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Page curve and entanglement dynamics in an interacting fermionic chain
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Generic nonequilibrium many-body systems display a linear growth of bipartite entanglement entropy in time,
followed by a volume law saturation. In stark contrast, the Page curve dynamics of black-hole physics shows
that the entropy peaks at the Page time tPage and then decreases to zero. Here, we investigate such Page-like
behavior of the von Neumann entropy in a model of strongly correlated spinless fermions in a typical system-
environment setup and characterize the properties of the Page curve dynamics in the presence of interactions
using numerically exact matrix product states methods. The two phases of growth, namely, linear growth and
bending down, are shown to be separated by a nonanalyticity in the min-entropy before tPage, which separates
two different quantum phases, realized as the respective ground states of the corresponding entanglement (or
equivalently, modular) Hamiltonian. We confirm and generalize, by introducing interactions, the findings of
Phys. Rev. B 109, 224308 (2024) for a free spinless fermionic chain where the corresponding entanglement
Hamiltonian undergoes a quantum phase transition at the point of nonanalyticity. However, in the presence of
interactions, a scaling analysis gives a nonzero critical time for the nonanalyticity in the thermodynamic limit
only for weak to intermediate interaction strengths, while the dynamics leading to the nonanalyticity becomes
instantaneous for interactions large enough. We present a physical picture explaining these findings.
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I. INTRODUCTION

Quantum entanglement is the defining feature of quantum
physics that differentiates it from classical physics. Funda-
mentally speaking, entanglement in a system implies the
existence of a global state that cannot be separated as prod-
uct states. Entanglement has gone through a journey from
being an abstract “spooky at a distance” quantity to being a
valuable resource used in quantum information and quantum
computation [1]. It has been used to study the properties
of complex systems, such as in many-body physics, where
the ground-state properties help to characterize and classify
the systems in consideration [2,3]. Recently, it has been
realized that not just the equilibrium entanglement proper-
ties have universal features, but the entanglement dynamics
also possess striking universal properties. For example, the
temporal evolution of bipartite von Neumann entanglement
entropy (vNEE) in nonequilibrium many-body systems has
been used to differentiate ergodic systems from those with
many-body localization [4] when starting with a nonentangled
initial state. In particular, many-body localized systems have
logarithmic growth of the vNEE [5,6] while the many-body
chaotic systems admit a linear growth [7–9]. Entanglement
as a resource has not just been analyzed in nonrelativistic
systems but studied in relativistic quantum field theories [10],
quantum fields in curved space-time, and in cosmology [11].
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In fact, quantum entanglement has been proposed as a probe
to the semiclassical structure of space-time in quantum grav-
ity [12] as well as a witness for quantum effects in gravity
due to gravity-induced entanglement [13]. One of the great
paradoxes in modern physics revolve around the entanglement
dynamics of black holes. A typical many-body system admits
to a linear growth of the vNEE followed by a volume law
saturation [14,15]. However, in case of black holes, a linear
growth followed by a bending down of entropy (instead of
saturation) happens which is famously known by the name of
Page curve. The concept of Page curve has its origins in black-
hole thermodynamics which started with the seminal work of
Bekenstein [16–18] and Hawking [19,20] who calculated the
(coarse-grained) entropy of a black hole and found it to be
proportional to the area (instead of a volume). The revolution
came when Hawking [21,22] showed that black holes are
endowed with temperature and, just like black bodies, emit
thermal radiation precisely corresponding to this temperature.
Thus, the four laws of black-hole thermodynamics [23] were
formulated analogous to standard thermodynamics. Suddenly
the black holes were not really as dead as it was assumed to
be. Hawking [21] argued that if quantum theory is correct,
then the black-hole evaporation must be unitary, thereby con-
serving the information. To make this argument more precise,
consider a universe with a black hole initially prepared in
a pure state and an empty environment. As the black hole
starts to evaporate, there exists radiation in the universe. So
we can split the Hilbert space into the black-hole region (la-
beled as the system) and the radiation (or equivalently the
environment). Now if we start with a black hole in a pure
state, then initially there is no radiation and the vNEE of each
subsystem vanishes, i.e., S(HBH) = S(Hr ) = 0. Finally, when
the black hole has evaporated, we have an empty system that
implies S(HBH) = 0, meaning that the entropy of the radiation
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FIG. 1. Illustration of the black-hole information paradox: time
evolution of the entanglement between the black hole and the Hawk-
ing radiation emitted (equivalent to the environment, quantified via
the entanglement entropy) as expected from unitarity (Page curve,
red), and as obtained from Hawking’s semiclassical calculations
(green). While unitarity predicts that the entanglement has to de-
crease after a certain time (called tPage), the semiclassical calculation
does not make such a prediction.

(equivalently the environment) should self-purify and we must
have S(Hr ) = 0. Hence, there must be a bending down of
entropy of the radiation at some point in time, such that the
curve remains below the thermodynamic entropy of the black
hole at all times [24]. But Hawking’s calculation showed no
such bending. This is illustrated in Fig. 1. Hawking argued
that there is a fundamental inconsistency between quantum
physics and general relativity, and this has been dubbed the
black-hole information paradox. The phenomenon of bending
down of the vNEE was first argued by Page [25,26] who
assumed conservation of unitarity which is a core principle
of quantum physics. The expected curve from unitarity, as
shown in Fig. 1, is called the Page curve where the maximum
entropy reaches at the Page time tPage after which the entropy
bends down. This happens because, as Page argued, the de-
grees of freedom inside the black hole that were entangled
to the already emitted radiation are also evaporating, thereby
reducing the vNEE between the bipartite system. Therefore,
the bending of the vNEE curve is a crucial benchmark of any
proposed resolution of the black-hole information paradox.
Page’s argument fundamentally relies on the properties of the
fine-grained entropy, and it has been shown [24] that per-
turbative corrections to the Hawking state cannot reproduce
the Page curve to all orders of perturbation. Therefore, if a
solution exists, it has to be nonperturbative in the gravitational
constant GN .

Inspired by the black-hole information paradox, we model
a many-body system in this work where we have an
arbitrary bipartition which we refer to as the “system” and the
“environment.” We show that, starting from a nonentangled
initial state, we obtain a Page curve for the evolution of the
vNEE. Analogous to black holes, the system is interacting
while the environment is free. The situation where the system

is also free is exactly solvable in the thermodynamic limit
[27]. The free case has also been analyzed in Refs. [28,29].
We also study Rényi entropies which all exhibit Page curve
behavior where a recent study for local Hamiltonians for
one-dimensional chains found at most a linear in time be-
havior [30]. In particular the infinite order Rényi entropy
(the so-called min-entropy) develops a nonanalyticity in its
time evolution suggesting a breakdown of the semiclassical
picture. Indeed, we find a quantum phase transition in the
corresponding entanglement Hamiltonian where the critical
time precedes the Page time. This allows us to draw a quantum
phase diagram where the bending down of vNEE belongs to
the quantum critical regime above the quantum critical point
(see Fig. 7). We emphasize that the construction is analogous
to black-hole physics but does not contribute directly towards
the resolution of the black-hole information paradox, albeit
some parallels do exist between our construction and the one
of black-hole information paradox.

The paper is organized as follows: We present the model in
Sec. II where we also present the methodology and the results
obtained in this work. We proceed to discuss the entanglement
dynamics of the nonequilibrium case in Sec. III where we
explicitly study the entanglement entropy, min-entropy as well
as the local particle number density for different parameter
values. We find a nonanalytic behavior in the min-entropy,
which we interpret (using the methodologies developed in
Sec. II and Appendix A) as a quantum phase transition in
the corresponding entanglement Hamiltonian. We provide
a unified perspective on the time-dependent entanglement
Hamiltonian for a model with conserved charge to explain
the observed nonanalyticity in Sec. IV. In Sec. V, we perform
finite-size scaling to extract universal finite-size scaling ex-
ponents across all interaction strengths. Near the non-analytic
point (critical point), we determine the order parameter expo-
nent β. Its value converges for all interaction strengths to that
of the non-interacting limit in the thermodynamic limit, illus-
trating that the transition is a continuous phase transition and
that the system belongs to the same universality class as the
free counterpart. Finally, we extrapolate to the thermodynamic
limit via performing a regression analysis in Sec. VI where
we observe the persistence of nonanalyticity at nonzero time
for weak interactions in the system but vanishing for interme-
diate interactions. We also provide an analytical explanation
and justification in Sec. VI for the observed behavior in the
strongly interacting limit. We finally conclude in Sec. VII.
The Appendixes provide further details of the calculation and
additional numerical results.

II. MODEL AND RESULTS

We are interested in a one-dimensional spinless fermionic
chain with total number of sites L = M + N whose Hamilto-
nian is given by

H = V

(
M−1∑
i=1

nini+1

)
− ts

M−1∑
i=1

(c†
i ci+1 + H.c.)

− g(c†
McM+1 + H.c.) − te

M+N−1∑
i=M+1

(c†
i ci+1 + H.c.), (1)
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FIG. 2. Sketch of the setup studied in this paper, see Eq. (1):
The particles in the system (M leftmost lattice sites, depicted in
red) interact with each other via a nearest-neighbor interaction V
(illustrated by the interaction term V n2n3 shown in red), and hop
between neighboring sites with amplitude ts. The system is coupled
to the environment (N � M lattice sites on the right side, depicted
in green) only by one hopping term of strength g (depicted in blue).
The particles in the environment hop between neighboring sites with
amplitude te, but do not interact with each other. The total number of
sites is L = M + N .

where V is the interaction strength in the system containing
M sites, ts is the nearest-neighbor hopping strength within
the system, g is the tunneling strength connecting the system
with the environment, and te is the nearest-neighbor hopping
strength within the environment consisting of N sites. The op-
erators c(†)

i and ni = c†
i ci are the usual fermionic annihilation

(creation) operators and the particle density on lattice site i,
respectively. This setup has the structure

H = (Interacting System) + (Free Environment)

+ (Coupling between the Sys. and the Env.) (2)

and is schematically shown in Fig. 2. If not stated otherwise,
we set ts = te ≡ th ≡ 1 throughout the paper.

We investigate the quench dynamics where the environ-
ment size is much larger than the system size (N � M) and
hopping strengths are switched on at time t = 0.0 where we
start from the following initial state:

|Initial State〉 =|Fully-Filled〉sys ⊗ |Empty〉env. (3)

Clearly the initial state is a product state of two pure states
of the system and of the environment, respectively. Therefore,
the initial vNEE between the system and the environment is
zero, and we are interested in studying the growth of entan-
glement dynamics postquench.

In addition to the vNEE, we also study the min-entropy
which is defined as the Rényi entropy with infinite Rényi
parameter

Smin ≡ lim
n→∞ Sn(ρsys), (4)

where ρsys and ρenv are the reduced density matrices corre-
sponding to the system and the environment (by tracing out
the environment and the system, respectively) in Fig. 2 and
the Rényi entropy Sn is defined as

Sn(ρsys) = 1

1 − n
ln TrHsys

(
ρn

sys

) = Sn(ρenv). (5)

Note that limn→1 Sn recovers the vNEE. The reason for study-
ing the min-entropy is explained in Appendix A where we
discuss the concept of entanglement Hamiltonian HE [31].
Here we provide an interpretation [27] of min-entropy based
on the distance from the closest separable state |�〉separable =
|ψ〉sys ⊗ |φ〉env such that the min-entropy is given by the neg-
ative of the logarithm of the maximum overlap of any state

|�(t )〉 with |�〉separable. Therefore, the smaller the value of
min-entropy, the closer the state |�(t )〉 is with the nearest
separable state |�〉separable.

In Appendix A, we introduce a related concept of en-
tanglement Hamiltonian where we interpret the min-entropy
(limn→∞ Sn) as the ground-state eigenvalue of the entangle-
ment Hamiltonian. The excited states correspond to a fictitious
temperature 1/n, where n is the Rényi parameter (also see
Fig. 7).

Results

Free case. The free version (V = 0) of our model [Eq. (1)]
has been exactly solved in the thermodynamic limit in
Ref. [27]. We summarize briefly the findings of the free case
and proceed to present the results for the more general inter-
acting case. The Peschel-Eisler formalism [32] was employed
for the free case to calculate the exact entanglement entropy
from reduced density matrices. Since the free Hamiltonian is
quadratic, which can be diagonalized exactly, the analytical
solutions in the weak-coupling limit between the system and
the environment are possible to be obtained in the thermody-
namic limit. This is done by mapping the free model to a set
of k-disjoint resonant-level models (RLMs) where universal
behavior for the decay of impurity orbital occupation is used
in the wide, flat-band limit and the associated reduced density
matrix of the system is obtained as direct product of reduced
density matrices of resonant-level modes for k-disjoint RLMs.
Indeed, the vNEE follows a Page-curve-like dynamics and is
shown to match against the numerical results (which has the
limitation due to particle reflection at the boundary, something
we also face below for our interacting case). Furthermore, the
Page curve behavior is obtained for all Rényi entropies. In
particular, the min-entropy admits a nonanalytical behavior at
a critical time that precedes the Page time. This is demon-
strated both analytically and numerically and corresponds
to a quantum phase transition in time of the corresponding
entanglement Hamiltonian (as discussed above). The bending
down of the vNEE is argued to belong to the quantum critical
regime corresponding to this quantum critical point of non-
analyticity, thereby leading to two different quantum phases
of matter. This justifies the breakdown of the semiclassical
picture relating the particle current escaping the system and
the entanglement generation beyond the Page time [14].

Our results. In this work, we consider a general inter-
acting case as in Eq. (1) where we study the entanglement
dynamics starting from a product state as in Eq. (3). We
show the persistence and robustness of the features obtained
in the case of free model [27]. We use time-dependent ma-
trix product state (MPS) methods [33,34] implemented in
the package SCIPAL-SYMMPS [35] to calculate the local ob-
servables, the entanglement entropy as well as the largest
four Schmidt coefficients from which the ground state (as-
sociated with min-entropy) and the first three excited states
of the entanglement Hamiltonian are calculated. We impose
an open boundary condition in our MPS calculations and go
to L = 50 lattice sites where we consider different system
sizes, namely, M = 3, 4, 5, 6 and 7 (consequently, the envi-
ronment sizes are N = L − M) to be able to perform scaling
analysis. To generate the initial state in Eq. (3) in our MPS
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TABLE I. Scaling exponents, as explained in Sec. V, for various
values of V . Other parameter values are g = 0.5, ts = te = 1.0, L =
50, and M = {3, 4, 5, 6, 7}.

V c b a

0.0 1.01 0.99 0.99
0.4 1.02 0.99 0.98
0.8 1.02 0.98 0.97
1.2 1.02 0.99 0.98

calculations, we imposed a strong potential in the environment
via the chemical potential (μ = 106). Then the initial state
[Eq. (3)] was used to start the time evolution using the two-site
time-dependent variational principle (TDVP) method [36,37],
where the maximum bond dimension was set to χ = 5000
with a discarded weight of 10−12. The details of all parameters
used in our MPS calculations can be found in the bash scripts
used for the package SCIPAL-SYMMPS, which we have made
publicly available along with the data generated and used in
this work [38]. The main results are summarized as follows:

(1) We obtain a Page curve dynamics for the evolution of
the vNEE in time. We observe that, as the interaction strength
is increased, the maximum of the vNEE at the Page time is
reduced, signifying lesser entanglement between the system
and the environment.

(2) The min-entropy shows a nonanalyticity despite
switching on the interaction, leading to a quantum phase
transition in the associated entanglement Hamiltonian corre-
sponding to a fictitious temperature of 1/n. The persistence of
the quantum phase transition in the presence of interactions
illustrates the robustness of the two quantum phases of matter
separated by the quantum critical point (nonanalytic) in the
ground state of the entanglement Hamiltonian. The funda-
mental reason is the conserved charge picture (Sec. IV) where
the entanglement Hamiltonian conserves the particle number,
leading to different sectors of conserved charges crossing each
other at the point of criticality as the particle gets emitted from
the system into the environment.

(3) We investigate the nature of the quantum phase tran-
sition through finite-size scaling. Figure 8 demonstrates
excellent data collapse across all interaction strengths (addi-
tional plots are provided in Appendix D), confirming universal
finite-size scaling exponents (Table I). Furthermore, we find a
universal order parameter exponent β ∼ 0.5 (Table II) across
all interaction strengths, confirming a continuous quantum
phase transition. This value agrees with the thermodynamic
limit result β = 0.5 for the non-interacting chain in Ref. [1]
[Eq. (61) therein], suggesting the transition belongs to the
same universality class.

(4) The slope of min-entropy is (essentially) linear until
the nonanalytic point, and this allows us to do a scaling anal-
ysis and extrapolate to the thermodynamic limit using linear
regression. We find in the thermodynamic limit that for weak
interaction (V/th < 1.0), there exists a finite, nonzero critical
time at which the nonanalyticity appears while for intermedi-
ate interactions (V/th ≈ 1.0), the critical time tends to zero.
We also find an acute sensitivity on the coupling strength g
between the system and the environment (Tables III and IV)

TABLE II. Critical exponent, as explained in Eq. (12), for vari-
ous values of V . Other parameter values are g = 0.5, ts = te = 1.0,
and L = 50. We have averaged for M = {3, 4, 5, 6, 7} to get a value
for finite systems and within reasonable accuracy, we find β ≈ 1/2—
the same as the free case V = 0.0 in the thermodynamic limit [27].
Accordingly, interactions do not affect the robustness of such tempo-
ral quantum phase transitions.

V β A

0.0 0.51 0.42
0.4 0.52 0.40
0.8 0.54 0.37
1.2 0.52 0.33

where a weaker coupling g requires a stronger interaction for
the thermodynamic critical value to vanish.

(5) We provide an interpretation for this phenomenon:
when the first particle leaves the system, a hole enters the sys-
tem from the environment. As energetically favorable process,
the hole does not propagate further into the system and all the
consequent holes entering the system develop a domain-wall
structure as shown in Fig. 11. Accordingly, in the strong
interacting limit (V/th � 1.0), one particle decays into the
environment and the system gets stuck with no further dynam-
ics happening. This allows us to write an ansatz for the local
number density in the system [Eq. (13)]. As such, we solve
for the critical time where the eigenvalues of the entanglement
Hamiltonian cross (a quantum phase transition occurs that is
represented as the nonanalyticity in min-entropy) for large
values of M (system size) and show that the interpretation fits
the aforementioned result of critical time tending to zero for
increasing interaction strengths in the thermodynamic limit.

TABLE III. Linear regression for the first nonanalytic points
across different system sizes in Fig. 5 that corresponds to the quan-
tum phase transition in the entanglement Hamiltonian (crossing
shown in Fig. 6). In the regression, the Y axis is 1 − m(tc )/M, where
m(t ) is the number of particles in the system at given time t and
the critical time is denoted by tc where nonanalyticity develops in
min-entropy. The X axis is 1/M, therefore the Y intercept is the
extrapolation of the critical decayed fraction in the thermodynamic
limit. For intermediate to stronger interactions, the thermodynamic
value for decayed fraction vanishes and we provide an analysis in
the text based on Fig. 11. We also note an acute sensitivity on the
tunneling strength g where the thermodynamic value vanishes at
intermediate interactions for higher value of g. A similar analysis
but for critical time instead of critical decayed fraction is performed
in the Appendix B.

V g Y intercept Slope R2

0.0 0.50 0.0001 ± 0.0001 0.5975 ± 0.0003 1.0000
0.0 0.25 0.2035 ± 0.0283 0.3481 ± 0.1237 0.7252
0.4 0.50 0.0020 ± 0.0009 0.5847 ± 0.0041 0.9999
0.4 0.25 0.2091 ± 0.0092 0.2696 ± 0.0402 0.9374
0.8 0.50 0.0037 ± 0.0018 0.5628 ± 0.0078 0.9994
0.8 0.25 0.2111 ± 0.0159 0.2159 ± 0.0695 0.7627
1.2 0.50 0.0027 ± 0.0013 0.5590 ± 0.0058 0.9997
1.2 0.25 0.0094 ± 0.0116 0.9030 ± 0.0509 0.9906
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TABLE IV. Linear regression for the first nonanalytic points
observed in min-entropy (see Fig. 16) observed across different
system sizes (M = 3 to M = 7 for a fixed total number of lattice
sites L = 50) that corresponds to the quantum phase transition in
the entanglement Hamiltonian (crossing shown in Figs. 19 and 20).
In the regression, the Y axis is tc/M, where tc is the critical time
at which the nonanalyticity develops in min-entropy. The X axis is
1/M, therefore the Y intercept is the extrapolation of the critical time
in the thermodynamic limit. For intermediate to strong interactions,
the thermodynamic value for critical time vanishes, and we provide
an analysis in the text based on Fig. 11. We also note an acute
sensitivity on the tunneling strength g where the thermodynamic
value vanishes at intermediate interaction strength for larger values
of g.

V g Y intercept Slope R2

0.0 0.50 −0.0005 ± 0.0038 2.2669 ± 0.0166 0.9998
0.0 0.25 2.3382 ± 0.4340 4.7963 ± 1.8969 0.6806
0.4 0.50 0.0060 ± 0.0028 2.2466 ± 0.0121 0.9999
0.4 0.25 2.4204 ± 0.0684 4.4464 ± 0.2988 0.9866
0.8 0.50 0.0060 ± 0.0028 2.3066 ± 0.0121 0.9999
0.8 0.25 2.6983 ± 0.2782 3.4475 ± 1.2160 0.7282
1.2 0.50 0.0055 ± 0.0063 2.5135 ± 0.0277 0.9996
1.2 0.25 0.0379 ± 0.1865 13.5767 ± 0.8150 0.9893

III. ENTANGLEMENT DYNAMICS AND PAGE CURVE

As discussed above, we present the entanglement dynamics
of Rényi entropies in this section for a total system size L =
50 for model (1). Motivated by the black-hole setup, in the
following, we have N � M while L = M + N = 50 is fixed.
We consider different system sizes, namely, M = 3, 4, 5, 6
and 7 in order to perform a scaling analysis M → ∞ to the
thermodynamic limit (TL), see Sec. VI. Since in all cases
treated we consider timescales before any particles reach the
right edge of the lattice at site L, in this way we indeed obtain
the behavior in the TL of the entire setup. The parameter
values are fixed in the model (1) because ts = te = 1 ≡ th and
the system and the environment are coupled weakly, in partic-
ular g ∈ {0.25, 0.50}. Two interaction regimes are considered:
weak (V/th < 1.0) and intermediate (V/th ≈ 1.0) whereas an
analytical explanation is provided in Sec. VI for the strongly
interacting case (V/th � 1).

Page curve and effect of interaction. In Figs. 3 and 4, we
present our results for the vNEE (n = 1 Rényi entropy, in the
following called SvN) plotted against the decayed fraction of
particles from the system into the environment and the scaled
time, respectively. We find the Page curve entanglement dy-
namics in time in Fig. 3, analogous to the black-hole case.
For further detailed analysis, in Fig. 4, we plot the vNEE
density (=SvN/M ) against the fraction of particles decayed
into the environment =1 − m(t )/M, where m(t ) is the number
of particles in the system at time t . We clearly observe a
growth up to a maximal value, which is reached at what we in
the following call Page time tPage, and afterward a pronounced
decay. The maximum possible vNEE density is ln(2) ≈ 0.69
where we find that increasing the interaction in the system
suppresses the maximum entanglement between the system
and the environment at the Page time. The figure is plotted for

FIG. 3. MPS results for the time evolution of the von Neumann
bipartite entanglement entropy density [Eq. (5) for n → 1] between
the system and the environment for a chain with in total L = 50 lat-
tice sites, ts = te = 1, g = 0.5, and interaction strength V as indicated
[see model (1)]. Note that we scaled the time-axis by the total number
of particles, M, which in our setup is identical to the size of the sys-
tem. The simulation is run for times starting at t = 0.0 to a maximum
time of tmax = 40.0 with a time-step size dt = 0.02. (a) Behavior at
fixed system size M = 5 for different values of V . (b) Behavior at
fixed V = 0.8 for different system sizes M = 3, . . . , 7. We find in all
cases a robust Page curve where the peak value of the entanglement
decreases as either V or M is increased.

the system size M = 5 while plots for other system sizes are
provided in the Appendix B.

Nonanalyticity in min-entropy. We study the min-entropy
that is defined in Eq. (4) and we find a nonanalyticity in the
temporal evolution at some critical time tc < tPage. Figure 5(a)
displays data for M = 5 for different values of V ; the behavior
for further values of M is presented in Appendix B. As can be
seen, several nonanalytical points appear as a function of time.
In the following, we mainly focus on the first nonanalyticity,
since it will help us in better understanding the behavior
before reaching the maximum of the entanglement. As can
be seen in Fig. 5(a), the value of V has a minimal influence
on the value of the decayed fraction 1 − m(t )/M, at which the
first nonanalyticity appears. This illustrates the persistence of
the nonanalytic behavior also in the presence of interactions.
The question arises, if the behavior is universal for all val-
ues of the interactions, or if eventually the interactions will
lead to different behavior. To study this, we investigate the
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FIG. 4. Same as in Fig. 3 but plotted as a function of the decayed
fraction of particles 1 − m(t )/M which escaped from the system into
the environment.

behavior in the TL. In Fig. 5(b) we now keep V fixed and
study the dependence of the critical value of 1 − m(t )/M on
M. We see that the kink position happens at smaller values
of 1 − m(t )/M when increasing M. This is further studied in
Sec. VI, where we extrapolate this value to the TL via linear
regression. We refrain from studying the later nonanalytici-
ties, since we expect that, similar to the findings in the free
case [27], in the TL they will smear out, so that only the first
nonanalyticity will persist.

Quantum phase transition in the entanglement Hamilto-
nian. As explained in Sec. II and motivated by the free case
[27], we analyze the spectrum of the entanglement Hamilto-
nian, which is defined as

HE ≡ − ln ρs, (6)

where ρs is the reduced density matrix of the system. The
eigenvalues of the entanglement Hamiltonian are given by

εi = − ln λi. (7)

where λi are the Schmidt coefficients. We refer the readers to
Appendix A for further details.

Since the Rényi parameter n serves the role of inverse
fictitious temperature βfictitious , we analyze the behavior of the
ground state of the entanglement Hamiltonian under tempo-
ral evolution by plotting the eigenvalues of the ground state
(=Smin) as well as the first three excited states against the

FIG. 5. MPS results for the time evolution of the min-entropy
density [Eq. (4)] plotted against the decayed fraction 1 − m(t )/M and
for the same parameters as in Fig. 4. Nonanalyticities in the temporal
evolution are observed in all cases. (a) For fixed system size at
M = 5 and different interaction strengths V , the first nonanalyticity
happens (to a very good approximation) at the same value of the
decayed fraction for all values of V shown. (b) For fixed interaction
strength V = 0.8 and varying the system size M, we find that the first
nonanalyticity develops at earlier times as M increases.

decay fraction in Fig. 6(a). Since the lowest four eigenvalues
are derived from the largest four Schmidt coefficients [see
Eq. (7)], we also plot the evolution of the four largest Schmidt
coefficients in Fig. 6(b). In the following, we focus on the
behavior of the ground state of the entanglement Hamiltonian
which restricts the analysis to crossings of the ground state
with the first-excited state. We find a one-to-one correspon-
dence between Figs. 5 and 6 where nonanalyticity in the
min-entropy appears exactly when there is a crossing of the
ground state with the first-excited state of the entanglement
Hamiltonian. Therefore, we provide a robust interpretation
as found for the free case [27] that also holds when the
interaction is switched on: the system undergoes a quantum
phase transition in the entanglement Hamiltonian at the same
instance of time when the min-entropy develops a nonanalyt-
icity. As explained in Appendix A [Eq. (A8)], the connection
between the Rényi entropies Sn and the thermodynamic free
energy FE (n) corresponding to the entanglement Hamiltonian
is given by

Sn = n

n − 1
FE (n). (8)
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FIG. 6. (a) MPS results for the time evolution of the lowest
four eigenvalues of the time-dependent entanglement Hamiltonian
[Eq. (6)] plotted against the decayed fraction 1 − m(t )/M and for the
same parameters as in Fig. 4, but fixing M = 5 and V = 0.8. The
level crossing of the ground state with the first-excited state happens
at the same value of the decayed fraction as the nonanalyticity ob-
served in Fig. 5, indicating that this behavior can be connected to
a quantum phase transition in the entanglement Hamiltonian when
tuning time as a control parameter. (b) Same as in panel (a) but
for the largest four Schmidt coefficients, which are connected to the
eigenvalues of the entanglement Hamiltonian via Eq. (7).

This allows us to construct a mapping of the nonanalyti-
cal behavior in time (“temporal entanglement transition”) to
quantum critical behavior of the ground state of the entangle-
ment Hamiltonian: we extend the usual picture of continuous
quantum phase transitions to the present situation. The quan-
tum critical point at zero temperature corresponds to the
critical behavior of Smin at the instant of time tc. Similar to
standard quantum phase transitions, we expect a quantum
critical regime at fictitious temperature; i.e., for the Rényi en-
tropies with finite n, we do not expect a sharp critical point as a
function of time but a crossover between two different phases,
with the behavior in the crossover region determined by the
properties of the quantum critical point observed in Smin(tc).
This is illustrated in Fig. 7. This leads to the following natural
interpretation: the bending down of the vNEE to obtain the
Page curve in Figs. 3 and 4 at a later time than the critical time
(tPage > tc) is due to the quantum critical regime and, thus, is
affected by the presence of an underlying quantum critical
point. Therefore, we expect the generic picture to hold for

FIG. 7. Schematic depicting the quantum phase transition in the
entanglement Hamiltonian at a critical time tc where the min-entropy
develops a nonanalyticity. Drawing similarities with the conventional
scenario for quantum phase transitions, the control parameter along
the x axis here is time and the role of temperature (fictitious) along
the y axis is here played by the inverse of the Rényi parameter 1/n
[see Eq. (8) as well as Appendix A]. We associate the quantum
critical point in this sketch to the nonanalyticities of the temporal
evolution of the min-entropy, which in this picture separates two dif-
ferent phases of matter during the temporal evolution of our model.
Moreover, there exists a quantum critical regime at finite (fictitious)
temperature, whose behavior is affected by the underlying quantum
critical point at 1/n = 0. Since we find tc < tPage, the bending down
of the vNEE as shown in Figs. 3 and 4, and hence the breakdown
of the semiclassical picture [14], is associated with the presence of a
critical point at an instant of time 0 � tc � tPage.

arbitrary systems, that the nonanalyticity in the min-entropy
separates two different quantum phases of matter, which leads
to a breakdown of the semiclassical picture [14].

IV. TIME-DEPENDENT ENTANGLEMENT HAMILTONIAN
AND THE CONSERVED-CHARGE PICTURE

We generalized the results of Ref. [27] for the free case to
interacting systems with conserved charge, where we found
a robust behavior of the nonanalyticity in the min-entropy
and the corresponding temporal quantum phase transition in
the entanglement Hamiltonian. The entanglement Hamilto-
nian HE (t ) conserves the particle number, thereby having
disconnected conserved particle number sectors. Hence, any
change of particle number in the system as a function of time
is associated with a level crossing of the actual ground state
with another eigenstate with different number of particles.
As the system empties out into the environment, so does the
ground state of HE . The reduced density matrix of the system
ρs(t ), which is used to define the entanglement Hamiltonian
[see Eq. (6)], is pushed into smaller effective Hilbert space
with time. Since we start with a product state (3), at time
t = 0 the net von Neumann bipartite entanglement entropy
is zero and the unitary evolution preserves the total entropy
of the system plus the environment. Accordingly, the von
Neumann entropy of the environment remains bounded by
the logarithm of the dimension of the effective Hilbert space
of the system in the infinite time limit. The entanglement
Hamiltonian is initially gapped, and the gap closes as the
critical time is approached at which one particle is emitted into
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FIG. 8. Top row: raw data in the vicinity of the critical point where top left is for the decayed fraction of particles against time, while the
top right plots min-entropy against time (axes are re-scaled by system size as shown in the plots). Bottom row: finite-size scaling for the raw
plots in the neighborhood of the critical (non-analytic) point, showing a perfect collapse. Using the scaling relations explained in Sec. V, we
find universal values of scaling ansatz exponents a, b, and c for all values of V . The plot is shown for V = 1.2, g = 0.5, ts = te = 1.0, L = 50,
and M = {3, 4, 5, 6, 7}. Plots for other values of V are shown in Appendix D. Therefore, we have a consistent collapse for both the order
parameter as well as the ground-state energy of the entanglement Hamiltonian.

the environment. The ground-state energy (equivalently the
min-entropy) develops a nonanalyticity at the crossing, and
therefore the critical point corresponds to the quantum phase
transition in HE (t ) described in the previous section. There-
fore, for the present system, the conserved-charge picture is
crucially at the center for understanding the critical behavior
that develops in time. Our results show that the phenomenon
is robust for weak to intermediate interacting strengths. The
reason for this is that in this model, the interaction in the
system does not affect the existence of the disconnected con-
served charge sectors and as the particle is emitted, there
is the aforementioned level crossing, e.g., between the M
particle sector and the M − 1 particle sector leading to the
nonanalytical behavior as a function of time. This conserved
charge picture holds independent of the interactions as well
as the dimensionality of the model with a conserved charge;
therefore, there must exist a nonanalyticity in min-entropy
and the quantum phase transition in HE (t ), at least for finite
systems. However, the discussion so far has focused on finite
systems, but the scenario sketched in Fig. 7 only holds in
the TL. Therefore, the question arises, if this level crossing

scenario observed for finite systems leads to nonanalytical
behavior in the TL, which would manifest true quantum criti-
cal behavior. If this is the case, then the question for the order
parameter arises. Here, the change in particle number dis-
cussed for the finite systems should lead to a depletion transi-
tion in the TL, at which the filling of the system serves as order
parameter. As for the noninteracting system [27], we expect in
the TL a continuous change of this order parameter with time,
so that the general theory of continuous phase transitions and
the overall behavior sketched in Fig. 7 will be applicable. This
scenario is further analyzed in the next section by explicitly
performing a scaling analysis to the TL using our numerical
MPS results for different interaction strengths.

V. FINITE-SIZE SCALING AND CRITICAL EXPONENT

We start by doing a finite-size scaling and then evaluating
the critical exponent β corresponding to the order parameter
for the transition, namely, the difference of particles in the
environment. We first proceed by explaining the scaling rela-
tions and then present the results for our case. The parameters
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FIG. 9. We perform the scaling relation in Eq. (12) for M = 4
and V = 0.8 to get extract the critical exponent β associated with
the order parameter. The postcritical time data are used that are in
a small neighborhood of the critical time. The postcritical time data
are shown for clarity purposes where we expect the scaling relations
to fail because they are valid only in the vicinity of the critical time.
The black dashed line denotes the actual fit while the blue dashed line
denotes the curve in Eq. (12) for β = 0.50 while using the same value
of A as obtained via fitting in the black dashed curve. Accordingly,
we find to a reasonable accuracy the value of the critical exponent β

same as that of the free case in the thermodynamic limit, as shown in
Eq. (61) of Ref. [27]. Other parameters are L = 50, g = 0.5, and ts =
te = 1.0. We perform an average over different M = {3, 4, 5, 6, 7}
for a fixed V to get aggregated value for finite systems, and the results
are summarized in Table II.

are the same as considered throughout this work: ts = te = 1.0
as well as the system-environment coupling g = 0.5. Starting
with the critical time tc (which vanishes in the thermodynamic
limit for the system-environment coupling g = 0.5, as shown
in Sec. VI), we have the following scaling ansatz to illustrate
that indeed there is a linear dependence on 1/M (thereby
justifying the usage of linear regression in Sec. VI):

tc ∼ M−1/c, (9)

where c is the scaling ansatz exponent and M is the number of
sites in the system. Then once we have obtained the exponent
c, we have the finite-size scaling for the order parameter
[1 − m(t )/M], which is the decayed fraction of particles to
the environment:

[1 − m(t )/M]Mb/c ∼ (t − tc)M1/c, (10)

where we are in the small neighborhood of tc. Notice that
the transition happens when the first particle leaks into the
environment. That is why the order parameter is zero for t < tc
while it becomes nonzero for t > tc in the thermodynamic
limit (see Sec. IV above for a detailed discussion). Using this
scaling ansatz, we can extract the scaling ansatz exponent b.
Finally, the ground-state energy of the entanglement Hamilto-
nian develops nonanalyticity in time and we perform a scaling
analysis in the neighborhood of the nonanalytic point as(

Smin

M

)
Ma ∼ (t − tc)M1/c, (11)

which allows us to calculate the scaling ansatz exponent a.
Once we have performed the scaling, we expect a perfect

FIG. 10. Linear regression plot where we extrapolate the criti-
cal decayed fraction corresponding to the quantum critical time (as
shown in Fig. 7) to the thermodynamic limit where M → ∞. The
system sizes are varied from M = 3 to M = 7 for two interaction
strengths (total of 5 data points each) as shown in the bottom plots
of Fig. 5 for V = 0.8 and Fig. 15 for V = 1.2. Other parameters
are ts = te = 1.0 where the coupling g between the system and the
environment is shown in the plot. We find that the critical decayed
fraction vanishes in the thermodynamic limit for the stronger cou-
pling g = 0.5 between the system and the environment; however,
for weaker coupling g = 0.25, there exists a nonzero value in the
thermodynamic limit. As discussed in the main text, we find an acute
sensitivity to the coupling strength, which is summarized in Table III
where, even for the weaker coupling, the thermodynamic critical
value vanishes with increasing interaction strength V .

collapse of the order parameter as well as the min-entropy
for various system sizes M = {3, 4, 5, 6, 7}. Indeed, we find
universal exponents a, b, and c such that for all values of
V = {0.0, 0.4, 0.8, 1.2}, we find a perfect collapse. The free
case V = 0.0 is used to benchmark against the analytical cal-
culations performed in the thermodynamic limit in Ref. [27].
We provide one such example of collapse here for the case
of V = 1.2 in Fig. 8 while other plots for different values
of V are provided in Appendix D. We find the values of all
three scaling ansatz exponents (a, b, c) to be around 1.0. The
precise values are shown in Table I. This shows a consistent
collapse for the order parameter as well as the nonanalyticity
in the ground-state energy of the entanglement Hamiltonian.

Then we find the critical exponent β of the order parameter
in the small neighborhood of tc such that t > tc which is
given by (

1 − m(t )

M

)
= A(t − tc)β (t > tc). (12)
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For the free case, in the thermodynamic limit, the critical
exponent is found to be β = 0.5, as shown in Eq. (61) of
Ref. [27]. For finite systems, we fix the value of M and then
perform the scaling to extract the values of A and β. We
know that the prefactor A is not universal, so we restrict our
analysis for β. Then for a given interaction strength V and
fixed total number of sites L, we aggregate the value of β for
M = {3, 4, 5, 6, 7}. Within reasonable accuracy, we find the
universal critical exponent β as the free case [27] for all values
of V . We provide one such example for M = 5 and V = 0.8
in Fig. 9. Aggregated values for various V are summarized
in Table II. Therefore we conclude the robustness of such
temporal quantum phase transitions that the interactions do
not change the critical exponent associated with the order
parameter.

VI. ANALYSIS IN THE THERMODYNAMIC LIMIT

We discuss a scaling analysis by performing a linear ex-
trapolation to the thermodynamic limit (as justified above
in Sec. V). Considering that the short time behavior of the
min-entropy until the first nonanalyticity is effectively linear,
we expect this to capture the leading order of the behavior.
As motivated by the free case [27], we expect later nonan-
alyticities to smear out in the thermodynamic limit. For a
fixed interaction strength V = 0.8 (as shown in Fig. 5), we
select the x coordinates of the first nonanalytic points for
different system sizes that we denote as 1 − m(tc)/M and
perform a linear regression, as shown in Fig. 10. The system
parameters treated and the results are summarized in Table III
and a CSV file containing a summary of regression analyses
is provided in the research data management [38]. We find
an acute sensitivity on the coupling strength g between the
system and the environment, where we find that the nonva-
nishing critical value persists for higher interaction strengths
when the coupling is weaker. For both cases of the coupling
(g = 0.5 and g = 0.25), the value corresponding to the free
case V = 0.0 indeed matches the value obtained in the exactly
solvable free model as carried out in Ref. [27]. At finite V > 0,
for the smaller value of g we find a nonvanishing tc value in
the TL for V � 1. However, when further increasing V , or in
the case of g = 0.5, we always obtain tc ≈ 0; a conservative
estimate of the numerical errors after the extrapolation gives
an error bar of ≈3 times the standard deviation shown, so that
we conclude that these values are zero within our obtained
numerical accuracy. This is also true at V = 0, in agreement
with Ref. [27] (see Table III). Note that we have performed
regression analyses for the critical value of decay fraction
instead of critical time (as plotted in Fig. 3 for the vNEE);
the scaling analyses for the critical time is provided in the
Appendix B where we observe the same pattern.

Analysis. We now provide an interpretation and analysis for
the observed vanishing of the thermodynamic critical value
of decay fraction as the interaction strength is tuned up. At
t = 0, we start with the initial state (3). Then a particle leaks
to the environment, or equivalently, a hole enters the system.
Now the particle is free to hop in the environment but the
hole cannot penetrate deeper into the system due to energy
constraints imposed by the interaction term in model (1).
For a hole to move one site deeper into the system, there is

FIG. 11. When a particle leaks to the environment, a hole enters.
Energetically favorable process is where holes form a domain-wall
structure via higher-order processes. In the case of a strong interact-
ing limit where V/th � 1, only one particle leaks and the system gets
stuck. This allows us to write the ansatz as in Eq. (13). We refer to
the main text for more details.

an energy cost of V . However, there is another energetically
favorable scenario where higher-order processes play a role
to emit another particle into the environment (a second hole
coming into the system) without the first hole hopping any
further into the system. This leads to a domain-wall structure
of holes entering the system. This is explained schematically
in Fig. 11.

We can make this interpretation concrete to show the
vanishing of the critical values in the thermodynamic limit.
Consider the strongly interacting case where V/th � 1 (where
th ≡ ts = te which has been set to 1.0 in this work). Contrary
to intuition, repulsive interactions do not generically lead to
particles spreading out. The concept of pairing induced by
repulsive interactions is known in the literature [39–44] where
repulsively bound pairs form as a consequence of repulsive
interactions. In fact this behavior is prevalent in our setup, too,
where a strong value of V , say V = 5.0, given other parame-
ters are same as in our paper (g = 0.5, ts = te = 1.0, L = 50,
and M can be anywhere between 3 and 7 sites) causes the
system to freeze and no particles leak into the environment.
See Appendix C for V = 3.0 and V = 5.0 for timescales
accessible to us. Accordingly, in order to write down an
ansatz for the number of particles in the system, we have two
possibilities: (1) one particle decays to the environment and,
accordingly, a hole enters the system, causing dynamics in the
setup,1 and (2) no particle leaks into the environment, thereby
having no dynamics at all (see Appendix C). Since we are
interested in finding the crossing of the ground state of the
entanglement Hamiltonian and the dynamics is dominated by
these two possibilities, only the largest and the second-largest
Schmidt coefficients, namely, 1 − λ(t ) and λ(t ), respectively,
are playing a role such that λ(t = 0) = 0 (see Appendix C
where we have also provided numerical evidences for Schmidt
values). The ansatz reads

m(t ) = Me2 ln [1−λ(t )] + (M − 1)e2 ln [λ(t )]

e2 ln [1−λ(t )] + e2 ln [λ(t )]
, (13)

where we analyze a parametric plot of the Schmidt coeffi-
cients λ(t ) and 1 − λ(t ) on the y axis and the decay fraction
1 − [m(t )/M] on the x axis. By increasing the system size M

1In this strongly interacting case, no higher-order processes will
play any relevant role and the system will freeze in this state and no
further decay of particles will be observed.
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FIG. 12. A schematic showing instantaneous dynamics in the
thermodynamic limit leading to the quantum phase transition in the
entanglement Hamiltonian at a critical time tc = 0 where the min-
entropy develops nonanalyticity. Even though the vNEE is analytic,
performing a perturbation theory still needs some care because the
semiclassical description breaks down right from the initial time [14].

to as large as possible (≈106), we find the critical value of
decay fraction when the two Schmidt coefficients cross to be
vanishingly small (≈10−7). A Mathematica file providing the
parametric plot is provided in the research data management
[38]. This shows that the critical time in Fig. 7 is vanishingly
small in the thermodynamic limit for strongly interacting
system (V/th � 1) which is consistent with our regression
analyses in Table III.

VII. SUMMARY AND OUTLOOK

We studied the temporal evolution of entanglement dy-
namics between bipartite subsystems (the system and the
environment, see Fig. 2) of an interacting spinless fermionic
chain. Motivated by the construction in black-hole physics,
we made the environment much larger than the system and
initiated the time evolution from a product state [Eq. (3)]
where the system was completely filled while the environment
was empty. While in Ref. [27] the noninteracting system was
considered, we here extend the picture to the interacting case.
This is done by adding interactions in the system, while the
environment remained noninteracting.

Contrary to a typical many-body system where the vNEE
displays a linear behavior followed by a volume-law satu-
ration [14], we found a Page curve dynamics in the vNEE
(Figs. 3 and 4) where there is a bending down at the Page
time. We then analyzed the spectrum of the entanglement
Hamiltonian associated with the system whose ground-state
energy is given by the min-entropy [Eq. (4)]. Therefore,
we studied the dynamical evolution of min-entropy (Fig. 5)
where we found a nonanalyticity that developed in time.
To find the cause for this nonanalyticity, we analyzed the
spectrum of the entanglement Hamiltonian associated with a
fictitious temperature 1/n, where n is the Rényi parameter,
where we found a level crossing between the ground state
and the first-excited state of the entanglement Hamiltonian
(Fig. 6). The nonanalyticity developed in the ground-state
energy corresponds to the quantum phase transition in the
entanglement Hamiltonian at critical time tc. This led us to
the picture depicted in Fig. 7 of a temporal quantum phase
transition and an associated quantum critical regime. The

FIG. 13. Von Neumann bipartite entanglement entropy density
between the system and the environment is plotted against the de-
cayed fraction of particles from the system into the environment. We
obtain a Page curve dynamics where the vNEE bends down towards
zero. Total number of sites are fixed at L = 50. The parameters in
Eq. (1) are fixed at ts = te = 1.0 and g = 0.5. The simulation is run
for time starting at t = 0.0 to a maximum time of tmax = 40.0 with
time steps dt = 0.02. Plot (a) is for the interaction strength V = 0.4
while plot (b) is for the interaction strength V = 1.2.

quantum critical time tc divides two different quantum phases
of matter that correspond to different conserved charge sec-
tors, and any semiclassical picture or perturbative analysis
starting from the initial time breaks down near the critical
time at vanishing fictitious temperature. The vNEE is analytic;
however, the bending down at the Page time (tPage > tc) might
be influenced by the quantum critical regime that corresponds
to an underlying quantum critical point. This is further illus-
trated by our findings in Sec. IV where we explained that any
model with a conserved charge, independent of interaction as
well as dimensionality, exhibits such a critical behavior, at
least for a finite system size.

Along the same lines as in the free case [27], we expect
the later nonanalyticites (after the first one) to smear out in
the TL. Using the linear growth of the min-entropy up to the
first nonanalyticity, we used linear regression to extrapolate
to the thermodynamic limit where we found that there exists
a nonzero critical time for weak interactions at which the
quantum phase transition in the entanglement Hamiltonian
develops. However, as the interaction strength increases, the
critical value vanishes in the thermodynamic limit, implying
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FIG. 14. The same behavior as plotted in Fig. 13 where the x axis
is the normalized time instead of decayed fraction of particles from
the system into the environment.

an instantaneous dynamics leading up to the nonanalytic be-
havior (see Fig. 12). Note that also for tc = 0 the semiclassical
description loses its applicability, so that, as long as tc � tPage,
the proposed scenario keeps its validity (see Fig. 12). Our
analyses show that one must be careful before naively ap-
plying perturbation theory by switching on the interactions
because of the underlying quantum critical point that might
influence the behavior of the system even for finite Rényi
entropies. Moreover, the order parameter for the transition,
whose schematic is sketched in Fig. 7, is the change in par-
ticle number density where a depletion transition drives the
quantum phase transition. Near the critical point, the particle
density develops a power-law behavior with an exponent 1/2
for the free case [27]. Since the weak interactions are nearly
the same as the free case, including the thermodynamic crit-
ical value (see Table III), we strongly expect the power-law
behavior to stay the same. Indeed, as shown in details in
Sec. V, we do find the same value of the critical exponent
thereby concluding that such temporal quantum phase tran-
sitions are robust despite the presence of interactions which
makes our setup nonintegrable.

Our work is based on a weak coupling g = 0.50 between
the system in the environment but we found an interesting
behavior for further weaker coupling g = 0.25. Namely, we
found an acute sensitivity on the coupling strength g be-
tween the system and the environment where the weaker
the coupling g, the stronger the interaction required for the

FIG. 15. Min-entropy density is plotted against the decayed frac-
tion of particles from the system into the environment. We obtain a
Page curve dynamics where the vNEE bends down towards zero. We
have used the same parameter values as used in Fig. 13 to plot the
vNEE. Plot (a) is for the interaction strength V = 0.4 while plot (b) is
for the interaction strength V = 1.2. As motivated by the free case
[27], later nonanalyticities gets smeared out in the thermodynamic
limit.

thermodynamic critical value to vanish. Furthermore, the crit-
ical exponent’s analysis and the finite-size scaling performed
in Sec. V remain no longer valid for g = 0.25. We do not find
a universal collapse and therefore, no associated exponents.
This might suggest that the nature of phase transition has
changed from a continuous phase transition to a first-order
transition at some critical value g�, or something completely
different altogether. A true understanding for significantly
smaller values of g is lacking, in the sense that why it shows
a finite, nonzero value of tc in the thermodynamic limit and
why the exponents are no longer universal, whether it be a
first-order phase transition or something completely different.
This is left as an outlook.

A natural question to ask is whether nonanalytic behavior
can also occur in models without any conserved charges.
Interestingly, results in Ref. [45] show that this is indeed the
case, but only in the thermodynamic limit. Another interesting
question relates to the role of the coupling strength g and why
it can have such a significant impact on the dynamics.

Returning to our original motivation from the black-hole
information paradox, we have drawn analogies between the
black-hole setup and our lattice setup. Despite the obvious
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FIG. 16. The same behavior as plotted in Fig. 15 where the x-axis
is the normalized time instead of decayed fraction of particles from
the system into the environment.

differences, there does exist some similarities between the
two. A recent proposal in black-hole physics has gathered at-
tention, namely, the island formula [46–48], where a quantum
extremal surface develops during the temporal evolution of
vNEE right before the Page time. The presence of islands
is crucial after the Page time for the reproducibility of the
Page curve. However, the emergence of islands is not smooth,
thereby leading to a nonanalytic behavior in the evolution of
vNEE. This suggests the possibility of whether Page curves
in the black-hole information paradox can be understood via
the mechanism highlighted in this work. Ours is a (1 + 1)-
dimensional setup while black holes are (3 + 1)-dimensional
objects. In one spatial dimension, we find nonanalyticity in
the ground-state energy of the entanglement Hamiltonian at
zero fictitious temperature associated with the entanglement
Hamiltonian. The possibility we are talking about is that
when one goes to higher dimensions, the criticality might
not just be limited to zero fictitious temperature but expand
to higher, nonzero fictitious temperatures, causing nonana-
lyticity in not just the ground state but excited states of the
entanglement Hamiltonian. This includes the von Neumann
entropy that might have a nonanalyticity in higher dimen-
sions when approached via our methodology as sketched in
this work. Numerics become practically impossible in higher
dimensions, so the hope rests on analytical frameworks re-
volving around the entanglement Hamiltonian associated with
a Schwarzchild blackhole in AdS space-time (prepared in a

FIG. 17. We plot the crossing between the ground state and the
first-excited state observed in the entanglement Hamiltonian signi-
fying a quantum phase transition that results in nonanalyticity in
min-entropy in Fig. 15 (or equivalently, Fig. 16) The parameter
values in Eq. (1) are M = 5, V = 0.4, ts = te = 1, g = 0.5. Simu-
lation time is from t = 0.0 to a maximum time of tmax = 40.0 with
time steps dt = 0.02. Only the (a) Eigenvalues of the entanglement
Hamiltonian is plotted against decayed fraction of particles into the
environment where quantum phase transition happens at the same
time where min-entropy develops nonanalyticity. (b) Largest four
Schmidt coefficients are plotted against the decayed fraction of par-
ticles into the environment. Eigenvalues are extracted from these
Schmidt coefficients, as explained in Appendix A [Eq. (A4)]. For
our purposes, only the ground state (corresponding to the largest
Schmidt coefficient) and the first-excited state (corresponding to the
second-largest Schmidt coefficient) are relevant.

pure state as is normally the setup found in the literature, see
Ref. [24]) coupled to an empty environment. The question
remains about the validity of our claims to black holes, and
to which extent we can further understand the emergence
of these islands as being related to some form of quantum
phase transition in the associated entanglement (equivalently,
modular) Hamiltonian.
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APPENDIX A: ENTANGLEMENT HAMILTONIAN

For any bipartite system AB described by the density ma-
trix ρAB = |ψAB〉〈ψAB|, where |ψAB〉 is the eigenstate of the
entire system, we can calculate the reduced density matrix
as ρA/B = TrB/A(ρAB). We can decompose |ψAB〉 via Schmidt
decomposition as

|ψAB〉 =
r∑
i

√
λi|i〉A|i〉B, (A1)

where λi are the Schmidt coefficients (also known as the
Schmidt values) and r is the Schmidt rank. Rényi entropy Sn

FIG. 18. We plot the quantum phase transition that results in non-
analyticity in min-entropy for V = 1.2. The rest of the parameters
as well as the conclusions are the same as stated in the captions of
Figs. 6 and 17.

for any Rényi order n is completely decided by the knowledge
of Schmidt coefficients for the bipartite state as

Sn(ρA) = 1

1 − n
ln

(
r∑

i=1

λn
i

)
. (A2)

An associated concept to bipartite system is that of
the entanglement (or modular) Hamiltonian HE , which is
defined as

HE ≡ − ln ρA (A3)

and whose eigenvalues are given by

εi = − ln λi. (A4)

Therefore, the Schmidt coefficients completely describe the
spectrum of the entanglement Hamiltonian where the ground-
state eigenvalue is given by the largest Schmidt coefficient that
turns out to be the min-entropy:

εGS = − ln λmax = Sn→∞ = Smin. (A5)

Similarly, the first-excited state is given by the second-largest
Schmidt value, and so on and so forth. Accordingly, there is a
one-to-one mapping of the bipartite system to that of entangle-
ment Hamiltonian where the role of “fictitious temperature”
for the entanglement Hamiltonian is provided by 1/n, n being
the Rényi order. We can see this explicitly by writing the
expression for the thermodynamic free energy corresponding

FIG. 19. The same behavior as plotted in Fig. 17 where the x axis
is the normalized time instead of decayed fraction of particles from
the system into the environment.
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FIG. 20. The same behavior as plotted in Fig. 18 where the x axis
is the normalized time instead of decayed fraction of particles from
the system into the environment.

to the entanglement Hamiltonian as

FE (βfictitious) = − 1

βfictitious
lnZE (βfictitious), (A6)

where ZE (βfictitious) is the partition function of the entangle-
ment Hamiltonian HE given by

ZE (βfictitious) = TrHsys e
−βfictitiousHE . (A7)

Here βfictitious = 1/Tfictitious is the inverse of the fictitious tem-
perature. Comparing against the Rényi entropy Sn in Eq. (5),
we find a proportionality between the Rényi entropies and the
thermodynamic free energy of the entanglement Hamiltonian
(thereby connecting the two) when the inverse fictitious tem-
perature βfictitious = n:

Sn = n

n − 1
FE (n). (A8)

This concludes our discussion that the fictitious temperature
of the entanglement Hamiltonian is given by 1/n.

APPENDIX B: ADDITIONAL PLOTS FOR DIFFERENT
INTERACTING STRENGTHS

We have already provided plots for V = 0.8 in the main
text; here we provide the plots for interaction strengths V =
0.4 and V = 1.2 corresponding to different system sizes.
There are no qualitative changes and all physics discussed in

FIG. 21. Linear regression plot where we extrapolate the critical
normalized time tc/M to the thermodynamic limit where M → ∞.
The system sizes are varied from M = 3 to M = 7 for two interaction
strengths (total of 5 data points each): V = 0.8 and V = 1.2. Other
parameters are ts = te = 1.0 where the coupling g between the sys-
tem and the environment is shown in the plot. The regression plot for
the same parameter values but for critical decayed fraction (instead
of critical time) is given in Fig. 10. We find that the critical de-
cayed fraction vanishes in the thermodynamic limit for the stronger
coupling g = 0.5 between the system and the environment, however
for weaker coupling g = 0.25, there exists a nonzero value in the
thermodynamic limit. We find an acute sensitivity to the coupling
strength which is summarized in Table IV where even for the weaker
coupling, the thermodynamic critical value vanishes with increasing
interaction strength V .

the main text stay the same, including the sensitivity on the
coupling parameter g between the system and the environment
for any interacting strength. Figure 13 shows the behavior
of the vNEE for interacting strengths V = 0.4 and V = 1.2
as plotted against the decayed fraction of particles from the
system into the environment. The same behavior is plotted in
Fig. 14 where the x axis is changed from decayed fraction of
particles to normalized time.

Next we plot the min-entropy in Fig. 15 corresponding to
the same parameter values as used in Fig. 13 where we again
find nonanalyticities develop in time. We have also provided
the plot in Fig. 16, where instead of the decayed fraction, we
have plotted the min-entropy for the normalized time.

Next we analyze the entanglement Hamiltonian for these
two interacting strengths where we again find an underly-
ing quantum phase transition. We plot the eigenvalues and
the Schmidt coefficients (using which the eigenvalues of the
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FIG. 22. Results for strongly interacting cases for (a) V = 3.0 and (b) V = 5.0 where other parameter values are mentioned in the plot. As
explained in the main text in Sec. VI, the system gets stuck despite showing short-term fluctuations.

entanglement Hamiltonian are calculated) for V = 0.4 (V =
1.2) in Fig. 17 (Fig. 18) against the decayed fraction of parti-
cles into the environment, as well as against normalized time
in Figs. 19 and 20.

We finally perform the regression analysis for normalized
time (in contrast with the decayed fraction as done in the
main text) corresponding to the first nonanalyticity observed
in min-entropy. Figure 10 provides the regression plot for
V = 0.8 where the thermodynamic extrapolation of critical
decayed fraction is done. In Fig. 21 (see also Table IV), we do
a regression analysis for critical normalized time instead and
find that it vanishes in the thermodynamic limit. We perform
such analyses for a wide-ranging value of interaction strengths
to find the extrapolated thermodynamic value of critical time
(similar to Table III where we extrapolated to find the critical
decayed fraction in the thermodynamic limit) and summarize
it in Table IV. A CSV file containing a summary of regression
results is provided in the research data management [38].

APPENDIX C: STRONGLY INTERACTING CASE

As discussed in the analysis in Sec. VI in the main text,
in the strongly interacting case where V/th � 1 (where th ≡
ts = te which has been set to 1.0 in this work), a maximum of
one particle can leak into the environment. Accordingly, we
were able to write down an ansatz for the number of particles
in the system [Eq. (13)] where only the largest [1 − λ(t )]
and the second-largest [λ(t )] Schmidt coefficients play a role
such that λ(t = 0) = 0. We show the results for V = 3.0 and
V = 5.0 in Fig. 22 that indeed the system gets stuck despite
showing short time fluctuations and there is no further leakage
of particle, at least for the timescale accessible to us. We fur-
ther plot in Fig. 23 the four largest Schmidt coefficients where
we find (as claimed in the main text) that only the largest
and the second-largest Schmidt coefficients play a dominating
role in determining the temporal dynamics of the system as
the interaction strength is further increased. As mentioned

FIG. 23. The corresponding Schmidt coefficients for the graphs shown in Fig. 22 for strongly interacting cases for (a) V = 3.0 and (b) V =
5.0 where other parameter values are mentioned in the plot. As explained in the main text in Sec. VI, only the largest and the second-largest
Schmidt coefficients play a role which becomes evident in these plots as well. This allows us to write the ansatz for the particle number in the
system, as in Eq. (13).
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FIG. 24. Parameters: V = 0.8, g = 0.5, ts = te = 1.0, L = 50, and M = {3, 4, 5, 6, 7}.

above Eq. (13), strong repulsive force not necessarily lead to
particles dispersing, but the dynamics can completely freeze
in the presence of strong interactions. This is what we observe
here.

APPENDIX D: FURTHER PLOTS FOR FINITE-SIZE
SCALING AND CRITICAL EXPONENT

We present here the plots for V = 0.0, V = 0.4, and V =
0.8 in Figs. 24–26. The descriptions of the top and the bottom
rows in each of these plots are explained in the caption of
Fig. 8.

FIG. 25. Parameters: V = 0.4, g = 0.5, ts = te = 1.0, L = 50, and M = {3, 4, 5, 6, 7}.
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FIG. 26. Parameters: V = 0.0, g = 0.5, ts = te = 1.0, L = 50, and M = {3, 4, 5, 6, 7}. This is also used for benchmarking because the free
case is solvable analytically in the thermodynamic limit [27].
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Rajchel-Mieldzioć, Introduction to quantum entanglement in
many-body systems, in New Trends and Platforms for Quantum
Technologies, edited by R. Aguado, R. Citro, M. Lewenstein,
and M. Stern (Springer Nature Switzerland, Cham, 2024),
pp. 225–285.

[2] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entan-
glement in many-body systems, Rev. Mod. Phys. 80, 517
(2008).

[3] J. Eisert, M. Cramer, and M. B. Plenio, Colloquium: Area
laws for the entanglement entropy, Rev. Mod. Phys. 82, 277
(2010).

[4] R. Nandkishore and D. A. Huse, Many-body localization and
thermalization in quantum statistical mechanics, Annu. Rev.
Condens. Matter Phys. 6, 15 (2015).
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