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Understanding how stacking controls the nonlinear optical response of two-dimensional materials is key
to designing van der Waals heterostructures with tailored functionalities. Here, we establish a comprehensive
symmetry-based framework mapping the structural configuration of MoS, bilayers across four point groups (Dsy,,
D3y, C3,, C3) to their second-order susceptibility tensor x ®. Using group-theory arguments benchmarked against
first-principles response-function calculations, we demonstrate how symmetry breaking controls the activation
and suppression of individual tensor elements in these systems. We show that the emergence of the in-plane
component y,,, in twisted configurations (C; group) induces a rigid azimuthal rotation of the second-harmonic
generation polar lobes, which remains frequency-independent across the entire optical spectrum, locking to half
of the structural twist angle. Our findings establish a direct, wavelength-independent optical route for twist-angle
determination and provide a clear roadmap for engineering nonlinear optical responses in two-dimensional

materials.
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I. INTRODUCTION

Two-dimensional transition-metal dichalcogenides
(TMDs) have emerged as an appealing platform for
nonlinear optics, combining broken inversion symmetry,
strong light-matter interaction, and a lattice highly sensitive
to specific stacking configurations [1-5]. In their monolayer
form, semiconducting TMDs with the chemical formula
MX, (with M = Mo, W; X = S, Se, Te) preferentially
crystallize in the noncentrosymmetric point group D3, [6-8].
This inherent absence of inversion symmetry permits a
nonvanishing second-order susceptibility tensor x® and
enables second-harmonic generation (SHG) [1,9-13]. This
technique represents a powerful, nondestructive probe for
mapping layer counts, stacking order, and crystallographic
orientations across a wide variety of layered materials and
moiré superlattices [14—18].

A bilayer stack is characterized by an additional, highly
tunable structural degree of freedom: relative translation
and rotation of the constituent monolayers, which dramati-
cally expand the accessible symmetry landscape. Depending
on the specific configuration, the resulting point group
can range from highly symmetric D3, and centrosymmetric
D3, to lower-symmetry C;, and C; twisted configurations
[1,9,14,19]. Since the analytical structure of the X(Z) tensor is
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entirely determined by the crystal point group via Neumann’s
principle [20], this stacking-controlled symmetry hierarchy
translates into a systematic modulation of the nonlinear op-
tical responses, ranging from complete suppression of SHG
to the activation of new tensor components that are silent in
the freestanding monolayer [1,9,14,21].

First-principles calculations of nonlinear susceptibilities
have successfully captured the response of idealized TMDs
[22-25]. However, full-fledged ab initio evaluations of X(z)
spectra become exceptionally costly or even unfeasible for
realistic low-symmetry configurations and large-scale moiré
superlattices [26—28]. This computational bottleneck makes
a rigorous symmetry-based analysis vital to map the non-
linear response of these systems across arbitrary structural
settings without relying on brute-force calculations. Establish-
ing such a framework on a qualitatively reliable and physically
accessible baseline, as offered by the independent-particle
approximation, provides the necessary foundation to subse-
quently understand the role of many-body effects and to
develop numerically robust high-throughput screening work-
flows for SHG in realistic two-dimensional (2D) material
architectures.

To bridge this gap, we present a systematic study coupling
this predictive symmetry analysis with targeted first-principles
validations of the frequency-dependent angular response.
Using MoS; as a representative member of the TMD fam-
ily, we map monolayer and bilayer configurations across
four distinct point groups (D3, D3y, Csy, and C3) to their
respective x ® tensors. While polarization-resolved SHG ro-
tation has previously been used to extract twist angles in
TMD bilayers [19], typically interpreted via phenomeno-
logical interference between independent monolayers, we
apply Neumann’s principle to derive the complete x ' ten-
sor structure by treating the stacked or twisted bilayer as
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FIG. 1. Overview of the atomic structures and symmetry elements of the five MoS, configurations considered in this work. Mo and S
atoms are shown in violet and yellow, respectively. (a) Monolayer 1H (Ds;): top view displaying the three vertical mirror planes o, (colored
dashed lines) alongside the C; rotational invariance, and side view showing the horizontal mirror plane o;, (purple dashed line). (b) Bilayer in
the AA-stacking (D3),), retaining all symmetry elements of the monolayer, including o,, C3, and o;,.. (c) AB(2H)-stacked bilayer (D3,), enabling
the activation of an inversion center (Z, red asterisk). (d) AB(3R) bilayer (C3,): 0, and C; symmetries are retained while the horizontal mirror

plane oy, is broken.

a single composite crystal. This symmetry-first approach
holds independently of interlayer coupling strength and uni-
fies all translational and rotational stacking configurations
within a single, self-consistent framework. Starting from
pure group-theory arguments, we determine the allowed and
forbidden tensor components for each symmetry class and
define how these constraints dictate macroscopic SHG angular
patterns. Benchmarking these analytical relations against first-
principles calculations establishes a clear, transferable set of
design rules connecting stacking configurations to nonlinear
optical signatures, including complete SHG suppression in
centrosymmetric configurations and the emergence of a spec-
trally invariant and geometrically locked SHG lobe shift in
twisted bilayers.

II. SYMMETRY ANALYSIS AND DESIGN RULES
A. Crystal structures and point groups

Monolayer MoS, in the 1H structure consists of a Mo
atomic plane sandwiched between two S planes in a trigonal
prismatic coordination. The resulting crystal belongs to the
D3, point group, with symmetry elements including a three-
fold rotation axis C3, a horizontal mirror plane o, and three
vertical mirror planes o,. Crucially, the lack of an inversion
center permits a nonvanishing x® [Fig. 1(a)]. Forming a
bilayer introduces an additional structural degree of freedom
via the relative translation and rotation of the two layers,

giving rise to a family of distinct stackings with qualitatively
different symmetries. In the following analysis, we consider
a selection of representative configurations Figs. 1(b)—1(e)
belonging to different symmetry groups (Table I).

The AA-stacked bilayer, in which the top and bottom
sheets are directly eclipsed, retains the same D3, symmetry
of the parent monolayer [Fig. 1(b)]. In contrast, the AB(2H)
stacking, associated with the thermodynamically stable form
of bulk MoS; [6,29], places the Mo atom of the top layer di-
rectly above the S atom of the bottom layer. This arrangement
introduces an inversion center (Z) at the interlayer midpoint,
elevating the point group to D3, and rendering the structure
centrosymmetric [Fig. 1(c)]. Translating the layers into the
AB(3R) configuration breaks both the inversion symmetry
of the 2H-stacking and the horizontal reflection symmetry

TABLE I. Point groups and key symmetry elements for the tar-
geted monolayer and bilayer MoS, configurations.

System Stacking Pointgroup C; o, o, T
Monolayer 1H D5, v v v x
Bilayer AA D5, v v v x
Bilayer AB(2H) D3y v x v Y
Bilayer AB(3R) Cs, v x v x
Twisted bilayer 6, = 21.8° G v X X X
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of the AA bilayer phase, yielding a noncentrosymmetric Cs,
point group where only the threefold rotation axis and the
three vertical mirrors (o,) are preserved [Fig. 1(d)]. Finally,
introducing a relative rotation between the layers destroys all
mirror symmetries, o, and o,. For instance, a twisted (tw)
bilayer at the commensurate angle 8, = 21.8° forms a coinci-
dence site lattice supercell with 42 atoms, which retains only
the threefold rotation axis [Fig. 1(e)], reducing the symmetry
to the C3 point group (Table I).

The symmetry reduction from the highest-symmetry par-
ent bilayers to the twisted configuration follows two separate
pathways:

translation twisting
Dy, Cyy G, (1
twisting
D3y —— G. (2)

While relative interlayer translation breaks horizontal sym-
metries, rotational twisting eliminates all mirror planes and
inversion centers, leaving the C; subgroup as the lowest
common structural denominator for all twisted and moiré
configurations.

B. x® tensor structure from Neumann’s principle

The second-order susceptibility X,-(jzk) (w) is a third-rank po-
lar tensor relating the second-harmonic polarization to the
external electric field:

P2w) =Y %3 (@) E;(@)E(w). 3)
Jjk

Neumann'’s principle imposes the invariance of the tensor un-
der any spatial symmetry operation g belonging to the crystal
point group [20]:

2 2
Xl(]k) = RiIR,mek” X](ml’ (4)

where R is the matrix representation of g, and summation over
repeated indices is implied. Applying this constraint to the
generators of each point group, while invoking the intrinsic
permutation symmetry x; k) = Xi(kz} imposed by the indistin-
guishability of the two pﬁotons in the SHG process, yields
independent, nonzero tensor components for each configura-
tion.

Before evaluating individual point groups, we note that
the presence of a threefold rotation axis (C; || z) common to
all five systems imposes a strong restriction to the 27 tensor
components. Specifically, it forces all elements with in-plane
index (x or y) combined with two out-of-plane (z) indices to
vanish identically (see details in the Appendix):

_,0_,0_,0_,0_,0_,0_,0 _
szz - Xyzz - szz - Xzzx - Xzyz - Xzzy - szy - Xzyx =0.

&)
Furthermore, components featuring mixed in-plane indices
combined with a single z index at the primary position, namely
x&) and x{2), are also strictly forbidden by C; symmetry.
The remaining nonzero elements are linked via rotational
invariants, which are subsequently lifted or constrained by
the mirror planes and inversion centers of each point group
(Table II).
D3y, (monolayer, AA bilayer). The horizontal mirror plane
oy, maps coordinates as z — —z, forcing all tensor elements

containing an odd number of z indices to vanish identically.
The remaining purely in-plane components are simultane-
ously bounded by the C; axis and the vertical mirrors o,
reducing to

@_ _,@__.,0__,0
Xyyy = —Xyxxr = ~Xory = — Xaye- (6)

All out-of-plane elements (e.g., szzz) > XZ%?’ X}Q, and so on)
vanish under oy, leaving the nonzero components in Eq. (6) to
rule the entire nonlinear optical response of the system.

D34 [AB(2H) bilayer]. The presence of an inversion center
7 maps all coordinates as x; — —x;, transforming any third-

rank polar tensor component to its negative:
2) T 2
Xi(jk) - _Xi(jk)' %)
Combined with the invariance requirement, this yields

@ =0, Vi jk ®)

Kijk =
Hence, SHG is completely forbidden within the electric-
dipole approximation for the AB(2H) stacking.

C3y [AB(3R) bilayer]. The absence of a o;, mirror plane
activates tensor components with an odd number of z indices.
The three vertical mirrors o, are retained, imposing x2) = 0
and constraining the remaining in-plane elements to the same
form as in the D3, group. Accounting for intrinsic permutation
rules, the independent nonzero components are

2) — 2) — 2) — (2) (2)
Xyyy = " Xyxx = Xy = " Xayws Xzzzo

2 _ 2

Xoxx = Xzyy’
2 _,0_,2 _,2
Xave = Xxzx = Xyyz = Xyzy- )

The activation of out-of-plane elements (x/2 and /%)) makes
the nonlinear response accessible via oblique-incidence or
cross-polarized experimental setups, while the in-plane com-
ponent matches the monolayer baseline.

Cs (twisted bilayers). In twisted configurations, only the
threefold rotation axis survives, and the absence of any
mirror symmetry operation distinguishes this case from all
higher-symmetry stackings. The independent nonzero tensor

components are

2) _ 2 _ @ _— (2)

Xyyy = — Xyxx = Xy = ~ Xy
T
xa=x5

X = x5

X9 == Xarr- (10)

The defining feature here is the simultaneous activation of x 2)
alongside x\}). Since x) = 0 is no longer enforced by o,
its emergence provides a direct optical signature of the struc-
tural twist. Additionally, the chiral out-of-plane components
(X3 =— X}(,fz)) become allowed, offering an additional degree

Yz . . N .
of freedom unique to twisted moiré superlattices.

C. Angular SHG patterns and lobe shift

For a normally incident fundamental beam with linear po-
larization at angle & measured from the zigzag (x) axis, the
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TABLEII. Classification of all 27 components of the X,-(,-Zk) tensor for each point group. The checkmark (v") denotes an independent, nonzero
component. Formulations explicitly show the relationship dictated by the responsible symmetry element. x (Cs) indicates components forced to
zero by the threefold rotation axis alone across all groups; x (o;,) marks suppression via the horizontal mirror plane (odd number of z indices);
% (0,) indicates vertical mirror suppression; X (Z) indicates centrosymmetric elimination via inversion; “perm” denotes relations via intrinsic

SHG permutation symmetry X,-(,-zlf = Xi(kzj).

Component Dy Dy (& G
In-plane, o,-sensitive components

Xint x(0y) x(I) x(a,) v

2 x(0,) x(Z) x(3,) = —xQCy)
2 x(0,) x(T) x(0,) = —x2(Cy)
2 x(3,) x(Z) x(3,) — X2
In-plane, Cs-related components

Xy%) v x(I) v v

) = —x2(C) x(T) = —x2(Cy) = —x2(Cy)
X = —x2(Cs) x(Z) = —x2(Cs) = —x2(G)
) = —x2(Cy) x(T) = —x2(Cy) = —x2(Cy)
Out-of-plane, one 7 index (o,-sensitive)

X! x(01) x(Z) v v

X x (1) x(I) = x./(perm) = X\3/(perm)
X2 % (0,) x(Z) = X (C3) = X (C5)
X2 (0% x(ZI) = xZ(perm+Cs) = x3(perm+C;)
X x(01) x(Z) v v

x3) x(0,) x(Z) = x2(G) = X (Cs)
X2 X (on) x(D) v v
Mixed, one z index, o,-sensitive

x5 x(0y) x(D) x(0y) v

x3) x(oy) x () x(0y) = x3)(perm)
2 x(3,) x(I) x(3) = —x2(Cy)
2 x(0,) x(Z) x(0) = —x2(perm+C3)
Zero by C; for all point groups under consideration.

X2 2 XD a2 xS 12 x B k) x(C3) x(C3) x(C3) x(C3)

copolarized SHG intensity /;(0) is determined by contracting
the in-plane components of x® with the polarization vector
é = (cos @, sin 0, 0). The resulting second-harmonic polariza-
tion components are given by

OF % +

P.2w) & X DE] + xGE; + 2 ELEy,
P,Qw) o xDEL + X DE! + 2xDEE,.  (11)

The copolarized component is defined as Py = P,cos6 +
P, sin 6, where the intensity scales as I; o |Pj|*.

D3, (monolayer, AA stacked bilayer). Substituting the
single independent component x>) along with the symmetry-

enforced relations ng = X)E%; = — xf§3 and X}E,%; =— X}(}%‘)
[Eq. (6)] into the polarization equations yields '
P.2w) x —2)(y(y2;,E2 cosfsinf,
Py(2w) o< x5)E*(sin> 6 — cos® ). (12)

Projecting these components along the fundamental polariza-
tion axis gives

Py o x5 sin0[sin® 6 — 3cos* 0] = —x3) sin(30),  (13)
which yields a copolarized SHG intensity profile of

160) o< | x 2 sin®(36). (14)

This expression leads to the well-known six-lobed polar pat-
tern with nodes spaced every 60° [1,9,10]. By aligning the
x-axis with the zigzag direction, all intensity nodes fall exactly
on the zigzag crystallographic axes (6 = 0°, 60°, 120°, ...),
whereas the maxima align with the armchair directions (6 =
30°,90°, 150°, ...). This orientation provides direct crystal-
lographic edge selectivity: a zigzag-terminated edge produces
no copolarized SHG signal, while an armchair edge yields the
maximum possible emission.

D3y (2H bilayer). Incorporating the condition Xi(jzk) =0
[Eq. (8)] leads to

[0)=0 V0, (15)
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representing an identically vanishing polar response across all
angles due to destructive interlayer interference.

C3y (3R bilayer). Since the in-plane tensor structure of the
Cs, group is formally identical to that of Dj3;, where vertical
mirror reflections o, enforce x2) =0, the copolarized in-
plane pattern is identical to the monolayer baseline:

10) o | x2)] sin*(36). (16)
As a consequence, all nodes remain along the zigzag direc-
tions. The activated out-of-plane components (x'2, x2), x2))
do not contribute directly to the normal-incidence copolarized
profile, although they become accessible in oblique-incidence
or cross-polarized measurement settings.

C; (twisted bilayers). In twisted configurations, both
x2) and x(2) are simultaneously active and independent

[Eq. (10)]. Evaluating the projection equations with the full C3

: 2 2 2 2 2 2
constraints (X;x}), = - X;_V;, X;yy) = - X)Ex;’ X)(,x; = - Xy(‘yy)’ and
X5 = —x{3)) yields the following polarization components:
P, o i (cos® 0 — sin® 6) — 27 cos 6 sin 6, 17)
P, )(y(;),(sin2 6 — cos?6) — 2)(;3 cos @ siné. (18)

Contracting these expressions into the parallel projection
(Pj = Pccosf + P, sin§) simplifies via standard trigonomet-
ric identities to

Py oc —x5) sin(30) + x

2) c0s(36), (19)

XXX

which leads to the macroscopic copolarized SHG intensity:

1,0) o |2 sin(36) — x2) cos(30)|. (20)
This relation can be rewritten in a compact, phase-shifted form
as

2 2 .
1©) o (X3 + [x2) sin* 36 — o)l 1)

where the phase-induced azimuthal lobe shift angle ¢ is
analytically defined by

1 @)
@0 = 3 arctan ( X?z’;) . 22)

Crucially, while the characteristic sixfold envelope due to
threefold rotational symmetry is preserved, the entire polar
lobe structure is subject to a rigid rotation by an angle ¢ rel-
ative to the high-symmetry reference Dj3;,. Since X;f,g(a)) and
)(y(f,y)(w) are frequency-dependent complex quantities, ¢y(w)
could, in principle, vary dynamically across the optical range.
Whether this parameter exhibits substantial spectral variation
or remains locked to the structural twist angle 6y, is a key

question that we will address from first principles in Sec. IV.

D. Accessing out-of-plane components

The out-of-plane tensor elements x2, x{2), and x(2),
which are activated in the AB(3R) bilayer (Cs,) and twisted
configuration (C3) due to the 0;, symmetry breaking, remain
inaccessible in normal-incidence experiments where the fun-
damental driving field lies entirely within the xy plane (E, =
0). An oblique-incidence experimental setting provides a di-
rect and elegant route to probe these otherwise inaccessible

components.

When a p-polarized fundamental beam hits the sample at
angle of incidence B relative to the surface normal (z axis),
propagating in the xz plane, the electric field vector possesses
both in-plane and out-of-plane components:

E(w) = E(w)(cos X — sin B 2), 23)

with E, = E cos B and E, = —E sin 8. Contracting these field
components with the symmetry-allowed elements for the Cs,
and C; point groups, the second-harmonic polarization be-
comes

P,Cw) X Xzxx cos’ B+ Xz sin’ B, 24)

Pu(200) X Yuxx €0S> B — Xz COS B sin B, (25)

where the C; rotational constraints x2) = 0 and x?) = 0 have
been applied.

As explicitly revealed by Eqgs. (25) and (24), the out-of-
plane tensor contributions scale as sin? B and sin B cos 8, and
vanish identically at normal incidence (8 = 0) while scaling
up with increasing tilt angles. An s-polarized beam at oblique
incidence maintains E, = 0, failing to activate these out-of-
plane signals. Hence, p-polarized light is indispensable for
mapping these components.

In high-symmetry D3, systems, such as the isolated mono-
layer and the AA bilayer, the horizontal reflection plane
oy, enforces X,; = Xzx = Xux; = 0 regardless of 8. Con-
sequently, the probed SHG response remains invariant to
changes in the incidence tilt angle S, marking normal-
incidence angular dependence. By contrast, in C3, and Cs
systems, these elements are active and introduce prominent -
dependent SHG signals. This distinguishing behavior allows
oblique-incidence measurements to provide a direct optical
fingerprint of broken o;, symmetry, cleanly separating AB(3R)
and twisted bilayers from monolayers and AA-stacks without
requiring additional structural characterization.

The above-mentioned procedure can be complemented by
cross-polarized detection, positioning the analyzer perpen-
dicular to the fundamental polarization plane (p-in/s-out or
s-in/p-out). Such a setting filters out the dominant sym-
metric paths and isolates the y-component of the induced
second-harmonic polarization, allowing the cross-polarized
response to selectively give access to the Xg) = X}()%) elements
in both C3, and C; symmetries, directly mapping the pure
chiral tensor element x(}) in twisted C3 superlattices. This
geometry complements the copolarized oblique-incidence
measurements, forming a robust protocol for isolating the
complete out-of-plane crystal response.

III. COMPUTATIONAL METHODS

First-principles calculations were performed using the Vi-
enna ab initio simulation package (VASP) [30,31] within the
Perdew-Burke-Ernzerhof (PBE) [32,33] generalized gradient
approximation, using the projector augmented wave method
[34] to describe core-valence interactions. Long-range van der
Waals (vdW) forces were treated via the density functional
theory (DFT)-D3 correction [35], and spin-orbit coupling was
included self-consistently throughout. All considered MoS,
bilayers were fully relaxed until residual interatomic forces
fell below 0.01 eV/A. A vacuum layer of 20 A was inserted
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along the out-of-plane direction to prevent spurious interac-
tions between periodic images. Brillouin-zone sampling was
performed using a I'-centered 12 x 12 x 1 k-mesh for all self-
consistent calculations in the primitive cells, and a 6 x 6 x 1
k-mesh for the twisted bilayer supercell.

To compute the nonlinear optical response, maximally
localized Wannier functions were constructed using WAN-
NIER9O [36] interfaced with VASP. The initial projections
were chosen on the Mo dp2, dy_y2, dyy, dy;, dy; and S p,,
Py, P, atomic orbitals. The Wannier fitting was performed
on the 24 x 24 x 1 DFT k-mesh for primitive cells and a
6 x 6 x 1 grid for twisted supercell. The accuracy of the re-
sulting Wannier interpolation was validated by checking that
the interpolated band structures match those explicitly com-
puted with DFT (see the Supplemental Material [37]). These
DFT calculations deliver the relaxed structure and underlying
ground-state band structure.

The frequency-dependent susceptibility Xi(jzk) (w) is subse-
quently evaluated from a separate first-principles response-
function calculation, built on Wannier-interpolated mo-
mentum matrix elements within the independent-particle
approximation. Specifically, the frequency-dependent second-
order susceptibility tensor xi(.k (w) was computed using the
POSTWI0 utility [28,38], which evaluates the SHG response
in the velocity gauge using Wannier-interpolated momentum
matrix elements. The total macroscopic response is decom-
posed into interband and intraband contributions:

X,(Jzk) — i(jZk),mter + i(jZk),mtra’ (26)

where the interband term involves three-band transitions:

j k
(2),inter nm ml Yin fl”
Xijk _2222{ i
hw K notmetl (wmn 20 — ln)(a)ln w ”’)

+ Unm mlvln fml : , (27)
(wmn - - ln)(wlm +o+ ”7)

and the intraband term captures Fermi-surface contributions:

J ),k
X(2),intra _ [ nm Umm U””)vmn
ijk 32 3 Z Z
! h aﬁ k n#m Omn — 20 — ”7

n —(U”"’vmn) k }fnm (28)

Winn

Here, the k-covariant derivative of the velocity matrix product
along the Cartesian direction [/ is

(Unm Umn) akk (vnm v}{rm) - l(Aﬁn Al:mn)vmn Ur]nn’ (29)
where Aﬁn = i{nk|0, |nk) is the intraband Berry connection
of state n. Here, the notation (-); denotes the k-covariant
derivative introduced by Sipe and Shkrebtii [38], in which the
ordinary partial derivative 9y, of the velocity-matrix-element
product is corrected by the difference of the intraband Berry
connections of the two bands involved [Eq. (29)]. The quan-
tities vnm (nk|v;|mk) represent velocity matrix elements,
Wpn = (Enx — Eyx)/h denote interband transition frequen-
cies, and f,, = fu — fin indicates the corresponding Fermi
occupation differences.

As formulated, the interband term in Eq. (27) captures
coherent virtual loops among three distinct bands (n — m —
| — n), which undergo resonant enhancements whenever the
fundamental (%iw) or second-harmonic (2/iw) energies match
an electronic energy gap. Concurrently, the Berry connec-
tion in Eq. (29) encodes the nontrivial quantum geometric
phase contribution to the nonlinear polarization [28]. The
point-group selection rules derived via Neumann’s principle
are embedded within these products of matrix elements: for
any symmetry-forbidden tensor element, individual contribu-
tions across the full Brillouin zone sum undergo pairwise
cancellation.

To ensure high spectral resolution and numerical conver-
gence of these resonant profiles, Brillouin zone integration
was performed on an ultradense 108 x 108 x 1 k-mesh (ad-
ditional details are reported in the Supplemental Material
[37]). A Lorentzian broadening parameter n = 0.01 eV was
applied across all spectra. We note that these calculations
are conducted within the independent-particle approximation,
in which many-body corrections are omitted. This approach
aligns with the main scope of this work, aimed at establishing
universal tensor structures, spatial selection rules, and geo-
metric phase invariants, rather than reproducing experimental
peak energies and intensities.

IV. RESULTS AND ANALYSIS

A. Validation of tensor structure: High-symmetry stackings and
twisted bilayers

To systematically test the symmetry-derived design rules
discussed in Sec. II, we investigate from first principles
one representative MoS, configuration for each considered
point group: the freestanding 1H monolayer (D3;), the cen-
trosymmetric AB(2H) bilayer (D3,), the noncentrosymmetric
and AB(3R) bilayers (Cs,), and a twisted bilayer (C;) with
angle 6, = 21.8°. This analysis allows us to track how
the spectral weight of the frequency-dependent macroscopic
x@(w) tensor shifts suppresses, or splits as the spatial
symmetry elements of the parent monolayer are sequen-
tially eliminated by stacking modifications and interlayer
twisting.

The spectrum of the 1H monolayer exhibits only a
single non-vanishing component, |x (3|, while all other ten-
sor elements vanish within numerical precision [Fig. 2(a)].
This SHG profile matches the single-component landscape
imposed by D3, symmetry, with the specific permutation re-
lations Xv()%; = X;g») = X)g; = sz) satisfied across the entire
frequency range explored.

The inclusion of a second layer completely alters the non-
linear response of MoS,. In the AB(2H) bilayer stacking
[Fig. 2(b)], all computed x® components vanish. This pro-
vides direct numerical verification of our structural design
framework: the activation of an inversion center within the
D3, point group completely erases the electric-dipole SHG
contribution, causing destructive interlayer interference that
overrides the strong nonlinear responses of the individual con-
stituent monolayers. A detailed inspection of Fig. 2(b), reveals
an exceptionally weak residual signal near 0.9 eV, where the
monolayer hosts the B-resonance. We note that this feature
does not stem from a physical violation of the crystal point
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FIG. 2. Frequency-dependent susceptibility spectra | Xf,zk) (w)| L, computed for a representative set of MoS, structures spanning different
point groups with progressively reduced symmetry: D3, — Ds; — C3, — Cs. Spectral features labeled A, B, and C correspond to key two-
photon resonances. (a) In the monolayer (Ds;), only | X}(f})l # 0, while all other components vanish identically by symmetry. (b) In the AB(2H)

bilayer (Ds4), all SHG components are suppressed by the inversion center. (c) In the AB(3R) bilayer (Cs, ), the in-plane| x

{5 element is retained,

and the out-of-plane components | x|, |x2)], and |x 2] are activated by the broken horizontal reflection oy; the in-plane element x2) remains

zero under o,. (d) In the 6, = 21.8° twisted bilayer (Cs), both |x

yyy

(2)| and |X 2)

| emerge as independent, nonzero tensor components along

XXX

with the out-of-plane contributions, confirming the unconstrained C; tensor structure. Here, L, is the supercell length along the out-of-plane

direction.

group during structural relaxation, but likely originates from
the Wannier function interpolation scheme, where tiny resid-
ual errors in the momentum matrix element cancellations can
become visible in the vicinity of intense, localized electronic
resonances.

By rigidly translating the upper layer into the non-
centrosymmetric AB(3R) stacking sequence [Fig. 2(c)], the
inversion center is broken, and the nonlinear response is re-
activated. While the in-plane component | X_V(fy)| mirrors the
behavior of the monolayer, the absence of the horizontal
mirror plane (o) activates a manifold of out-of-plane com-
ponents: | x21, [x2)|, and |x{2)|. Concomitantly, the retained
vertical mirror planes o, maintain the other in-plane com-
ponent |x3)| = 0. These internal C3, symmetry constraints

XXX
2 ) and x{7) = x3)) are numerically validated by our

(X2 = Xeyy
DFT results. Notably, these allowed out-of-plane elements
are comparable in magnitude to the in-plane baseline | xfﬁfl
indicating that breaking the horizontal reflection operation has
a massive quantitative impact on the macroscopic nonlinear

polarization.

Finally, eliminating all remaining mirror symmetries via
relative layer twist (Cs symmetry) unlocks the most com-
plex tensor landscape, as shown in Fig. 2(d) for the 6, =
21.8° twisted bilayer. The optical fingerprint of the struc-
tural twist is manifested by the simultaneous activation of
both |Xy(,y2}),| and | Xgﬁ as independent, nonzero components.
Since x2) =0 is no longer enforced by vertical reflection
planes, its prominent spectral signature represents a direct
indicator of the low-symmetry C; phase. Our numerical re-
sults faithfully reproduce the expected C; rotational invariants,
confirming the equivalence X)g») = Xy()%))z = Xy(‘z)g = —x2 and
Xm = x4 = x5 = —x{3), while verifying the activation of
the out-of-plane components | ng)l, | Xz(vzy) |, and | x gz)|

Notably, our first-principles calculations reveal that its
magnitude remains exceptionally small across the entire
frequency range, even though group-theory arguments predict
that the chiral out-of-plane component XA(Q is symmetrically
allowed under the C; point group. This suppression stems
directly from the weak nature of the interlayer interactions.
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FIG. 3. Computed |x)()| L. spectrum (blue shaded area) and
partial JDOSypm—cam(E/2) (orange curve) of monolayer MoS,,
evaluated between the frontier valence and conduction bands (B3 —
Bi9). Vertical dotted lines mark the A and B direct-gap transition
thresholds at the K point, split by spin-orbit coupling: E, /2 =
0.827eV (A transition, VBM — CBM) and E,,/2 = 0.902¢eV (B
transition, VBM — 1 — CBM). Two additional vertical dotted lines
mark the C peak in the SHG spectrum (blue) and the aligned JDOS
peak (orange), offset by Aw = 8 meV, confirming two-photon res-
onances between the VBM and CBM as the primary origin of the
SHG spectral structure at the independent-particle level. Here, L, is
the supercell length along the out-of-plane direction.

Since the electronic states remain predominantly localized
within the individual monolayers, where the horizontal mirror
symmetry operation is locally preserved, the global breaking
of 07, and the resulting chiral coupling between orbitals with
out-of-plane (z) and in-plane (x,y) distribution contribute
only marginally to the macroscopic nonlinear susceptibility.
Consequently, the in-plane elements x() and x\;) remain
the dominant observables for detecting and characterizing
twisted phases.

Finally, we note that the monolayer and the AA-stacked bi-
layer (D3, point group) possess twofold C; rotation axes, i.e.,
in-plane axes oriented perpendicular to the principal C; axis
[39]. Although these C;, operations have an impact on the non-
linear optical response, all out-of-plane x®) components are
already forced to zero by the horizontal mirror oy,. In an ideal-
ized macroscopic twisted homobilayer, the presence of these
twofold C} axes would similarly enforce 2 = x2) = x2) =
0. In our DFT calculations, however, the minimal periodic
supercell chosen to represent the twisted bilayer explicitly
lacks this C;, axis, projecting the system strictly into the C;
point group. As a consequence, the out-of-plane elements Xz%z
and XL%) are symmetry-allowed and yield non-zero values in
our calculations.

B. Two-photon resonances in monolayer MoS,

To connect the spectral features of x® computed from
first principles to the underlying electronic structure, we con-
trast the dominant |x})(w)| spectrum of monolayer MoS,
against the partial joint density of states evaluated at half
the photon energy, JDOS(E/2), tracking the frontier elec-
tronic manifolds (Fig. 3). Within the independent-particle

approximation, SHG satisfies a two-photon resonance con-
dition whenever the second-harmonic energy 2%w coincides
with a real, single-particle interband electronic transition.
Hence, peaks appearing in the | x{7)(w)| spectrum at the fun-
damental photon energy 7w correspond directly to features in
the JDOS(E/2) plotted on the same energy axis.

Monolayer MoS; is characterized by direct band-gap tran-
sitions at the K/K’ valleys of its hexagonal Brillouin zone
[29,40,41]. The valence-band maximum (VBM) is split into
two distinct subbands by the strong spin-orbit coupling inher-
ent to the Mo 4d valence manifold. Within our single-particle
band structure, the lowest-energy transition (labeled A) origi-
nates from the upper VBM to the conduction band minimum
(CBM), corresponding to a single-particle two-photon thresh-
old of 2hws = 1.654eV (Eg /2 =0.827¢eV). The higher-
energy feature (labeled B) stems from transitions originating
at the spin-orbit-split lower valence band (VBM — 1) tar-
geting the CBM at 2fiwg = 1.804eV (Eg2/2 = 0.902¢eV).
These single-particle valley resonances are marked by vertical
dashed indicators in Fig. 3. The close correspondence between
the onset of | Xv(yzy) (w)| and these key JDOS threshold features
confirms that the low-energy non-linear response is dominated
by two-photon K-valley band-edge transitions.

At higher excitation energies, the [x)(w)| spectrum
exhibits another prominent feature, labeled C, that aligns
remarkably well (within 8 meV) with the dominant global
maximum of the JDOS. This correspondence confirms that the
C peak originates from strong two-photon, band-nesting tran-
sitions linking parallel valence and conduction bands along
the I'-K or K-M paths within the Brillouin zone. The resid-
ual offset of 8 meV between the x® maximum and the
JDOS peak is consistent with the finite Lorentzian broadening
(n = 0.01eV) applied to visualize the spectra. We emphasize
that within the independent-particle approximation, A, B, and
C label the noninteracting single-particle transitions. While
electron-hole (excitonic) binding effects will renormalize ab-
solute peak positions downward in experimental spectra, these
single-particle resonances dictate the fundamental orbital se-
lection rules and underlying band symmetries governing the
SHG response.

C. SHG polar patterns

To monitor how the stacking-controlled tensor mod-
ifications manifest in experiments, we map the angular
dependence of the co-polarized SHG intensity as a function
of the incident polarization angle. To connect this analysis
with the electronic structure of each phase, the angular profiles
are evaluated at their respective C-peak resonance energies:
hiw = 1.31eV for the monolayer, iw = 1.28 eV for the AA-
stacked bilayer, and /iw = 1.30¢eV for the 6, = 21.8° twisted
bilayer (Fig. 4).

As shown in Figs. 4(a) and 4(b), both the 1H mono-
layer and the AA-stacked bilayer display the characteristic
six-lobed sin?(30) pattern predicted for the D3, point group
[Eg. (14)]. The nodes fall precisely along the zigzag directions
(@ =0°,60°,120°, ...), whereas the intensity maxima align
with the armchair directions (6 = 30°, 90°, 150°, ...). The
fact that the nodal structure and lobe orientation are iden-
tical for both configurations confirms that the macroscopic
SHG polar pattern is determined entirely by the point group
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FIG. 4. Copolarized SHG polar patterns /;(6) computed for (a) monolayer MoS, at /iw = 1.31eV, (b) AA bilayer at /iw = 1.28¢eV, and
(c) 21.8° twisted bilayer at iw = 1.30eV, each at their respective C-peak energy. The graphs in each panel are normalized independently to
their maximum value. Orange dotted lines mark the armchair (AC) directions. Gray solid lines mark the zigzag (ZZ) directions with the AC
axis offset by 30°. The red line in (c) marks the rotated lobe maximum at 6}, = 40.9°, shifted by ¢y = 10.9° due to the activation of the Xjf;
element in the C; phase. (d) Computed SHG lobe shift angle ¢y(w) as a function of photon energy 7w for the 6, = 21.8° twisted bilayer (C3).

Each data point is color-coded according to the normalized amplitude | x

00 = Oy /2 = 10.9°.

symmetry and remains insensitive to the number of layers as
long as the spatial operations of the parent layer are preserved
by the stacking arrangement.

In contrast, the 6, = 21.8° twisted bilayer displays a
qualitatively different angular profile [Fig. 4(c)]. While the
six-lobed pattern is preserved, consistent with the retained
threefold rotational symmetry (Cs), the entire lobe structure
is rigidly rotated relative to the Dsj,-symmetric reference. The
principal intensity maximum, which falls at 6 = 30° (arm-
chair direction) in the D3, phase, rotates to 6o, = 40.86° ~
40.9° under a 6, = 21.8°, corresponding to a net azimuthal
lobe shift of ¢y = 10.9°, in agreement with our analytical
prediction [Eq. (22)] when evaluated from the first-principles
complex tensor components x7) and x5 at this specific ex-
citation energy.

To clarify whether the C; tensor structure permits a dynam-
ically evolving SHG angular response, we evaluate the energy

(2)
¥y

(w)|. The red horizontal dashed line marks the analytical prediction

dependence of the phase-induced lobe shift angle ¢o(w)
[Fig. 4(d)]. Since the independent tensor components x g}c (w)
and Xy(}z,y)(co) stem from distinct electronic transitions and ex-
hibit different dynamical profiles, their trigonometric ratio
could, in principle, undergo severe fluctuations near sharp
valley resonances. Activated by the broken mirror symmetries
of the C; twisted stacking (Sec. ITA), the calculated lobe
shift remains remarkably constant around 10.9° across the
entire computed spectral range, exhibiting only minor devia-
tions. Notably, ¢y = 10.9° corresponds precisely to half of the
macroscopic twist angle 6, = 21.8°, demonstrating that the
relative phase and amplitude ratio of the in-plane x® compo-
nents are locked to the geometry of the twisted lattice. Within
the adopted independent-particle approximation, where dy-
namical correlations are neglected, the relative ratio x7)/x.>)
is solely dictated by the spatial projection of the atomic coor-
dinates rather than evolving independently with the individual
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interband transitions. An analytical proof demonstrating how
coherent field superposition between rigidly rotated monolay-
ers locks the tensor ratio to tan(36,/2), and consequently
forces ¢y = 6 /2 across arbitrary twist angles, is provided in
Appendix B.

This geometric interpretation is further substantiated by the
color-coded spectral weight mapping in Fig. 4(d). In energy
windows where the nonlinear signal is robust, matching the
A, B, and C two-photon resonances, the data points converge
onto the ideal 6,/2 = 10.90° baseline. Minor fluctuations
occur exclusively where the magnitude of the tensor compo-
nents approaches zero, rendering the trigonometric ratio in
the definition of ¢y [Eq. (22)] highly sensitive to numerical
background noise.

V. CONCLUSIONS

In summary, we have presented a unified analytical and
first-principles investigation of SHG in TMD subjected to dif-
ferent bilayer stackings, taking MoS, as the reference material
and the freestanding monolayer as the structural baseline. Us-
ing Neumann’s principle, we derived the complete x ® tensor
structure for each considered point group (D3, D34, C3y, and
C3) and established a set of design rules connecting stacking
configuration to nonlinear optical response.

Our structural framework resolves into the following key
physical principles:

(1) Inversion symmetry and SHG elimination. The activa-
tion of a macroscopic inversion center within the AB(2H)
configuration (D3, point group) enforces a strict x® =0
identity, overriding the strong nonlinear response of the con-
stituent layers via destructive interlayer interference.

(2) Horizontal mirror plane and out-of-plane paths. The
horizontal mirror plane o;, inherent to the monolayer and the
AA bilayer (Dsy,) strictly forbids all out-of-plane x® ten-
sor elements. Conversely, removing o5, in AB(3R) stackings
(Csy) and twisted bilayers (C3) activates the x 2, x2), and
X;,%) elements, creating an experimental path to probe hidden
vertical polarization vectors via oblique-incidence p-polarized
geometries.

(3) Vertical mirror plane and lobe rotation. The vertical
mirror plane o, acts as the defining operation that forces
x2) = 0 in all nontwisted bilayers. Releasing this constraint
through artificial twisting (C3) unlocks x(2) as a fully indepen-
dent, active tensor component, driving a rigid spatial rotation
of the macroscopic copolarized SHG polar lobes.

Finally, our first-principles calculations reveal that this
phase-induced azimuthal lobe shift angle ¢ is extraordinarily
stable across the explored optical window. It remains locked
to the clear geometric limit dictated by the spatial projection
of the atomic coordinates:

Orw = 2¢0. (30)

This relation follows directly from the coherent superposi-
tion of two rigidly rotated, identical monolayer responses
(Appendix B), and holds for arbitrary twist angle in this weak-
coupling regime, not being specific to O, = 21.8°. As such,
it provides an elegant, material-agnostic, and nondestruc-
tive optical protocol for mapping localized twist profiles and

structural moiré domains, at twist angles for which the twisted
bilayer retains its rigid, uniformly rotated character.

The design principles formulated in this work are uni-
versal, being dictated by global crystal symmetries rather
than material-specific details. As such, their application is
straightforward to all 2H-TMD bilayers and other vdW crys-
tals with analogous structural symmetries. Most importantly,
the proposed analytical framework provides a symmetry-
based roadmap for engineering the nonlinear optical response
of layered materials solely through stacking control. This
complements parallel advances in symmetry reduction via
Janus engineering and in-plane heterostructuring aimed at
extreme directional SHG anisotropy [42], together forming
a comprehensive paradigm for tailoring 2D nonlinear optics.
Concurrently, the relation 6y, = 2¢y provides a simple and
experimentally accessible optical probe of twist angle that
warrants further investigation across a broader range of com-
mensurate and incommensurate twisted TMD bilayers, paving
the way for high-throughput screening of this novel material
class with a noninvasive optical tool.
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DATA AVAILABILITY

The data that support the findings of this study are available
on Zenodo [43]. The archive contains VASP and WANNIER90
input/output files, together with the computed second-order
susceptibility tensor x l.(jzk) (w) for all 27 tensor components, for
the MoS, monolayer and all four bilayer stacking configura-
tions (AA, 2H, 3R, and 21.8° twisted bilayer) studied in this
work.

APPENDIX A: SYMMETRY OPERATIONS ON x®

The second-order susceptibility Xl.(fk) is a third-rank polar

tensor with 3> = 27 elements. In this appendix, we provide the
explicit algebraic reduction of these components under intrin-
sic permutation symmetry and relevant point group operations
based on Neumann’s principle.

1. Intrinsic permutation symmetry

In the SHG experimental setting, two incoming photons
oscillate at the identical frequency w, making the last two
indices of x i(]?k) completely interchangeable:

@ _ @
Xijk = Xikj+
For any fixed index i € {x, y, z}, the remaining jk pair pos-
sesses 3 x 3 = 9 permutations, only six of which are linearly
independent under j <> k exchange:

(AD)

{jk} € {xx, yy, zz, xy(= yx), xz(= zx), yz(= zy)}. (A2)
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This constraint reduces the 27 initial components to 3 x 6 =
18 independent elements.

2. Reduction by C; rotation

The threefold rotation operation C; around the out-of-plane
z-axis represents a counterclockwise rotation by 120° about
the z-axis, defined by the standard transformation matrix:

1
2 2
Reo=|g -

0

ol (A3)
0 0 1
Neumann’s principle requires that the tensor must remain
invariant under any valid symmetry operations of the crystal
point group:

2 2
X = RaRjmRin X (A4)

Since R,; =1 and R,; = R,; = R, = R;, =0, the 7 axis is
invariant under Cs. This has two main consequences:

(i) Elements mixing one in-plane index with two out-of-
plane indices. Taking x!2 as a representative baseline and
noting that R_,, = §,, isolates the out-of-plane projection, the
transformation simplifies to x@ = Ry x\*. Expanding over

. xzz = Ml Xjzz - p g
I € {x,y, z} yields

2 2 2 2
X}EZZ) = RXX Xx(zg + ny X}(’zz? + RXZ X;zz?

1 3
@ V3 @ 4.

== E Xxzz B Xyzz (AS)

which reduces to % ng = —‘/7§ Xy(zzz) Performing the identical
operation for the complementary component x 2 results in

2 2 2 2
X)gzz) = Ryx X)gzz) + R}'.V Xy(zz) + RYZ Xz(zz)

V3 1
=X~ 502 +0, (A6)

which simplifies to % X2 = ? x2. Solving this paired
system of linear equations simultaneously forces both com-

ponents to vanish:

X! =02 =0. (A7)
The same algebra applied to x3), x2), x$), x2) gives
2 2 2 2
X = X = A = 1ty =0 (A8)

(ii) Elimination of mixed in-plane elements XZ%) Applying
Eq. (A4) to XZ%), requires expanding across the entire in-plane
manifold (m, n € {x, y}):

2 2
Xz(xy) = Rmeyn Xz(m)n

V3o ] 3 V3 o

2 2
= 4 Xzxx + ZXz(x))* - ZXz(xy) + szyy'

(A9)
Enforcing permutation symmetry x
structural constraint x7) = x ),
independently by passing Xg)g through the identical Cs

) = x{}) alongside the

which can be verified

transformation matrix:

X = RonRon X

— 1 (2)_£ (2)_£X(2)+§X(2) (A10)
4 XX 4 Zyx 4 Xy 4 yy?
the structural equation reduces neatly to 3 x{2) = 0. Hence,

2) 2)
XZFX})’ - X;y,g -

Overall, the C; rotation symmetry nullifies eight tensor
components:
_,0_,_,0_,0_,0_,2_,2 _
Xxzz = Xyzz = Xoxg = Kooe = Xgyz = Xagy = Xy = X =
(A11)

Taking into account permutation rules, this condition leaves
13 unique independent tensor components within the Cs point
group.

3. Horizontal mirror plane o,

The horizontal mirror plane o;, reflects spatial coordinates
across the basal plane, mapping x - x, y —> y, z > —z,
with matrix R(oy,) = diag(1, 1, —1). Under this transforma-
tion, each z index (n,) contributes a factor of —1:

x,-(f,f M (—1)y= x}f,f. (A12)

Applying Neumann’s principle then forces Xi(jzk) = 0 for any
combination where . is an odd integer. Taking x2) (n, = 1)
as an explicit example, we obtain
ng) = RxxRxszzX)gz)
= (MEDxD = =6l = ) =
Consequently, all tensor components with an odd number of
out-of-plane coordinates vanish completely:

@, , , ,2 ,® ,2 ,2 ,2 _
XX)CZ’ nyZ ’ szx’ Xzyya Xx_vz7 X_xzy’ nyza Xyzxv XZZZ - 0
(A14)

Components containing purely in-plane or an even number of
out-of-plane coordinates are unaffected.

(A13)

4. Vertical mirror plane o,

The vertical mirror plane o, reflects coordinates across a
vertical plane perpendicular to the layer, mapping x — x,y —
—y, 7 — z,expressed as R(o,) = diag(l, —1, 1). Here, each y
index (n,) contributes a factor of —1:

@ 2y @

Xijk ijk (ALS)

Components with an odd value of n, vanish. Taking as an ex-
ample the in-plane component x 2, the C; rotation symmetry
enforces the relation x(2) = —x2). Subjecting these elements
to o, yields N

2) %% (2

2 % (2)
Xxxx - Xxxxo

Xxyy = ~Xayy-
yy Y)

(A16)

Since Neumann’s principle requires x\;) = —x\;) = 0, the
constraint reflects back through the rotational relation, ensur-
ing x2) = 0. Similarly, any component containing a y-index,

XXX

such as x ) (n, = 1), is systematically canceled:
Oy
xS xS = a5 =0. (A17)
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This structural constraint applies to both D3, and Cs, point
groups. The absence of a vertical mirror plane o, in the C3
point group is the exclusive mechanism unlocking x?) and
X as active, independent tensor elements in twisted bilayers.

5. Inversion symmetry Z

A macroscopic spatial inversion operation maps all coordi-
nates through the origin, r — —r, yielding a transformation
matrix R(Z) = diag(—1, —1, —1). For a third-rank polar ten-
sor, this operation introduces an odd transformation parity
across all indices simultaneously:

Xia =0 Vi jk (A18)
Enforcing Neumann’s principle requires Xi(]?k) =— Xi(fk), which
in turn implies

X =0 Vi jk (A19)

This complete elimination of tensor elements explains why all
electric-dipole SHG paths are completely prohibited within
the centrosymmetric 2H bilayer structure (D34 point group).

APPENDIX B: ANALYTICAL DERIVATION
OF THE TWIST-ANGLE LOCKING ¢y = 6y/2

We analytically establish that the relation ¢y = 6 /2 rep-
resents a universal geometric property of weakly coupled Cs-
symmetric twisted bilayers. In the weak-interlayer-coupling
limit, a twisted bilayer behaves as two Dj3;,-symmetric mono-
layers with identical intrinsic in-plane susceptibility xo(w) =
X\ (), rotated by a relative twist angle 6y, whose generated
SHG fields superpose coherently. As established in Eq. (13),
the copolarized nonlinear polarization of the bottom layer
(O = 07) is

P||(1)(9) X — Xyyy SIN(36). (B1)

For the top layer, rotated by 6y, the armchair direction shifts
by 64, yielding

P/(0) ¢ 33y Sn[3(0 — O )] (B2)

The total macroscopic copolarized response is given by the
linear superposition:

Pi*N(6) o — Xy [sin 30 +sin(30 — 36,,)].  (B3)
Applying the sum-to-product trigonometric identity sinA +

B A—B
) cos( > ), Eq. (B3) reduces to

tot 3etw . etw
Py (0) o¢ =2y, cos - sin|3{ 6 — =t (B4)

Comparing Eq. (B4) with the general Cs; polar pattern ex-
pression, Pj(6) o« —Csin[3(6 — ¢)], delivers the geometric
identity

A
sin B = 2 sin( +

@Yo = 6&, C=2xyy cos(gjeﬂ). (BS)
2 2

Equivalently, this coherent field superposition locks the ra-

tio of the effective Cs tensor components to x(2)/x2) =

tan(36w /2), enforcing ¢y = Oy /2 strictly independenﬂy of

photon energy %w or the absolute magnitude of xo(w).

The general relation ¢y = % arctan (x(2)/ x§33) [Eq. 21)] is
exact and depends solely on C; point-group symmetry. How-
ever, the geometric lock x3)/x\5) = tan(36,,/2) assumes a
rigid, uniform rotational superposition of intact monolayers.
In the small-angle regime (6, < 2°), atomic reconstruction
induces local domain-wall formation (e.g., periodic 3R-like
and AA-like domains [44]). In this strongly reconstructed
limit, local interlayer sliding overrides the uniform rotational
mapping, modifying the tensor component ratio from its

weak-coupling geometric limit.
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