0 from a Soven equation [37]:

G(z) = 〈[G−1(z) + �(z) − Vi]
−1〉av, (19a)

G(z) = 1

N

∑
k

G(z, k) =
∫ ∞

−∞

ρ(ε)dε

z − ε − �(z)
, (19b)

where ρ(ε) is the density of states. It is a single-site approx-
imation with multiple scattering on a single atomic potential
Vi. It does not include backscattering effects, which arise only
when distant scattering centers are included.

The coherent-potential approximation contains all infor-
mation about the random lattice in the self-energy �(z).
All higher-order irreducible vertices are local and are deter-
mined from the self-energy. Consequently, the two-particle
irreducible vertex λ(z+, z−) is determined directly from the
Ward identity (14):

λ(z+, z−) = �(z+) − �(z−)

G(z+) − G(z−)
= ��(E ; η)

�G(E ; η)
, (20)

with E = (z+ + z−)/2 and η = z+ − z−. The full two-particle
nonlocal vertex in this mean-field approximation is

Kkk′ (z+, z−; q) = λ(z+, z−)

1 − λ(z+, z−)χ (z+, z−; q)
(21a)

with the two-particle bubble

χ (z+, z−; q) = 1

N

∑
k

Gk+ (z+)Gk− (z−), (21b)

where k± = k ± q/2. The local two-particle vertex is

γ (z+, z−) = λ(z+, z−)

1 − λ(z+, z−)G(z+)G(z−)
. (22)

The electron-hole correlation function is

�RA(E ; ω, q) = χRA(E ; ω, q)

1 − λRA(E ; ω)χRA(E ; ω, q)
, (23a)

χRA(E ; ω, q) = 1

N

∑
k

GR
k+ (E+)GA

k− (E−). (23b)

It is easy to find the eigenvector of the Bethe-Salpeter
equation for the electron-hole vertex. It is φk(E ) =
GR

k (E )/
√

〈|GR|2〉, with eigenvalue S(E ) = 1, since λ(E ; 0) =
1/〈|GR|2〉. The representation (12) with this eigenvector gives
the exact result for the electron-hole correlation function,
Eq. (23).

B. Beyond the local mean field

The CPA is a good approximation for spectral one-particle
properties. It, however, does not go beyond the semiclassical
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Drude form of the electric conductivity. We must change
the strategy for calculating the averaged Green and corre-
lation functions. We replace the self-energy �R

k (E ) by the
two-particle irreducible vertex �kk′ (E ; ω, q) as the funda-
mental quantity characterizing the selected approximation.
The Dyson equation is replaced by a Bethe-Salpeter equa-
tion in the electron-hole channel, which determines the full
two-particle vertex:

�RA
kk′ (E ; ω, q) = �RA

kk′ (E ; ω, q) + 1

N

∑
k′′

�RA
kk′′ (E ; ω, q)

× GR
k′′+

(E+)GA
k′′−

(E−)�RA
k′′k′ (E ; ω, q). (24)

The electron-hole irreducible dynamical vertex �RA
kk′ (E ; ω, q)

will be determined from renormalized perturbation theory
together with the one-particle propagators GRA

k(E ). The dynam-
ical vertex �RA

kk′ (E ; ω, q) differs from the conserving vertex
LRA

kk′ (E ; ω, q) when ω �= 0 or q �= 0. Their exact relation will
be discussed later. It is important to stress that the dynamical
vertex contains more information than the self-energy, al-
though it must be related to the one-particle propagators. Only
its static homogeneous part, ω = 0 and q = 0, determines the
imaginary part of the self-energy, as demanded by the static
limit of the Ward identity (14)

	�R
k (E ) = 1

N

∑
k′

�RA
kk′ (E ; 0, 0)	GR

k (E ). (25a)

The corresponding real part of the self-energy is then calcu-
lated from the Kramers-Kronig relation


�R
k (E ) = P

∫ ∞

−∞

dω

π

	�R
k (ω)

ω − E
. (25b)

Equations (25) uniquely determine the self-energy �R
k (E )

for the given vertex function �RA
kk′ (E ; 0, 0). Unlike the

CPA, these equations determine the self-energy only for
real energies.

C. Parquet equations and two-particle self-consistency

An important aspect of diffusion in random media that
the CPA misses is backscattering. It can be included only
if the approximation contains more than a single scattering
center. The CPA accounts for all single-site scattering events
and may serve as a suitable starting point for incorporating
nonlocal effects and backscattering. We use the off-diagonal
CPA propagator as the unperturbed Green function in the
expansion beyond CPA. It is represented in the energy-wave
vector space as

Gk(z) = 1

z − ε(k) − �0(z)
−
∫ ∞

−∞

ρ(ε)dε

z − ε − �0(z)
. (26)

The random potential is replaced by the full local CPA vertex
γ (z+, z2) from Eq. (22) to determine the two-particle vertices.

Inclusion of nonlocal scattering yields a crucial improve-
ment over the local CPA. Scattering on spatially distant
random potentials enables us to distinguish between the prop-
agation of the particle, diagrammatically represented by an
oriented solid line pointing from left to right, and that of the
hole, represented by a solid line pointing from right to left.

k − q

k

k − q

k

Γeh = Λ̄eh −

k

k − q

Λ̄eh Γeh

FIG. 1. Diagrammatic representation of the Bethe-Salpeter equa-
tion for multiple scattering in the electron-hole channel (diffuson).
The two-particle vertices, labeled by wave vectors k, k′, q, are
connected by off-diagonal one-electron propagators, and the double-
primed wave vectors are summed over the Brillouin zone.

There is no preferred direction for the local CPA propaga-
tors. The one-particle functions can be described equivalently
in the particle or the hole formalism. The situation is different
at the two-particle level. The simultaneous propagation of two
particles between distinct sites, shown as parallel lines in the
diagrammatic representation, differs from the propagation of
the particle-hole pair, shown as antiparallel lines. The two pair
propagations define different two-particle irreducibility and
generate two nonequivalent representations of the two-particle
vertex via Bethe-Salpeter equations with nonlocal propagators
from Eq. (26) [45,46]. The Bethe-Salpeter integral equa-
tions represent multiple scattering in the electron-hole or
electron-electron channels and introduce distinct two-particle-
irreducible functions. The irreducible vertex �̄eh

kk′ (E ; ω, q) in
the electron-hole channel differs from the irreducible vertex
�̄ee

kk′ (E ; ω, Q) in the electron-electron channel. We denote the
bosonic vector conserved in electron-hole scattering events
q and in the electron-electron channel Q = k + k′ − q. The
Bethe-Salpeter equations in the electron-hole and electron-
electron channels are diagrammatically represented in Figs. 1
and 2, respectively. Their mathematical form is

�eh
kk′ (E ; ω, q) = �̄eh

kk′ (E ; ω, q) + 1

N

∑
k′′

�̄eh
kk′′ (E ; ω, q)

× Ḡk′′Ḡk′′−q�
eh
k′′k′ (E ; ω, q), (27a)

�ee
kk′ (E ; ω, Q) = �̄ee

kk′ (E ; ω, Q) + 1

N

∑
k′′

�̄ee
kk′′ (E ; ω, Q)

× Ḡk′′ḠQ−k′′�ee
k′′k′ (E ; ω, Q). (27b)

We distinguished the two-particle vertices by the Bethe-
Salpeter equation that determined them and by the conserving
bosonic vectors we used to characterize them. The two equa-

Q − k

k

Q − k

k

Γee = Λ̄ee −

k

Q − k

Λ̄ee Γee

FIG. 2. Diagrammatic representation of the Bethe-Salpeter equa-
tion for multiple scattering in the electron-electron channel
(cooperon). The two-particle vertices in this channel are character-
ized by wave vectors k, k′, Q. It is connected to the electron-hole
channel by inverting one of the electron lines.
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tions are identical, differing only in the transfer vectors. That
is, �eh

kk′ (E ; ω, q) = �ee
kk′ (E ; ω, k + k′ − q).

The two-particle vertex is the same on the left-hand side
of Eqs. (27), only represented in different bases. We can
hence exclude it from these equations to obtain a rela-
tion between the irreducible vertices �̄eh

kk′ (E ; ω, q) and �̄ee
kk′

(E ; k + k′ − q). They are not identical beyond the CPA. They
stand for the sum of all irreducible diagrams in the respective
channel. The second terms on the right-hand sides of Eqs. (27)
are sums of all reducible diagrams in the respective channel.
The two-particle irreducibility means that the diagram cannot
be disconnected into separate parts by cutting two particle
lines, whereby the mutual orientation of the lines is essential.
Each diagram is either irreducible or reducible in the selected
channel. Since the Bethe-Salpeter equations in the electron-
hole and electron-electron channels are nonequivalent, no
diagram can be reducible in both channels. Consequently, the
reducible diagrams from one channel are simultaneously irre-
ducible in the other [53]. Notice that the electrons and holes
are indistinguishable in the local static approximation, and the
two Bethe-Salpeter equations are identical. If Ikk′ (E ; ω, q) is
the sum of all irreducible diagrams in both channels, we obtain
a parquet equation in the basis with q being the conserved
vector in the electron-hole channel [45]

�kk′ (E ; ω, q) =�̄eh
kk′ (E ; ω, q)

+ �̄ee
kk′ (E ; ω, k + k′ − q) − Ikk′ (E ; ω, q).

(28)

We replace the fully irreducible veretex Ikk′ (E ; ω, q) by
the local CPA vertex γ (E ; ω) in what follows. The Bethe-
Salpeter equations (27) together with Eq. (28) lead to a set
of two parquet equations determining the irreducible vertices
�̄eh

kk′ (E ; ω, q) and �̄ee
kk′ (E ; ω, Q) from its input, the local CPA

vertex γ (E ; ω):

1

N

∑
k′′

[
δk,k′′ − �̄eh

kk′′ (E ; ω, q)Ḡk′′Ḡk′′−q
]

× �̄ee
k′′k′ (E ; ω, k + k′′ − q)

= 1

N

∑
k′′

[
δk,k′′ + �̄eh

kk′′ (q)Ḡk′′ (E+)Ḡk′′−q(E−)
]

× [
�̄eh

k′′k′ (E ; ω, q) − γ (E ; ω)
]
, (29a)

1

N

∑
k′′

[
δk,k′′ − �̄ee

kk′′ (E ; ω, Q)Ḡk′′ (E+)ḠQ−k′′ (E−)
]

× �̄eh
k′′k′ (k + k′′ − Q)

= 1

N

∑
k′′

[
δk,k′′ + �̄ee

kk′′ (E ; ω, Q)Ḡk′′ (E+)ḠQ−k′′ (E−)
]

× [
�̄ee

k′′k′ (E ; ω, Q) − γ (E ; ω)
]
. (29b)

We next use the time reversal symmetry, that is, GQ−k′′ (E−) =
Gk′′−Q(E−) in Eq. (29b), which transforms it into
Eq. (29a) with Q → q and �̄ee

kk′ (E ; ω, q) = �̄eh
kk′ (E ; ω, q).

Consequently, we obtain for the full two-particle
vertex from Eqs. (27) �kk′ (E ; ω, q) ≡ �eh

kk′ (E ; ω, q) =
�ee

kk′ (E ; ω, k + k′ − q) reflecting the electron-hole symmetry.

From now on, we resort to a single basis with the
conserving vector q from the electron-hole scattering chan-
nel, see Fig. 1 We then have a single irreducible ver-
tex �̄kk′ (E ; ω, q) = �̄eh

kk′ (E ; ω, q) = �̄ee
kk′ (E ; ω, q) obeying a

nonlinear integral equation

1

N

∑
k′′

[
δk,k′′ − �̄kk′′ (E ; ω, q)Ḡk′′Ḡk′′−q

]
× �̄k′′k′ (E ; ω, k + k′′ − q)

= 1

N

∑
k′′

[
δk,k′′ + �̄kk′′ (q)Ḡk′′ (E+)Ḡk′′−q(E−)

]
× [

�̄k′′k′ (E ; ω, q) − γ (E ; ω)
]
. (30)

The parquet equation does not allow for selecting a charac-
teristic conserving bosonic vector, as the direct electron-hole
scattering on the right-hand side is mixed with the crossed
electron-electron scattering on the left-hand side.

D. High-dimensional approximation

It is not easy to solve the parquet equations (29) or (30)
without approximations. It is more important to know whether
these equations can lead to a critical point and a transition
to a localized state than to solve them exactly. We hence
resort to an approximation justified in the asymptotic limit of
infinite spatial dimension d → ∞, with a control parameter
d−1. A local approximation for the irreducible vertex �̄ will
guarantee the accuracy of the approximation to leading order
in d−1.

We replace �̄eh
kk′′ (E ; ω, q) with a constant �̄0(E ; ω) in

Eq. (29a). The irreducible vertex �̄ee
kk′ (E ; ω, q) has then the

following solution:

�̄ee
kk′ (E ; ω, q) = γ (E ; ω)

+ �̄0(E ; ω)2 χ̄ (E ; ω, q)

1 − �̄0(E ; ω)χ̄ (E ; ω, q)
,

(31)

with χ̄ (E ; ω, q) = N−1 ∑
k GR

k (E+)GA
k−q(E−) − GR(E+)GA

(E−)., with the one-particle propagators containing the self-
energy calculated from Eqs. (25).

In the next step, we close the equation for the local vertex
�̄0(E ; ω). We use the identity �̄ee

kk′ (E ; ω, q) = �̄eh
kk′ (E ; ω, q).

The solution of Eq. (31) yields a nonlocal electron-hole ir-
reducible vertex. The self-consistent equation for the local
vertex �̄0(E ; ω) is obtained by projecting Eq. (31) onto a
spatially local form:

�̄0(E ; ω) = 1

N3

∑
kk′,q

�̄eh
kk′ (E ; ω, q) = γ (E ; ω)

+ �̄0(E ; ω)2

N

∑
q

χ̄ (E ; ω, q)

1 − �̄0(E ; ω)χ̄ (E ; ω, q)
.

(32)

The irreducible vertex �0(E ; ω), the static limit of which is
needed for the self-energy, is obtained in analogy to the CPA,

�0(E ; ω) = �̄0(E ; ω)

1 + �̄0(E ; ω)GR(E+)GA(E−)
. (33)
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The Ward identity for this local approximation determines the
imaginary part of the self-energy as

	�(E+) = 
�0(E ; 0)

N

∑
k

	Gk = 
�0(E ; 0)	�(E+)

×
∫ ∞

−∞

ρ(ε)dε

(E − ε − 
�(E ))2 + 	�(E+)2
. (34)

We stress that all the one-particle Green functions, even those
in the CPA vertex γ [G], contain the above self-energy.

We can replace Eq. (32) by an alternative

�0(E ; ω) =λ(E ; ω)

+ �0(E ; ω)2

〈
χ̄ (E ; ω, q)

1 − �0(E ; ω)χ (E ; ω, q)

〉
q
,

(35)

in this fully self-consistent solution, we denote 〈 f (q)〉q ≡
N−1 ∑

q f (q), a summation over the transfer wave vec-
tors. The self-consistent solution guarantees the existence of
the diffusion pole at ω = 0, since �0(E ; 0)χ (E ; 0) = 1 and
similarly �̄0(E ; 0)χ̄ (E ; 0) = 1, as a direct consequence of
Eqs. (33) and (34).

We know from Ref. [51] that Eq. (32) should contain a
critical point at which ∂�̄0(E ; ω)/∂ω diverges at ω = 0. It is
easy to demonstrate it⎡⎣1 − �̄0(E )

〈
χ̄ (E ; q)

(
2 − �̄0(E )χ̄ (E ; q)

)(
1 − �̄0(E )χ̄ (E ; q)

)2

〉
q

⎤⎦
× ∂�̄0(E ; ω)

∂ω

∣∣∣∣
ω=0

= ∂γ (E ; ω)

∂ω

∣∣∣∣
ω=0

+ �̄0(E )2

×
〈

1(
1 − �̄0(E )χ̄ (E ; q)

)2

∂χ̄ (E ; ω, q)

∂ω

∣∣∣∣
ω=0

〉
q

. (36)

This dynamical local approximation cannot be directly con-
tinued below the upper critical dimension du = 4. The
wave-vector integrals on both sides of Eq. (36) diverge for
d � 4. However, we can keep the local irreducible vertex
and the electron-hole bubble static in the denominator of the
integrand on the right-hand side of Eq. (32). In that case, we
can continue the equation

�̄0(E ; ω) =γ (E ; ω)

+ �̄0(E ; ω)2

〈
χ̄ (E ; ω, q)

1 − �̄0(E ; 0)χ̄ (E ; 0, q)

〉
q
, (37)

down to the lower critical dimension dl = 2. There is no
metallic solution below the lower critical dimension. The be-
havior of the localized state in d � 2 will be analyzed in a
separate publication.

E. Mean-field critical behavior in dimensions d > 2

The local approximation to the electron-hole irreducible
vertex is justified in high spatial dimensions, suppressing
wave-vector convolutions. The small parameter in the d → ∞
limit of Eqs. (37) is the bubble χ̄ (q). We expand the integrand
in powers of this function to simplify the self-consistent equa-

tion for the local vertex �0(E ; ω). In leading order, we obtain
a cubic equation

�̄0(E ; ω) = γ (E ; ω) + �̄0(E ; ω)3
〈
χ̄ (E ; ω, q)2

〉
q (38)

or equivalently

�0(E ; ω) = λ(E ; ω) + �0(E ; ω)3

1 − �0(E ; ω)GR(E+)GA(E−)

×
[〈

χ (E ; ω, q)2
〉
q − 〈χ (E ; ω, q)〉2

q

]
. (39)

The qualitative, mean-field-like behavior will be guaran-
teed if we replace the vertex �0(E ; 0) in the denominator
of the second term on the right-hand side of Eq. (37) with
the CPA irreducible vertex λ(E ; 0) and the CPA bubble
χ0(E ; 0, q) to preserve the diffusion pole. In this simplifica-
tion, we do not alter the qualitative behavior of the vertex
�0(E ; ω) in d > 4. The irreducible vertex is then determined
from a quadratic equation:

�0(E ; ω) = λ(E ; ω) + a(E ; ω)�0(E ; ω)2 (40)

with

a(E ; ω) =
〈

χ̄ (E ; ω, q)

1 − λ(E ; 0)χ0(E ; 0, q)

〉
q

(41a)

or in the weak-disorder limit and in dimensions d > 4 after
expanding the denominator in Eq. (32), we obtain

a(E ; ω) = λ(E ; ω)
[〈

χ (E ; ω, q)2
〉
q − 〈χ (E ; ω, q)〉2

q

]
. (41b)

Notice that a ∝ d−1 in high spatial dimensions. Its physical
root in the metallic regime, 4a(E ; 0)λ(E ; 0) < 1, is

�0(E ; ω) = 1

2a(E ; ω)

[
1 −

√
1 − 4a(E ; ω)λ(E ; ω)

]
. (42)

This solution leads to a bifurcation point at
4a(E ; 0)λc = 1, where it splits into two complex conjugate
roots. It is also immediately apparent that a(E ; 0) → 0 and
λc → ∞ as d → ∞. The upper critical dimension for the
vanishing of this bifurcation point is then d = ∞, where the
CPA becomes exact. For the disorder strength λ(E ; 0) > λc

the irreducible vertex becomes complex at zero transfer
energy ω → 0 [51]

�0(E ; ω → 0) = 1

2a(E ; 0)

× [
1 + i sign(ω)

√
4a(E ; 0)λ(E ; 0) − 1

]
.

(43)

The irreducible vertex �0(E ; ω) = �R(E ; ω) + i�I (E ; ω) be-
comes discontinuous at ω = 0 with a jump in the imaginary
part �I (E ; ω). The order parameter in the new phase is
|�I (E ; 0)|, and its critical exponent in the local approxima-
tion is

|�I (E ; 0)| ∝ (λ(E ; 0) − λc)1/2, (44)

for λ(E ; 0) > λc. This mean-field critical behavior holds for
d > 2 but is exact only above the upper critical dimension,
d > du = 4. Notice that λc = 0 in d � 2.
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IV. ANDERSON LOCALIZATION

We have so far developed renormalized perturbation theory
for the one-particle self-energy and the two-particle irre-
ducible vertices within and beyond the CPA. We found a
critical point at which the frequency derivative of the electron-
hole irreducible vertex diverges and a new phase emerges. We
have not yet proven that this new state is indeed Anderson
localization. We must relate the microscopically derived new
phase to the macroscopically observed properties that charac-
terize Anderson localization. The first step in this direction
is to define the conserving irreducible vertex Lkk′ (E ; ω, q),
which guarantees the macroscopic conservation laws and the
proper low-energy asymptotics of the diffusion pole in the
electron-hole correlation function.

A. Dynamical vertex, conserving vertex, and the Ward identity

A common feature of the microscopic theory of disordered
and interacting electrons is that diagrammatic perturbation
theory cannot guarantee the full dynamical extent of
conservation laws. The dynamical Ward identity, Eq. (14),
conflicts with causality, demanding �kk′ (E ; 0, q) > 0 in the
metallic phase [49]. Only the static form of this Ward identity,
used in Eq. (25), can be guaranteed by causal perturbation
theory. We then have to introduce two two-particle vertices.
The dynamical electron-hole vertex from microscopic
perturbation theory is determined by the Bethe-Salpeter
equation, with the irreducible vertex �RA

kk′ (E ; ω, q) and the
conserving vector q from the electron-hole scattering channel:

�RA
kk′ (E ; ω, q)

= �RA
kk′ (E ; ω, q)

[
δ(k − k′) + 1

N

∑
k′′

�RA
kk′′ (E ; ω, q)

× GR
k′′+

(E+)GA
k′′−

(E−)�RA
k′′k′ (E ; ω, q)

]
. (45)

The conserving electron-hole vertex KRA
kk′ (E ; ω, q) is ob-

tained from the Bethe-Salpeter equation (7) using the
conserving irreducible vertex LRA

kk′ (E ; ω, q). It is derived from
the dynamical vertex �RA

kk′ (E ; ω, q) as follows [50]:

LRA
kk′ (E ; ω, q) = �RA

kk′ (E ; ω, q) − 1

〈�G(E ; ω, q)2〉

×
[
�Gk(E ; ω, q)Rk′ (E ; ω, q) + Rk(E ; ω, q)

× �Gk′ (E ; ω, q) − 〈R(E ; ω, q)�G(E ; ω, q)〉

× �Gk(E ; ω, q)�Gk′ (E ; ω, q)

〈�G(E ; ω, q)2〉
]
, (46)

where the angular brackets denote the normalized integration
over the fermionic momenta k of the enclosed functions. The
difference function �Gk(E ; ω, q) was defined in Eq. (14). The
correcting function is

Rk(E ; ω, q)

= 1

N

∑
k′

{[
�RA

kk′ (E ; ω, q)

− �RA
kk′ (E+; sign(ω)0+, 0)

]
GR

k′ (E+) + [
�RA

kk′ (E ; ω, q)

− �RA
kk′ (E−; sign(ω)0−, 0)

]
GA

k′ (E−)
}
, (47)

where we denoted 0± = ± limε→0 |ε|. In the metallic phase,
Rk(E ; 0, 0) = 0. When extending the conserving vertex into
the new state beyond the bifurcation point, we keep this con-
dition, and the two irreducible vertices are identical in the
homogeneous and static limit,

�RA
kk′ (E ; 0, 0) = LRA

kk′ (E ; 0, 0), (48a)

�RA
kk′ (E ; 0, 0) = KRA

kk′ (E ; 0, 0). (48b)

This condition is important, particularly in the localized
phase, where �RA

kk′ (E ; 0, 0) acquires an imaginary component
and �RA

kk′ (E ; ω, 0) is no longer continuous at ω = 0. For the
same reason, the Ward identity, when continued beyond the
critical point into the localized phase, must be modified to

��k(E ; ω, q) = 1

2N

∑
k′

[
LRA

kk′ (E ; ω, q)

+ LRA
kk′ (E ; −ω,−q)

]
�Gk′ (E ; ω, q),

(49)

to keep the self-energy continuous. The perturbation expan-
sion breaks down at the critical point as well as the derivation
of the Ward identity in the form of Eq. (14).

B. Local approximation

We now calculate the conserving vertex KRA
kk′ (E ; ω, q) for

the local approximation to the dynamical irreducible vertex,
�0(E ; ω), from Eq. (42). A slightly different nonlocal ap-
proximation with 1/d corrections was used in Ref. [51], with
a qualitatively similar result. The advantage of the local ap-
proximation for the irreducible electron-hole vertex is that the
corresponding self-energy is local. We have

�RA
kk′ (E ; ω, q) = �0(E ; ω), (50a)

	�R(E ) = 
�0(E ; 0)	GR(E ). (50b)

Notice that 
�0(E ; ω) is continuous at ω = 0. The cor-
recting function and the conserving irreducible vertex are

R(E ; ω) = [�0(E ; ω) − �0(E+; sign(ω)0+)]〈GR(E+)〉
− [�0(E ; ω) − �0(E−; sign(ω)0−)]〈GA(E−)〉

(51a)

and

Lkk′ (E ; ω, q) =�0(E ; ω) − R(E ; ω)

〈�G(E ; ω, q)2〉
× [�Gk(E ; ω, q) + �Gk′ (E ; ω, q)

− �Gk(E ; ω, q)�Gk′ (E ; ω, q)

〈�G(E ; ω, q)2〉
]
. (51b)

The Bethe-Salpeter equation for the full conserving two-
particle vertex has the following simple form:

Kkk′ = �0 − R

〈�G2〉
[
�Gk + �Gk′ − �Gk�Gk′

〈�G2〉
]

+ �0
〈
GRAKk′

〉− R

〈�G2〉
[
�Gk

〈
GRAKk′

〉
+
(

1 − �Gk〈�G〉
〈�G2〉

)〈
�GGRAKk′

〉]
, (52)

104207-9



VÁCLAV JANIŠ PHYSICAL REVIEW B 113, 104207 (2026)

where we suppressed the conserving variables E , ω, q to simplify notation. We denoted GRA
k (E ; ω, q) = GR

k+ (E+)GA
k− (E−) with

E± = E ± ω/2 and k± = k ± q/2. We further have a matrix equation for functions 〈GRAKk′ 〉 and 〈�GGRAKk′ 〉⎛⎝ 1 − �0〈GRA〉 + R
〈�G2〉 〈�GGRA〉 , R

〈�G2〉
(
〈GRA〉 − 〈�G〉

〈�G2〉 〈�GGRA〉
)

−�0〈�GGRA〉 + R
〈�G2〉 〈�G2GRA〉 , 1 + R

〈�G2〉
(
〈�GGRA〉 − 〈�G〉

〈�G2〉 〈�G2GRA〉
)
⎞⎠( 〈GRAKk′ 〉

〈�GGRAKk′ 〉

)

=
⎛⎝ �0〈GRA〉 − R

〈�G2〉
[
�Gk′ 〈GRA〉 +

(
1 − �Gk′ 〈�G〉

〈�G2〉
)
〈�GGRA〉

]
�0〈�GGRA〉 − R

〈�G2〉
[
�Gk′ 〈�GGRA〉 +

(
1 − �Gk′ 〈�G〉

〈�G2〉
)
〈�G2GRA〉

]
⎞⎠. (53)

The determinant of the matrix on the left-hand side is

D = 1 − �0〈GRA〉 + R

〈�G2〉
[

2〈�GGRA〉 − 〈�G〉
〈�G2〉 〈�G2GRA〉

]
+ �0R

〈�G2〉
[
〈�GGRA〉

(
〈GRA〉 − 〈�G〉

〈�G2〉 〈�GGRA〉
)

− 〈GRA〉
(

〈�GGRA〉 − 〈�G〉
〈�G2〉 〈�G2GRA〉

)]
+ R2

〈�G2〉2

[
〈�GGRA〉

(
〈�GGRA〉 − 〈�G〉

〈�G2〉 〈�G2GRA〉
)

− 〈�G2GRA〉
(

〈GRA〉 − 〈�G〉
〈�G2〉 〈�GGRA〉

)]
, (54a)

that can alternatively be rewritten to

D = [
1 − �0〈GRA〉][1 + R

〈�G2〉
(

〈�GGRA〉 − 〈�G〉
〈�G2〉 〈�G2GRA〉

)]
+ R

〈�G2〉 〈�GGRA〉
[

1 + �0

(
〈GRA〉 − 〈�G〉

〈�G2〉 〈�GGRA〉
)]

+ R2

〈�G2〉2

[
〈�GGRA〉

(
〈�GGRA〉 − 〈�G〉

〈�G2〉 〈�G2GRA〉
)

− 〈�G2GRA〉
(

〈GRA〉 − 〈�G〉
〈�G2〉 〈�GGRA〉

)]
. (54b)

We further use the following representation:

GRA = �G

�� + �ε − ω
= �G

�R〈�G〉 + �ε − ω
= γ�G, (55)

where �R = 
�0, to simplify the determinant to

D =
[

1 − �0〈γ�G〉 + R

〈�G2〉 〈γ�G2〉
][

1 + R

〈�G2〉
(

〈γ�G2〉 − 〈�G〉
〈�G2〉 〈γ�G3〉

)]
+ R

〈�G2〉
[
〈γ�G〉 − 〈�G〉

〈�G2〉 〈γ�G2〉
][

�0〈γ�G2〉 − R

〈�G2〉 〈γ�G3〉
]
. (56)

We can now evaluate the electron-hole correlation func-
tion, knowing the conserving vertex Kkk′ (E ; ω, q). Its low-
energy limit, where we keep only the denominator dynamical,
is

�RA(E ; ω, q) = πn(E )

|	�R(E )|D(E ; ω, q)
. (57)

The dynamical conductivity from the generalized Einstein
relation, Eq. (17), and the electron-hole correlation function,
Eq. (57), is

σ (E ; ω, q) = − ie2ω n(E )

2D(E ; ω, q)
∇2

qD(E ; 0, q)
∣∣
q=0

. (58)

It holds, however, only within the linear response theory.

We will need the explicit expressions for the second wave-
vector derivatives

∂2
q 〈�G2〉 = 2〈∇GR∇GA〉, (59a)

∂2
q 〈GRA〉 = ∂2

q 〈γ�G〉 = −〈∇GR∇GA〉, (59b)

∂2
q 〈�GGRA〉 = ∂2

q 〈γ�G2〉 = −2〈�G0∇GR∇GA〉, (59c)

∂2
q 〈�G2GRA〉 = ∂2

q 〈γ�G3〉 = −3〈�G2
0∇GR∇GA〉

− 2〈γ�G0(∇�G)2〉, (59d)

where we denoted ∇G = ∇kGk = G2
k∇kε(k).

1. Metallic phase

We evaluate the determinant D(E ; ω, q) of the
electron-hole correlation function from Eq. (57) in the
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low-energy limit. We start with the homogeneous limit, q = 0:

D(E ; ω, 0) = [1 − �0γ 〈�G〉 + Rγ ]

×
[

1 + Rγ

〈�G2〉
(

〈�G2〉 − 〈�G〉
〈�G2〉 〈�G3〉

)]
.

(60)

We expand the right-hand side of he above equation in frequency ω

γ
.= 1

�R〈�G〉
[

1 + ω

�R〈�G〉
]
, (61)

�0
.= �R + i�̇Iω, (62)

R = i�̇I〈�G〉ω. (63)

Using �G = 2i	GR we obtain the leading low-frequency asymptotics up to ω2

D(E ; ω, 0)
.= − 1

2�R〈	G〉
[
−iω + �̇Iω

2

�R〈	G2〉2
(〈	G2〉2 − 〈	G〉〈	G3〉)

]
, (64a)

that can be rewritten to

D(E ; ω, 0)
.= − iω

2|	�|
[

1 + i�̇I〈|G|2〉ω
〈|G|4〉2

(〈|G|4〉2 − 〈|G|2〉〈|G|6〉)

]
. (64b)

In the next step, we evaluate the leading small wave-vector limit of the denominator D(E ; ω, q). We have, using Eqs. (59)

∇2
qD(E ; ω, q)

.= �R〈∇GR∇GA〉
[

1 − i�̇Iω

�R〈�G2〉
(

〈�G2〉 + 〈�G〉
〈�G2〉 〈�G3〉

)]
− 2i�̇Iω〈�G〉

〈�G2〉 〈�G∇GR∇GA〉 (65a)

We also use the low-frequency limit

∇2
qD(E ; ω, q)

.= �R〈∇GR∇GA〉
[

1 − i�̇Iω

�R〈	G2〉
(

〈	G2〉 + 〈	G〉
〈	G2〉 〈	G3〉

)]
− 2i�̇Iω〈	G〉

〈	G2〉 〈	G∇GR∇GA〉. (65b)

Inserting the above representations into Eq. (58), we obtain the low-frequency limit of the dynamical conductivity

σ (E ; ω) = e2

1 + iA(E )ω

[
〈	GR(E )2∇ε2〉(1 − iA(E )ω) − 2iω�̇I (E ; 0)〈	GR(E )〉〈	GR(E )3∇ε2〉

	�R(E )2〈	GR(E )2〉
]
, (66a)

with

A(E ) = �̇I (E ; 0)

�R(E ; 0)〈	GR(E )2〉2
(〈	GR(E )2〉2 − 〈	GR(E )〉〈	GR(E )3〉). (66b)

The critical diverging scale at the Anderson localization transition in the local approximation, Eqs. (40)–(42), is

�̇I (E ; 0) = −λ(E ; 0)
〈〈

GR
k+ (E )GA

k− (E )	�Gk(E ; 0, q)
〉
χ̄ (E ; 0, q)

〉
q

1 − 2a(E ; 0)λ(E ; 0) − √
1 − 4a(E ; 0)λ(E ; 0)

2a(E ; 0)2
√

1 − 4a(E ; 0)λ(E ; 0)
, (66c)

where we neglected the frequency dependence of the self-energy and the CPA vertex compared to the frequency dependence of
the electron-hole bubble χ (E ; ω, q).

The real and imaginary parts of the dynamical conductivity are


σ (E ; ω) = e2

1 + A(E )2ω2

[
〈	GR(E )2∇ε2〉 − A(E )

(
A(E ) − 2�̇I (E ; 0)〈	GR(E )〉〈	GR(E )3∇ε2〉

	�R(E )2〈	GR(E )2〉
)

ω2

]
, (67a)

	σ (E ; ω) = − e2

1 + A(E )2ω2

[
A(E )〈	GR(E )2∇ε2〉 + 2�̇I (E ; 0)〈	GR(E )〉〈	GR(E )3∇ε2〉

	�R(E )2〈	GR(E )2〉
]
ω. (67b)

It is clear from the form of the dynamical conductivity that
the transition to Anderson localization cannot be discerned
from the static conductivity, which is standardly calculated

from the Kubo formula. As discussed in Ref. [51], Anderson
localization is a bound state of the propagating particle and
the hole left at the origin. The static quantities are spatially
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averaged and do not remember the diffusing particle’s initial
position. Due to conservation laws, the diffusion pole of the
electron-hole correlation function must be expanded to second
order in frequency to observe the critical behavior of the
metallic state at the Anderson localization transition.

2. Mobility edge and instability line of the metallic phase

The metallic phase is restricted to the region where the
argument in the square root on the right-hand side of Eq. (42)
is positive. In the static case, it is a real number that passes
through zero at the mobility edge, as discussed in Sec. III E.
It is a bifurcation point below which a real value of the vertex
function splits into two complex conjugate roots. In analogy
with classical phase transitions, a symmetry-breaking field
for the Anderson localization transition, which allows one to
circumvent the critical point, was proposed in Ref. [10] to
be the frequency difference ω in the electron-hole correlation
function �RA(E ; ω, q). However, contrary to standard statis-
tical models of phase transitions, the frequency ω does not
remove the critical point of the Anderson localization transi-
tion. The dynamic critical point at ω �= 0 does not separate
a metal from an insulator, but indicates the genesis of an
order parameter in the Anderson localized phase in the static
limit, ω = 0. The critical point for ω �= 0 is determined by a
change in the sign of the derivative ∂	�RA(E ; ω, 0)/∂ω. This
change occurs in the mean-field approximation when the real
part of the argument of the square root in the solution for the
irreducible vertex �(E ; ω, 0) goes through zero. The critical
line in the (E , ω)-plane from the approximation of Eq. (42) is
determined by

4
[λ(Ec; ωc)2
(〈χ (Ec; ωc, q)2〉q − 〈χ (Ec; ωc, q)〉2

q

)] = 1.

(68)

This critical line separates the perturbative metallic regime
from a semimetallic phase, where the perturbative expansion
breaks down and the static limit cannot be reached with-
out introducing an order parameter. The critical line (Ec, ωc)
resembles the de Almeida–Thouless line in the mean-field
theory of spin glasses in a magnetic field [54]. This means that
the expansion in frequency ω around the static limit cannot be
used beyond the mobility edge Ec for ω = 0, that is, below the
instability line (Ec, ωc), determined from Eq. (68).

We assess the behavior at the instability line for small fre-
quencies below the mobility edge (Ec, 0). Using the solution
for the electron-hole irreducible vertex from Eq. (42) along
the instability line, we obtain

�c = 2λc[1 + (1 + i)λc
√

2	�χ2]

1 − 2λc
√

2	�χ2 + 4λ2
c	�χ2

, (69)

where we neglected the imaginary part of the mean-
field vertex λc = λ(Ec; ωc) > 0 and denoted �χ2 =
〈χ (Ec; ωc, q)2〉q − 〈χ (Ec; ωc, q)〉2

q.
We use Eq. (58) to determine the dynamic conductivity

along the instability line for small frequencies

σ (ω) = σ0
ω[(1 − iαc)ω + 2πn	�c]

(ω + 2πn	�c)2 + α2
c ω

2
, (70)

where n is the particle density, αc = 	�(Ec; ωc)/

�(Ec; ωc) ≡ 	�c/
�c, and σ0 is the static conductivity

at the mobility edge, calculated on the metallic side from
Eq. (67). We see that 	�c is the characteristic parameter of
the instability line of the metallic phase and generates the real
order parameter in the static limit.

The expression for the dynamic conductivity, Eq. (70),
holds only for small frequencies near the mobility edge. It
qualitatively captures the differences in the behavior of the dy-
namic conductivity near the mobility edge Ec. The mean-field
solution in the metallic phase, 	�(E , 0) = 0, yields the Drude
expression for the dynamic conductivity, with σ (0) = σ0 > 0
at the mobility edge. As we approach the mobility edge along
the instability line, with 	�c ∝ |ω|1/2, the static conductivity
vanishes with a mean-field critical exponent s = 1/2, that
is, σ (ω) ∝ √|ω|. Finally, the static conductivity below the
mobility edge vanishes with a critical exponent s = 1, that is,
σ (ω) ∝ |ω|.

3. Localized phase

The behavior in the localized phase is more difficult to
describe and less straightforward. The perturbation expansion
in small frequency breaks down. The reason for this is that
the microscopic irreducible vertex �0(E ; ω) = �R(E ; ω) +
i�I (E ; ω) has a discontinuity in its imaginary part at zero fre-
quency, �I (E ; 0±) = ±|�I (E ; 0)|. This jump is transferred to
the conserving vertex and the electron-hole correlation func-
tion. In the localized phase, its denominator in the mean-field
approximation has a more complex structure than assumed
in Ref. [51] because of the nontrivial structure of the bound
electron-hole pair

D(E ; ω, q)
.= 1 + iα0(E )

2|	�R(E )|

×
[
−i

(
ω + 2α0(E )|	�R(E )|

1 + α0(E )2

)
+ D(E )q2

− 2α0(E )2|	�R(E )|
1 + α0(E )2

]
, (71)

with α0(E ) = �I (E ; 0)/�R(E ; 0). We used the mean-field
diffusion constant

D(E ) = 〈	GR(E )2∇ε2〉
|〈	GR(E )〉| . (72)

The terms proportional to α0 cause the breakdown of linear
response theory, and Eq. (58) for the dynamical conductivity
cannot be used. Instead, the time propagation in the electron-
hole correlation function should be analyzed at long distances,
in the limit q → 0. It is easy to see that there is no long-range
diffusion if

D(E )q2 − 2α0(E )2|	�R(E )|
1 + α0(E )2

< 0. (73)

Diffusion can be restored if the particle acquires sufficient
energy to break the bond of the electron-hole pair. The thresh-
old wave vector q0 above which diffusion is restored in the
localized phase is then

q2
0 = 2|	�R(E )|α0(E )2

D(E )(1 + α0(E )2)
. (74)
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The energy of the localized bound state equals the kinetic
energy of the particle with the threshold wave vector

Eb(E ) = h̄2|	�R(E )|α0(E )2

mD(E )(1 + α0(E )2)
, (75)

where m is the particle’s mass. The threshold energy is given
by the applied electric field Ub = Eb/|e|. The electric current
flows in the direction of the electric field when U > Ub, and
the system becomes metallic.

The localized particle in the static limit, ω = 0, is char-
acterized by a complex wave vector q = qR + iqI with the
following components:

|qR| =
√

|	�R(E )α0(E )|
D(E )(1 + α0(E )2)

1√√
1 + α0(E )2 − |α0(E )|

,

(76a)

|qI | =
√

|	�R(E )α0(E )|
D(E )(1 + α0(E )2)

√√
1 + α0(E )2 − |α0(E )|.

(76b)

The real component causes modulation of the phase of the
wave function of the electron-hole bound pair in the long-
time limit t → ∞. The imaginary component determines the
localization length of the particle density decay from origin
|n(x, t → ∞)| = n(0, 0)e−|x|/ξ . The localization length is

ξ (E ) =
√

D(E )(1 + α0(E )2)

|	�R(E )α0(E )|
π√√

1 + α0(E )2 − |α0|
. (77)

It diverges at the Anderson localization transition as
|α0(E )|−1/2 and matches the divergent scale A(E ) from the
metallic side.

V. CONCLUSIONS

There are various options and effective statistical mod-
els for simulating and studying the critical behavior of the
Anderson localization transition. However, to understand the
microscopic origin of the vanishing of charge diffusion and
the emergence of Anderson localization, it is necessary to
analyze the original model of a quantum particle propagating
in a random environment. The fundamental quantities to be
studied in the thermodynamic limit are the configurationally
averaged one-particle and two-particle resolvents. The micro-
scopic quantities fully characterizing them are the one-particle
self-energy and the two-particle irreducible vertices. These
functions must evidence the Anderson localization transition
and the phases on both sides of the transition.

We presented a general scheme for constructing approxi-
mations in renormalized perturbation theory that interpolate
between the weak- and strong-disorder limits, including the
Anderson localization transition. There are three principal
aspects that make the approximations successful. First, the
two-particle vertex must capture more of the disorder’s impact
on particle propagation than the one-particle self-energy. Sec-
ond, the microscopic dynamical quantities must be separated
from the macroscopic observables that obey conservation
laws, because causality of the self-energy and the two-particle

vertices is incompatible with the dynamical Ward identities.
Third, local and nonlocal scattering processes must be treated
separately, as the two-particle self-consistency required for
Anderson localization can be achieved only with nonlocal,
off-diagonal one-particle propagators.

Perturbation theory uses two-particle-irreducible vertices
as its fundamental ingredients to provide a more detailed
picture than the self-energy. The consistency between the
one-particle and two-particle Green functions is ensured by
matching the imaginary part of the self-energy with the real
part of the static and homogeneous electron-hole irreducible
vertex via a Ward identity, Eq. (25). The complete dynamical
Ward identity cannot be imposed on approximations for the
dynamical two-particle vertices. The irreducible conserving
two-particle vertex, LRA

kk′ (E ; ω, q), is recovered from the dy-
namical one, �RA

kk′ (E ; ω, q), via a given relation, Eqs. (46),
(47), ensuring that the conservation laws of the response func-
tions and macroscopic observables are satisfied.

The contributions to the two-particle irreducible ver-
tices must be split into local and nonlocal terms. The
local contributions are summed using the coherent potential
approximation. Its local vertex serves as input for the ex-
pansion beyond this solution to obtain nontrivial two-particle
vertex functions. Nonlocal scattering allows one to distin-
guish between electron-electron (cooperon) and electron-hole
(diffuson) multiple scattering. Their self-consistent inter-
connection yields two-channel parquet equations, nonlinear
integral equations with a bifurcation critical point for strong
disorder, representing the Anderson localization transition.

We employed a local, mean-field approximation to the
parquet equations’ integral kernel to obtain quantitative results
for the behavior of the conserving electron-hole vertex, the
electron-hole correlation function, and the dynamical conduc-
tivity in both metallic and localized phases. We observed a
mean-field critical behavior at the Anderson localization tran-
sition and the genesis of an order parameter in the localized
phase. We calculated mean-field characteristics of an electron
propagating in the localized phase, spatially restricted by a
quantum bound state with a hole left at the origin. We assessed
the localization length and the energy barrier required to drive
an electric current in the localized phase.

The presented construction provides a microscopic ex-
planation of Anderson localization as the emergence of a
quantum bound state between the propagating particle and
the hole left behind. The existence of a bound state is
signaled by a gap in the dynamical conductivity, corre-
sponding to the threshold energy required to generate an
electric current and turn the electron’s localized wave func-
tion into an extended one. This result can be generalized
to conclude that a gap in a two-particle response function,
without a gap in the self-energy, indicates the existence
of quantum bound states without their condensation. Lin-
ear response theory breaks down beyond the localization
transition, and static quantities with no memory, such as con-
ductivity and the diffusion constant, cannot describe particle
propagation in the Anderson-localized phase. Only the fully
dynamical response functions contain imprints of Anderson
localization.

We conclude that, in this paper, we have completed the
construction of a consistent mean-field theory of a new
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phase in disordered electron systems, extending Anderson
localization to dynamical quantities. We found that the new
phase emerges below an instability line in the (E , ω) plane,
where the frequency derivative of the homogeneous electron-
hole correlation function, ∂	�RA(E ; ω, 0)/∂ω from Eq. (8),
changes sign from positive above the line (normal metallic

phase) to negative below it (semimetallic phase). The best
quantity to check this behavior is the electric polarizability.
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