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The three-dimensional cubic conformal field theory governs the critical behavior of Heisenberg magnets
with cubic anisotropy. Studying this theory nonperturbatively is challenging because its most easily accessible
observables are numerically very close to those of the more symmetric O(3) model. In this work, we overcome
this difficulty using the fuzzy sphere regularization method. By adding a cubic-invariant two-body interaction
to the quantum rotor Hamiltonian used for the O(3) model, we break the continuous rotational symmetry by
construction and unambiguously isolate the cubic critical point. Using exact diagonalization and the density
matrix renormalization group, we calculate the scaling dimensions of several key operators, including the leading
scalar singlets, and resolve the splitting of the O(3) rank-two traceless symmetric tensor into the E, and 75,
representations of the cubic group. Our results are consistent with existing Monte Carlo, conformal perturbation
theory, and ¢ expansion benchmarks, demonstrating the power of the fuzzy sphere in resolving closely spaced

universality classes.
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I. INTRODUCTION

Computational methods valid beyond perturbation theory
are invaluable for understanding strongly interacting physical
systems. In the context of interest for the present work, that of
conformal field theory (CFT), the conformal bootstrap [1] is
such a rigorous framework that has had great success in deter-
mining physical quantities of CFTs, most notably the scaling
dimensions of operators in the three-dimensional Ising model
[2]. Recently, another promising and powerful approach for
the study of CFTs at strong coupling has emerged, based on
the idea of regularizing the continuum theory by means of
a discretized fuzzy sphere realization. This approach, which
beautifully leverages the state-operator correspondence, was
initially applied to the three-dimensional Ising model in Ref.
[3] and produced an impressive set of results matching those
of the conformal bootstrap.

Both conformal bootstrap and fuzzy sphere methods have
been applied to models beyond the 3D Ising model; see, e.g.,
Ref. [4]. Of direct relevance to this work is the O(3) model,
which has been studied using the conformal bootstrap in [5,6]
and using the fuzzy sphere in Refs. [7,8]. The agreement be-
tween the two approaches is again remarkable, with the fuzzy
sphere method reproducing the bootstrap results to within a
few percent. Given the manifest success of the fuzzy sphere
method in capturing the essential physics of 3D CFTs, it is
natural to ask whether it can be applied to other models of
interest, particularly ones that are not as well understood as
the Ising and O(N) models and have proven to be challenging
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to isolate for the conformal bootstrap. One such model is the
cubic CFT, which is believed to describe the critical behavior
of Heisenberg magnets.

The physical relevance of the cubic CFT arises from the
fact that cubic anisotropy is present in most magnetic materi-
als. In the case of Heisenberg magnets, the associated lattice
structure breaks the full O(3) rotational symmetry down to the
discrete cubic group. The cubic group is the symmetry group
of the cube, generated by reflections and 90° rotations about
the Cartesian axes. It is given by Z; x 83, and it is also com-
monly denoted by Oy, the group of full octahedral symmetry.
The O(3) — O, breaking is captured in the Landau—Ginzburg
framework by the addition of a cubic-symmetric perturba-
tion to the isotropic O(3) Lagrangian [9]. Whether the cubic
perturbation is relevant or not, in the renormalization group
sense, determines whether the critical behavior is described
by the cubic fixed point or the O(3) fixed point. The latest
numerical results from the conformal bootstrap [6] indicate
that the cubic fixed point is indeed the stable one, as was
already suggested by the ¢ expansion [9,10]. However, the
difference in standard critical exponents between the cubic
and O(3) universality classes is tiny, owing to the proximity
of the two fixed points in renormalization group space.

The conformal bootstrap is in principle capable of de-
termining the critical exponents of any CFT, but it is not
always easy to isolate the theory of interest. In the case of
the cubic CFT, the cubic perturbation at the O(3) fixed point
is very weakly relevant, and the cubic fixed point data are
extremely close to the O(3) ones in the most easily accessible
corners of the parameter space. Additionally, crossing equa-
tions derived with a particular symmetry in mind, e.g., cubic,
might reorganize themselves to a symmetry-enhanced O(3)
configuration, making it difficult to separate the cubic fixed
point from the O(3) fixed point. These issues affected some
early attempts to bootstrap the cubic theory [11]. Excluding
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symmetry enhancement of the crossing equations has recently
been addressed in [12] based on the notion of redundant
operators, but access to sectors that enable the use of such
operators required an enlargement of the four-point function
system considered, which in turn made the problem signifi-
cantly more computationally expensive.

This state of affairs makes the fuzzy sphere method rather
attractive for the cubic CFT. Indeed, the Hamiltonian used
in the fuzzy sphere method has the global symmetry of the
sought theory hard-coded into it, and symmetry enhancement
is not possible. Thus, one simply needs to consider a Hamil-
tonian with the proper symmetry and tune it to criticality to
attain the cubic CFT. This is the aim of the present work, in
which we rely heavily on the realization of the O(3) model
on the fuzzy sphere achieved in Ref. [8]. That work used
a truncated quantum rotor model [13] to describe the O(3)
model on the fuzzy sphere, and we will use a similar approach
here. We will deform the Hamiltonian of Ref. [8] by a suitable
term, breaking the O(3) symmetry to cubic, and tune the
Hamiltonian parameters to recover the cubic CFT. Similarly to
Ref. [8] and other fuzzy sphere studies, we will use both ex-
act diagonalization (ED) and density matrix renormalization
group (DMRG) [14] to compute the energy spectrum of our
cubic fuzzy sphere Hamiltonian, the former for small system
sizes and the latter for larger ones.

The most essential concern when applying the fuzzy sphere
method is that of the effect of the finite system size on the
obtained results. To address this issue, we will perform our
computations for a range of parameters and system sizes, and
attempt to extract results in the thermodynamic limit. The
associated extrapolations are, however, nonrigorous, and we
will be content with results lacking precise error estimates,
but which we expect to be accurate to within a few percent.
Whenever possible, we will compare with & expansion, con-
formal perturbation theory, and Monte Carlo results found
in the literature. While the fuzzy sphere finite-size effect is
not carefully managed in this work, we still believe that the
strongly coupled information obtained accurately represents
the true physical situation. Improvements in the handling of
the finite-size effect would of course be highly desirable. The
use of conformal generators [15] could be helpful for this.

This paper is organized as follows. In the next section we
briefly describe the truncated quantum rotor model realization
of the O(3) universality class achieved in [8], and introduce
the cubic deformation that forms the basis of our results. In
Sec. III, we describe our method for obtaining the critical
values of our Hamiltonian parameters, which follows the con-
formal perturbation theory approach of Ref. [8], and present
our results with both ED and DMRG methods. All of our
results have been obtained with the use of FuzzifiED [16].
We conclude in Sec. IV.

II. FUZZY SPHERE HAMILTONIANS
A. Hamiltonian with O(3) symmetry

The starting point for the construction of our Hamiltonian
is the quantum rotor model [13]. A rigid rotor is simply a
three-dimensional rigid object. (We will exclusively consider
the case of three dimensions.) The orientation of such an

object in space requires three (Euler) angles to be specified.
The special case of a linear rigid rotor, e.g., a dumbbell,
requires only two angles to be specified. These angles define
a point on an auxiliary two-sphere S? and every orientation
of the linear rigid rotor can be mapped to a point on that S2.
For N linear rigid rotors labeled by an index i, i =1, ..., N,
each rotor can be assigned a three-vector m; with n? = 1. A
quantum rotor is obtained when the three-vectors n; become
operator-valued, n; — fi;, with the constraint ﬁi2 = ﬁ, where
f is the identity operator. If the momentum of the ith rotor is
denoted by P;, then the quantum rotor model is given by the
Hamiltonian

N
1. (o s
rotors = 2_ ZL,Z Jznl llj, =n; X p;, (1)

(ij)

where [ is the moment of inertia of the rotor, J a coupling
constant, and (ij) denotes a sum over nearest neighbors. The
components of the angular momentum operator of the ith
rotor are given by L¢ = e®A’p¢ (no sum on i), with €
the fully antisymmetric symbol of three indices. Indices from
the beginning of the Latin alphabet take the values x,y, z
corresponding to the directions of three-dimensional space.
The commutation relations among the components of L; and
fi; are given by (no sum on i)

(L, L] =i €™ LS8y, (2a)
(L7, A7) = ie™Rs;;, (2b)
[A¢, 77 = 0, (20)

as follows from the standard commutation relations [7, p J] =

i8; jS”bH. The first term in (1) is the kinetic energy, while the
second term is the interaction. By varying IJ in (1) we can
realize a phase transition between a paramagnetic state, in
which the kinetic term dominates, and a magnetically ordered
state, in which the interaction term dominates [13].

The quantum rotor Hamiltonian (1) has O(3) symmetry.
The operator ﬂ? is the quadratic Casimir of the Lie algebra
50(3) corresponding to the ith rotor. With eigenstates of I:lz
and L7 denoted by |l;, m;), [; =0,1,2, ..., m; = —1;, —; +
1,...,05;—1,[;, we have

L2\, my) = L+ Dl me), L3\l mg) = mill, my). (3)

The kinetic energy in (1) can be written as

1 N A 1 N oo l;
A= Z %=2—ZZ Z i+ Dl m) (1, my).
i=1 ;=0 m=

“
To obtain a finite-dimensional Hilbert space, we truncate the
sum over /; to a maximum value of 1 for each rotor. There are
then four states for each rotor, organizing themselves into a
singlet and a triplet under the action of SO(3).

The states |0;,0;), [1;,—1;), |1;,0;), |1; 1;) for i=
I,..., N generate a basis of the Hilbert space of N rotors
and will be the basic ingredients in our construction of the
second-quantized Hamiltonian that we will use in our nu-
merical calculations. To take advantage of the regularization
prowess afforded to us by the fuzzy sphere, we will map the N
rotors onto a system of N fermions moving on a sphere under
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the influence of the radial magnetic field created by a magnetic
monopole at the center of the sphere, and project to the lowest
Landau level (LLL) [3]. Such a configuration was first studied
in Ref. [17]. To represent the truncated rotor model, which
has four states per rotor, we follow Ref. [8] and use a system
where each fermion has four internal flavors. By applying
a strong Hubbard-like repulsion and operating the system at
quarter filling, we enforce a constraint in which each orbital,
which serves as the site on the fuzzy sphere, is occupied by
exactly one fermion. The fermion flavors essentially carry
the rotor’s identity, with the first flavor corresponding to the
rotor’s [ = 0 state, and the other three flavors representing the
| =1 states.

In the finite Hilbert space generated by the construction
we just described, excited states are created by the action of
fermionic creation operators c; on the vacuum state |0 - - - 0)
(with 4N zeros). For example to excite the third fermion to the
|15, 03) state, we use cl 05 [0---0) =1]0---010---0), where
there are 10 zeros before the 1 and 4N — 11 zeros after it.
If the filling fraction is not constrained, the dimension of the
Hilbert space is 2*V. At a filling fraction of 1/4, the dimension
of the Hilbert space is 22V.

The Hamiltonian considered in Ref. [8] has various con-
tributions. There is a flavor-agnostic fermion repulsion term,
Hpup, which enforces single occupancy per LLL orbital. There
is also a contribution, Hyejs, which captures the effects of
the interaction term in Eq. (1). This is translated into a four-
fermion interaction between different-/ orbitals, as follows
from the fact that the orientation operator f; connects the
I = 0and! = 1 states. This is the reason why both singlet and
triplet flavors are required in the rotor truncation. Indeed, if we
attempted to work only with the triplet, then Hyis would be
trivial because the orientation operator would have no matrix
elements at all within the triplet sector. Finally, there is a
contribution Hyy that corresponds to the kinetic energy in
(1) and assigns a lower energy to the first flavor [representing
the SO(3) singlet] compared to the other three [representing
the SO(3) triplet]. By tuning the coefficient i of Hirans, & phase
transition is obtained.

We will not describe in detail the derivation of the second-
quantized, fuzzy sphere Hamiltonian of Ref. [8] here. The
reader is referred to Ref. [8] for the details. The essential
ingredient is a local density defined on the fuzzy sphere by

n'(Q) ="M, (5)
expressed in terms of the fermions
Yo,0
¥1,-1
= ’ 6
LY V1o (6)
V1,1

and the matrices M. The matrices used in Ref. [8] are M? =
diag(1, 1, 1, 1) featuring in Hyu,, ME = diag(0,2,2,2),
featuring in Htram, and M® featuring in HHelg The structure of
M results in couplings between fermions from singlet and
triplet flavors, as made explicit by the matrix elements given
below.

After standard integrals involving monopole harmonics are
performed and projection to the LLL takes place, we arrive at

the second-quantized Hamiltonian

yLLL FLLL yLLL yLLL
HO(*) - HHub + HHels + HIrans? )
where
AL _ of
Hyy = E Vivinsig—i.iy+i C,, €;,Ci\+iCir—i> (8a)
l] l2 i=—s
N
yLLL
HHels =V 2 : Vll ip,ip—i,i1+i czl 12M Cii+iCiy—i» (Sb)
il.iz,i:—b
s
ALLL _ Z t A gL,
Htrdns =h ci M C;. (SC)

i=—s

Here, s is the charge of the monopole that gives rise to the
orbitals in which the fermionic operators

€0;,0;
¥ ¥ Cl—1;
€10 C11,) €= )
1;,0; 11,1,)’ C1,.0,

Cl1,.1

— (c '
¢ —(Co,-,o,- Cii—1

can create and annihilate excitations, respectively. The num-
ber of rotors N is determined by s via the relation N = 2s + 1.
We will typically take s to be a half-integer, and our rotors will
be represented by the fermionic operators ¢; with half-integer
labels from now on. The integrals over the fuzzy sphere
determine [3]

2s
s s 2s—0
Vil,iz,lé,lﬁ = ZVU(4S — 20+ 1)<ll ip —i— i2)

o=0
2s—0 ) (10)

N N
X . .
13 4 —I3 — 14

52 ":.3) is a Wigner 3 coefficient. Finally, the
3

s
where ( !

i
matrix elements M™, which essentially define M™, are given
by

MR =3 (=Dl mys by, mo| T |, mas Ly, ma),

a=-—1,0,1
11
where the spherical components 1% of the orientation operator
are defined in terms of its Cartesian components by

A =n, A= :Fi(ﬁ%‘ + in)) (12)
1 1 ﬁ 1 1
Throughout this work, indices «, 8, ... from the beginning
of the Greek alphabet label spherical components and take
the values —1, 0, 1, while indices a, b, . .. from the beginning
of the Latin alphabet label Cartesian components and take
the values x, y, z. The two sets of components are related by
7*)" = (—=1)*a~%, so that the O(3)-invariant scalar product
of the orientation operators of two rotors reads

DDA =y alas. (13)

a=-1,0,1 a=x,y,z2

It is the contraction (13), with the index « appearing
with opposite signs on the two operators, that is required

here; the naive expression ), AfAS = A} — i it + AT is

J ity
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not O(3) invariant. The matrix elements evaluate to [8]

- R _
Mll»ml;lz,m2|13,m3ll4ﬂn4 -
a=-1,0,1

These ingredients allow us to fully specify the Hamiltonian
that follows from Hg; of (7) as a 2*¥ x 2*V matrix of num-

bers, after we assign values to u, v, hand Vj, .. ., Va;.

B. Hamiltonian with cubic symmetry

To obtain a Hamiltonian with cubic symmetry, we must
add to the O(3)-symmetric Hamiltonian (7) a term that breaks
the continuous O(3) symmetry down to the discrete cubic
group Oj,. A natural cubic-invariant deformation couples the
squared Cartesian components of the orientation operators.
Schematically, this interaction takes the form

> DR DL + D@+ D+ 1)

(14)
L 1 L\(L 1 &L L 1 Iy I 1 L
0O 0 0J\O O O)\—m —a my)\—m o m3)
[
4 x 4 and take the form
O 1 0 -1
1
N L 1 0 0 O ’
Jel 0O 0 0 O
-1 0 0 O
0O -1 0 -1
Nyle 0 0 O
Jelo 0 0 0P
1 0 0 O
0O 0 1 O
110 0 0 O
T —
M=t 0 0 o an
0O 0 0 O

> G e @Y,

a=x,y,z

(15)

where the tensor product indicates a two-body coupling be-
tween rotors and, as above, a runs over the Cartesian values
X, Y, z. In this notation, ﬁHeis is schematically of the form
Za ¢ @ n?, which is the Cartesian form of the invariant
spherical contraction (13). The interaction (15) manifestly
respects cubic symmetry while breaking the full O(3) invari-
ance. Note that the O(3)-symmetric combination ) _,(/° ) =
72 = { is trivial, but the individual (79)? terms are not.

To build a geometric intuition for this deformation, con-
sider a semiclassical limit where adjacent rotors align, f; ~
n; ~ n. The two-body interaction then reduces to an effec-
tive single-rotor potential proportional to nﬁ + n‘j + n?. For a
unit vector n confined to the sphere, this potential is highly
anisotropic. It exhibits maxima along the Cartesian axes, cor-
responding to the six faces of a cube, and minima along
the body diagonals, corresponding to the eight corners. By
reshaping the previously featureless O(3) energy landscape
into this “bumpy” surface, the deformation explicitly breaks
the continuous rotational symmetry and energetically pins the
rotors to the discrete orientations of a cubic lattice.

On the fuzzy sphere, this deformation is realized by
adding to the LLL Hamiltonian a term with the same struc-
ture as ALY, but with the flavor matrix M™ replaced by
a matrix M€ encoding the cubic anisotropy. To construct
MCE, we must determine the matrix elements of (7%)? in
the truncated rotor basis. Recall that the orientation operator
7* connects singlet and triplet states, with matrix elements
given by

N st = (s i[9, ma), (16)
which are nonvanishing only when |/} — ;| = 1. In the trun-
cated basis {|0, 0), [1, —1), |1, 0), |1, 1)}, the matrices N* are

The orientation operator enters the Hamiltonian only through
the combination v 71¢ ® 71, and may therefore be rescaled at
will provided the coupling v is rescaled to compensate. The
implementation accompanying this work follows Ref. [8] in
using a normalization of 7 that differs from the matrix ele-
ments above by an overall constant, which is absorbed into
the quoted value of v.

It should be stressed that the matrix elements of (4%)? in
the truncated basis are not obtained by squaring the matrices
N“. Denoting by P, the projector onto the truncated space,
the square (N%)? computes Pi1” P71’ P;, whereas the object
required in Eq. (15) is P, (7*)*P,. The two are not equal,
because 71 acting on an / = 1 state produces components with
! =0 and ! = 2, and the intermediate projection discards the
latter. (In the singlet sector the two do agree, since 71¢|0, 0)
lies entirely within / = 1). We therefore compute Py (2%)?Py
directly below.

It is convenient to first introduce projectors onto the Carte-
sian directions within the triplet sector. Defining the Cartesian
triplet states

I)€>——1 (I, =1) =1, 1))
=5 1),
i
=—(|1, -1 1,1
y) ﬁ(l 1)+ 11, 1)),
lz) =11, 0), (13)

the projectors P* = |a)(a| satisfy ), P* = I1;, with II; the
projector onto the triplet sector, and provide a natural rep-
resentation of the cubic anisotropy restricted to the triplet.
Schematically, this takes the form

Z P*® P,

a=x,y,Z

(19)
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where the explicit projector matrices in the basis
{1, =1),11,0), 1, 1)} are
(1 0 -1
P=-10 0 0],
2\-1 0 1
(! 0 1
PP=—-10 0 0],
2\t o 1
0 0 O
PP=10 1 0]. (20)
0 0 O

The formulation (19) acts purely within the triplet sector and
does not introduce any additional singlet-triplet mixing be-
yond what is already present in H5LL.

We may now write down the correctly truncated matrix
elements of (72)?. The singlet-triplet block vanishes by par-
ity, (0, 0[(A%)?|1, m) o s nnn’ dQ2 = 0, so that Py (i%)*P,;
is block diagonal. The singlet element is fixed by rotational
invariance, (0, 0/(729)?|0, 0) = % Within the triplet, the Carte-
sian states have wave functions ¥, (n) = /3/4mn’, and using
Jg2 nPnnfnt dQ = TZ (8% 4 26%5), with no sum on a, one
finds (b|(A*)?|c) = 18% + £8%5%. Hence, with ITy and T
the projectors onto the singlet and triplet sectors,

Q" = Pu(A“Y’ Py = $Tlg + £T1; + 2P 1)

The constraint ) (A > =1 is satisfied by (21) exactly,
Zu Q% =1, in both the singlet and the triplet sectors, and no
regularization of the truncated operator is required. Here and
below 1 denotes the identity matrix on the four-dimensional
truncated space, as opposed to the identity operator f on the
full rotor Hilbert space. By contrast, squaring the matrices N
gives %Ho + %P“, whose sum over a equals 1 in the singlet
sector but only %]1 in the triplet sector; the deficit is precisely
the weight carried by the / = 2 intermediate states removed
by the intermediate projection.

The cubic interaction built from Eq. (21) is now read-
ily decomposed. Writing Q¢ = A + 2P, where A = 11 +
%I‘Il = %]1 — %Hl is an O(3) singlet, and using Za Pt =11,
we obtain

4
ZQa(X)Qa:g Pa®Pa+3A®A
a=x,y,z a=x,y,z

+2AQ T +11; ®A). (22)

Every term on the right-hand side of Eq. (22) other than the
first is O(3) invariant: both 1 =M and TI; = JM¥* are
O(3)-invariant flavor matrices, so these terms are ordinary
density—density two-body interactions and cannot generate
any cubic anisotropy. Their only effect is to displace the
Hamiltonian along O(3)-invariant directions; of these, the sin-
gle relevant singlet direction is retuned by 4 in Sec. III, while
the remaining ones are irrelevant and do not affect the univer-
sality class. The entire Oj,-breaking content of ), O ® Q% is
therefore carried by Za P? ® P?, and the two constructions
are equivalent up to the rescaling w — %w of the cubic
coupling together with a shift of the O(3)-symmetric part of
the Hamiltonian. We accordingly adopt (19) as the definition

of the cubic deformation, with w the associated coupling, in
all that follows.
The full cubic Hamiltonian on the fuzzy sphere is then

N
AN = Hé(%% +w Z Viiinsio—iyii+i C,-Tl C,TZMCCi,HCiri,
i,Ip,i=—5§
(23)
where MC encodes the cubic anisotropy. When using the
projector formulation (19), we have

—~C _ a a
Ml],ml;lz,'rzzllg,;113;14,m4_ Z (P )ml,m4(P )mz,m:w (24)

a=x,y,z

with the understanding that the projectors act only within the
triplet sector and vanish when any of the indices corresponds
to the singlet state.

III. SPECTRUM RESULTS AT CRITICALITY

A. Summary of preexisting results

Precise values of operator dimensions for the cubic theory
in d = 3 are not available for a wide class of operators. Vari-
ous results have been reported in the literature over the years.
The most comprehensive treatment of the operator spectrum
of the cubic theory was performed within the ¢ expansion in
Ref. [18].

The state-of-the-art nonperturbative Monte Carlo study of
Ref. [19] has determined

Ay =0.51891(7), Ag=1.5937(6), Ay =3.0133(8).

(25)

A fixed-dimension expansion calculation at six loops [20] has
given

Ay =0.5166(13), Ag=1.584(12), Ay =3.0104),

(26)

while the ¢ expansion at six loops [10] has suggested, after a
Padé-Borel-Leroy resummation,

Ay =0.5180(15), Ag=1.571(16), Ag = 3.005(5).

@7
Conformal perturbation theory [21] has given
Ax=1.2256(36), Az =1.1988(24), Ay =3.0115(21),

(28)

which includes the nonsinglet operators X and Z that emerge
from the decomposition of the leading rank-two traceless
symmetric operator of O(3) under the cubic subgroup.

B. Tuning to criticality

All calculations presented in this work were performed
with the use of FuzzifiED [16], and relied on an extension
of the example file 03_wf_spectrum. j1 found at [22]. The
Julia code used in this work can be found in a dedicated
GitHub repository, andstergiou/fuzzy-cubic, which is
archived on Zenodo [23].

ED at N = 12 is feasible, but each of the 16 sectors re-
quires approximately 600 GB of memory, working with a
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Hilbert space of dimension 22° = 1, 048, 576. Going up by a
factor of 16 to the Hilbert space dimension of the N = 14 case
is not feasible, but DMRG can comfortably obtain low-lying
states for that N and even larger ones. We have used DMRG
up to N = 22.

Our first task is to choose the values of the various param-
eters in our Hamiltonian. Here, we will follow Ref. [8] and

fix
Vo =6.5, V;=1.0, v=14.

(29)

Vo1 =0, u=10,

We further need to fix the values of w and 4. We have explored
the range w = 0.2, 0.4, 0.6, 0.8 and, after comparing the qual-
ity of the spectra across these values, we have identified

w=0.6 (30)

as our preferred choice; it is this value on which we focus
in the remainder of the paper. For each value of w, the
corresponding A at a given N is determined by the confor-
mal perturbation theory strategy of Ref. [8], which we now
describe.

When the Hamiltonian is detuned from the critical value 4,
by a small amount §# = h — h,, the leading perturbation to the
spectrum is generated by the relevant scalar S of the critical
theory, with effective coupling ggs(k). The energy gap of a
state associated with a primary operator O, measured from
the vacuum, takes the form [8]

C
8Ep = % Ao + gs foso, 3D

where ¢ is the speed of light of the fuzzy sphere regulariza-
tion, R o< +/N is the radius of the sphere, A 1is the scaling
dimension of O, and fose is an appropriate combination of
OPE coefficients and kinematic factors. Using two distinct
states yields a 2 x 2 linear system for ¢/R and gs. Follow-
ing Ref. [8], we use the fundamental scalar ¢ and its first
descendant 9,,¢, with scaling dimensions Ay = 0.5189 and
Ayp =1+ Ay ~ 1.5189. On the fuzzy sphere, these states
are identified by their total angular momentum: ¢ has L = 0
and 0,¢ has L = 1. In the O(3) case, the OPE data entering
(31) for these two states take the values fys4 ~ 0.525 and
So.¢50,6 ~ 0.083, as determined from the O(3) conformal
bootstrap [8]. The linear system is

Ag Joso c/R — SE, (32)
Noo Joo50,0 )\ 8&s 8Ey.e )’

from which gg(h) is extracted for each value of 4. The optimal

value Ao is the root gg(hep) = 0, found by the secant method.

Since Eq. (31) must of course be applied with the data

of the cubic rather than those of the O(3) theory, it is worth

spelling out which CFT data actually control . Solving Eq.
(32) gives

gs = , (33)
Ay fo,050.0 — Do,o fose

so that the OPE data enter only through the overall normaliza-
tion of gs and drop out of the condition gg(/p ) = O entirely.
The tuning criterion is simply that the two gaps be in the ratio

TABLE 1. Optimal values Ay (N) of the transverse-field param-
eter for each system size N at w = 0.6. Values for N < 18 are
obtained directly from the DMRG optimization; values for N =
20, 22 are extrapolated using the fit (35).

N 12 14 16 18 20 22
hope(N) 15323 15239 15.181 15.140 15.110 15.087
predicted by the CFT,

SE A 1

2709 =24 (34)

8Ep lp=py, Do Ay

and the values quoted above for fys4 and f3,459,6, Which
are available only for the O(3) theory, have no bearing on
the extracted hqp. The only CFT input is thus Ag, for which
we use the cubic Monte Carlo value Ay = 0.51891(7) of Ref.
[19]; the corresponding O(3) value differs from it by roughly
one part in 10* [6], so that the residual systematic incurred by
the proximity of the two fixed points is entirely negligible at
the present level of accuracy.

Since the critical point acquires finite-size corrections, fop
depends on N. This dependence is well described by

hopt(N) = h, 35)

A
+ Nb/2 ’
with parameters /., A, and b fit to the numerical data. Focusing
on our preferred choice w = 0.6, a least-squares fit to the
DMRG data at N = 12, 14, 16, 18 yields the parameters

he = 14.955(9), A=2474+3.0, b=2339(12), (36)

where the uncertainties correspond to the standard errors of
the fit parameters. The resulting values of Ao (N) used in
all subsequent calculations are collected in Table I, and the
corresponding finite-size dependence is illustrated in Fig. 1.
The figure confirms that the finite-size ansatz (35) describes
the data well and that A,y (V) converges smoothly towards A,
as N grows.

The value h. = 14.955(9) obtained at w = 0.6 lies close
to the value h9®) = 14.992 reported in Ref. [8] for the O(3)
Hamiltonian, i.e., for w = 0. This proximity is expected rather

15.4
7hC+A/Nb/2
15.3 e DMRG data
o Extrapolated
g 15.2
< 15.1
15.0 |
14.9
10 12 14 16 18 20 22 24 26

N

FIG. 1. Finite-size dependence of oy (V) for w = 0.6. Filled
circles are the DMRG values obtained via the secant method applied
to gs(hop) = 0. Open circles are extrapolated using the fit (35) with
(36). The orange curve is the three-parameter fit with Eq. (36); the
dashed line marks i, = 14.955(9).
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TABLE II. Critical values h.(w) obtained from the fit (35) to
the DMRG data at N = 12, 14, 16, 18 for each value of the cubic
coupling w. The uncertainties are comparable to the +0.009 quoted
in (36) for w = 0.6.

w 0.2 04 0.6 0.8

he(w) 14.985 14.957 14.955 14.855

than suspicious, and it can be checked directly by repeating
the analysis at each of the values of w we have explored.
Applying the fit (35) to the N = 12, 14, 16, 18 data at each
w gives the critical values collected in Table II.

Two features of Table II are relevant here. First, h.(w)
decreases monotonically with increasing w, so that the dis-
placement of the critical point away from the O(3) value
is a systematic effect of the cubic deformation rather than
numerical scatter. Second, and more directly, at the smallest
coupling explored we obtain 4.(0.2) = 14.985, which agrees
with the O(3) determination h%® = 14.992 of Ref. [8] to
better than 0.05% and well within the fit uncertainty. Since the
Hamiltonian (23) reduces to the O(3) Hamiltonian as w — 0,
this is exactly the behavior required for the determination of
h. to be trustworthy, and it provides an independent check of
the whole tuning procedure. We do not attempt a numerical
extrapolation of s.(w) to w = 0, since the uncertainty on each
entry of Table II is comparable to the variation across the
table. That the total shift is small is in any case unsurprising:
the cubic and O(3) fixed points are extremely close in the
space of couplings, which is precisely the circumstance that
makes the cubic theory difficult to isolate by other means.

C. Operator dimensions

Having fixed hqp (V) at each system size, we extract the
scaling dimensions of the tracked operators from the DMRG
spectrum at w = 0.6. The energy spectrum is normalized so
that the vacuum energy vanishes and A, = 0.5189 in agree-
ment with the Monte Carlo determination of Ref. [19]; all
remaining scaled energies then furnish estimates of the cor-
responding CFT operator dimensions. The results for seven
operators across system sizes N = 12, ..., 22 are collected in
Table III.

TABLE III. Scaling dimensions of tracked operators at w = 0.6
as a function of system size N. The value of Ay is fixed by the
normalization of the spectrum. Values at N = 12 are obtained with
ED; values at N = 14, 16, 18 are obtained with DMRG; values
at N = 20, 22 use DMRG with the extrapolated critical parameter
hop (N) from Table I.

N A, Ay Ay As Ay, Ag, Ag
12 05189 1.2656 1.2467 1.5698 1.8781 2.9880 3.2622
14 05189 1.2631 12447 1.5831 19026 2.9969 3.2446
16 05189 1.2608 1.2428 1.5931 1.9202 3.0035 3.2325
18 05189 1.2588 1.2411 1.6004 1.9330 3.0077 3.2156
20 05189 1.2575 1.2399 1.6078 1.9439 3.0050 3.2048
22 05189 1.2553 1.2380 1.6122 1.9505 3.0049 3.1860

1.28
*—
1.26 \'\ﬂ\k\.\.
— g
1.24 pl— e I +2X
—— 4
< - AT =1.226
1.22 == ASPT =1.199
1.20 preeeefemememetemeebemesm et e =]
1.18

FIG. 2. Finite-size dependence of Ay and Az at w = 0.6. Both
dimensions decrease monotonically towards the conformal perturba-
tion theory predictions of Ref. [21] (dashed lines).

The operators in Table III are identified by their quantum
numbers in the fuzzy sphere spectrum. The fundamental scalar
¢ (degeneracy 3) transforms in the three-dimensional funda-
mental representation of O;,. The scalar singlet S (degeneracy
1) has [ = 0 and trivial Oy, representation; it is the leading
relevant operator at the cubic fixed point and is the analog
of the thermal operator at the O(3) fixed point. The scalars
X (degeneracy 2) and Z (degeneracy 3) arise from the de-
composition of the five-dimensional / = 2 multiplet of O(3)
under the cubic subgroup: under O, this multiplet decomposes
as E, ® T,, yielding a two-dimensional component (X) and
a three-dimensional component (Z). The operator A, is a
spin-one primary (/ = 1 on the sphere) that transforms as a
vector under O(3), related to the O(3) Noether current at
the isotropic fixed point. The stress-energy tensor 7}, is the
unique spin-two (I = 2) singlet primary, and S’ is the next
scalar in the singlet channel.

a. Scalars X and Z. Both Ax and A, decrease monoton-
ically as N increases from 12 to 22, as illustrated in Fig. 2.
At N = 22 we obtain Ay = 1.2553 and Az = 1.2380. These
values lie above the conformal perturbation theory predictions
AT = 1.2256(36) and ASFT = 1.1988(24) of Ref. [21], but
the monotonically decreasing trends are consistent with even-
tual convergence towards those values. The nondegeneracy of
X and Z is a direct consequence of the broken O(3) sym-
metry: at the O(3) fixed point these operators are degenerate
members of the same five-dimensional multiplet, while the
cubic deformation lifts this degeneracy. Across the range of
system sizes studied the splitting is Ax — Az ~ 0.017-0.019,
somewhat below the conformal perturbation theory prediction
ASPT — ASPT ~ 0.027, indicating that the spectrum has not
yet fully converged.

b. Leading scalar singlet S. The operator S is the
first scalar singlet of O, with [ =0 and degeneracy 1. It
controls the approach to the cubic critical point and is the
analog of the thermal operator at the O(3) fixed point. The
finite-size dependence of Ag is shown in Fig. 3.The values
increase monotonically from Ag = 1.5698 at N =12 to
Ag = 1.6122 at N = 22. The data pass through the Monte
Carlo value AMC = 1.5937(6) [19] between N = 16 (A5 =
1.5931) and N = 18 (Ag = 1.6004), and then overshoot it,
ending approximately 1.9% above the reference at N = 22.
This monotonically increasing behavior, with values
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1.59

As

1.58

1.57

L5610 12 14 16 18 20 22 24

N

FIG. 3. Finite-size dependence of Ag at w = 0.6. The dashed
line shows the Monte Carlo determination Ag = 1.5937(6) of Ref.
[19]. The data increase monotonically with N, crossing the reference
near N = 16 and overshooting at larger system sizes.

exceeding the MC benchmark for N 2> 16, is qualitatively
different from the monotonically decreasing trends observed
for X and Z, and a reliable extrapolation to the thermodynamic
limit is not attempted here.

c. Stress-energy tensor T,,. In any local d-dimensional
CFT the stress-energy tensor carries the protected dimension
Ar,, =d. For d = 3 this requires Ar,, =3, and the fuzzy
sphere data are consistent with this exact result, as shown
in Fig. 4: the extracted values lie between 2.988 and 3.008,
all within one percent of 3. This serves as a useful internal
consistency check on the normalization of the spectrum. We
expect the mild nonmonotonic behavior at N > 20 to settle to
Ar,, = 3 at larger system sizes.

d. Vector operator A,. The spin-one operator A, shows
an increasing trend with N, rising from A4, = 1.8781 at
N =12 to 1.9505 at N =22, as shown in Fig. 5. In the
O(3) CFT the Noether current carries the protected dimension
Ay, = d — 1 =2. At the cubic fixed point, the continuous
0(3) symmetry is broken to the discrete group O, rendering
the would-be Noether currents nonconserved generic spin-one
operators. The data are consistent with an extrapolated dimen-
sion close to but below 2, reflecting the proximity of the cubic
and O(3) fixed points, though a precise determination requires
larger system sizes.

e. Second scalar singlet S'. The dimension Ag decreases
steadily from 3.2622 at N = 12 to 3.1860 at N =22, as
shown in Fig. 6. These values lie well above the Monte Carlo

3.015

3.010

3.005

s 3.000
[N

< 2995

2.990

2.985

pv

2.980

10 12 14 16 18 20
N

22 24

FIG. 4. Finite-size dependence of Az, at w = 0.6. The dashed
line marks the exact protected value Ag,, = d=3.

2.02
200 ---=---------mmommsmommo oo
1.98
S
1.92
1.90
1.88

1.86

—e— Ay,

Ap

10 12 14 16 18 20 22 24
N

FIG. 5. Finite-size dependence of A4, at w = 0.6. The dashed
line marks the protected dimension A;, =d — 1 =2 of the O(3)
Noether current.

result Ag = 3.0133(8) of Ref. [19] and the conformal pertur-
bation theory result Ay = 3.0115(21) of Ref. [21]. Although
the trend is in the correct direction, the rate of decrease sug-
gests that considerably larger system sizes would be required
to approach the reference values, and a reliable numerical
extrapolation is not attempted here.

D. Evidence for conformal symmetry and consistency of 4,

The splitting of the / = 2 multiplet into X and Z demon-
strates that the O(3) symmetry is broken to Oy, but on its own
it does not establish that the system sits at a critical point: an
explicit breaking of O(3) down to Oy, splits the quintet into
a doublet and a triplet whether or not the theory is critical.
The evidence that the Hamiltonian tuned to Ay (V) realizes a
conformal field theory is of a different and independent nature,
and rests on the near-integer level spacings of the operators
tracked here, to which we now turn.

In a CFT, the states organize into multiplets consisting of
a primary O of dimension A together with its descendants,
the first of which, 9,0, has dimension Ap + 1 and carries
one additional unit of angular momentum on the sphere. Be-
cause the pair (¢, 9,¢) is used to fix hgp, the spacing of that
particular tower is guaranteed by construction and carries no
information. The towers built on the remaining operators, by
contrast, are genuine predictions of conformal symmetry.

3.30

3.25 e
3.20 ——,

% 3.15

3.10_

3.05

3.00

FIG. 6. Finite-size dependence of Ag at w = 0.6. The dashed
line shows the Monte Carlo determination Ay = 3.0133(8) of Ref.
[19]. The data decrease monotonically with N but remain substan-
tially above the reference value across the accessible system sizes.
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TABLE IV. Conformal tower spacings Ay,0 — Ao between
each primary O and its first descendant, at w = 0.6, for the operators
indicated. The exact value in a CFT is 1. The tower built on ¢ is
omitted, since the pair (¢, d,¢) is used to determine Ay and its
spacing is therefore fixed by construction.

N S z X A,

12 0.9695 1.0354 1.0404 0.8387
14 0.9755 1.0352 1.0396 0.8740
16 0.9797 1.0343 1.0382 0.9024
18 0.9828 1.0328 1.0363 0.9250
20 0.9851 1.0317 1.0350 0.9449
22 0.9862 1.0299 1.0329 0.9601

Level spacings Ay 0 — Ap are collected in Table IV, over
the same range of system sizes as Table III. All four approach
the exact value of unity monotonically as N increases, the
singlet tower from below and the X and Z towers from above;
at N = 22 the deviations are 1.4% for S and close to 3% for
X and Z. The tower built on the vector A, converges more
slowly, improving from 0.839 at N = 12 to 0.960 at N = 22,
consistently with the slower convergence of Ay, itself ob-
served in Sec. III C.

These spacings also bear directly on the determination of
he. As shown in Eq. (34), fixing Aoy amounts to requiring that
a pair of gaps stand in the ratio of the corresponding CFT
dimensions, a criterion that involves no OPE data and may be
applied to any pair of operators whose dimensions are known
independently. For a primary together with its own first de-
scendant it takes a particularly simple form: because Ay, 0 =
Ao + 1 exactly, the condition §E 0/0E0 = Ay,0/Ao is
equivalent to

Ao

— 37
AL

Ay 0 —Ap =

where the left-hand side is the measured level spacing of
Table IV, the A’s on the right are the measured dimensions
of Table III, and Ar(gf is an independently known value. The
entries of Table IV therefore already measure how far each
such alternative criterion is from being met at the value of /iy
fixed by (¢, 9,,0).

Taking Ag?f = 1.2256(36) and Arzef = 1.1988(24) from
Ref. [21], and Agef = 1.5937(6) from Ref. [19], the criterion
(37) is violated by 0.9% for X and by 0.3% for Z at N = 22,
the latter being comparable to the quoted uncertainty of A%*
itself. Both figures are stable across the whole range of system
sizes studied. Tuning on X or on Z rather than on ¢ would
therefore leave h. essentially unchanged. The singlet S is
the least consistent of the three, with a violation of 2.5% at
N =22 that grows slowly with N; this mirrors the over-
shoot of Ag beyond the Monte Carlo value already noted in
Sec. I C.

IV. CONCLUSIONS

We have demonstrated that the fuzzy sphere method can
successfully isolate the cubic CFT in three dimensions. The

essential ingredient is the addition of a cubic-invariant two-
body interaction to the O(3) quantum rotor Hamiltonian of
Ref. [8]. Expressed via the projector formulation (19), this
deformation takes the form ) ,_ P ® P within the triplet
sector, and is incorporated into the full Hamiltonian (23)
through the matrix M with coupling w. Because the cubic
symmetry group Oy is hard-coded into the Hamiltonian by
construction, the symmetry enhancement that has hampered
conformal bootstrap approaches to the cubic theory is entirely
absent.

The most direct evidence that the O(3) symmetry is bro-
ken to Oy, is the nondegeneracy of the operators X and Z,
which arise from the decomposition of the five-dimensional
rank-two traceless symmetric multiplet of O(3) into the E,
and 7>, representations of Oy. At the O(3) fixed point, these
operators are exactly degenerate; the cubic deformation lifts
this degeneracy, and across all system sizes N = 12—22 we
observe a stable, monotonically convergent splitting Ax —
Az =~ 0.017-0.019, with both dimensions trending towards
the conformal perturbation theory predictions of Ref. [21].
That the resulting theory is conformal is a separate ques-
tion, and is established independently in Sec. IIID by the
near-integer spacings between the operators tracked here and
their first descendants, which approach the exact value of
unity monotonically with N for every tower not used in the
tuning. The leading scalar singlet S shows a monotonically
increasing dimension, crossing the Monte Carlo reference
Ag/lc = 1.5937(6) near N = 16 and reaching Ag = 1.6122 at
N = 22; the overshoot and the qualitatively different conver-
gence pattern compared to X and Z suggest sizable finite-size
corrections for this operator. Complementing these results, the
stress-energy tensor dimension remains within one percent
of the exact value Ar, = 3 throughout, providing a robust
internal consistency check. The spin-one operator A,,, which
is the conserved Noether current at the O(3) fixed point
but becomes a nonconserved spin-one primary at the cubic
fixed point, shows a dimension approaching a value below
d — 1 =2, consistent with the expected loss of current con-
servation.

One operator that remains challenging is the second scalar
singlet S’. Our values of Ag decrease from 3.26 at N = 12
to 3.19 at N = 22, substantially above the Monte Carlo and
conformal perturbation theory benchmarks near 3.013. The
operator in the O(3) model that S’ stems from is the leading
rank-four traceless symmetric one. In the fuzzy sphere study
of Ref. [8], this operator exhibits comparably large deviations
from the bootstrap results in the literature, indicating that the
slow convergence is not specific to the cubic deformation
but is an intrinsic feature of the truncated quantum rotor
setup.

Several improvements and extensions present themselves.
On the numerical side, more systematic strategies for finetun-
ing the Hamiltonian parameters—for instance, via conformal
generators [15]—would sharpen the extrapolations and im-
prove the accuracy of operator dimensions at larger system
sizes. The study of operator product expansion coefficients in
the cubic theory and comparison with those in the O(3) model
would also be desirable. On the physical side, an interesting
direction is the study of line and other defects in the cubic
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theory, extending results of Ref. [24]. The ¢ expansion anal-
ysis of Ref. [25] has already explored line defect RG flows
and defect CFTs for theories with cubic symmetry. A non-
perturbative treatment using the fuzzy sphere would provide
complementary information about the defect fixed points and
their operator content.

More broadly, the present work adds to the evidence
that the fuzzy sphere method can access universality classes
that are difficult to isolate by other means. The three-
dimensional landscape of CFTs contains many interacting
fixed points whose properties remain incompletely un-
derstood, including theories with discrete and continuous
symmetry groups, as well as theories with multiple rele-
vant couplings—see Refs. [9,26] for expectations based on
the ¢ expansion. As the fuzzy sphere, conformal bootstrap,
Monte Carlo, and perturbative expansion methods continue
to mature individually and in concert, the prospect of a
comprehensive nonperturbative classification and detailed

study of d = 3 universality classes becomes increasingly
tangible.
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