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Approximation theory for Green’s functions via the Lanczos algorithm
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It is known that Green’s functions can be expressed as continued fractions, the content at the nth level of
the fraction is encoded in a coefficient b,, which can be recursively obtained using the Lanczos algorithm. We
present a theory concerning errors in approximating Green’s functions using continued fractions when only
the first N coefficients are known exactly. Our focus lies on the stitching approximation (also known as the
recursion method), wherein truncated continued fractions are completed with a sequence of coefficients for which
exact solutions are available. We assume a standard conjecture about the growth of the Lanczos coefficients in
chaotic many-body systems, and that the stitching approximation converges to the correct answer. Given these
assumptions, we show that the rate of convergence of the stitching approximation to a Green’s function depends
strongly on the decay of staggered subleading terms in the Lanczos coefficients. Typically, the decay of the error
term ranges from 1/poly(/N) in the best case to 1/poly(log N) in the worst case, depending on the differentiability
of the spectral function at the origin. We present different variants of this error estimate for different asymptotic
behaviors of the b,, and we also conjecture a relationship between the asymptotic behavior of the b,’s and the
smoothness of the Green’s function. Lastly, with the above assumptions, we prove a formula linking the spectral
function’s value at the origin to a product of continued fraction coefficients, which we then apply to estimate the

diffusion constant in the mixed field Ising model.
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I. INTRODUCTION

Understanding thermalization in many-body systems is a
central problem in quantum physics [1-3]. In particular, the
study of transport of conserved quantities is a fundamental
question of interest. The microscopic dynamics are unitary,
but nonunitary hydrodynamical laws emerge at larger scales
[4-6]. Probing the hydrodynamic regime is a challenging task
even computationally. As usual, the difficulties arise from the
dimensionality of the Hilbert space that scales exponentially
with the size of the system. Recent developments in tensor
networks mitigate the problem; in particular, matrix product
states/operators allows for more efficient information storage
[7]. The standard algorithm for dynamics is time-evolving
block decimation (TEBD) [8]. However the required memory
(and run-time) for TEBD is believed to grow exponentially
in time, thus limiting the usefulness of TEBD for real-time
hydrodynamical simulations.

To address this issue, new methods have been introduced,
including dissipation-assisted operator evolution (DAOE)
[9,10], density matrix truncation (DMT) [11], and local-
information time evolution (LITE) [12,13]. An alternative
technique to study dynamics involves the Lanczos algo-
rithm, also known as the recursion method, which transforms
the Liouvillian into a tridiagonal form by constructing an
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orthonormal operator basis [14]. This transformation effec-
tively reduces the problem to a more familiar hopping model
on a semi-infinite chain. The hopping terms in this tridiago-
nal matrix, denoted b, and called Lanczos coefficients, can
then be used to represent the Green’s function as a continued
fraction from which it is possible in principle to extract the
diffusion constant of the model [15,16].

However, a significant source of error arises from the lim-
ited number of coefficients that can be extracted numerically.
The primary challenge is related to memory constraints: in
the worst-case scenario, the memory requirements grow ex-
ponentially with the number of Lanczos steps. Furthermore,
it is not a priori clear what is the best way to approximate
this continued fraction given only a limited number of co-
efficients. This problem of terminating a continued fraction
has been investigated in the past [17-20]. For instance, in the
context of approximating densities of states for many-band
Hamiltonians [21-23], but also in studying diffusive proper-
ties of incompressible flow [24]. Recently, the challenge of
effectively approximating continued fractions has resurfaced
in relation to thermalizing quantum systems [25-28]. In this
context, the operator growth hypothesis (OGH) [15] proposes
that in local thermalizing quantum systems, the b, have a
universal linear/quasilinear asymptotic growth with n depend-
ing on the dimension. This conjecture has been proved to
hold for the quantum Ising spin model in dimensions greater
than one, and for the chaotic Ising chain in one dimension
[29]. The OGH can be used to estimate a Green’s func-
tion by approximating the asymptotic growth of the exact
b coefficients based on the first N Lanczos coefficients ex-
tracted numerically. One then replaces the infinitely remaining
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set of b’s with a known (“Meixner—Pollaczek”) sequence
of Lanczos coefficients by — byiks, kK > O that have the
same asymptotic behavior [see Eq. (12)]. It turns out that one
can compute the resulting fraction exactly with this known
sequence, and the result gives an estimate for the Green’s
function.

We focus on the following question: How quickly does the
error in the computed Green’s function decay to zero as a
function of N? The results of this investigation shed light on
the computational efficiency of the Lanczos method, and quite
possibly the inherent complexity of many-body dynamics. We
begin by investigating the general problem of approximating
Green’s functions using the Lanczos algorithm and provide
some initial loose bounds at finite frequency. We then do
a more sophisticated analysis, and with some assumptions
show that the error in the estimated Green’s function de-
pends strongly on the nature of the subleading corrections
to the original operator growth hypothesis. Subsequently, we
validate our analytical theory numerically using cases with
known solutions. Finally, we apply the theory to a physical
problem: extracting the diffusion constant in the chaotic Ising
model.

II. APPROXIMATION OF GREEN’S FUNCTIONS

This section investigates the general problem of approx-
imating Green’s functions in unitary quantum systems by
truncating/completing the above-mentioned continued frac-
tion representation. Consider Hamiltonians H that act on
a Hilbert space H with operator dynamics induced by the
Liouvillian £ = [H, - ]. Let O be a normalized operator, and
define the corresponding Green’s function as

G(z) = (0,(z—L)"'0), )]

where (-, -) is the Kubo or thermal inner product [4]. We also
define the spectral function as

px) = l lim J((0, (x —ie — £)710)), 2)
T e—>0t

where J(-) is the imaginary part. This is the continuous part
of some spectral measure that we denote du(x) = p(x)dx.

We are interested in the Green’s function in the thermo-
dynamic limit, when the dimensionality of the Hilbert space
tends to infinity. To approximate this limit, we employ the
Lanczos algorithm that brings a self-adjoint operator into a
tridiagonal form. This is done by constructing an orthonormal
Krylov basis {0,}:2,, defined via a three-term recurrence
relation,

bn+l 0n+1 = L"On - bnOn—l s (3)

with initial conditions Oy = O, O_; = 0, and the convention
by = 1. Usually, the initial operator O is Hermitian, which im-
plies that the diagonal part of £ vanishes, i.e., (O,, LO,) = 0.
As a result, the algorithm yields:

(1) a sequence of Lanczos coefficients, {b,}o2,, deter-
mined by imposing, at each step, the normalization condition
1011 =1,

(2) an orthonormal Krylov basis {O,}72.

When the system size L, is finite, the Liouvillian £ acts as
a finite tridiagonal matrix; when L — oo, it acts as a Jacobi
operator on square-summable sequences ¢>(Z o) [30].

Notice that the Lanczos operators O,,, in Eq. (3), can be
expressed as O, = p,(L£)0y, where {p,(x)}, by the spectral
theorem, are orthonormal polynomials with respect to the
measure (or weight) u [31]. These polynomials satisfy the
same recurrence relation in Eq. (3),

b1 Pn1 (x) = xpu(x) — bypp—1(x), 4)
with initial conditions p_;(x) = 0 and py(x) = 1.

In theory, once all the Lanczos coefficients {b,}2, are
determined via the three-term recurrence relation, they can
be used to represent the Green’s function G(z) through the
continued fraction expansion [15]

G(z) = &)

z— "
However, in practice, only a limited number of coefficients are
computable, so our focus is on approximating this expression
using only the first N coefficients.

The most drastic approximation is truncating the continued
fraction by setting by,; = 0, Vk > 0. The resulting expres-
sion converges when J(z) # 0, but the convergence worsens
as J(z) — 0, as shown in Appendix B. The heuristic expla-
nation is that truncating the continued fraction corresponds to
dealing with a finite-dimensional hopping problem for which
the return probability does not decay with time. In contrast,
we expect our Green’s function to decay at late times in a
many-body system in the thermodynamic limit.

Consequently, we focus on a different method, the
“stitching” approximation, which mitigates the convergence
issue [14]. It consists of replacing the exact coefficients
{bn}52 41, With a “stitched” sequence {b, s},2 ., for which
the Green’s function G,(z) is known exactly. This approxima-
tion, unlike truncation, preserves the infinite dimensionality
of the underlying vector space. In order to implement this
numerically, it is useful to define a so-called nth level Green’s
function G™(z). These functions are defined recursively by

1

G"(z) =M, (G" V()= ————,
(2) +1( (2)) Z_biHG(n-s-l)(Z)

(6)
where M, is a Mobius transformation defined by the last
equality. According to this notation, we identify GV (z) =
G(z), which can be seen by iterating the recurrence in Eq. (6)
and comparing it with the definition of G(z) expressed as a
continued fraction in Eq. (5). The nth level Green’s function
can be interpreted as a Green’s function of the projected evo-
lution operator

G(n)(z) = <0nv (Z - P>n£7)2n)_10n>v (7)

where P>, projects into the subspace spanned by the basis

vectors {O;}52,,. The physical interpretation of these Green’s

functions is related to the self energy X(z), defined by

G(z) = ®)

z—X(z)
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This relationship connects the first-level Green’s function to
the self-energy as follows:

Y(z) = PGV (z) = (LO, (z — P=1LP=1) " LO),  (9)

since O; = LO. We can interpret the nth level Green’s func-
tion hierarchically, as being proportional to the self-energy
associated with the preceding Green’s function G~ (z). This
formulation highlights the connection between the Lanczos
algorithm and the memory function formalism [4], originally
introduced by Mori [32].

In terms of these functions, we may write the Green’s
function exactly as

G(z) = Qv(G™M(2)), (10)

where Qy = M o...o My denotes the composition of N
Mobius transforms using the exact sequence {b,};2,. Ap-
proximating G(z) using stitching at level N is equivalent
to replacing G™(z), in Eq. (10), with an analytically
known Green’s function obtained using the stitched Lanc-
zos sequence, which we denote G")(z). The stitching

approximation is thus
Gy (x) = Qv (G (D). (11)

In other words, we approximate G(z) with another function
Gy (z), whose continued fraction coefficients agree with those
of G(z) up to and including b3, but which are approximated
with the sequence bﬁys beyond that point,

1

GN (Z) = b%

12)

7z —

2
zZ— bN
2
7— bN+l,s
2
bN+2,.v
7 — —==

The aim of this discussion is to investigate the con-
vergence of this approximation. Let Ly, denote the
tridiagonal matrix with off-diagonal matrix elements
bi,...,by,by+1s, bnyos.... Expanding the resolvent
Eq. (1) around this matrix gives an expression for the
difference between the stitched and exact Green’s function

ens(z) = Gy(z) — G(2)
= (00, (z— L) (Lyys— L)z — Lns) ' 0p). (13)

An upper bound for the error when J(z) # 0 can be ob-
tained by using the fact that ||(z — £)~'|| < 1/|3(z)| and
[J]| < 2sup, |b,| holds for Jacobi operators J with vanishing
diagonal elements [30]. These bounds lead to

len,s(2)] < NLZ sup |bys — byl, (14)

|S3(2)]% nsn

which implies that, in the worst-case scenario, the rate of
convergence is given by how quickly |by s — by| approaches
zero. Hence, a sufficient condition for the stitching approx-
imation to converge, Gy(z) — G(z), when J(z) # 0 is that
the difference in the stitched and exact recurrence coefficients
tends to zero: |by s — by| — 0.

III. ZERO-FREQUENCY APPROXIMATION

In the previous section, Eq. (14) shows that a sufficient
condition for the convergence of the stitching approximation,
when |J(z)| > 0, is that the stitched Lanczos coefficients be-
come increasingly close to the exact ones, i.e., |by s — by| — 0
as N — oo. However, it is unclear what happens in the low-
frequency regime, as J(z) — 07, since Eq. (14) cannot be
used to prove convergence in this limit. This regime is of
particular interest in hydrodynamic studies because many
key hydrodynamic quantities, such as diffusion constants, are
extracted from the low-frequency behavior of the system.
Understanding this limit is therefore crucial for accurately
determining diffusion constants, as we will discuss further in
the next section.

The subtlety arises from an order of limits. If we keep J(z)
finite and assume that |, ; — b,| — 0 we can use Eq. (14) to
conclude

lim lim Gy(z) = G(—i0") = in p(0), (15)
z—>—i0+ N—>00
where p(0) is the spectral function at zero frequency. Ideally,
we would like to set z — —i0" first before taking N — oo
because this allows us to write an explicit expression for
G(—i0") in terms of the Lanczos coefficients as we will
later discuss. Therefore, the crucial question is whether the
following limits holds:

lim lim Gy(z) = G(—i0h). (16)

N—00 z——i0*
A priori, it is not guaranteed that we can swap the order of
limits. To simplify the discussion, we specialize to chaotic
Hamiltonians. An important conjecture related to these sys-
tems is the operator growth hypothesis (OGH) that states that
the leading n — oo asymptotic of the Lanczos coefficients
generically saturates an upper bound determined by locality
that depends on the dimension d [15],

_Jogg ty o), d=1;
bn = {an—i—y +o(1), d>1. an

To begin, we discuss the case d > 1 because we can
perform the stitching approximation using the sequence
b,s = ay/n(n — 1 4 n), which corresponds to the symmetric
Meixner-Pollaczek polynomials [15].

This sequence is well suited to deal with the case since,
according to Eq. (17), we can tune the parameter « to ensure
b, — b, s — 0; furthermore, we can also choose 7 such that y,
in Eq. (17), is matched. On the other hand, in one dimension,
to the best of our knowledge, no suitable solution is currently
available exhibiting the required n/logn growth. Although
the use of Meixner-Pollaczek stitching should give convergent
results in d > 1 for nonzero J(z) [see bound Eq. (14)], we
cannot prove the same statement for d = 1. Nevertheless, fol-
lowing Ref. [15], we proceed with this approach regardless in
d = 1, and starting from stronger assumptions we will analyze
the rates of convergence in this case.

To make progress, we assume that the stitching approxi-
mation works in the zero-frequency limit, i.e., that Eq. (16)
is valid, regardless of the dimension, which leads to the
following assumption.
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Assumption 1. The following limit holds:
lim lim N Gn(z) = G(—i0™), (18)

N—o00 z——i0
for the Meixner-Pollaczek stitching in d > 1, provided that
0 < |G(—i0")| < oo, and by /by s — 1.

The requirement by /by s — 1, will become clear in the
next subsection, after we explicitly obtain a formula for
G(—i0™"). We conjecture that Assumption 1 holds for ergodic
systems that obey the OGH and for which the spectral func-
tion under study is finite at the origin. One can prove that
Assumption | holds if certain analyticity constraints are im-
posed on the Green’s function [33].

The main implications of Assumption 1 are twofold. First,
it gives us an explicit expression for G(—i0™) in terms of an
infinite product of Lanczos coefficients. Second, it provides a
new upper bound that, unlike that in Eq. (14), is valid even
in the zero-frequency limit. With this assumption in hand, our
task, in the next section, will be to understand how quickly
the approximate Green’s function Gy converges to the true
Green’s function G as N increases.

A. Infinite product

An explicit formula for Gy(—i0") can be found by iterat-
ing the Mobius map in Eq. (10) and setting z — —i0™",

by Ge(i07) N even
N
Gn(—i0h) = by.s H/V:s+ 19
N( ) {bbL}:fo_INlo )HN NOdd ( )
where we have defined
[n/2] ;2
1 b
M, = b22k , (20)
nop=1 ~2k—1
and
[n/2] 42
1 b
Hn_s — b_ b22k,s (21)
S k=1 2k—1,s

We now make use of Assumption 1, Gy(—i0") — G(—i0™"),
to derive a formula that links G(—i0") to an infinite product
involving the Lanczos coefficients. In order to do so, we
first make a key observation regarding Eq. (19): the ratio
G,(—i0")/T1y ; has the following limiting value

. Gs(_i0+) .
lim ——— =1i.

N—oo Ty, 22)

This can be proven to be valid for the recurrence coeffi-
cients of the Meixner-Pollaczek polynomials, as shown in
Appendix A 2. Provided that Assumption 1 is valid, i.e., that
Gn(—i0") — G(—i0"), we obtain the following limit:

N/2]

lim illy = lim —
N—o00 N—oo by

2
b2k
2

b2k7 1

= G(—i0"),  (23)
k=1

which links an infinite product of Lanczos coefficients to
the Green’s function at the origin. A similar formula ap-
pears in Ref. [16]. Motivated by the existence of an exact
solution, which exhibits the correct asymptotic growth of
the Lanczos coefficients—given by the Meixner—Pollaczek
polynomials—we have focused our discussion on the OGH

in d > 1. However, note that Assumption 1 also applies to
d =1, so that Eq. (23) also holds there. Moreover, from
Eq. (19) we find that Meixner—Pollaczek stitching remains
valid in d = 1 provided the stitching is done in such as way as
to guarantee limy_, o by /by = 1. Strictly speaking, Eq. (23)
was derived under the assumption that G(—i0™) is finite and
nonzero; however, it may still hold even if this condition is not
satisfied.

The infinite product in Eq. (23) will be used later, espe-
cially when we do not have a valid stitching sequence (e.g., in
d = 1). First, we introduce another upper bound on the error.
This bound serves two purposes, the first is to justify a formula
that is used to find the rate of convergence of Gy(—i0")
presented in the next section, Eq. (41). The second is that
it works even at zero frequency unlike the previous ones in
Eq. (14).

B. Improved bound on the stitching error

Before analyzing the convergence rate of Gy(—i0") in the
next section, we first need to manipulate Eq. (13) into a more
convenient form,

ens(—i0") = Tim % by — by )(C(@)Co-1(z N)

z——il
n>N

+ Cnfl(Z)Cn(Z;N))- (24)

Here, we have introduced the following matrix elements of the
resolvents:

Cu(z) = (00, (z — L£)7'0,),
Co(zzN) = (O, (z — Ln,5) " On). (25)

At this stage, we wish to interchange the summation and the
limit in Eq. (24), as this greatly simplifies the analysis of the
rate of convergence [see Eq. (41)]. However, before proceed-
ing, we must first establish a sufficient condition under which
this interchange is valid. This analysis leads to a new upper
bound, which, unlike that in Eq. (14), holds for all frequencies
along the negative imaginary axis,

len.s(—in)] < 2M Y [bys — blb, . (26)

n>N

We first discuss the implications of this inequality, and
then briefly outline the key steps in its derivation. This upper
bound is useful because, when finite, it provides sufficient
conditions for the uniform convergence of the stitching ap-
proximation along the imaginary axis. Uniform convergence
of the summation in Eq. (24) is a strong condition because
it justifies interchanging the summation and the limit. As a
result, it simplifies the analysis in the next section, where
we explicitly address the decay of the stitching error in the
context of extracting the diffusion constant in chaotic systems.
To infer uniform convergence we use the Weierstrass M-test,
which implies that, if the summation on the right-hand side of
Eq. (26) converges

> " bus — bulb, ! < 0, 27)

n>N
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then the stitching error tends to zero uniformly along the
imaginary axis,

exs(~iy) " 0y > 0. (28)
Therefore, Eq. (27) provides the sufficient condition we re-
quired.

Next, we briefly discuss the derivation of Eq. (26). The task
is to find an upper bound for Eq. (24) along the imaginary
axis: z = —iy with y > 0. Specifically, we aim to find an
upper bound for products of the form C,(z)C,—1(z;N). To
achieve this, we first derive a generic bound for expressions
like C,(—iy). By the spectral theorem, these matrix elements
are Cauchy-Stieltjes transforms [31]

Cu(2) = (O, (z = £)™' ) =/ dp(x )pn( al (29)

where d p(x) is the spectral measure of £ and p,(x) the corre-
sponding orthogonal polynomials. The spectral representation
implies that the Cauchy transform satisfies the same three-
term recurrence as the orthogonal polynomials, Eq. (4), but
with different initial conditions: Cy(z) = G(z) and Ci(z) =
(zG(z) — 1)/b;. We restrict the analysis to the negative imag-

inary axis, z = —iy with y > 0. In this case, as shown in
Appendix A 1, we obtain
Ca(—iy) =" e, (), (30)

with ¢,(y) positive: ¢,(y) = 0 (refer to Appendix A S). The
fact that c¢,(y) is positive allows us to find an upper bound
directly from the three-term recurrence relation satisfied by

cn(y),
—ycn(y) + bucu—1(y). (31)

Neglecting the negative term —yc,(y) and iterating the result-
ing inequality, we obtain

bn+lcn+1 (y) =

m

) H

C2m+l(y) b o 1
+

bog—1

e < o [
k=1

(32)

where the equality holds when y = 0. Because of the general-
ity of the derivation, a similar bound also applies to C,(z; N).
If Assumption 1 holds, we obtain the following bound on the
product (refer to Appendix A 5):

M
, (33)

|Cr(=iy)Crp1 (—iy; N)| <
bn+1

where M is some positive constant, which does not depend
on the stitching level N. In the special case y = 0, the equal-
ity holds asymptotically for large n. Using the inequality in
Egs. (33) and (24), we obtain the improved upper bound on
the error presented in Eq. (26).

Notice that, as anticipated, the upper bound in Eq. (26)
works even at zero frequency: y — OT. Furthermore, it is
useful because it allows us to formulate a sufficient condition
for uniform convergence of the approximation. This allows
us to interchange the limit z — —i0™ and the summation in
Eq. (24), which significantly simplifies the analysis in the
next section when we determine how fast the stitching error

TABLE I. The first row reminds the reader the asymptotic form
of the Lanczos coefficient when the OGH holds, depending on the
dimension d. If the difference between the exact and the stitched
coefficient, b, — b, ;, decays faster than what is listed in the second
row (e > 0), then it is sufficient to have uniform convergence of the
stitching approximation along the imaginary axis.

d=1 d>1
b, (OGH) ap + O(l) an+ O(1)
bn - bn,x (lOg l’l)_ B (logn)_]_e

decays. Essentially, the reason for this simplification is that the
three-term recurrence relation greatly simplifies when z = 0.

We conclude this discussion by deriving sufficient condi-
tions for Eq. (27) to hold provided that b, follows the OGH.
We conclude that the rate at which the difference b, — b, s
should decay in the marginal case is 1/poly(log n); results are
summarized in Table I.

IV. DIFFUSION CONSTANT

In the previous section, we presented some assumptions
that allow us to address the zero-frequency limit of the stitch-
ing approximation. These assumptions enable us to derive an
infinite product linking the Lanczos coefficients to the spectral
function at the origin and to establish a new upper bound for
the error term that remains valid even at zero frequency.

In this section, we examine the rate of convergence of
the stitching approximation. This is motivated by a practical
problem in the study of chaotic Hamiltonians with diffusive
transport: extracting the diffusion coefficient. In general, esti-
mating the diffusion constant D in such systems is particularly
challenging due to the rapid growth of entanglement, which
complicates tensor network simulations [35]. However, the
Lanczos algorithm offers a promising alternative for tackling
this problem [16]. In this section, we specialise to systems
where the OGH is valid and we analyze how well appropriate
stitching techniques perform.

A. Conductivity as a spectral function

Before addressing the problem of determining the rate of
convergence of the stitching approximation, we briefly estab-
lish the connection between the diffusion constant and the
zero-frequency value of a specific spectral function.

The diffusion coefficient D is directly connected to the con-
ductivity o (@), which is proportional to a spectral function. In
general, the conductivity at inverse temperature f is given by
the Kubo formula

1 [ cof’
B lim lim Z/ dt'e™ " Ky (1), (34)
0

t—>00 L—00

o(w) =

where L is the system’s size, J is the current,

1 B
Kip = —/ dA(AB(t +iA))g 35)
B Jo
is the Kubo correlator, and (- ) = tr[e #7 - ]/tr[e ##] is the
thermal expectation value [36]. In the absence of a Drude
weight, the conductivity at zero frequency is proportional to
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the diffusion constant

o (0)
X 9

where x = limy_, o ﬂ((Qz),g - (Q)%)/L is the static suscepti-

bility and Q the conserved charge. We restrict our analysis to

the infinite temperature case for which the diffusion constant
is given by

(36)

1 . . . 1 f ' ’ —iwt’ ’

D = lim lim lim — dt'e (J,J@)), 37
(g0, qo) o=01=00L—00 L Jo

where g is the charge density and (-, -) is the Hilbert—Schmidt

inner product. Therefore, we conclude that D is proportional

to the spectral function at zero frequency associated with the

current operator J.

This connection suggests initializing the Lanczos al-
gorithm with O =J/||J||, which can be achieved using
translational invariance [15]. Subsequently, a suitable “stitch-
ing” procedure can be used to approximate the diffusion
constant using the first N Lanczos coefficients. To emphasise
this connection, we rewrite Eq. (23) to better suit the current
context as

L5

o, 1 b2
(oo Jo) (. 1 72— = lim Dy;  (38)
(d0, qo) N=oo by | by g Nzoo

this formula also appears in Ref. [16].

Before analyzing the rate of convergence of the stitching
approximation, it is natural to ask: what condition on the
asymptotic form of b, ensures that the diffusion constant D
remains finite?

This is an important preliminary step because, without en-
suring that D remains finite, analyzing the rate of convergence
would be an ill-posed question. In other words, we seek a cri-
terion for the associated product to converge. To address this,
we assume that the Lanczos coefficients b, exhibit subleading
oscillations, which are expected to influence the convergence
behavior owing to the ratio in Eq. (38). This assumption is
further supported by numerical findings and more rigorous
results obtained using the steepest descent method to ana-
lyze the Riemann—Hilbert problem associated with orthogonal
polynomials. In particular, Ref. [37] provides an example
where the Lanczos coefficients grow linearly while exhibiting
a slowly decaying even/odd staggered correction. Moreover,
this example features a spectral function that is nonanalytic
at the origin, suggesting a connection between spectral sin-
gularities and staggered corrections, which we will discuss in
the next section. Additionally, Refs. [38,39], despite focus-
ing on bounded Lanczos coefficients that do not follow the
OGH, demonstrates that algebraic singularities in the spectral
functions can induce oscillatory corrections in the Lanczos
coefficients. With these considerations in mind, we focus on
the simplest form of oscillatory behavior, namely even/odd
staggering.

Hence, let b, = f, + (—1)"s,, where we have separated the
staggered, (—1)"s,, and unstaggered part, f,, in the asymp-
totic expansion of b,. In order to ensure that b, is positive
we require s,/f, — 0. Since we are interested in chaotic
Hamiltonians, where f, o n or f, o n/logn, we restrict f,
such that f, — oo. Analyzing the asymptotic expansion of

the product in Eq. (38), we obtain the following criterion for
convergence, as detailed in Appendix A 4:

lim / dns—n
n—00 f

n

<00 =0< p0) < oo, 39)

which implies that slowly decaying even/odd staggered terms
are sufficient for this product to diverge/vanish. For simplicity,
we express this criterion using an integral, assuming that s,
and f,, are continuous in n; however, an equivalent formulation
using summation is also possible. As evidenced by Eq. (39),
a sufficient condition to ensure a finite diffusion constant, for
systems obeying the OGH, is that the staggering decays at
least as fast as a power law: s, < n~¢ for some positive €.

B. Convergence rate

Having established a criterion for the finiteness of the
diffusion constant, we now turn our attention to how differ-
ent stitching procedures, as influenced by the dimension d,
affect the rate of convergence. As we have discussed, the
OGH predicts two distinct asymptotic behaviors based on
the dimension, which influences the type of stitching proce-
dure required. In dimensions greater than one (d > 1), there
exists an exact solution that exhibits the correct asymptotic
behavior of the Lanczos coefficients. However, in one dimen-
sion, d = 1, no known solution exhibits the required n/logn
growth. However, the content of Assumption 1 is that the MP
stitching method converges to the correct solution in this case
as well, although as we will see, the predicted convergence is
usually slower than ind > 1.

We first focus on the case d > 1. We perform the stitch-
ing approximation with the sequence b, ; = ay/n(n — 1 + n),
which corresponds to the symmetric Meixner-Pollaczek
polynomials [15]. The goal is to determine the decay of
en,s(—i0T), which reveals how quickly the approximation to
the diffusion constant converges. Recall from Eq. (24) that
there is an exact expression for the stitching error,

ens(2) =Y _(by — by )Ci(R)Cy1(z: N)

n>N
+ Cnfl(Z)Cn(Z;N))' (40)

For the sake of clarity in the discussion, we specialize to the
case |bys — by| = O(n™*). We can then safely interchange
the limit z — —i0T and the summation, as uniform conver-
gence is ensured by the results of the previous section. Using
Egs. (30) and (33) in the special case y = 0, we obtain the
following asymptotic expression valid at large N:

="

ens(=i0) = ¢} (b = bus)——, (41)

n>N

where c is a constant. Therefore, we conclude that the decay
of the stitching error at level N, ey (—i0"), depends on the
presence of staggered terms in the difference b, — b, ;. We
identify two cases:

(1) by —bys = (=1D)"Om™)

en,s(—i07) = O(N™, (42)
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2) b, — b, =0O@m ™), and the next staggered term de-
cays faster than (—1)"n="!

ens(—i0T) = O(N~*1). (43)

The conclusion is that, in general, staggered terms lead to
a slower decay rate compared to unstaggered terms.

We now turn to the one-dimensional case, d = 1. In
this setting, an exact solution with the correct leading-order
asymptotic behavior of n/logn is not available. A proposed
strategy is to approximate the diffusion constant by using a
partial product Dy, as defined in Eq. (38), which includes
only the first N recurrence coefficients. This approximation
converges to the right limit by Assumption 1. This approach
is equivalent to stitching a “constant” sequence, b, ; = by for
alln > N. For this reason, we refer to this method as “constant
stitching.” By analyzing the asymptotics of Dy, as discussed
in Appendix A 4, it can be shown that the rate of convergence
is given by

SN -1 _
DDy max(de—N/logN,N ) =1, )
max ([ dN3, N7 d>1.

We conclude that, in the optimal case, constant stitching con-
verges as N~'. However, in the presence of slowly decaying
staggered terms, the rate of convergence can become arbitrar-
ily slow. For example, consider the extreme case where sy o
(log N(log logN)z)_l for d > 1. In this scenario, the con-
vergence rate becomes exceptionally slow, with D — Dy
1/(loglogN).

Having discussed the rate of convergence for both constant
stitching and Meixner-Pollaczeck stitching, a natural question
arises: when is the latter preferable over the former? To an-
swer this, we now consider a concrete example that highlights
the situations in which the Meixner-Pollaczeck stitching ap-
proximation is more effective than constant stitching.

Consider a generic Green’s function in d > 1 obtained
from b, = an + y + (—1)"s, + d, where d,, = o(1) does not
contain any staggered terms in its asymptotic expansion. We
stitch the sequence associated to Meixner-Pollaczeck given by
bps=aynn—1+n)=an+y+8/n+on"'), withy =
a(n—1)/2 and § = a(n — 1)?/8. Assume that the two coef-
ficients b, and b, ; match up to and including O(1). This can
be usually done since b, contains a free parameter n that
controls the O(1) term. Furthermore, consider s,, such that D
is finite; i.e., Eq. (39) holds.

The rate of convergence depends on how quickly the
staggered correction decays, as summarized in Table II. We
distinguish two regimes, relevant staggering and irrelevant
staggering, based on the decay behavior, as defined in Table II.
When the staggered term decays sufficiently slowly (relevant
staggering), there is no advantage to using the Meixner—
Pollaczek stitching, as a partial product (constant stitching)
achieves the same rate of convergence. However, when the
decay is fast enough (irrelevant staggering), the Meixner—
Pollaczek stitching improves the rate of convergence.

We conclude this section by outlining the key results.
In d > 1, the stitching approximation is useful only when
staggering is irrelevant, as defined in Table II; otherwise,
it offers no advantage over constant stitching. In contrast,
in d = 1, the simplest method for extracting the diffusion

TABLE II. Convergence rates at level N for constant stitching
and for the stitching approximation using the recurrence coeffi-
cients of the Meixner—Pollaczek (MP) polynomials, given by b, ; =
ay/n(n — 1+ n). The aim is to approximate a Green’s function at
zero frequency, obtained with b, = an + y + (—1)"s, + d,,, where
s, is the staggering part and d, = o(1). When staggering is rele-
vant, constant and MP stitching have the same rate of convergence;
whereas, when staggering is irrelevant, MP stitching converges
faster. As a side note, we use the symbol « in an asymptotic sense.

Relevant Irrelevant
s, LnE sp=o(n"")
Error of SN N1
constant stitching
Error of MP SN max(N 72, sy, N~ 'dy)
stitching

constant is constant stitching, because of the lack of an exact
solution exhibiting the correct asymptotic growth, n/ logn, of
the Lanczos coefficients. The convergence rate of this method,
in the best-case scenario, is N~', as presented in Eq. (44). The
key conclusion of this analysis is that, in both cases, slowly
decaying staggered terms significantly hinder convergence.

V. SMOOTHNESS OF THE SPECTRAL FUNCTION AT THE
ORIGIN, AND THE RESOURCES REQUIRED FOR
ESTIMATING D

So far, we have discussed the importance of subleading
staggered terms in determining the rate of convergence of the
stitching approximation. However, the previous section does
not address the fundamental question of when such subleading
terms arise. Here, we connect these staggered terms to nonan-
alyticities in the spectral function at the origin. This insight
is based on the following theorem by Magnus [38]. Consider
a symmetric spectral function of a self-adjoint operator that
has compact support such that at the origin it has a power law
of the form p(x) o |x|%, then the asymptotic of the Lanczos
coefficients is

o

by =boo(1 - (-1'5 +o(n—1)). (45)

Even though this theorem does not directly apply to the
spectral functions of chaotic many-body systems, which are
supported on the entire real line, it establishes a connec-
tion between staggered subleading terms and smoothness
at the origin. A more physically familiar example for the
reader comes from the SSH model, which describes fermions
hopping on a chain with alternating hopping rates depend-
ing on the site parity: by,+1 = B1, by = Bo [40,41]. The
hopping Hamiltonian exhibits an O(1) staggering that has
a pronounced effect on the spectral function at the ori-
gin. Specifically, in the case of a semi-infinite chain, when
B1/Bo < 1, the spectral function at the origin contains a Dirac
delta function, whereas when B;/8y > 1, it vanishes. The
presence of the Dirac delta function at the origin in the non-
trivial phase, B1/By < 1, signals the existence of the edge
mode that is localized on the initial site of the semi-infinite
chain. The existence of the edge mode, which is related to
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the fact that the spectral function diverges at the origin due to
the Dirac delta function, is accurately captured by the limit in
Eq. (23), which indeed diverges when 8;/8y < 1.

To further support this connection, especially in the case of
systems obeying the OGH, consider that an O(1) staggering
is sufficient to guarantee the presence of a Dirac delta function
at the origin in the spectral measure of models with Lanczos
coefficients growing linearly or linearly with a logarithmic
correction. This is a characteristic feature of many-body lo-
calization (MBL) [42,43], as it implies that autocorrelation
functions do not decay in the long-time limit. This O(1)
staggered term was detected numerically in the quantum Ising
model with a longitudinal field and random transverse fields
when the algorithm is initialized with a Pauli Z operator [43].
We provide a short analytical argument explaining why this
staggering leads to such behavior. A necessary and sufficient
condition for the existence of a Dirac delta function at the
origin is the convergence of the following sum of orthonormal
polynomials [44]:

> pi0)=S$ < 0. (46)

n=0

The weight associated to such a Dirac delta function is then
1/§. In this brief discussion, we specialise to d = 1, since
MBL is expected to be unstable in d > 1 [45]. In view of this,
consider the following asymptotic expansion of the Lanczos
coefficients b, = n/logn + s(—1)" 4+ o(1), with s > 0. Using
the asymptotic expansion of the infinite product IT,, (refer to
Appendix A 4), and its relation to the orthogonal polynomials
given by

1
 bp3,(0)

it can be verified that p?(0) = O(n~'~*1°¢" Jog n). Therefore,
the summation in Eq. (46) converges if the OGH holds and
there is O(1) staggering: a signal of many-body localization.
Notice how it is important to enforce s > 0 that ensures that
pfl (0) decays fast enough for the sum to converge. On the other
hand, if s < O the product I1, tends to zero and we expect,
by Eq. (23), that the spectral function is zero at the origin:
p(0) =0.

IT 2n (47)

A. Criterion on the decay of the staggered terms

The previous analysis suggests that slowly decaying stag-
gered terms are associated either with nonanalyticity of the
spectral function or with its vanishing at the origin. We further
support this claim with a nonrigorous calculation, as detailed
in Appendix C. In particular, we investigate how the differen-
tiability of G(z) at the origin affects the decay of the staggered
terms in the Lanczos coefficients. The relationship between
the differentiability of G(z) at the origin and the appearance
of staggered terms in the Lanczos coefficients is supported
by the following heuristic. In many approximation schemes,
such as truncated Fourier series, the convergence rate worsens
near regions of nonanalyticity. In more precise terms, Jack-
son’s inequality implies that the smoother the target function,
the faster its Fourier approximation converges [46]. Analo-
gously, limited differentiability of G(z) at the origin, may
manifest as slower convergence in the approximant given by

the truncation of the infinite product in Eq. (23). As shown
in Eq. (44), the presence of staggered terms indeed leads
to a slower convergence of the approximation at the origin.
Therefore, because of this similarity, it is natural to investigate
further the relationship between staggered terms and the finite
differentiability of G(z) at the origin.

Furthermore, the analysis of the smoothness of the spectral
function is motivated by the fact that the conductivity is typi-
cally not infinitely differentiable at the origin, which, in turn,
leads to a power-law decay of the current-current correlator in
time [47].

This calculation is performed using the following approxi-
mation of the iterated Mobius map:

G(z) = Q,(G™(2)) ~ Qu(i/bn), (48)

which is expressed in terms of the nth level Green’s function,
as defined in Eq. (6). While we cannot rigorously prove the
validity of this approximation, we can justify why it is reason-
able to replace G (z) with i/b,. Specifically, as discussed in
Appendix A 3, if lim,,_, o, by, G™(z) exists, the only consistent
solution is

lim ,G"(z) =i 3(z) <O. (49)
n—oo

Furthermore, this limit can be extended to the case z — —i0™T,
provided that Assumption 1 holds. In fact, as detailed in
Appendix A 3, the limit of the infinite product in Eq. (23) is
equivalent to
lim b,G™(—i0") = i. (50)
Therefore, we assume that b,G"(z) — i holds when
J(z) < 0 and then demand G(z) to be (k — 1)-differentiable
but not k-differentiable at the origin. In other words, we
impose the condition that the kth derivative at the origin,
G®(—i0*) diverges, while all the previous derivatives remain
finite. Note that, in this analysis, the origin is approached from
the lower half of the complex plane. This analysis leads to the
following criterion for the staggered part s, of the Lanczos
coefficients obeying the OGH in d > 1 (i.e., b, o n). If the
kth derivative diverges but the (k — 1)th does not, then asymp-
totically these two conditions must hold simultaneously, as
outlined in Appendix C 3,

n n

lim (log n)! / %/ %sn2 = 00,

n—00 o " Joa) m2

n ni

lim (1ogn)’<*2f %/ %snz <oo. (51

n—00 om M Jou) m
The integral should be computed ignoring any additive con-
stant that arises from the lower limits of integrations. These
conditions are valid when k > 2. On the other hand, when
k = 1, we only require the first equation in Eq. (51) to hold.
The condition in Eq. (51) is met if the staggered term s,
decays as 1/poly(logn). A similar condition can then be
found for Lanczos coefficients obeying the OGH ind = 1 [see
Eq. (C35)].

We summarize the criterion in Table III. Notice that this
criterion has the desirable property that requiring a smoother
spectral function (larger k) puts a more stringent condition on
the rate of decay of the staggering. Furthermore, this analysis
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TABLE III. Range of the decay parameter a of the staggered
term s, = (logn)™“, depending on the dimension d, such that the kth
derivative is the first divergent derivative of the spectral function at
the origin.

Order of first

divergent derivative d=1 d>1
k=1 2<a<4 l<a<?2
k=2 4<a<6 2<a<3
k>2 2kLa<2k+1) k<a<k+1

aligns with the well-known case of the Freud weight, where
the spectral function is given by p(x) = Ze™™. In this case,
the Green’s function has the following small-z expansion:

in? 2
G(Z) = 7 — T ZlOgZ + O(Z),

which exhibits a divergent derivative (k = 1) at the origin.
It has been proved that the Lanczos coefficients have the
asymptotic form:

n (=1

” N 7 -2
2 + Glogn)? + o((logn)™),

bn =
as shown in Ref. [37]. Using the first line in Eq. (51), we can
see that if we substitute s, o (logn)~2 and set k = 1 we get
that the expression diverges, which signals that G(z) is not
differentiable at the origin.

B. Complexity of estimating the diffusion constant

‘We can now estimate the algorithm’s complexity, assuming
that we want to calculate the value of the spectral function
at the origin with precision €. If the error scales polynomi-
ally as N~¢, then approximately N = O(e~!/¢) iterations are
needed to achieve this precision. On the other hand, if the
error scales as (log N)~¢, then to achieve € precision, roughly
N = O(exp(e~'/)) iterations are required.

In the context of estimating the diffusion constant, we need
to consider the conductivity, which is generally nonanalytic
at zero frequency due to long-time hydrodynamic tails. For
instance, when there are two conserved quantities in d = 1
and transport is diffusive it is expected that (J, J(¢)) oc t~3/2,
which implies that the conductivity is finite but not differen-
tiable at the origin [47]. This means that G(—i0™") is finite
whereas GV(—i0") diverges (k = 1). In this case, we expect
the staggered term to decay as s, & (logn)™ with2 < a < 4,
according to Table III. Therefore, using Eq. (44), we expect
the convergence rate to be 1/O((logN)*~2). On the other
hand, if we have only one conserved quantity (usually en-
ergy density) and transport is diffusive and the Hamiltonian
is translation invariant and parity symmetric we expect the
current-current correlator to decay as (J, J(#)) t=* [48].
This suggests that the conductivity is twice but not three times
differentiable at the origin (k = 3). Consequently, in this case,
we predict the decay of the staggered part to be s, & (logn)™
with 6 < a < 8, as shown in Table III. This implies, from
Eq. (44), that in this case, the convergence rate of constant
stitching lies between 1/O((log N)*) and 1/O((log N)®).

Thus, for the task of estimating diffusion constants,
an accuracy € approximation appears to require N =
exp (poly(1/€)) where the form of the polynomial depends
on the exponent in the decay of (J, J(¢)). How does the com-
putational cost (CPU/memory) of an e-approximation scale
with €? That will depend on how difficult it is to compute the
first N Lanczos coefficients; naively it requires exp (O(N))
CPU-time, but recent work using matrix product operators
suggests poly(O(N)) as a possibility [49], which would mean
a net CPU time scaling as exp (poly(1/€)). It is interest-
ing to note that, aside from the computational complexity
involved in calculating the first N Lanczos coefficients, a
key limiting factor in extracting the diffusion constant using
the Lanczos algorithm is related to spectral properties near
zero frequency. In particular, as discussed, slowly decaying
staggered corrections to the OGH hinder the convergence of
the approximation. These corrections arise from the fact that
the conductivity is typically not infinitely differentiable at the
origin, which corresponds to a slowly decaying (power-law)
current-current correlator in time. This should be compared
with tensor network methods where the limiting factor is pri-
marily associated to the linear growth of entanglement entropy
[50,51].

VI. NUMERICAL RESULTS

We now support the previous analytic predictions with nu-
merical calculations. We consider two cases motivated by the
two possible asymptotics of the Lanczos coefficients accord-
ing to the OGH. For linear Lanczos growth (believed to apply
in d > 1 chaotic systems), we perform the stitching approxi-
mation using the exact solution from the Meixner—Pollaczek
polynomials and we support the claim that this approximation
is beneficial only if staggering is irrelevant (in the sense of
Table II). Lastly, we focus on an explicit d = 1 spin chain,
computing the energy diffusion constant in the chaotic Ising
model using the infinite product formula Eq. (38). Our result
agrees well with a previous prediction from the original opera-
tor growth hypothesis work [15], which uses a more elaborate
extrapolation procedure. Let us begin by considering the fol-
lowing toy models with linear Lanczos growth and subleading
terms that are irrelevant/relevant respectively (Table II):

(1) Irrelevant 2 —p4 i+

o(n™1)

(2) Relevant staggering: b, = n+ 1+ 5023,

staggering: b, =

The first example has an exact solution for the correlation
function C(t) = 2t/ sinh(2t), whose Green’s function has a
known continued fraction expansion [52]. On the other hand,
the second case does not have a closed form. The stitching
is performed using the Meixner-Pollaczeck recurrence coef-
ficients given by b, s = av/n(n—1+n)=an+y +§/n+
o(n™"), with y = a(n —1)/2 and § = a(n — 1)?/8. For the
first case (irrelevant staggering), we use (¢, n) = (1, 1) so that
the two sequences are matched up to and including O(1).
Similarly, for the second case (relevant staggering) we use
(o, n) = (1, 3). In the first case, our theory predicts error
at the origin to scale as ey (—i0") N2 and D— Dy «
N~! (irrelevant staggering) based on Eqs. (43) and (44). For
the second case, we expect ey (—i0T) o« D — Dy o« N=2/3
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FIG. 1. Stitching approximation for irrelevant (a) and relevant
(b) cases. For the irrelevant case there is an exact expression
|G(—i0*)| = w?/8. However, the relevant case does not have a
closed expression; therefore, we approximate G(—i0") using a
partial product (constant stitching) in Eq. (20), which yields
|G(—i0*)| & 2.8071. The error is predicted to scale as N2 for the
irrelevant case and as N~/ for the relevant case; these predictions
agree with the fitting curves plotted in the insets.

(relevant staggering) according to Egs. (42) and (44). These
expectations are confirmed by numerically fitting the errors as
show in Fig. 1.

We next examine the case d = 1. The aim is to approximate
the diffusion constant for the mixed field Ising model H =
Y 0f0f, + g:.0f +g.0F with g = —1.05 and g, = 0.5. In
this regime, the model is expected to be chaotic and there-
fore energy density is diffusive [15]. Unlike Ref. [15], we
use an infinite product formula Eq. (38) to approximate the
diffusion constant; the validity of this formula follows from
Assumption 1. The results are presented in Fig. 2, and agree
well with Ref. [15], despite the present method being sig-
nificantly simpler to implement. For further corroboration of
these results, see Ref. [33], where the extrapolated diffusion
constant shows good agreement with tensor network results
from Refs. [9,48]. Determining the exact rate of convergence
is complicated because the subleading behavior of the Lanc-
zos coefficients is hard to extract, but we conjecture that
it goes as 1/polylog(N) (see Sec. V). The above numeri-
cal results corroborate the theory of errors presented in the
previous section. In particular, they substantiate the claimed

(a) (b)
251 Data a5 M
Fitting: an+ B . PN PN W S
20 (a, B) = (0.354, 4.899) 30
g q2s
10 2.0
15 —e— Constant stitching
5 OGH:2D=3.35
1.0
0 10 20 30 10 20 30
n N

FIG. 2. (a) Lanczos coefficients obtained by initializing the al-
gorithm with a normalized current operator. The coefficients are
expected to grow as n/ log(n). However, resolving the logarithm and
the sublinear corrections is challenging. (b) Diffusion constant as a
function of the number of Lanczos coefficients n. We have rescaled
it by a factor of two to compare it with the result quoted in Ref. [15]
that is the dashed line 2D =~ 3.35.

relationship between convergence rate and the subleading cor-
rections to the operator growth hypothesis.

VII. DISCUSSION

We have presented a procedure for computing the rate of
convergence of the stitching approximation, which is used
to estimate Green’s functions. This approximation is based
on completing a sequence of Lanczos coefficients with a se-
quence for which an exact solution to the Green’s function is
known {b,},<n U {by s}n=n. There are different methods for
completing such a sequence; “MP” involves stitching using
the Meixner-Pollaczek sequence of Lanczos coefficients for
b, s. “Constant stitching” involves setting all Lanczos co-
efficients for n > N to be a constant b,.y ; = by (the last
calculated Lanczos coefficient).

First, we derived an upper bound on the error for J(z) # 0,
as given in Eq. (14). This analysis shows that the rate of
convergence is governed by the decay of the difference be-
tween the exact and stitched coefficients, b, — b, ;. However,
the physically relevant case involves the resolvent in the limit
J(z) — 0, since hydrodynamical features are determined by
low-frequency behavior. In this context, we formulated a cri-
terion for uniform convergence along the imaginary axis and
presented a formula linking the Lanczos coefficients to the
spectral function’s value at the origin, Eq. (23), consistent with
the results in Ref. [16].

We have shown that slowly decaying staggered terms in the
Lanczos coefficients’ asymptotics can slow the convergence
of the approximation. Specifically, we have considered the
case of approximating finite and nonzero Green’s functions
at the origin, when the recurrence coefficients follow the
OGHind > 1, b, = an + y + o(1), employing the Meixner-
Pollaczek recurrence coefficients for stitching. Our findings
reveal two distinct regimes:

(i) Relevant staggering: If the staggered term decays
slowly, Meixner-Pollaczek stitching provides no advantage
over constant stitching. Here, “relevant” refers to cases where
the staggered term follows a power-law decay in n that is
slower than 1/n.

(i) Irrelevant staggering: If the staggered term decays
rapidly, Meixner-Pollaczek stitching results in faster conver-
gence than constant stitching. Here, “irrelevant” refers to
cases where the staggered term decays faster than 1/n.

These staggered terms are linked to the nonanalyticity of
the spectral function. Specifically, for Lanczos coefficients
obeying the OGH, we showed (nonrigorously) that if the spec-
tral function has a finite number of derivatives at the origin, the
staggered term decays as a power of (logn)~!. The higher the
degree of differentiability of the spectral function at the origin,
the faster the decay of the staggered term. In the cases of most
physical interest (e.g., calculating a diffusion constant) we
expect the error in the above stitching procedures to scale as
1/polylog(N). This suggests that in order to achieve a target
error of € in the diffusion constant, N o exp (poly(1/€)) is
required.

There are a number of possible future directions. First
of all, the motivation for considering staggered subleading
corrections to the operator growth hypothesis is inspired by
known Lanczos sequences, numerical results, and the results
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of a work connecting Lanczos coefficients to a Riemann-
Hilbert problem [33]. But a deeper understanding as to why
subleading corrections to Lanczos coefficients takes this form
would be welcome. Secondly, it would be worth further study-
ing the validity of our fundamental Assumption 1, which
proposes a recipe for calculating Green’s functions in the ther-
modynamic limit. Lastly, we provide some estimates for the
Lanczos iterations N required to achieve a given accuracy € in
a Green’s function; but we have not investigated the computa-
tional complexity of calculating the first N such coefficients.
Naively the cost is exp (O(N)), but [49] suggest the cost might
be significantly lower (poly(/V)); a definitive answer to that
question would tell us the memory/CPU resources required
by the Lanczos method to achieve a target accuracy €.
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APPENDIX A: DERIVATIONS OF KEY RESULTS

In this Appendix, we present proofs of some results that
are used in the main part of the paper.

1. Phase of the Cauchy transform

The first result is that when y > 0 the following holds:
Ca(—iy) =" cu(y) (AD)

with ¢, (y) = 0. Recall the definition of the Cauchy transform
C.(2),

Pn(X)
7—x

Ca(2) = (On, (z = L)' 0p) = fRd/L(X) (A2)

In order to prove the result, it is convenient to use the follow-
ing identity:

/ a2 Q=@ o, (A3)
R Z—X

which follows from the fact that p,(x) is orthogonal to any
polynomial in x of degree less than n. This identity allows us
to obtain an alternative expression for C,(z),

Cn(Z) =

2
! / dpey 2. (A4)
Dn(2) Jr Z—x

Substituting z = —iy yields

: 2

i X

4 / dpur) L&)
Pa(=1y) Jr y t+x
where we have used the fact that the spectral function is even.
This expression has the advantage that the integral is always
positive. It is easy to verify, using the three-term recurrence
relation, that the orthogonal polynomials, for y > 0, are of the
form

Cn(_iy) =

(A5)

pu(=iy) =17"pa(y)  Pu(y) > 0, (A6)

which can then be inserted in Eq. (AS). This leads to Eq. (A1)
that concludes the proof.

2. Limit of the infinite product for Meixner—Pollaczek
We show that the following limit
N/2] 42

b2k,s

i lim -
N—o0 bN,S kel b2k—l,s

= G,(=i0h) (A7)

holds for the recurrence coefficients defining the Meixner—
Pollaczek polynomials. First, we obtain an explicit expression
for the right-hand side of Eq. (A7): Gy(—i0"). We use
the spectral function of the Meixner—Pollaczek polynomials,
which is given by [54]

=2 n+ix/a :
5 (X5 = r A8
ps(x;m) mr(n)’ ( > ) (A8)
Setting x = 0 and multiplying by ir yields
21-2(['(n/2))?
Gy(—i0%) = i py(0: ) = i LD p)

al'(n)

The task is now to reduce the left-hand side of Eq. (A7) to
Eq. (A9). Without loss of generality, let N = 2M, where M is
integer, we then have

M 2
1 by

iy =i——
sz*S k=1 b%k—l,s
M
. 1 l_[ 2k2k — 1+ 1)
=1
a/2MQ2M — 1 + 1) Pl 2k—1)2k—-2+1n)
1

N iou/—zM(zM —1+n)
5 VATM + DI (Z + M)T(n/2)

) (A10)
I(M + 1/2)I(n/2 + M)I' (Z£)

The last equality has been obtained using the recurrence for-
mula [55] for the gamma function that leads to

M o
H(zk—a)zzMw' (A11)
k=1

rE+)

We can then use the asymptotic expansion of the gamma
function [55]

M M
F(M+a)~<?) M7V M — 0o,  (Al2)
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to deduce that

L) v 27 (C/2))
2M,s F(WT_H) 2u = o F(T}) B

(A13)

where we have used Legendre duplication formula in the
second equality [55]. By comparing Eq. (A9) and Eq. (A13),
we can see that ilTy ; — Gy(—i0") as claimed.

3. Assumption 1 in terms of the nth level Green’s function

A consequence of Assumption 1 is the following limit:

Nlim illy = G(—i0™), (Al14)
expressed in terms of the infinite product
lm/2] 12
1 B3,
,, = ™ ]‘[ e (A15)
j=1 J
We show that this result, Eq. (A14), is equivalent to
lim b,G"™(—i0") = i. (A16)

Recall that G™(z) is the nth level Green’s function, defined as

G"(2) = (On, (z = P>nLP52)"'0,), (A17)

and P, is a projector into the subspace spanned by the basis
vectors {O j}‘j?‘;n.
To proceed, we need the following relation:

C(2)
Cnfl(z) .

This result is proved in Ref. [56] [Eq. (3.7)]. However, we
present a different proof for the reader’s convenience. Our
technique involves verifying that both the ratio of successive
Cauchy transforms, C,(z)/C,—1(z), and b,G"™(z) satisfy the
same recurrence relation with the same initial conditions, and
hence they are equal to each other. As mentioned in the paper,
the recurrence relations are

b,G"(z) = (A18)

1
G (7)) = _ A19
(2) T 5, GG (A19)
with initial conditions G (z) = G(z) and
bn-HCn-H(Z) = ZCn(Z) - ann—l(Z)9 (A20)

with initial conditions Cy(z) = G(z) and C,(z) = (zG(z) —
1)/b;. Hence, the ratio r,,(z) = C,(z)/C,—1(z) satisfies

roi(2) = z b, 1 7 (2) . 1
ntl bn+1 b;H»l rn(Z) bn = biJrl r”btll_(lz)
(A21)

with ry(z) = Cy(z) = G(z). Comparing Eqgs. (A21) and (A19),
we conclude that r,(z)/b, = G"™(z) that proves Eq. (A18).
Having obtained this relation, we can now justify Eq. (A16).
Setting z — —i0" in the recurrence relation for r,(z),

Eq. (A21), and iterating yields
n odd

neven

__nm,
G(=i07)
G(—i0%)

r(=i07) = (A22)

According to Eq. (23), which in turn follows from Assump-
tion 1, we conclude that r,(—i0%) = b,G™(—i0") — 1.

We also argue that a similar result holds at all frequencies
z such that J(z) # 0,

lim b,G™(z) = —sgn(J(2))i. (A23)

In this case, we use the recurrence relation satisfied by
r.(z), Eq. (A21), which we manipulate to obtain

2ra(2) by

a1 (D (2) = (A24)

buy1 buyi

We assume that b,, — oo and bl:il — 1, which hold under the
OGH. Furthermore, we assume that r,,(z) remains bounded as
a function of n, so that the first term on the right-hand side of
Eq. (A24) vanishes in the limit of large n. Hence, this analysis
yields the following limit:

im 70 () (2) = — 1. (A25)

Assuming that the limit lim,,_, o, 7,,(2) exists, we conclude that

lim r,(z) = lim b,G™(z) = +i, (A26)
n—oQ n—oo

which is consistent with the earlier assumption that r,(z)
is bounded in n. The sign depends on the imaginary
part of z, as the imaginary part of the Green’s function
has a definite sign: sgn(J(G(z))) = —sgn(J(z)). This prop-
erty allows us to fix the sign, thereby proving Eq. (A23)
for J(z) # 0.

In conclusion, we have shown that Assumption 1 is
equivalent to Eq. (A16). Furthermore, we have argued
that a similar limit holds for all frequencies z such that
S(z) # 0: Eq. (A23). This equation holds, provided that
the limit exists and certain additional assumptions regarding
the Lanczos coefficients are satisfied, as is the case under
the OGH.

4. Convergence of the infinite product and asymptotic expansion

In this section we obtain a criterion for the convergence
of the product in Eq. (Al5). The standard technique is to
convert the product into a summation and then approximate
sums with integrals, which is justified by the Euler—Maclaurin
formula. We set without loss of generality m = 2n + 1 and
rewrite I1y,,1 as

. byj — by
Iy,+1 = exp ZZlog <l+u

— log by,
b2yt ) 08 D2p+1

(A27)

We proceed by expanding the logarithm, assuming that
% — 0, which is true for Lanczos coefficient satisfying
the OGH. Some extra care is needed if the asymptotic expan-
sion of b, contains staggered terms. Let b, = f,, + (—1)"s,

j=1
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with s,/ f, — 0, then we get

Mopirocexp | 3 2log (1 IRt TR +S2“) — log foant1
J=0(1) f2j-1 f2j-1
f s " o i

o exp Z 12j 4 %2 TR log font1 | o exp (2/ dx(ﬁ + M) _ 10gf2n+1>

j=o(1) fz/ faj owm Sax Sr—i

n n
o exp <2 dxw> o exp <4 dxs2x) (A28)
o) Soe—t oay S

where we have assumed that f, and s, do not grow too fast so that s, + $2,—1 ~ 2s,,. Furthermore, we have also assumed that
the finite difference f>; — f>;—1 can be approximated by a derivative. This simple calculation shows that staggering might cause
divergences in the spectral function at the origin. In particular, if the integral | él( " dxsoy/ far — £oo diverges then Iy, — 00
or I1p,+1 — 0. On the other hand, if there is no staggering, then the product converges and the subleading term is generally
O(n~"). This correction arises, for example, from further corrections to the Euler-Maclaurin formula.

5. Upper bound on the product of Cauchy transforms

In this discussion, we aim to demonstrate that the following inequality holds:

i)t 0iN) < 2 (A29)
under the assumptions outlined in the main part of the paper. Specifically, we assume that the spectral functions p(x) and p;(x),
which correspond to the sequences {b,} and {b, ;}, are finite and nonzero at the origin, and that the ratio by /by s — 1 as N — oo.
Recall that N is the level at which the stitching approximation is performed, ¢, (y) is related to the Cauchy transform associated
with the sequence {b,} and c¢,(y; N) to {b, }2’_1 U {bnstoonst-
We start with the following general result, proved in the main part of the paper,

2 by = b
emn a7 e <am == (A30)
iy D2k i
which holds for any sequence {b,}. It is useful to define
b Jj<N
bjs(N) = {b” PN (A3D)

We begin by considering the product ¢y, (¥)com+1(y; N) with m > (N — 1)/2 and we assume that N is odd without loss of
generality,

b m b S N m b B _(N—l)/2 b m b S
camMeamt1 (3 N) < CO(y)Cl()’§N)|:H = IMH szkl((]\),)] C[]_[ Z’;kl} [T = [T =
+1,s

b b
k=1 k=1 k=1 k=1 CHAL | vy D2ktLs

Db ||y b el by w2 bokt1 |
— ,8 +1,s
~ e[ | T | T e | o

i bugs ||l baen i Dok

In the second line, we used the fact that if the stitching approximation converges then lim,_, ., co(y; n) = co(¥) and co(y) is
bounded by assumption. This follows because we focus on Green’s functions G(z) that are finite and nonzero at the origin;
furthermore, G(z) < 1/|3(z)] that is enough to conclude that Cy(—y) = G(—iy) is bounded in y. Consequently, co(y; N) and
c1(y; N) are both bounded by some constants that are independent of y and N, whose product is an unknown constant C. The
remaining manipulations decoupled the m and N dependence as shown in the third line. The task is to check that the third line
does not grow unbounded when m and N get arbitrarily large. This can be done using the following limits:

R s ) L = Y
lim L = 7p0) lim M — 7p,(0), (A33)
m—00 b2m+1 b%j 1 m—00 b2 +1,s l] b%j—l s

where p(0) and p,(0) are the corresponding spectral functions, which are finite and nonzero. The first limit follows by
Assumption 1 in the main text, whereas the second limit can be proved explicitly [see Eq. (A7)]. To begin, let us consider
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the large N limit of Eq. (A32). Using the previous limits we obtain

(N=1)/2 (N=1)/2
b 0 b s 1 b s
1—[ %y 7p(0) l—[ dtls N.s (A34)
io barn by ior bas  bis\ mpg(0)
The product of these two terms is bounded since by /by, — 1 holds by assumption. On the other hand, when m is large
= by 1 “ bos 7 ps(0
1—[ k-1 l—[ 2 py ps( ). (A35)
io) ba VTp0)boy e Dok Do

Therefore, we conclude that, when m — 00, ¢2,,(0)c2,+1(0; N) = O(1/by,;,); hence, the N dependence disappears in the upper
bound.

Similarly, we can repeat the procedure to find an upper bound for cp,(y;N)com+1()s C2m(¥)com—1(y; N), and
Ccom(y; N)com—1(y), all of which yield the same upper bound (’)(b;”ll). Consequently, we obtain the upper bound in Eq. (A29).
This result is important because it allows us to apply the Weierstrass M-test to establish a sufficient condition for the uniform
convergence of the stitching approximation on the imaginary axis. The uniform convergence, in turn, simplifies the analysis of

the rate of convergence of the stitching approximation.

APPENDIX B: TRUNCATION OF CONTINUED
FRACTIONS

In this Appendix, we justify the claim in the main text that
truncating the continued fraction is not a good approximation
in the low-frequency regime. Specifically, we show that the
rate of convergence worsens as the real axis is approached.

Mathematically, truncating the continued fraction at level
N consists of setting by = 0. We can obtain a compact ex-
pression by iterating the Mobius transformation,

G(z) = 2,(G"(2)). (B1)

The Mobius transformation €2, can be represented as a 2 x 2
matrix

Qn — I:_anInl (Z)

qn(2)
—ann—I(Z) :|, (BZ)

Pn(2)

where a representation of a generic element of the Mobius

. b
o 4l The

polynomials p, and g, satisfy the same three-term recur-
rence relation with different initial conditions {p_;(z) =0,
po(z) =1} and {go(z) =0, ¢:(z) = 1/by}. The polynomial
gn(z)is of degree n — 1 and is known as secondary polynomial
[31]. These polynomials, after rescaling §,—1(z) = ¢,(z)b1,
constitute a new set of orthogonal polynomials with respect to
the new spectral function dfi(x) = du(x)/(|G(x)|*b?); they
are associated with the tridiagonal matrix with coefficients
{b j}?iz- Furthermore, the polynomials {p,(z), g,(z)} can be
used to write a solution of any recurrence relations of the form
bps1hns1(2) = zh,(2) — byh,— (2), with arbitrary initial con-
ditions h_,(z) = f-1(2), ho(2) = fo(2): hn(2) = pn(2) fo(2) —
qn(2)f-1(2).

Truncating the continued fraction at level N is an ap-
proximation that requires setting by = 0 or equivalently
GM(z)=0,

group 7 — is given by the matrix [‘Cl

(B3)

Setting z = 0 in the above expression gives either infinity or
zero depending on the parity of N. In view of this fact, the
limit limy_, o Gn(0) does not exist. Therefore, truncation,

(

unlike the stitching approximation, does not converge uni-
formly in z. However, it is still a useful approximation to
the Green’s function when J(z) # 0 especially when 3J(z)
is sufficiently large. In fact, we will show that the rate of
convergence improves as J(z) increases.

In order to find the rate of convergence as N — oo, we use
the following representation for the secondary polynomials
[31]:

Pn(2) — pa(x)

n(2) = / du(r) (B4)
R z

which implies that the error in truncating the continued frac-
tion at level n is given by

Cn(2)
(@)’

Therefore, the problem has been reduced to finding the
asymptotic forms of p,(z) and its Cauchy transform C,(z).
In general, this problem is hard to solve; the most common
method used to tackle it is the Riemann-Hilbert method in-
troduce first by Fokas, Its, and Kitaev [57]. However, for the
sake of simplicity, we will employ a less rigorous method. We
consider the generic recurrence relation for the ratio r,(z) =
h,(2)/h,—1(z) where h,(z) can be either p,(z) or C,(z) since
they obey the same recursion relation

z b, 1
bn+l bn+l rn(z)7

but with different initial conditions. Recall that, if we assume
that b, satisfies b, — oo and b, /b,+; — 1, which is true if
the OGH holds, and that r,(z) is bounded as a function of n
we obtain

eny(2) = (BS)

Tng1(2) = (B6)

ll)ngo Fnp1(@ra(z) = —1. B7)
Under the assumption that lim,,_, o, 7,,(z) exists, for z in some
region of the complex plane, we conclude that
lim r,(z) = =i, (B8)
n—00
where the sign depends on the sign of J(z) and whether r,(z)

is a ratio of two successive polynomials or two successive
Cauchy transforms. The aim is now to find the correction to

054435-14



APPROXIMATION THEORY FOR GREEN’S FUNCTIONS ...

PHYSICAL REVIEW B 112, 054435 (2025)

the limit in Eq. (B7), which will then allows us to extract the
asymptotic of p,(z) and C,(z). We focus on the case where
b, = an + O(1) that corresponds to the OGH ind > 1. Let

Tnp1(Dra(2) = =1+ A1 (2) Appi(@ =o(1), (BY)

we will prove that A, = O(n~"). Plugging back into the re-
currence relation yields

2z b,
1+ A1(@) = —ri(2) — ) (B10)
buy1 buy1
thus
A, 1
lim +_11(Z) = lim ——r,(z) — lim ( n _1)_
n—0o0 n7 n—0o0 bn+1n7 n—oo bn+1 n71
+iz
=+ (B11)
a
Therefore,
hui1(z 1 +iz 4+« _
P @) = @ g ] +o(n™h).
ha-1(2) n
(B12)

Iterating the recurrence for 4,,(z) yields

ha(z) = A@)i"n " (14 o(1)) + B)(—i)"n = (1 + o(1)),
(B13)
where A(z) and B(z) are unknown functions that reflect the
two possible limits in Eq. (BS).
We first consider C,(z). Since this is bounded above by
|Ca(2)] € ﬁ we conclude that lim,_, o, C,(z) cannot di-
verge. Hence,

C()i"n "5 (1 + o(1))
C@i"n'%= (14 0(1))

J(z) <0

J(z) >0’ ®14)

(Of (Z) = {
where C(z) is some unknown function.
Similarly, using the fact that p,(z) — o0 as J(z) — oo we
obtain

o) — {p(z)i”ni:z:(l o) () <0

o= 0" (B15)

P)i"n"3 (1 + o(1))

Therefore, we get, from Eq. (B5), that the error in truncating
a continued fraction, at level N, scales as

len (D) = FNT (14 o(1)), (B16)
for some function f(z) > 0. This formula shows that the er-
ror converges very slowly as J(z) — 0 and the convergence
improves as J(z) increases. The fact that the convergence
worsens in the zero-frequency limit signals that truncation is
not a good approximation to probe hydrodynamics, so it is not
suitable to extract a diffusion constant, which motivates using
the stitching approximation analyzed in the main text.

In a similar fashion, we can calculate the asymptotic of the
truncation error when b, ~ an/log(n) (OGH in d = 1) and
the spectral function is finite at the origin. In this case, we find
that

hny1(2)
P @@ = *: o
1[ £izl
=_1+-[ ke L :|+O(n2).
n o logn

(B17)

Hence, we conclude that, for d = 1, we have the following
asymptotic expansions

C@i™/=En 5 (1+0(1)) S(z)>0
P/ (L o(1)  3(2) <0
pn(2) = I izlogn ,
p(i™/ %n* w (1+o0(1) S(@)=>0
(B18)
len @I = f@NT3 2N (1 +o(1).  (B19)

This converges slightly faster than b, ~ on but still the con-
vergence worsens as |J(z)| — 0. It is now clear that the limits
|3(z)] = 0 and N — oo do not commute, which implies that
the convergence is not uniform in z. Numerical evidence for
the solvable case of the Meixner—Pollaczek polynomials, b, =

/n(n — 14 n), is presented in Fig. 3. The results agree with
the prediction of Eq. (B16).

APPENDIX C: SMOOTHNESS OF THE SPECTRAL
FUNCTION

In this Appendix, we determine what conditions should be
satisfied by the Lanczos coefficients so that the kth derivative
is the first divergent derivative of the spectral function at the
origin. This Appendix is structured as follows. In the first
part, we outline the strategy, which is based on using the
consequence of Assumption 1 to obtain an approximation for
the Green’s function expressed in terms of the orthogonal
polynomials. The aim is to study the asymptotic behavior of
the kth derivative of such expression.

Before doing so, we need to examine the asymptotic be-
havior of the derivatives of the polynomials at the origin,
along with their corrections. This is the focus of the second
part. Building on these results, the third part presents the
main result of this Appendix: A criterion on the staggered
subleading correction to the Lanczos coefficients so that the
kth derivative is the first to diverge. The fourth part presents a
supplementary calculation that illustrates why it is necessary
to include the subleading correction of the derivatives of the
polynomials examined in the second part. Finally, the last
part presents some numerical results to support the analytical
predictions presented in the third part.

1. Strategy: Approximating the Mobius transformation

Recall that the spectral function p(x) and the Green’s func-
tion G(z) are related via p(x) = 7' limc_, o+ J(G(x — i€)).
Consequently, analyzing the divergence of p®(0) is equiva-
lent to analyzing G*)(—i0"). Taking this into consideration,
we propose a nonrigorous way to analyze this problem. First,
we use the assumption that b,G™(z) — i, which is valid
when J(z) <0, and it is a consequence of Assumption 1
(see Appendix A3). Consequently, we approximate

G(z) = Q2,(G?(2)) with G(z;2n) = Q2,(i/ba,) wWhere Q,
represents the composition of 2n Mobius transformations as
defined in Eq. (B2). This approximation leads to the following
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(a) (b)

IR =SS
1072{ o0 o ra—
—1072 lew, ((=2i)| = O(N~?) 1073 R
~N __10* \
' N
[ =107
12,‘110*4 Y1076
32 —— n=1.0 . 107 —— 3(@=-10 —— 3(2)=-22
~— n=1.8 —o— nN=42 s o 3(2)=—-1.4 —— 3(2)=—2.6
10-5 —— N=26 —— n=50 07 o 3@2=-18 - 3(2)=-30
-9
2x10T 3x10'4x107  6x10° 102 1075 %10f  3x10T4x100  6x10° 102
N N
(c)
0 - Data:|ey «(2)| ~ a(z)NB@ (n=2)
Fitting: B(2) =c1]|3(2)| + ¢
“1 e (c1,¢c2)=(—0.953, — 0.032)
”:“ _ ~:::=e:¢:°:e:\
Q. i SN len,(2)| = O(N =131
_3 ‘»e:%: e
2 ‘-:‘::%;,:e\‘:
‘3‘33‘\:::::‘\
-5

1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0

FIG. 3. Truncation error as a function of the truncation level N. (a) The error for some values of 1, which is a parameter in the recurrence
coefficients of the Meixner—Pollaczek polynomials, at a fixed z = —2i. The particular value of  does not affect the convergence rate. (b) Plot of
the error as a function of N for different values of J(z)|, for fixed n = 2. The larger the value of |J(z)| the faster the approximation converges,
independently of the value of 7. (c) Fitting to determine the exponent B(z) defined as ey, (z) ~ a(z)N?@. The analytical prediction from
Eq. (B16) is B(z) = —|3(z)|. Therefore, we expect the fitted line to have a slope of —1 and a zero intercept. The fitted parameters c; and ¢, are
indeed close to these values.

expression:

920(2) —1g2n—1(2) _ q2n(2)P2n(2) + q2n-1(2)P2n—1(2) | . 1
: = > > ! 2 2 . (€D
Pon(2) — ipan—1(2) P3,(2) + P31 (@) bou(p3,(2) + p3,_1(2))

G(z;2n) = Qo,(i/20) =

where, in the last equality, we used the fact that by, 1(g24+1(2)P2n(2) — G20.(2)Pan+1(z)) = 1 [31]. We have also used 27 so that
the parity of the degree of the polynomial is easier to track.

We then compute the kth derivative of G(z; 2n) at the origin and seek a condition for this to diverge when # is large, which will
constrain the subleading correction of b, in some way. Notice, from Eq. (C1), that the real part of G(z;2n) is an odd function,
whereas the imaginary part is an even function. This follows since ¢;(z) and p;(z) have definite parity because the spectral
function is even. Specifically, p;(z) is an even (odd) function when j is even (odd). On the other hand, ¢;(z) is an even (odd)
function when j is odd (even). Hence, all even derivatives of G(z;2n) at the origin are purely imaginary,

i I
GCY(0;2m) = —? (€2)

ba * 3, () + P, (D]

For simplicity, we consider only the even case; thus, we set the order of the first divergent derivative k equal to an even integer:
k = 21. The odd case is similar and leads to the same conclusions. Using Faa di Bruno’s formula [58], we can rewrite the previous
equation,

Z (21)' (_l)m |)\| | l_[rznlzl (8;11 (p%”(Z) + p%nfl(z))hzo))‘m
21 '

T , (©3)

G©@P(0;2n) = RS
bou {7 TThey (1P () (3,(0))

where the symbol A - 2/ indicates that X is a (ordered) partition of the set with 2/ elements, A, indicates the size of the mth part
of a specific partition A, and [A| = Zi, i
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The task is to extract the asymptotic behavior of G?"(0;2n) as n — oo, keeping [ an O(1) constant. In order to do so, we
first need to find the asymptotic series for a generic derivative of the polynomial in the large n limit. This follows from Eq. (C3),
which involves a product over the orders of the derivatives of the polynomials. This will be the focus of the next subsection.

2. Asymptotics of the derivatives of the polynomials

The asymptotic series of the derivative of the polynomial can be found by extending the well-known Christoffel-Darboux
formula [44]

q
bys1lP 1 ()Pg(x) = pgs1 (P, = Y pi(x), (C4)
Jj=0

to include a generic derivative of the polynomial,

q

bat [P @I () = pD 0PI 0] = 3 [m + D (P )” = mp P ). (C5)
j=0

This formula can be derived by considering two copies of the mth derivative of the three-term recurrence relation Eq. (4),

bisaph ) = xp§ )+ mp" V) = bip™ ), by P ) = xp[ )+ mp" V) = biph ).

Next, multiply the first equation by p;m)(y) and the second by pg.m)(x), then subtract the two equations,

bt [P0 P 6 = P 0PI )] = b [P 0P ) = P e ()]
= (=P P ) +m[p" P @p ) = P 0PI ()],

The left-hand side is a finite difference; therefore, when summing both sides of the equation over j € [0, ¢], only the boundary
term at j = g survive since the boundary term at j = 0 is identically zero because p_;(x) =0

P @R ® =P or" 0 ]
x—y

Prh P () = P )P (x) X":

X=y

(Co)

g1 [pj-"’)(X)pjm)(y) +m

j=0

Taking the limit as x — y and using L’Hdpital’s rule to resolve the indeterminate forms yields the formula in Eq. (C5).

By analyzing Eq. (CS), we see that if we know the large-g behavior of pfi”(x) for all 7 up to and including m, then, in principle,
we can extract the asymptotic form of pf]’"“)(x). However, it is nontrivial since the (m + 1)th derivative of the polynomial
appears both on the left-hand side but also inside the summation on the right-hand side of Eq. (C5) (except for the special
case m = 0). We are interested in analyzing the specific case x = 0 of Eq. (C5). In this case, the polynomial p?(0) must have
its upper index m and lower index g of the same parity; otherwise, it vanishes. This condition slightly simplifies Eq. (C5).
To illustrate this simplification, consider setting x = 0, ¢ = 2n and m = 2[ in Eq. (C5),

n

br P P OPEP©0) = 3 [ + D(pZ ) - 21 pH P 0)p (). (er)
j=0

Similar expressions can be obtained for all possible parity combinations of ¢ and m in Eq. (C5).
The task now is to determine the leading order term in the asymptotic series of the derivative of the polynomials by

asymptotically balancing both sides of Eq. (C7). For ease of notation, let p(zl)(O), and similarly p(21+l)(0), have the asymptotic

2n+1
series p(ﬁ”(O) =D 40 P(zi )u, where u labels the order of the asymptotic expansion in n. The first task is to find p(zil)o and (21[:1”0

In order to do so, we need to specify the leading order asymptotic of b,. In the following discussion, we focus on the case where
the Lanczos coefficients obey the OGH in d > 1, meaning that b, ~ n. In this case, it can be shown that the following ansatz

- (- (logn)* PO (- (logn)**! C8)
07020 2 p(0)  A/n L0 0241 D p(0)  /n
balances Eq. (C7) to leading order, where p(0) is the spectral function at the origin. This ansatz is motivated by the emergence
of a pattern in the zeroth and first derivative. Consider the following asymptotic:

o L by L&
pan(0) = (=" ] o, —

j=1

(€9
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which follows from the fact that the product in Eq. (A15) converges by Assumption 1. Using Eq. (C7) with [ = 0, we can extract

p(zln)JrL0 by simply inverting the formula

(1)

(_l)l‘l
o™ 2 0 i

logn

(C10)

The appearance of the logarithm motivates the ansatz presented in Eq. (C8). Furthermore, the phase is fixed by considering
the fact that the coefficients of the polynomials have definite sign, which follows by induction from the three-term recurrence

relation.

When we substitute this leading order asymptotic in the expression for G?(0, 2n) [Eq. (C3)], we find that each term in

the summation scales as (logn)*

(see Appendix C4). This is diverging; however, after summing all the terms, this divergence

actually cancels out as we show in Appendix C 4. This means that, in order to determine the leading order behavior of Eq. (C3),

@) (21+1)

we need the subleading corrections. At the moment, we have an expression for the leading order terms p;,(, and p;, | | that are

given by Eq. (C8); the goal is to find the correction terms p(zil,)l

and p

(21+1)

np1,1- Consider the expression in Eq. (C7), we can obtain

an equation for the subleading term by perturbing the left-hand side and the summands on the right-hand side,

n
(21+1) (21

QI+1) 21 @ @) Q@i+1) _@I-1) @i+1) _(21-1)
bant [P2n+1,0P2n,1 + P2n+1,1P2n,o] ~ Z [2(21 + Dpyj P2 — 21(1’21‘71,0172,‘71,1 +P2j71,11’2j71,0)]'

J

We can then asymptotically match the n dependence on both
sides to extract the subleading term. In general, to determine
p(zzn{)l and p(22nlj-_ll,)l we need to specify the subleading behavior
of b,. For the sake of simplicity, we are going to consider
staggered correction to the Lanczos coefficient of logarithmic
type s, = (logn)™®. In order for the spectral function to be
finite, we must have a > 1 [see Eq. (A28)] [59]. This specific
choice of staggering is motivated by the fact that for the Freud
weight with spectral function p(x) oc eI, the Lanczos coef-
ficients have asymptotic form b, = n/2 + (—=1)"/(2logn)* +
o((logn)™2) [37]. In this case, the Green’s function has the
following small z expansion G(z) = « + fBzlogz that has a
divergent derivative (k = 1).

As before, we seek an ansatz that consistently balances
both sides of Eq. (C7). To find such an ansatz, we calculate
the corrections to the zeroth derivative P(z(,)zp and the first

derivative P(zln)+1,1- By analyzing these corrections, we aim to
identify a pattern that will guide the formulation of a more
general ansatz. Using the fact that p,,(0) is related to the
product in Eq. (A15), and applying Eq. (A28), we obtain the
following simple formula:

LG 1 (dn
, —_— | —s,.
Pt oy v

As a side note, the integral should be interpreted ignoring any
additive constants.

We can then use Eq. (C11) with [ = 0 to estimate the cor-
rection to the derivative by simply inverting the formula. This
works because the correction to the first derivative p(zln) Ll
only appears outside the summation [i.e., it only appears on
the left-hand side of Eq. (C11)]. We obtain the following

expression:
- (—1y— [ "odm /m o+ } (C13)
Pony1 < (=1)'— — — 8, +C1 |-
et vrlJoay m Joay m

The double integral in this expression should be understood
ignoring the constant of integration arising from the first inte-
gral over the variable n;. In this expression, we have explicitly
included the additive constant ¢, which is generally present.

(C12)

(C11)

(

It is important to keep track of this constant because, de-
pending on how fast s, decays, ¢c; may dominate the first
term in brackets. When staggering is of logarithmic type
s, = (logn)™® with a > 1, these integrals can be analytically
computed, leading to the simpler forms,

, (logn)s, , (logn)!=4
P = Ao(—1) % = Ao(—1) gT
1 . (log n)’s, +ci
Py = A1) =
1 2—a
— ay(—rydogn” T a (C14)

7n )
where we have introduced some irrelevant constants Ay and
A;. Note that, since s, = (logn)™ with @ > 1 (so that the
spectral function is finite at the origin), pz,; and py,y1.1
are indeed subleading compared to py,0 and pa.+10 [see
Eq. (C8)]. We can observe an emerging pattern in Eq. (C14);
therefore, we propose the following ansatz:

AUtl-a
@n ., (ogn)
P11 = (=D AZIT
e (10 n)21+2—a
p(22nl:11)] =(=D 1A21+1g—. (C15)
) ﬁ

This ansatz balances both sides of Eq. (C11) when the stag-
gered term is of the form s, = (logn)™ and a not integer. The
simple reason why this ansatz works is that the summation in
the right-hand side of Eq. (C11) can be turned into an integral,
we then have to compute integrals of the form

d 1 —m+1
/ I ogmym = J8W T
n —m—+1

Essentially, the integration multiplies the integrand by a con-
stant times nlogn, which in turns precisely balance what is
on the left-hand side of Eq. (C11). This reasoning is correct
provided that we do not encounter the special case m = 1,

(C16)

dn 1
—(logn)™" =loglogn+c¢ (C17)
n
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for which the answer is not simply asymptotically equivalent
to multiplying the integrand by nlogn. This special case oc-
curs when the right-hand side of Eq. (C11) is O(1). This can
happen after substituting in Eq. (C11) the asymptotic forms
in Egs. (C15) and (C8). In particular, this is the case when
the value of a in s, = (logn)™° is an even integer satisfying
2] 4+ 1 = a/2. If this is the case, the ansatz in Eq. (C14) does
not generally balance both sides of Eq. (C11). However, the
expressions for p(z(:zl, Eq. (C13), and p(Zln)-H,l’ Eq. (C12), are
still valid regardless of the value of a. This follows because
P(z(i),l can be determined directly by analyzing the infinite

product of b,’s [see Eq. (A28)]. On the other hand, p(zln)JrL1
is determined directly from Eq. (C11) (setting [ = 0) by a
simple inversion, since it only appears on the left-hand side.
Notice that a simple way to avoid the edge case 2 + 1 = a/2
is to restrict a from being an integer. If a is not an integer, the
ansatz in Eq. (C14) always asymptotically balances both sides
of Eq. (C11). In the next subsection, we focus on the case
where a is not an integer, ensuring that the ansatz in Eq. (C14)
remains valid. We then argue how to extend the criterion to
integer values of a.

3. Criterion

In this subsection, we focus on deriving a criterion for the
decay of the staggering term, s,  (logn)™“, in dimensions
d > 1, building on the results from earlier subsections. This
criterion provides a range of possible values for a in s, =
(logn)~* such that the k-th derivative of G(z) at the origin
is the first to diverge. Finally, we state the corresponding cri-
terion for the case d = 1, which can be obtained by adapting
the calculation for d > 1.

a. Criterionind > 1

Having obtained expressions for the first two terms in the
asymptotic series of the derivative of the polynomials, we
can now determine the asymptotic behavior of G?"(0, 2n) in
Eq. (C3). We remind the reader that G?9(0, 2n) is expressed
as a summation over partitions as presented in Eq. (C3), which
we compactly rewrite in the following form:

G (0;2n) = ZMALA(n) (C18)
AR21
where we have defined
_ 20)!
i ML (c19)
[ e (! (X))
and
21 m P
L)\(n) _ Hm:l (az (p%n(z) + p%nfl(z))|z=0) (CZO)

ban(p2, ()

Recall that A indicates a partition of 2/ elements, so it is
implicitly understood that A depends on 2/ [i.e., A = A(2])].
Recall also that ), indicates the size of the mth part of a
specific partition A, and |A| = lei] A;. It is useful to introduce

an additional variable for the factor in Eq. (C20),

On(n) = 07" (p3,(2) + p3,1 ()| .,

m m o . . o . X
=Y (J) (P~ (0)p5)©0) + p5, = (0)p5), (0)).
j=0

(C21)

Notice that when m is odd the expression for Q,,(n) is ex-
actly zero. This follows because an odd-order derivative of
an even function is an odd function, which vanishes at the
origin. Hence, when m is odd we are forced to pick A,, = 0,
in order to have a nonzero contribution to L, (n) in Eq. (C20).
Consequently, let us consider m to be even. Expanding the
expression for Q,,(n) results in a summation of different
terms, as shown in the right-hand side of Eq. (C21). We recall
that, as we will show in Appendix C4, the right-hand side
of Eq. (C21) vanishes if we substitute all instances of the
derivatives of the polynomials with their leading-order terms,

m
(m—j) _(j) (m—j) _(j) _
Z <]> (Pzn.o Pino t p2n71,0p2n71,0) =0.
J=0

(C22)

Thus, we must introduce the subleading terms in the asymp-
totic series of the derivatives of the polynomials [see
Eq. (C15)]. Therefore, the large-n behavior of Q,,(n) is given
by

m
0u ~ 23 (") (G 4+ Pt )
j=0

(IOg n)m+l—a
X —.

n

(C23)

To get this asymptotic behavior of Q,,(n), we assume that
the prefactor does not vanish anomalously. Plugging this into
Eq. (C20), yields the following asymptotics:

[T (Qu(m))™
N
b2, (p3,(0))
Recall that a > 1; hence, the leading order term is achieved
for the minimum value of |A|, which corresponds to a partition

A* such that A3, =1 and )L;‘. =0 when j # 2[. Hence, we
conclude that

Li(n) = o (logn)HHI=a —(C24)

G®(0;2n) o Ly-(n) o (logn)* 1= 4 Cy,. (C25)

We have explicitly written Cy; to indicate an additive constant
that is bounded in #n; this constant arises because of the addi-
tive constant present in Eq. (C13). It is important to keep track
of this constant because, depending on the values of / and a, it
may dominate the first term, leading to a competition between
the two contributions. This constant is generally present, since
by assumption we have that

lim G®(0;2n) = G*(0). (C26)
n—0o0

Hence, by assumption, when |G?"(0)| < oo the constant Cy,
dominates the other term (log n)**1~¢ and the limit is finite.
For the sake of simplicity, we have restricted the analysis to
the even derivative. However, it can be shown that a similar
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result holds also for odd derivatives. Hence, we conclude that
the generic asymptotic behavior of G*¥)(0; n) is given by

G®(0;n) x (logn)+1= 4 C;. (C27)

This equation is significant as it reveals a competing mech-
anism. In particular, the asymptotic behavior depends on the
signofk+ 1 —a:

@) If k+1—a > 0, the first term dominates Cy, leading
to G (0; n) diverging.

(i) If k4+1—a <0, the first term vanishes asymptoti-
cally, and G(k)(O; n) converges to Cg.

Requiring G*)(0; n) to diverge while keeping G*~D(0;n)
finite imposes a condition on the decay of the staggered term
s, in the Lanczos coefficients. If the kth derivative of the
Green’s function diverges while the (k — 1)th derivative re-
mains finite, then s, must satisfy

(logn)k+1 k+1—a

s, = (logn) — 00,

(logn)*s, = (logn)*™ < oo. (C28)

This implies the condition k < a < k + 1, where a is the
decay rate of the staggered term, given by s, = (logn)™.

Recall that, in the previous subsection, we derived expres-
sions for the correction to the derivative of the polynomials,
given by Eq. (C15). However, these expressions are generally
valid only when a is not an integer. In the case where a is an
integer, we only have valid expressions for the zeroth and first
derivatives. Consequently, it is not a priori clear whether the
extrema a = k and a = k 4 1 correspond to a divergent kth
derivative, as our analysis is restricted to integer values of a.
To address the edge case when a is integer, we propose the
following extension of the previous criterion. If G*)(0) is the
first divergent derivative, the subleading staggered term in the
Lanczos coefficient s, should satisfy

(logn)k 1/ dnl/ dnz
om " Jou nz :

dn dn
(logn)k 2/ 1/ 2s,12 < 00.
om " Joa) m2

This version of the criterion agrees with Eq. (C28) whenever
a is not integer. Furthermore, it agrees with the well-known
case of the Freud weight with spectral function p(x) oc e~
In this case, the Lanczos coefficients have asymptotic form
b, =n/24+ (—1)"/(2log n)* [37], and the first derivative is
the first divergent derivative (i.e., k = 1). Setting k = 1 and
s, = 1/(2logn)? in Eq. (C29), yields the first term diverging
as log log n, whereas the second term does not diverge.

To motivate this criterion when a is integer, we will make
the assumption that G?"(0; 2n) asymptotically is captured by
those terms in the right-hand side of Eq (C18) that involves
the correction of the first derivative p2n 1.1- This is motivated

(C29)

by the fact that the expression for p2n 1.1 in Eq. (C13) is valid
even when a is integer. Keeping track of these terms implies
that G?)(0; 2n) contains a term that asymptotically scales as

dl’ll dn2
(logn)” 1/ / — Sy
om M Joua) n2

which is precisely the first term in Eq. (C29) when k = 2.

(C30)

We now explain how this term arises in more details by
considering Q,,(n), given in Eq. (C21). Recall that Q,,(n)
is a factor appearing in the expression for G(z”(O 2n) [see
Egs. (C18) and (C21)]. We can see that the term p5) | | pS"~ )

is present as a summand (j = 1) in Eq. (C23), this term scales

as
log ny"~! d d
(Og”) [ n‘/ . (C31)
O(1) nj O(1) n2

When this term is substituted into Eq. (C24), using the specific
partition A*, it exactly reproduces the term in Eq. (C30).
Therefore, this analysis shows that the term in Eq. (C30) is
explicitly present in the expression for GV (0; 2n).

(1) (m—1)
Pan—11P2am—1,0 &

b. Criterionind =1

So far, we have focused the discussion on the case of the
OGH ind > 1. It can be shown that when b, = n/logn (d =
1), the analysis is very similar expect that the asymptotic for
the mth derivative of the polynomial is slightly different,

p(21) _ (_l)nfl (logn)4l+l/2
w04l A p0)  A/n
(_1)n71 (10 n)2(21+1)+1/2
POy = £ ()

220141, /277 p(0) Jn

As a result, the ansatz for the correction is

an (_ 1 )nfl (IOg n)4/+5/27u
Pt =000 o0y Jn
Q141) ( 1 )n -1 (log n)2(21+l)+5/2—a

Ponsil _A2l+122<21+1>m v
(C33)

Similarly to the previous case, we have assumed that the
subleading staggered correction to the Lanczos coefficient is
of logarithmic type s, o (logn)~®. In this case, we require
that @ > 2, in order for the spectral function to be finite at the
origin [see Eq. (39)]. These expressions lead to the following
criterion for the kth derivative to diverge and the previous ones
to be finiteind = 1,

2k+2sn_) 00

(logn) (log n)zks,, < 00; (C34)

this condition is met when 2k < a < 2(k + 1).
We then propose the following integral form of the crite-
rion in d = 1, which covers the case when a is integer,

n lo np m lo ny
(log n)2&= / dny & f dn, 225 oo,
o) ni o) np

" lo ™ lo
(logn)2(k_2) /(9(1)dn1 gm/ dn, gnzsm < 0

ni o) ns
(C35)

4. Cancellation of the divergent term

In this part, we provide additional details on why it is nec-

essary to compute the corrections to the leading-order terms
of the derivatives of the polynomials (p(zznl)1 and p(ziljfll )1). As

previously mentioned, the reason is that a cancellation occurs
in the expression for G®(0; ) when only the leading-order

terms, p(zzn”0 and p(zznlill)o, are substituted.
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To show this explicitly, we analyze the asymptotic form, as
n — 0o, of Eq. (C20),

1T, (3P, + Py (@D)lmo) ™

TABLE IV. Asymptotic behavior of G"(0; n) and G*(0; n) for
the Lanczos coefficients b, listed in the leftmost column, which obey
the OGH ind = 1.

Lanczos coefficients (d = 1) GV(0;n) GP(0;n)

b (r3,0)""
' _ . Case 1: b, = log(m) +1+ S (log(n+ 1)) logn  (logn)’
Mo [ S (D OpL O+ P p5) )] Case2iby = i + S lognt 1) 0() togn
- baa(p2a(0)y D
(C36)
Eq. (C36)],
Recall that A,, is a nonnegative integer, and that we consider N

nonnegative integers satisfying Zij | mA, = 21, we also use

the notation [A| = Z?l 1 Ai. Focus first on the two terms inside

the brackets,
P ©O)p50) + p5 = (O)p5,, (0).

In order to have nonzero contributions to the product, the
following restrictions on j should be imposed depending on
the parity of m:

(i) m even: j should be even in the first term and odd in
the second term

(i) m odd: in this case no matter the parity of j both
terms always vanish. Hence, we must have A,, = 0 so that the
product in Eq. (C36) does not automatically vanish.

Hence, we parametrize j — 2j; (even) in the first term
and j — 2j,+ 1 (odd) in the second term. Notice that
the first term, pzll 2 1)(0) (2 ‘)(O), and the second term,
p({: f’ () pgff{l)(O), have the same leading order asymp-
totics (up to signs and prefactors) regardless of what j, j»
actually are. This follows from the ansatz in Eq. (C8), which
we restate below (for d > 1):

p(Zv) _ (=" (logn)®
2n,0 22v /znp(o) ﬁ
2041 (=D (logn)**!
S = (C37)

220+ 2w p0) /n
It follows that pUE0)pI0(0) and

P 00)p3D(0) are both O((logn)y™/n), when m is
even. Therefore, asymptotically, a generic term in Eq. (C36)

scales as
2(|A1+1)
/) )

(C38)

| 1—[ [(logn)n1] m ) O(l(logn)y(

by (pan ()2 T T\l
= O((logn)*),

where we have used the facts that Zm ymhy, =2l and [A] =
b

We conclude that a generic term in the expression for
G?)(0;2n) in Eq. (C3) is asymptotically proportional to
(logn)?; this is divergent. However, we will show that this
divergence actually cancels out. To do this, we need to track
signs to show that the cancellation occurs. Luckily, we do
not need to perform the sum over all partitions in Eq. (C3),
the cancellation occurs in this part of the expression [see

21 m

11> (j)(p;:: D(0)pS)(0) + pSi=1(0)ps)_, (0))

m=1 | j=0

Recall that if m is odd A,, = 0, if m is even then j must be
even in the first term and odd in the second term inside the
brackets. We will now show that all the factors corresponding
to even m vanish, and therefore the entire product vanishes. In
this case, we get

m/2

2 (zr;z]>( (=210 (0)p 21 (0))
J1=0
m/2—1 " |
" Z <2j2+ 1)( (2",1 22=D0)p (ziszlrl)(O))
~ %2: ( > (—1)% (log ny"
2i )\ 2m 27p(0) n
—l—mfl < m ) (=% (logn)™
Jj2=0 2 +1 2m 27 p(0) ~

m/2

m/2—1

(=D (logn)" (m)_ ( m >
C2m2mp(0) ;} 2j1 j;@ 2j,+1
_(=DF Qogm)" [~ (m\, ) _
T2 27p(0)  n ;<J‘>( D=0

In the first line, we have separated the summands based on the
parity of j, in the second line we have used the leading order
term in the asymptotic of the derivative of the polynomials
[see Eq. (C8)].

This calculation shows that the factor is zero when m is
even, and consequently, if we substitute only the leading-order
asymptotic terms in Eq. (C36), a cancellation occurs.

TABLE V. Asymptotic scaling of G(0;n) and G?(0;n) de-
pending on the two cases of the Lanczos coefficients presented in
the leftmost column that obey the OGH ind > 1.

Lanczos coefficients (d > 1) GYO0;n) GP(0;n)

Case l: b, =n+1+ (_l)n(log(n +1))7% loglogn lognloglogn
Case2:b,=n+1+ ( (log(n +1)73? (logn)'/?  (logn)*?
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G(l)(o; n)
Case 1 Case 2
12 (a) (b) :
Fitting : ailogn+ B, e
11 (a1, B1) = (0.07, — 0.129) 3.5750 P
1.0 3.5725 IGY(0: n) = -
= @yn. = ,,
09 [G(0; )| < logn ,S, 3.5700 /”/
d=1 Sps8 - v
S 53 5675 e
0 0.7 G]
- —3.5650 //
0.6
3.56251 % ’/
0.5 N
¢ 3.5600 =t
8 10 12 14 16 18 4 6 8 10 12 14 16 18 20
logn logn
(c) (d)
5.0 Fitting: azloglogn + B, T 2.75 Fitting: aslogn+ B3 ’,/”
(a2, B2) = (1.162, 1.617) 2.50 (a3, B3) = (0.172, — 0.416) e
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FIG. 4. Numerical evaluations of G (0; 2n) for the different Lanczos coefficients listed in Table IV (d = 1) and Table V (d > 1). The red
annotations in each plot indicate the theoretical prediction for the scaling of G(0; n). In all cases except (b), G (0; n) diverges as n — oo.
To test the theoretical prediction in these cases, we present suitably rescaled quantities on the horizontal and vertical axes such that, if the
prediction holds, the data should align along a straight line. For each of these cases, we also include the best fitting line for comparison.

5. Numerics

We now present numerical evidence to support the asymp-
totic results for G®(0;n) discussed in Appendix C3. In
general, we find that higher-order derivatives are more chal-
lenging to fit accurately; hence, we restrict our attention to
the first two derivatives. We consider four different sets of
Lanczos coefficients: two for the case d =1 and two for
d > 1, since the asymptotic form of G®(0; n) differs between
these regimes.

ad=1

For d = 1, the asymptotic behavior of G®(0;n) is pre-
dicted to follow the form

log n

G®(0;n) o (log n)**=b / dn,

oam m

" logny
x/ £ dny s, + Cy,
o

(C39)

where s, is the subleading staggered correction in the Lanczos
coefficients, and C; is a constant that may dominate the first
term depending on the value of k and the decay rate of s,,.

We test this prediction using the following Lanczos coeffi-
cients, which follow the OGHind = 1:

1) b, + 14 F5(=1)"(log(n + 1))~

@) by + S (log(n+ 1)),

log(n+1)

lOé(}’H’l)

From these coefficients, we numerically calculate the first
and second derivatives: G (0; n) and G (0; n). The scaling
behavior predicted by Eq. (C39) is summarized in Table I'V.

As shown in Table IV, Case 1 yields a divergent first
derivative, since G'"(0;n) oc logn diverges as n — oo. In
Case 2, the first derivative remains bounded, GV(0;n) =
O(1), while the second derivative diverges as G®(0;n)
log n.

To numerically confirm these asymptotic forms, we com-
pute G(0;n) and G?(0;n) for sufficiently large values of
n. This is necessary for two reasons. First, n must be large
enough to enter the asymptotic regime. Second, » must be
large enough to clearly distinguish logarithmic growth from
a plateau. The predictions in Table IV are supported by the
numerical evaluations shown in Figs. 4(a), 4(b), 5(a), and
5(b).

Therefore, we conclude that the spectral function corre-
sponding to Case 1 has a divergent derivative at the origin.
In contrast, the spectral function for Case 2 has a finite first
derivative but a divergent second derivative.

b. d >1

We now turn to the case d > 1, where the asymptotic
behavior of G*)(0; n) takes on a slightly different form,

dn1

o) M

d
G®(0;n) x (logn)! f "an2+ck (C40)
o1 2
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FIG. 5. Numerical computations of G*(0; 2n) for the different Lanczos coefficients listed in Table IV (d = 1) and Table V (d > 1). The
red labels in each plot indicate the theoretical prediction for the scaling of G (0; n). In all cases G (0; n) is predicted to diverge as n — 0.
To test the rate of divergence, we display rescaled quantities on the horizontal and vertical axes such that, if the prediction holds, the data
should align along a straight line. In each case, a best-fit line is also shown for comparison.

To evaluate this prediction, we consider the following Lanczos
coefficients, which obey the OGH ind > 1:

(1) by=n+1+ 5L (log(n+ 1)

) by=n+1+ 5 (log(n + 1)/

The first case involves an integer power of the staggering
term (logn)~2, which, as noted in Appendix C 3, represents

an edge case. The second case, by contrast, involves a nonin-
teger power, (logn)~3/2, and is considered a regular case. The

prediction from Eq. (C40) is presented in Table V. The predic-
tions in Table V generally agree with the numerical evaluation
of GY(0;n) and G®(0;n) shown in Figs. 4(c), 4(d), 5(c),
and 5(d). The only caveat is Case 1 in d > 1, presented in
Fig. 4(c). In this case, the data are not fully conclusive, as
the range of n is not wide enough to clearly resolve the
expected loglogn scaling. Nevertheless, the growth is slow
and clearly sub-logarithmic, consistent with the theoretical
prediction.
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